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Abstract— Sustainable insulation materials have been more 

attractive in the last two decades due to biodegradability, low 

embodied energy, availability, and non-toxicity. Those materials 

are primarily fabricated as composite materials using natural 

plant fibres. Then, the material contains three phases, i.e., fibre, 

binder, and air void. The volume fraction of each phase will 

decide the material’s insulation properties and can be analyzed 

using experimental, analytical, and numerical methods. 

Numerical and analytical methods are more attractive 

compared to experimental methods due to cost-effectiveness and 

less time consumption. However, only a limited number of 

studies have attempted to find the effective thermal conductivity 

(Keff) of a three-phase composite by these methods. In this study, 

the authors have suggested a plan to find the Keff of this 

composite using a numerical method and validated through the 

analytical techniques. This study, coir fibre was used as a fibre 

material and latex as a binder material. The results show that 

the numerical model should be changed based on the air void 

fraction. It was concluded that the close-pores structure model 

applies to the pore volume fraction of 0.65 and the open-pores 

structure model for pore fractions above 0.65 for numerical 

analysis. 
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I. INTRODUCTION 

Considering the indoor thermal comfort of a building is an 
essential factor as well as other needs such as security, 
privacy, and weather protection. However, energy 
consumption to maintain the indoor atmospheric temperature 
at a comfortable level is higher than other necessities such as 
lightning, cooking, etc [1]. Therefore, heat transfer through 
the building should be considered before the design work 
[2,3]. The building envelop is the main component that 
contributes to the heat transfer in the building. Hence it is 
important to control the heat transfer through the building 
envelope to maintain the indoor temperature at the desired 
level. It also reduces the energy requirement for heating in a 
cold climate and cooling in a hot climate [4]. In a tropical 
country, the indoor temperature varies with the outdoor 
temperature without an Air Condition (AC) system [5,6]. 
Therefore, an AC system should be installed to control the 
indoor temperature at a constant value. However, the cooling 
load for the AC depends on the amount of heat transfer 
through the building envelope. Usually, applying insulation 
materials for main components in the building envelope 
reduces the cooling load for the AC [7,8]. Among the main 
components of the building envelope, the roof contributes the 

highest value for heat gain. Therefore, it is essential to control 
heat transfer through the roofing area [7,9]. The insulation 
materials can be primarily installed under the roofing cover to 
reduce the heat transfer through the roofing cover [10]. These 
roofing insulation materials can be categorized as 
conventional, state-of-the-art, and sustainable materials [8]. 

Researchers currently aim to introduce sustainable 
insulation materials using natural plant fibres (lignocellulose 
fibres) because these fibres have properties such as low cost, 
low thermal conductivity, low density, and are biodegradable 
[8,11]. Hence, sustainable insulation materials are good 
candidates for replacing conventional and state-of-the-art 
insulation materials [8]. A binder material (matrix material) 
should be used to fabricate sustainable insulation material 
using plant fibres to adhere to fibres without taking fibre 
alone. Then the whole material can be identified as a 
composite material. Further, the insulation properties of this 
composite can be increased by introducing air voids into the 
combination of fibre and binder material because the thermal 
conductivity of air is lower than the solid region [12,13,14]. 
Then the material structure will be formulated as a three-phase 
composite material. After that, the insulation properties of the 
composite material depend on the volume fractions of each 
phase (fibre, binder, and air) [15]. The effective thermal 
conductivity (Keff) mainly decides the material’s insulation 
properties. However, finding the Keff with the variation of 
volume fraction of each phase is a significant challenge. 

The Keff of a composite can be evaluated using 
experimental, analytical, and numerical methods [16,17]. 
Analytical and numerical evaluation methods are attractive 
nowadays due to their cost-effectiveness and efficiency 
[18,19]. However, a specific method to find the Keff of a three-
phase composite that contains air voids analytically or 
numerically is not available. In these methods, the first step is 
to calculate the conductivity of a mixture of matrix and one 
filler. Then the Keff of the composite can be calculated with 
the conductivity value of the mixture and the second filler 
[20]. However, this composite type contains a solid-solid 
phase (binder and fibre) and a solid-gas phase (binder, fibre, 
and air). Therefore, it is vital to analyse the Keff with analytical 
models available to find the Keff in a solid-solid system and the 
Keff in a solid-gas system. 

