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TO THE -
K I N G
SIR,
A S'the writings of Archimiedes were addrefled to the King of Sicily,
who had perufed aﬁd relifhed them, fo I do myfelf the hpnour, to ad-

drefs to Your Majefty, the following account of the Life, Writings,
and Invent®ns of our Britith Archimedes, in which, I can claim no
other merit, than having endeavoured to call forth and illuftrate the
abilities of others. I feel great pleafure, in dedicating this Tra® to
Your Majefty, after the chafte and dignified model of Antiquity, be-
ftowing on the King, the merited encomium, of having promoted the
Sciences and Arts, with which it is conneted ; and in affuring Your

Majefty, that I am, with the gregteﬁ refpe&,
Your MaJESTY’s
Moft dutiful Subje&®, and
Obedient humble Servant,

BUCHAN.
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ADVERTISEMENT.

Asovr twenty years ago, I thought it would be eafy to bring together a groupe
of learned men, who would dedicate a part of their leifure to erect literary monuments
to the memory of their illuftrious countrymen, whofe lives had not been hitherto
written or fufficiently illufirated ; and Iwifbed fuch monuments to be fafhioned and ex-
ecuted by men perfonally eminent in the departments which diftinguifbed the fubjeéls of
their biographical refearch, and not by the affiffants of a bookfeller or compiler, whe
cannot be expelled, however faithful and accurate, to be animated with that love to the
Sfubjeet, which the Rtalian Artift rightly confiders as the foul of bis enterprize, and

the fource of its perfeltion.

In this expectation I have been difappointed ; and though I allow the higheft merit
to the Britifb Biography, now republifbing by Dr Kippis, yet in the immenfe extent of
Jfuch an undertaking, I perceive the impoffibility of its reaching the perfection I have
propofed, without the addition of fupplementary articles and connellions, which would
bawve been in a great meafure unnecg[ary; bad my plan been adopted ; becaufe the ar-
ticles, being written with care and with zeal, fo as 1o fupport themfclves in an ifo-
lated flate by the public favour, would afterwards have been taken iup by fubfequent
editions into that great repofitory of biographical learning, in a Lighly finifbed flate,
and purged of the crrors which are unavoidable, in the firfl fabric of works of that

ralure,

b ' W7l



[ vi ] ‘ : -
With refpect 1o the biography of Scotland, one of the judges there, who would have
dane it honour in its beft days, by his virtue, his attention to the dignity and duties of
bis fiation, and the ufcful employment of bis leifure, has generoufly offered, by an ad-
vertifement annexcd o the Annals of the Lives of Fohn Barclay, Author of Argenis,
and fome other learned Scots, t0 Jorward the undertaking I wifb to promote.

Encouraged by the affiftance of an affociate, fo able and fo liberal, 1 have prefumed
1o offer the following Biographical Tracl to the public, as my mite to a Treafury, which
I hope 1o fee enriched by many, who have the ab}'lity and the generofity of my refpectable
coadjutor. It was indeed by that excellent man, that 1 was originally encouraged to
profecute refearches of this nature. He applauded that difpefition in a young man of
quality, which leads bim to the fiudy of the biftory of bis own country, rot in pamphlets,
Jatires, apologies and panegyrics, but in the private undifguifed corrcfpondence of the

great.

A man who fudies hiflory in this way, will fee that the fame charallers are res
prefented by different allors : introduced bebind the feenes, he will fee fully dreffing
itfelf in the garb of wifdom, and felfifbnefs affuming the mafk of public fpirit; and
among the learned, the plagiary flealing away the laurels of the modeft inventor. He
will fee great events arifing from inconfiderable caufes, and men neither devils nor
angels, but a compofition cf good and bad qualities, fuch as the men of the world can

Jee them every day in common life.

1 flatter myfelf, that this article of Napier, in the Biographia Scotica, will be confider-
ed in_fome refpecls, as a fpecimen of the plan I have defcribed, for it certainly has been
written con amore. In the feientific part I have reccived the affifiance of a gentle-
man, who deferes to be better known, on account of his mathematical learning, and

the accuracy with which be treats the fubjecls of bis inquiry.

