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Abstract—ORCs (Organic Rankine Cycles) are becoming
widely attractive for waste heat use since they facilitate power
generation from low thermal content supplies. ORC may be
optimized in various ways after determining the appropriate
operating working fluid and design parameters. This article
introduces a new design approach to produce a turbo expander
demonstrated for a 1kW ORC utilizing R245fa as the working
fluid. The obtained initial dimensions of the rotor were evaluated
using performance criteria commonly used in turbo-machinery
designing and the best results were selected after conducting
several iterations. The inlet tip speed U5 is considered as the
primary design variable since it is restricted by mechanical stress
considerations. The results obtained from the rotor analytical
study are then utilized for stator, volute, and diffuser designs.

Index Terms—analytical, radial inflow turbine, Rankine

I. INTRODUCTION

The Organic Rankine Cycle (ORC) is a useful technique to
economically recover the wasted low grade heat such as from
thermal power plants, waste burning incinerators and IC en-
gines. The expander is the heart of an ORC system, and has the
greatest impact on cycle isentropic efficiency. There are several
options available in selecting an appropriate expander for ORC
design: screw expander, scroll expander, reciprocating piston
expander and rotary expander. The installation of a turbo-
expander is advised to boost the cycle’s isentropic efficiency.
Radial turbo-expanders are the best alternative because of
their compact size, ease of manufacture, ease of optimization,
robustness, and minimal sensitivity to blade profile imperfec-
tions [1]. Radial-inflow turbo-expanders comprise three major
parts: a volute (1- Inlet, 2- Outlet), stator vanes (3- Inlet,
4- Outlet), and rotor blades(5- Inlet, 6- Outlet) as shown
in Fig. 1. 1 Design of turbo-expanders is often a tedious
task, as it usually needs extensive experience with expected
operating parameters. Hence, various approaches have been
proposed in the literature to tackle this issue. Al Jubori [2]
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Fig. 1: Models of the turbo expander with reference states

Symbols Subscript
A-Area (mm2) 1-Volute inlet
B-Blockage coefficient 2-Volute outlet
b-Width (mm) 3-Nozzle inlet
C-Absolute velocity (ms−1) 4-Nozzle outlet
D-Diameter (mm) 5-Rotor inlet
d-Inter-space (mm) 6-Rotor outlet
h-Enthalpy (Jkg−1) b-Blade
M -Mach number d-Diffuser
m-Mass flow rate (kgs−1) f -Effective
N -Speed (rpm) h-Hub
Q-Flow rate (m3s−1) m-Meridional
r-Radius (mm) p-Passage
s-Span (mm) s-Shroud
U -Rotor tip speed (ms−1) t-Thickness
W -Relative velocity (ms−1) w-Relative component
Z-Number act-Actual
Greek Letters is-Isentropic
α-Absolute flow angle(rad) geom-Geometrical
β-Relative flow angle(rad)
ϕ-Flow coefficient
ψ-Loading coefficient
ρ-Density (kgm−3)
ω-Nozzle setting angle (0)

has presented a complex thermodynamic and aerodynamic
1D design involving a genetic algorithm that evaluates the
turbine geometry’s input parameters. The method proposed
by Whitfield [3] requires conditions such as temperature,
pressure, and density of the working fluid at the stator outlet



which are often not available before fabrication and testing.
Cho et al [4] has performed an analytical study starting
from the stator calculation followed by the rotor calculation
which is more suitable for supersonic conditions where the
rotor geometry depends on the stator conditions. Nithesh and
Chatterjee [5] have provided the priority for loss models rather
than the design point modeling with the help of a numerical
approach. Fiaschi [6] has used a range of output parameters
such as rotor inlet and outlet radii to start the iteration process
as the initialization conditions. The conditions are generally
obtained after calculating the rotor dimensions. The method
suggested by Ventura et al [7] is based on [3], but it sets
the flow and loading coefficient before the calculation, which
results in a poor starting point because of the restricted values.
The method proposed by [8] eliminates the requirement of
empirical data by initiating the calculation using the mach
number of the fluid. Bonar [9] has presented a detailed turbo
expander design using 2D and 3D model constructions using
higher-order polynomials for profile contours but such an ap-
proach is used for larger-sized turbines and requires empirical
input parameters. Li and Ren [10] have created an in-house
code combining the fluid thermodynamic properties with an
analytical study developed using conservation equations and
equations of state. Lv et al [11] have considered continuity
equation conservation of rothalpy for rotor and enthalpy for
stator separately. Costall [8] performed the analytical study for
three different ranges of power output (small, medium, and
large) which required the conditions such as static and total
enthalpies of the stator outlet. Furthermore, the calculation
of the inlet tangential velocity and the rotor outlet ratio are
lacking in this methodology and those can be found using
Whitfield [3] method.