Maxwell’s model, Rayleigh’s model, and Lewis Nielsen’s 
model are mainly used to find the Keff of a solid-solid phase 
[21]. Maxwell’s model was the first analytical model that can 
analyse Keff of a heterogenic medium. Here, the central 



 
 

assumption is the good dispersion of spherical particles 
distributed throughout the continuous matrix [19,20,21]. This 
model gives better results up to the volume fraction of 0.25 
[21]. Rayleigh’s model is important because it finds the Keff of 
a composite that contains cylindrical fibres in a continuous 
matrix [21]. The fibre distribution is assumed to be a square 
array pattern in the continuous matrix [21], and the Lewis 
Nielsen model is a well-known model to predict Keff in a 
composite [16,22]. The reason is that here the interfacial 
thermal conductivity is neglected and gives better accuracy up 
to 0.4 [21]. This model can measure the Keff composite that 
contains spheres and fibres in a continuous matrix. It can also 
apply to a composite that contains uniaxial random-oriented 
fibre distribution in the matrix, and it is very close to the 
practical scenario [16,22]. 

The models mentioned above are mainly used for Keff in a 
solid-solid phase. Additionally, it is essential to study the 
available analytical model to study the Keff in a solid-gas 
system. Smith [12] evaluated the thermal conductivity in a 
porous media analytically and experimentally for the pores 
fraction 0.04 to 0.95 [12]. Here, different analytical models 
show closeness with the experimental values for different pore 
volume fractions (Vp). Maxwell Eucken model shows better 
agreement with the experimental up to Vp of 0.15 because the 
material can be taken as a close pores structure when the Vp is 
less than 0.15. Also, Landauer’s relation shows a better 
agreement within the Vp range of 0.15 to 0.65. Hashin-
Shtrikman’s upper bond shows better agreement for the Vp 
higher than 0.65 [12]. In addition to these models, some 
models such as Progelhof and Throne empirical model and 
Topper theoretical model are available to measure Keff  of a 
pores composite material [20]. 

This study suggests a method to find the Keff of sustainable 
insulation using analytical and numerical methods. Here, coir 
fibre was selected as the fibre material [23,24,25]. It exhibits 
significant properties such as high resistance to absorbing 
moisture, low thermal conductivity, low density, higher 
elongation at the breaking point, and high thermal stability 
[23,26,37]. Also, natural rubber latex was selected as the 
binder material due to its significant adhesive properties with 
coir fibres and biodegradability [27]. 

II. MATERIALS AND METHODS 

A. Fabrication of the composite 

Uniaxially oriented fibres give an even fibre distribution 
[15]. Hence it is important to select a fibre length by avoiding 
the curliness of the fibre. Therefore, fibres were cut into 5 cm 
in length, then the fibre layer was layup in a unidirectional way 
in a mould which has the 25 cm Ⅹ 20 cm Ⅹ 1 cm dimensions, 
and latex was sprayed on the fibre layer. This procedure was 
continued evenly until filling the mould with the 0.4 volume 
fraction of the fibre and the latex. Here, the weight of the fibre 
was 115 g, and the volume of the latex was 254.7 ml. The fibre 
and latex combination was then compressed to get the final 
thickness (1 cm) of the composite [23]. In that manner, the 
volume fraction of the total solid region to the void region was 
maintained at 0.5.  Fig. 1 shows a cross-section of a composite 
was observed using an optical microscope. 

 
Fig. 1. A cross sectional view of the composite (×100) 

B. Development of a unit cell for numerical analysis 

The numerical method was used to validate the results 
obtained from the analytical models. Ansys software package 
was employed for the numerical analysis in this study, 
considering the following assumptions: The continuous and 
the discontinuous phases are microscopically homogeneously 
distributed, have a negligible thermal resistance between the 
two phases, and discontinues phase has the same size and 
shape [16,17,28,29]. According to Fig. 1, the fabricated 
composite contains a solid-solid phase and a solid-gas phase. 
Therefore, the first step was to numerically evaluate the 
conductivity of a mixture of fibre and latex. Then the Keff of 
the composite was numerically evaluated with the 
conductivity value of the mixture (latex + fibre) and air voids. 