i ¥
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If the following publication, fball have the good fortune to meet with the apfrob&tion
of the learned world, *tis my intention, to give an account of the lives and writings of
Andrew Fletcher of Salton, and Fobn Law of Lauricfton, on the fame plan. The
Jir/t undertaking will furnifb me an opportunity, of reprefenting the ancicnt conflituticn
of Scotland, in what I apprebend to be a clearer light, than has bitherto been offcred ;
and of treating the caufes and confequences of the union between the two kingdcm.c.:
and the other will open an ample field for exhibiting the diforders in the finances of
France, occafioned by the expenfive wars of Lewis the fourteenth, and the Mififippi
Scheme, and for explaining by what means they have been gradually remedied and
brought 10 a Jtate, which bas enabled that nation, not only to bring ber naval force
and her trade to a dangerous rivalfbip with this country, but to obtain that credit,
by good faith, which in former times, bad given fo decided a fuperiority to Britain. [
am wvery fenfible that there are many men in this country much better qualified for
performing thefe tafks than I am, and I think it.an honour to enjoy their friendfbip :
but men of great reputation generally feck for reft in the evening of life, and avoid ex-
pofing their laurels to the blaft of envy, in their declining years.

Thefe, I hope, will be accepted as fufficient apologies, for my venturing to occupy Juch
ground, and I beg leave to invite my learned countrymen, to aid me in fo noble an un-

deriaking, as that of raifing monuments to the memory of the illuftrious dead.

I bawe only to add, that if the feparate lives of illuftrious perfons, fhould be written
on the plan I propofe, and were accompanicd by portraits, elegantly engraven by the
beft artifts, and the whole executed in a fimilar manner, of the fame Quarto fize, and
with the fame Type and Paper, they would gradually form the nobleft work, which has
been gffered to the republic of letters, in any age or country.

AN
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an
ACCOUNT
OF THR
LIFE, WRITINGS, and INVENTIONS,
| | OF |

JOHN NAPIER,

OF

MERCHISTON.

I Have undertaken to write the Life of Joun NarieR, of Merchifton,
a man famous all the world over, for his ‘great and fortunate difcove-
ry of Logarithms in Trigonometry, by which the eafe and expedition
in calculation, have fo wonderfully affifted the Science of Aftronomy,
and the arts of praical Geometry and Navigation.

ELEVATED above the age in which he lived, and a benefa&tor to the
world in general, he deferves the epithet of Great.

NAPIER lived in a country of proud Barons, where barbarous hofpi-
tality, hunting, the military art, and religious controverfy, occupied
' c ' “the
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the time and attention of his contemporaries, and where he had no
learned fociety to affift him in his refearches.

Tuis extraordinary perfon was born at Merchifton, in the neigh-
bourhood of Edinburgh, in the year 1550%*.

HEe was the Son of Sir Archibald Napier, -of Merchifton, Mafter of
the Mint in Scotland, and of Janet Bothwell, daughter of Mr Francis
Bothwell, one of the Senators of the college of Juftice t.

THAT his family was. of ancient eftablifhment in the counties of
Dunbarton and Stirling, appears from the public records, and from the

private archieves of his houfe.

Joun de Napier, from whom he {prung in the 12th generation, was
one of thofe proprietors of lands, who fwore allegiance to Edward the
firft, of England, in' the year 1296: William, from whdm he count-
ed in the ninth generation, was Governor of the Caftle of Edinburgh,
in the year 1401, whofe fon Alexander, was the firft Baron or Laird of
Merchiﬂ:on, and was the Father of another of the {fame name, who was
Vice Admiral of Scotland, and one of the Commiffioners from king
James the third, at the court of London, in the years 1461 and 1464.

FroM the family of Lennox, Earl of Lennozx, he derived a coheirthip
by the marriage of Elizabeth Mentieth, of Rufky, to his great-grand-
' father’s

* Ajp appears by an infcription on his portrait, engraved by old Cooper, from an original painting.
t Craufurd’s Peerage.
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father's father, Sir John Napier, of Merchifton: but on his anceftors
he reflected more honour and celebrity than he received, and his name
will probably be famous, when the lineage of Plantagenet will be re-
membred only by genealogifts, and when pofterity may know no more
of his, than we now know of the families of Plato, Ariftotle, Archi~
medes, or Euclid. :

IT is fit, that men thould be taught to aim at higher and more per-
manent glory than wealth, office, titles or parade can afford; and I like
the tafk, of making fuch great men look little, by comparing them
with men who refemble the fubje&t of my prefent enquiry. |

From Napier’s own authority, we learn, that he was educated at St.
Andrews *, where writes he, “‘in my tender years and bairn-age, at
“ {chools, having on the one part contralted a loving familiaritie with
“ a certain gentleman a papift, and on the other part being attentive to
“ the fermons of that worthy man of God, Maifter Chriftopher Good-
 man, teaching upon the Apocalyps, I was moved in admiration againft
“ the blindnefs of papifts that could not moft evidentlie fee their feven
“ hilled Citie of Rome; painted out there fo lively by Saint John, as the
“ Mother of all Spiritual Whoredome : that not onlie burfted I oute in
“ continuall reafoning againft my faid familiar, but alfo from thence- |
“ forth I determined with myfelf by the affiftance of God’s fpirit to
“ employ my ftudy and diligence to fearch out the remanent myfteries
“ of that holy booke (as to this houre praifed be the Lord I have bin
“ doing at all fuch times as convenientlie I might have occafion) .