Accordingly, the current established design procedures sig-
nificantly rely on empirical inputs during the design stage.
Hence a new approach is presented in this work, which elimi-
nates the empirical input requirements during the design stage
of a turbo expander. The currently proposed method combines
the approaches in [3] and [8] with suitable modifications to
provide a holistic analytical approach for the complete radial
turbine design for desired operating conditions. The analytical
computation begins with the rotor using the conditions avail-
able followed by the stator and volute calculations, which is
a more realistic method. The technique is shown using a 1
kW expander configuration for an ORC by employing R245fa
as the working fluid under the conditions stated in table I.
The properties of R245fa were obtained using thermodynamic
property databases [12]. The obtained results are then validated
using literature [8].

The method proposed in this paper doesn’t require any
practically unavailable parameters as inputs other than general
operating conditions such as inlet-outlet pressures and temper-
atures, rotating speed, and required work output.The outflow
is taken as axial to obtain maximum output. The novelty of
this methodology is that the flow coefficient is considered
as a parameter to connect the input and output parameters
with the aid of the law of conservation of mass and the rotor

inlet outlet radii ratio. Furthermore, this methodology provides
enough flexibility to adjust the parameters to obtain practical
dimensions for the design. In this study, a radial inflow turbo
expander is chosen after determining the operating circum-
stances and the appropriate working fluid. All the components
are designed using an analytical study and a parametric study
and rotor parameter optimization were done since the effect
of rotor performance is vital for other components as well as
for the overall turbo- expander.

II. DESIGN METHODOLOGY

A. Rotor design

The selection of the inlet relative Mach number should be
done carefully to calculate the inlet relative velocity W5 cal-
culated using (1) followed by the rotor inlet velocity triangles
in Fig 2. Here the inlet sound speed can be obtained from
REFPROP [12] . C0 is the speed of sound.

Mw5 =W5/C0 (1)

The Euler turbo-machinery equation (2) was used as the initial
step to evaluate the blade tip speed U5 at the inlet. If there
is no swirl at the rotor outlet U6 becomes zero. Cθ5 becomes
U5 with the absence of pre swirl (3).

W5

m
= U5Cθ5 + U6Cθ6 (2)

W5

m
= U2

5 (3)

After selecting a suitable value for U5,Cθ5 can be evaluated.
This completes the relative flow angle β5, absolute flow angle
α5 at the inlet, and the absolute flow velocity C5 using velocity
triangles. The blade number Zb is found by using the empirical
equation (4) using the obtained α5.

Zb = 2π tanα5 (4)

To complete the rotor outlet design calculation, the flow
coefficient ϕ should be assumed. The input blade speed non-
dimensionalized the rotor outlet meridional velocity in this
parameter.

ϕ =
Cm6

U5
(5)

Using (5), the outlet absolute meridional flow velocity can be
obtained.

Cm6

U5
= (

r6
r5

) cotβ6 (6)

To calculate β6 at the mean radius using (6), the ratio r6
r5

is
utilized as an input variable, multiple output velocity triangles
can be obtained by taking into account a range of flow
coefficients. The rest of the parameters can be obtained using
the velocity triangle. α6 is considered zero for axial output.
Using a mass flow rate as an estimate m and considering the
density at the inlet ρ5 and the inlet meridional velocity Cm5,
the inlet area of the annular Ageom5 can be determined by
applying mass conservation (7).

m = ρ5Ageom5Cm5 (7)



Fig. 2: Velocity triangles on a 3D rotor blade.

A blockage coefficient B is established due to the absence of
the annulus. The geometrical area Ageom5 and the effective
area Af 5 at the rotor, inlet is linked by (8)

Af 5 = (1−B5)Ageom5 (8)

The inlet radius r5 can be calculated using the inlet effective

Fig. 3: Rotor calculation procedure

area Af 5 and inlet span s in (9)

r5 =
Af 5

2πs
(9)

The inlet geometry definition is completed at this point and
Cm6 can be found similarly. Because the blades take up a
larger amount of the output flow area than the intake flow
area, a higher outlet blockage coefficient value B6 was chosen
to compute the effective outlet area Af 6. The fraction, r6s

r6h

is assumed in the calculation of the outlet shroud and hub
radii using (10). The design conditions of the current study as
indicated in table I. The obtained parameters are optimized
using performance parameters as shown in table II. The
summary of the rotor design methodology is shown in Fig.
3.

r6 =

√
Af 6

π(1− r6h

r6s

2)
(10)

TABLE I
THERMODYNAMIC PARAMETERS OF THE TURBINE IN THE

CURRENT STUDY

Criterion Conditions present for R245fa
Turbine inlet temperature (0C) 95.87
Turbine inlet pressure (MPa) 0.73
Turbine outlet temperature (0C) 86.46
Turbine outlet pressure (MPa) 0.53
Mass flow rate (kgs−1) 0.3
Rotational speed (rpm) 20000