C. Development of a unit cell for the solid-solid phase 

The solid-solid phase contains fibres and latex. Therefore, 
it can be assumed as a two-phase composite. Latex can be 
taken as the matrix material. According to Fig. 1, fibres are 
randomly distributed throughout the matrix. However, fibre 
and matrix combinations can be simplified as an isolated unit 
cell with a periodical arrangement of three-dimensional 
physical models which contain cylindrical fibres in latex 
cubes [16,17]. The periodic arrangement of unit cells in a 
composite could be identified as a hexagonal array pattern 
and square array pattern [22,28,30]. Further, reducing the 
computational time and complexity of the geometry is 
essential. Hence, the hexagonal unit cell and the square unit 
cell can be simplified as a quarter unit cell, as shown in Fig. 
2 [28]. 

 
 
 
 
 
 
 
 
 

Fig. 2. A quarter unit cell of 0.1 fibre volume fraction a) Hexagonal array 
b) Square array 

Z-axis represents the fibre direction in Fig. 2, and Y-axis and 
X-axis represent the perpendicular plane for the fibre. The 
average fibre diameter was 200.16 μm when measured using 
the primo star iLED microscope, and the unit cell dimensions 
were calculated corresponding to the volume fraction of fibre 
to latex. The transverse thermal conductivity of coir fibres is 
0.3058 W/mK [31]. Also, the thermal conductivity of cured 
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compounded latex [32] was measured using hot wire disk and 
the value was 0.1736 W/mK. 

D. Development of a unit cell for the solid-gas phase 

According to Fig. 1, the composite contains a solid-gas 
phase. However, the pore size changed with the volume 
fraction of the composite. Smith [12] studied the thermal 
conductivity of porous materials [12]. Here, low pore density 
shows a close pore structure, and high pore density shows the 
open pore structure [12]. Russell [13] represented cubic model 
structures to analyse the thermal conductivity of a pores 
structure. In this study, pores are represented by cubes and 
surrounded by the uniform thickness of solid walls for the 
close pores structure. Also, solids are represented by cubes in 
the open pores structure, and it is surrounded by the uniform 
thickness layer of air [13]. 

Further, if the volume ratio of dispersion media is higher 
than 0.786, then cubic structures should represent the structure 
[28]. Therefore, cubical structures are selected to analyse the 
thermal conductivity of the solid-gas phase. However, the 
thermal conductivity of the close pore structure and the open 
pore structure were separately analysed as Fig. 3.  

 

 

 

 

 

Fig. 3. A quarter unit cell of 0.1 pores fraction  a) Close pores structure b) 
Open pores structure 

As explained in Section C, a quarter unit cell was used for the 
numerical analysis. The air region is represented by the 
middle cube in Fig. 3(a), and it is surrounded by solid due to 
close porosity; the solid region is represented by the middle 
cube in Fig. 3(b), and it is surrounded by air due to open 
porosity. The thermal conductivity values of the solid region 
were taken by the solution of Section C for the respective 
volume fractions of latex and fibre of the composite. The 
conductivity value of air was taken as 0.0258 W/mK at 30 °C 
by negligible radiation and convection heat transfer 
[12,13,33,34]. 

E. Boundary conditions for unit cells 

The heat load was applied as a temperature in both opposite 
faces in the XZ plane. A temperature of 30 °C was maintained 
on the top face in the XZ plane, and 25 °C was applied to the 
bottom face in the XZ plane. Other faces are parallel to the Y 
direction, and those are assumed to be adiabatic [29,35,36]. 
The heat distribution and the thermal conductivity of the unit 
cell were analysed using Fourier’s law, as shown in (1). 
 

                                        �� �  �� ��
�	                                   
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Where K is the thermal conductivity of the unit cell, dT/da is 
the temperature gradient in the y-direction, and Qx is the heat 
flux along the y-direction. 
 

III.  CALCULATION 

A. Analytical methods to find the thermal conductivity of a 

solid-solid phase 

The thermal conductivity of the solid-solid phase was 
calculated from Maxwell’s model, Rayleigh’s model, and 
Lewis Nielsen’s model. However, the transverse thermal 
conductivity was analysed from these models because the 
transverse orientation of fibres gives the maximum insulation 
properties. 