THE
* Preface to his plain difcovery of the Revelation of St. John.
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. THE time of Napier’s matriculation does not appear from the Regi-
fter of the Univerfity of St. Andrews, as the books afcend no higher
than the beginning of the laft century; but as the old whore of Baby-
lon, affumed in the eyes of the people of Scotland, her deepeft tinge of
fcarlet about the year 1566, and as that time correfponds to the literary
bairn-age of John Napier, I fuppofe, he then imbibed the holy fears
and commentaries of Maifter Chriftopher Goodman, and as other
great Mathematicians have ended, fo he began his career with that
myfterious book. '

-1 hdve not been able to trace Merchifton from the Univei‘ﬁty, till the
publication of his Plain Difcovery, at Edinburgh, in the year 1593 *;
though Mackenzie in his lives and characters of the moft eminent wri-
ters of the Scotith nation, informs us (without quotation, however, of
any authority) that he pafled fome years abroad, in the low countries,
France and Italy, and that he applied himfelf there, to the ftudy of
Mathematics.

IN the Britith Mufeum there are two copies of his letter to Anthony
Bacon, the original of which, is in the Archbifhop’s Library at Lam-
beth, entitled * Secret Inventions, profitable and neceffary, in thefe
days, for the defence of this Ifland, and withftanding ftrangers enemies
to God’s truth and religion,” which I have caufed to be printed, in the
Appendix to this Tra&. This letter is dated, June 7, 1596 1, about
which time it appears, as thall be thewn hereafter, that he had fet him-
felf to explore his Logarithmic Canon.

I
® Printed by Andrew Hart, 4to. t Ayfcongles Iat, v. 1. p. 155, See Appendix N°. L.
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I have enquired, without fuccefs, among all the defcendants of this
eminent perfon, for papers or letters, which might elucidate this dark
part of his hiftory; and if we confider that Napier was a reclufe mathe-
matician, living in a country, very inacceflible to literary correfpon-
dence, we have not much room to expe&, that the moft diligent explo-

rations, would furnifth much to the purpofe, of having the progrefs of
his ftudies.

AMoNG Mr Briggs’s papers, preferved in the Britifh Mufeum, I look-
ed for letters from Napier, but found only what Mr Briggs calls, his
Imitatio Nepeirea, five applicatio omnium fere regularum, fuis Logarithmis per-
tinentium, ad Logarithbmos ; which feems to have been written in the year
1614, foon after the publication of the Canon*. | '

TuovucH the life of a learned man i1s commeonly barren of events,
and beft unfolded in the account of his writings, difcoveries, improve-
ments, and correfpondence with the learned men of his age, yet I
anxioufly fought for fomewhat more, with refpet to a character, I fo
much admired ; but my refearches have hitherto been fruitlefs. Per-
haps from the letters, books, and colletions of focieties or of learned
individuals, to which I have not had accefs, fomething may hereafter be
brought to light: and one of the inducements, to offer a fketch of this

kind to the public, is the tendency it may have to bring forth fuch in-
formation. His plain difcovery has been printed abroad, in feveral lan-
guages, particularly in French, at Rochelle, in the year 1603, 8vo. an-
D | nounced

* Ayfcough’s Cat. vol. 1. p. 389.
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nounced in the title, as revifed by himfelf ¥*. Nothing ‘could be morz
agreeable to the Rochellers, or to the Hugonots of France, at this time,
than the Author’s annunciation of the Pope, as Antichrift, which in this
book he has endeavoured to fet forth, with much zeal and erudition.