TABLE II
SUMMARY OF THE PERFORMANCE PARAMETER RESULTS AND

THE OPTIMUM RANGES

Performance parameter Optimum range Value for the design
Specific speed 0.4-0.8 0.8
Specific diameter 2.5-4.0 3.6
Flow coefficient 0.2-0.3 0.3
Loading coefficient 0.8-1.0 0.98

B. Nozzle passage design

Volute type inlet geometry has been selected for the appli-
cation. Here, the influence of the nozzle ring is only to avoid
the non-uniformities in the fluid flow and it doesn’t provide an
additional swirl effect, since the volute configuration generate
adequate swirl motion. So it is not necessary for any camber in
aero-foil geometry. For this application, the selected airfoil was
NACA-0015 with zero camber. The required input values are
obtained from table III from rotor calculation. Fig. 4 depicts
the exit fluid condition of the nozzle ring and the developed
aerofoil geometry. A nozzle number which is higher than the

Fig. 4: Nozzle passage.



rotor blade number is assumed. It is customary to take the
nozzle passage width as the same as the rotor inlet passage
width determined from the rotor sizing. The radii ratio of
the rotor inlet to nozzle outlet is assumed and the nozzle
exit radius and the interspace value are calculated from (11).
According to [3], nozzle interspace is taken as 2.

Cθ4 = Cθ5
r5
r4

(11)

k =
d

b ∗ cosα
(12)

Here, b is the nozzle row passage width, d is the width of the
interspace, and cos(α) is the mean flow angle at the nozzle
exit. The mean flow angle α at the nozzle exit is found using
(12).

Assuming an average flow is parallel to the nozzle camber
line, ω is calculated next.

rθ4 = Cθ4 tan(ω) (13)

Here a geometrical method is used to determine the nozzle
inlet radius since the nozzle exit radius, nozzle setting angle
and nozzle camber line length are already known. Fig. 4 shows
the nozzle passage

C. Inlet volute geometry design

The swirl motion imparting to the fluid by volute should
be sufficient to present the fluid to the rotor at the correct
incident So, assume that the nozzle inlet flow angle is same
as the nozzle exit [3].Volute sizing is a fairly simple process
that results in calculating the primary volute passage area, A1,
and mean radius r1.These variables are calculated to conserve
mass and match the angular momentum at the nozzle row
inlet. According to [3], the ratio of volute outlet to Nozzle
inlet radius r2

r3
is assumed 1.05, and volute outlet radius is

calculated. An external volute would be preferred since the
change in radius will cause the flow to accelerate to a greater
discharge tangential velocity for the same intake velocity.
But the internal volute may offer the advantage of a lower
maximum stage radius. If the volute aspect ratio, AR = A/B
is specified, can be solved for A and B using (14-16). The
passage area and the mean radius of the external elliptical
volute are found as below.

A1 = (
3π

4
+ 1)AB (14)

r1 = r2 +B (15)

rmax = r1 +B (16)

D. Diffuser design

The best suited diffusing angle which reduces the loss in
pressure recovery is 50 – 60.

Area at the exit of the diffuser,

A7 =
Q7

C7
(17)

Fig. 5: Diffuser cross-section.

Recommended radial clearance is 2 percent, of turbine exit
radius according to the literature [13]. Diameter at the inlet of
the diffuser, Ddinis next calculated (18)

Ddin = D5 + 2 ∗ radialclearance (18)

The area at the inlet, diameter at the exit,and diameter at the
throat of the diffuser are calculated from below (19-21)

Adin =
π

4
Ddi

2
n (19)

D7 =

√
4A7

π
(20)

Ddt = Dtip + 2 ∗ radialclearance (21)

The taper angle of the diverging section ψd considered as 50

and the diverging section length of the diffuser is provided by,
Ld

Ld =
D7 −Dt

2 tanψd
(22)

The extent of the converging section is determined by the
turbine wheel’s height.

III. RESULTS AND DISCUSSION

A. Rotor design results

After following the above methodology and optimization
process, the obtained results for the rotor dimensions are
shown in the table III below. The results are validated using
literature [8] The obtained results are in good agreement
with [8]. The variations also might have occurred due to the
selection of blade inlet tip speed when optimizing the obtained
results. The number of rotor blades obtained is 17.