 . Maxwell’s model is given by (2). 
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Where km is the thermal conductivity of matrix, kf is the 
thermal conductivity of fibre, and Vf is the fibre volume 
fraction. 

Equation 3 gives Rayleigh’s model. 
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The Lewis Nielsen model is given by (4). 

                                ��� � �� (1 � )*��
1 � *��Ѱ,                                       
4�  

Where * �
-$-&'�
-$-&%.   and  Ѱ � 1 � /�' 0&

0&1 2 �� 

Table 1 provides the values for the constant ‘A’. 

TABLE I.   VALUES FOR  ‘A’  FOR VARIOUS SYSTEMS 

Type of dispersed phase Direction of heat flow A 

Cubes Any 2.00 

Spheres Any 1.50 

Aggregate of spheres Any 2.50
34

� 1 

Randomly oriented rods 
aspect ratio = 2 

Any 1.58 

Randomly oriented rods 
aspect ratio = 4 

Any 2.08 

Randomly oriented rods 
aspect ratio = 6 

Any 2.80 

Randomly oriented rods 
aspect ratio = 10 

Any 4.93 

Randomly oriented rods 
aspect ratio = 15 

Any 8.38 

Uniaxial oriented fibres Parallel to fibres 2I./D 

Uniaxial oriented fibres Perpendicular to fibres 0.50 

 

The dispersion phase’s type is uniaxial oriented fibres, and 
the heat flow is perpendicular to fibre orientation. Therefore, 
the value for constant ‘A’ should be 0.5. 
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Table 2 presents the values for constant ‘φm’. 

TABLE II.   VALUES FOR ΦM FOR VARIOUS SYSTEM 

Shape of Particle Type of Packing 56 

Spheres Hexagonal close 0.7405 

Spheres Face centered cubic 0.7405 

Spheres Body centered cubic 0.60 

Spheres Simple cubic 0.524 

Spheres Random close 0.637 

Spheres Random close 0.601 

Rods of fibres Uniaxial hexagonal close 0.907 

Rods of fibres Uniaxial simple cubic 0.785 

Rods of fibres Uniaxial random 0.82 

Rods of fibres Three dimensional 
random 

0.52 

 

The type of packing in the composite is uniaxial random. 
Therefore, the ‘φm’ value should be 0.82. 

B. Analytical methods to find the thermal conductivity of a 

solid-solid phase 

Landaure’s equation is given by (5). 
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Where kp is the thermal conductivity of air, and vp is the 

volume fraction of air. 
 

Hashin-Shtrikman’s upper bond model is given by (6). 
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IV RESULTS AND DISCUSSION 

Fig. 4 illustrates the temperature distribution of the 
hexagonal model and square model for solid-solid phase at 0.1 
fibre volume fraction. 

 

 

 

 

 

 

Fig. 4. The temperature distribution in the quarter unit cell a) Hexagonal 
array b) Square array 

Fig. 5 compares Keff of solid-solid phase using analytical 
methods and numerical methods. 

 
Fig. 5. Thermal conductivity of solid-solid phase. 

The maximum fibre volume fraction of the square unit cell 
is 0.78. Therefore, the above analysis was made up to the fibre 
volume fraction of 0.7. However, the Keff of the solid-solid 
phase is increased with the fibre volume fraction. Except for 
Maxwell’s model, numerical models and analytical models 
show minor deviations with each other up to 0.4. Maxwell’s 
model is the first analytical model to predict Keff, and the main 
assumption in the model is well dispersed spherical particles 
in the continuous matrix. It may give a higher deviation for the 
results. Also, Sahu [17] analysed the thermal conductivity of 
short fibre reinforced composite using analytical models. 
Maxwell’s model shows a higher deviation from the 
experimental results [17]. Lewis Nielsen’s model was the 
most popular model to predict Keff in literature due to good 
correlation with the experiments [16,22]. However, the Lewis 
Nielsen model was created up to 0.4 volume fraction, and it 
gives inconsistent results for the higher volume fractions [21]. 
Nevertheless, Lewis Nielsen’s model is a good analytical 
model to predict Keff in the composite containing random fibre 
distribution [16,22,31]. Therefore, the values obtained from 
Lewis Nielsen’s model are used for further analytical analysis 
in the solid-gas phase. 

Moreover, the main assumption in Rayleigh’s model is 
parallel cylinders embedded in a continuous matrix [21]. It 
may cause a closer relationship between the square model and 
Rayleigh’s model throughout the variation of the fibre volume 
fraction. Therefore, this relationship is important to justify the 
results obtained from the square model. Also, the square 
model is close to other analytical models than the hexagonal 
model. Then, the values obtained from the square model are 
used to further numerical analysis in the solid-gas phase. 
According to the limitation of the Lewis Nielsen model, the 
maximum fibre volume fraction is assumed to be 0.4 for 
further analysis. Therefore, the Keff value in the solid-solid 
phase is 0.2166 W/mK for the analytical analysis and 0.2167 
W/mK for numerical analysis at the 0.4 fibre volume fraction. 

Fig. 6 presents the temperature distribution of close pores 
structure and open pores for the solid-gas phase at 0.1 air 
volume fraction. 
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Fig. 6. The temperature distribution in the quarter unit cell a) Close 
pores structure b) Open pores structure.  

The numerically obtained results are compared with 
analytical results in Fig.7. 

 

Fig. 7. Effective thermal conductivity of the composite. 

 

The Keff of the composite (Keff of the solid-gas phase) is 
reduced with the increase of pore (air) volume fraction (Vp). 
However, the results obtained from different models show 
some variation with each other. The reason is that the models 
were developed by considering the various types of 
assumptions such as distribution of discontinuous phase 
throughout the matrix, size, and shape of the discontinuous 
phase, bonding between the phases, and the thermal 
conductivity of constituents. According to Smith’s work [12], 
Maxwell’s model has a close porosity for the pore volume 
fraction less than 0.15. Also, Fig. 7 within the range 0 < Vp < 
0.15 of Maxwell’s model shows a closer relationship with the 
numerical results in close pores structure [12]. Smith’s work 
[12] shows that the experiment results are closer to the results 
of Landauer’s model. He found that if the Vp is between 0.15 
and 0.65, Keff follows Landauer’s model.  

In this research work [12], the numerical results in close 
pore structure are closer to Landauer’s model. Further, 
according to Smith’s work, experimental results have a closer 
relationship with Hashin-Shtrikman’s upper bond with the 
high pore fraction above the Vp > 0.65. However, the open 
pore structure shows a closer relationship with Hashin-
Shtrikman’s upper bond models for the Vp > 0.65. Therefore, 
these results conclude that the Keff of a pores structure can be 
analysed through the numerical method. However, the 
numerical model structure varies with the pore volume 
fraction. The close pore structure can be used up to 0.65 pore 
volume fraction, and open pore structure can be used to high 
pore volume fractions which contain Vp > 0.65.  

IV. CONCLUSION 

The authors have suggested a method in this study to find 
the effective thermal conductivity of a three-phase composite 
by analytical and numerical methods. Here, the composite 
contains latex, fibre, and air voids. Evaluating the Keff follows 
two steps. The first step was calculating conductivity for a 
mixture (solid-solid phase) that contains the matrix (latex) and 
one disperse phase (fibre). Next, the total conductivity of the 
composite can be calculated with the conductivity value of the 
mixture and the second disperse phase (air). The Keff latex and 
fibre were evaluated using analytical and numerical methods, 
and the square array pattern and hexagonal array pattern were 
used for the numerical analysis. Here, the results obtained 
from the square array pattern are used for further numerical 
analysis due to the closeness with the analytical models than 
the hexagonal array pattern.  

Numerical analysis was performed with the close pores 
structure model and open pore structure model for the solid-
gas phase. These results were compared with the available 
analytical models. The findings concluded that numerical 
analysis is possible with the close pores structure model up to 
the pore volume fraction of 0.65 and the open pore structure 
model for higher pores fractions above 0.65. Then the authors 
suggest that the accuracy of analytical and numerical results 
should be compared with experimental results for further 
analysis. 
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