TABLE III
DESIGN RESULTS OF THE ROTOR IN THE STUDY

Parameter Inlet Inlet[8] Outlet Outlet[8]
(Calculated) (Calculated)

r (mm) 41.58 41.50 25.31 26.70
U (ms−1) 310.90 310.09 199.26 217.30
C (ms−1) 349.64 346.90 93.207 93.30
Cm (ms−1) 185.62 186.40 93.27 93.30
α (0) 57.93 57.70 0 0
β (0) 4.49 5.46 63.76 66.80



B. Nozzle results

The nozzle exit radius variation is studied with the tangential
velocity component for a certain range and the maximum
camber value is obtained. The maximum camber value was
constant for a considerable range of exit radius and tangential
velocity components.Table IV indicates the obtained calcula-
tion results validated using [9] which are highly dependent on
rotor design calculation results and this mainly focuses the 3D
geometry of upper-stream components of the rotor.

TABLE IV
DESIGN RESULTS OF THE STATOR IN THE STUDY

Geometrical parameter Calculated Value Value according to[9]
Inlet radius (mm) 43.90 36.50
Exit radius (mm) 31.29 30.49
Chord length (mm) 26.00 25.97
Max. thickness (mm) 0.49 0.56
Max. thickness (mm) 0.49 0.56
Setting angle (0) 13.25 12.00
Rotor interspace (mm) 1.49 1.00
Passage width (mm) 3.25 3.25
Nozzle number 21 21

C. Volute design results

The obtained volute geometrical dimensions have a slight
deviation but are yet in the acceptable range. These variations
have occurred due to the slight difference occurred in the
rotor dimensional values which were used as inputs for this
calculation.

TABLE V
DESIGN RESULTS OF THE VOLUTE IN THE STUDY

Position (0) Ac (mm2) rmax (mm) Ac (mm2) rmax (mm)
[9] [9]

360 0 46.2 0 38.59
300 8.95 49.18 56.84 41.57
240 35.71 52.16 113.67 44.55
180 80.41 55.14 170.51 47.53
120 143.02 58.12 227.34 50.05
90 180.79 59.60 255.76 41.99
30 270.20 62.58 312.59 54.97
0 321.29 64.06 341.01 56.46

D. Diffuser results

Table VI shows the dimensions of the diffuser calculated
using the above procedure.

TABLE VI
DESIGN RESULTS OF THE DIFFUSER IN THE STUDY

Parameter of the diffuser Calculation result obtained
Inlet diameter (mm) 69.18
Throat diameter (mm) 27.00
Exit diameter (mm) 22.93
Diverging section length (mm) 48.00

E. Sensitivity study on rotor designing parameters

In Fig. 6, the variation of blade span with flow coefficient for
different inlet blade speeds is shown. The blade span increases
with the increase of the blade coefficient. As a result, a high
ϕ and a smaller U5 are advantageous for promoting bigger
inlet blade heights, which is significant at this size, but at
the trade-off of greater rotation speed and smaller inlet and
exit dimensions. The ϕ and U5 were selected considering the

Fig. 6: Sensitivity study of blade span variation with flow
coefficient for fixed speeds.

size of the inlet and outlet and the observed variations as
well. Furthermore, Fig.7 indicates that the inlet blade speed
increases with lower ϕ and higher blade speed U5. This is
because a larger U5 will result in a higher output static
enthalpy. This results in a greater inlet density and, as a result,
a smaller inlet radius.

Fig. 7: Sensitivity study of blade inlet radius variation with
inlet speed for fixed flow coefficient

The number of blades increases with the inlet flow angles
so if the flow angle increases, the rotor becomes crowded
which will disturb the smooth flow of the fluid in Fig.8. In
the previous procedure, the blockage coefficient is selected
to calculate the inlet and outlet of the radii considering the
variation. A moderate blockage coefficient has to be selected
to obtain a medium sized turbine according to the power
requirement as shown in Fig 9.



Fig. 8: Sensitivity study of inlet relative flow angle variation
with absolute flow angle

Fig. 9: Sensitivity study of inlet area and radius variation with
blockage coefficient

IV. CONCLUSION

This paper presents a full methodology to design the turbo
expander for an organic Rankine cycle of 1kW which used
R245fa working fluid. The following can be concluded from
the methodology mentioned above.
1. The Euler’s turbo-machinery equation is used for the
initialization and the stator, volute ad diffuser dimensions are
obtained using the analytically optimized results of the rotor.
2. The obtained dimensions are evaluated according to per-
formance parameters discussed in the literature and the final
values are taken after calculating for several iterations.
3. The variations of the geometrical parameters are studied
with the variation of design conditions as well. The stator
geometry was developed using NACA 0015 model and the
inlet type selected was a volute.
4. Adjustments for the geometry were then done according
to fabrication capabilities. This methodology could overcome
the main shortcoming of currently available methods, i.e.
the requirement of empirical operating conditions inside the
turbine, during the design stage.
5. The obtained results are validated with test results of [8] and
the error percentage is less than 5 percent which is acceptable.
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