TuaAT Napier had begun, about the year 1593, that train of enquiry,
which led him to his great atchievement in Arithmetic, appears from
a letter to Crugerus from Kepler, in the year 1624; wherein, menti-
oning the Canon Mirificus, he writes thus, Nibi/ autem fupra Neperianam
rationem effe puto: etfi Scotus quidam literis ad Tychonem, anno 1594, Scriptis
jam [pem fecit Canonis illius mirifici, which allufion agrees with the idle ftory
mentioned by Wood in his Athenz Oxon, and expla:'ms it in a way.
perfeétly confonant to the rights of Napier as the inventor; concerning
which, I fhall take occafion to comment, in the account of his works:
nor is it to be fuppofed, that had this noble difcovery been properly
applied to {cience, by Juftus Byrgius, or Longomontanus, Napier would
have been univerfally acknowledged by his contemporaries, as the un-
difputed Author of it,

No men in the world, are {o jealous of each other as the learned, and

the leaft plaufible pretence of this fort, could not have failed to produce

' . a

® This edition was publifhed on the firft day of that year, in the end of which the Synod of Gap

did declare, or moved to declare, the Pope to be Antichrift, which had never been before attcmptcd,
by any body of Proteftants. See Sully’s Memoirs.

WiTh refpet to Napier’s fanciful calculation of the completion of the prophecies, concerning the
duration of the world, the year, in which this monument is ereted to his memory, immediately fuc-
ceeds that fixed for the end of the world, and no doubt muft be the year of judgment, with refpe& to
the authenticity of his difcovery, and the merit of thofe arguments, which are brought forward to
fupport his claim.
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a controver{y, in the republic of letters, both in his lifetime, and after

his death, when his praifes were founded all over Europe *..

WHEN

* To quote authoritics in this place, would be to gu'rc a catalogue of all the Mathematical and
Arithmetical books of that age.

His moft outrageous panegyrift, is Sir Thomas Urquhart, of Cromarty, who has given us alfo fo
ridiculous an account of the admirable Crichton.

In his Jewel, Urquhart, after having referred his readers to his Trigonometrical Work, entitled
Triffotetras, for the praifes of Napier, thus mentions ¢ an almoft incomprehenfible device, whieh be-
¢ ing in the mouths of the moft of Scotland, and yet unknown toany that ever was in the world but
¢ himfelf, deferveth very well to be taken notice of in this place ;, and it is this: he had the fkill, as

"¢ is commonly reported, to frame an engine, (for invention not much unlike that of Archyteas’s Dove)
« which by virtue of fome fecret fprings, inward refforts, with other implements, and materials fit for
¢ the purpofe, inclofed within the bowels th'crcof, had the power (if proportionable in bulk to the.
¢ altion required of it (for he could have: made it of all fizes) to clear a field of four miles circum-
¢ ference, of all the living creatures exceeding a foot in heighth, that fhould be found thereon, how
# near foever they might be found to one another ; by which means he made it appear, that he was
¢ able, with the help of this machine alone, to kill thirty thoufand Turks, without the hazard of one
¢ Chriftian !>  Of this it is faid that (on a wager) he gave proof upon a large plain in Scotland, to
the deftrution.of a great many head of Cattle, and flocks of' fheep, whereof fome were diftant from
other half a mile on all fides, and fome a whole mile. To continue the thread of mj. ftory, as I have it,
I muft not forget, that when he was moft earneftly defired by an old acquaintance, and profeffed friend
of his, even about the time of his contra&ing the difeafe whereof he died, that he would be pleafed, for
the honour of his family, and his own everlafting memory to pofterity, to reveal unto him the manner
of the contrivance of fo ingenious a-myftery, fubjoining thereto, for the better perfuading him, that it
were a thoufand pities, that fo excellent an Invention fhould be buried with him in the grave, and that
after his deceafe nothing fhould be known thereof: his anfwer was, that for the ruin and overthrow
of man, there were too many devices already framed, which if he could make to be fewer, he would
with all his might endeavour to do; and that, therefore, fecing the malice and rancor rooted in the
heart of mankind, will not fuffer them to diminifh the number of them, by any new concert of his-
fhould never be increafed. Divinely fpoken truly.

Urqubart’s Trats, Edinburgh, 1774. 8vo. p. 57..
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WaEN Napier had communicated to Mr Henry Briggs, Mathemati-
cal Profeflor in Greftham College, his wonderful Canon for the Loga-
rithms, that learned Profeffor fet himfelf to apply the rules in his /mi-
tatio Nepeirea, which I have already mentioned, and in a letter to
Archbifhop Uther, in the year 1615, he writes thus, “ Napier, Lord of
“ Merchifton, hath fet my head and hands at work with his new and
“ admireable Logarithms. I hope to fee him this fummer if it pleafe
“ God, for I never faw a book which pleafed me better, and made me

“ more wonder”*,

IT may feem extraordinary to quote Lilly the aftrologer with refpe@
to fo great a man as Napier; yet as the paflage I propofe to tranfcribe
from Lilly’s life, gives a picturefque view of the meeting betwixt Briggs
and the Inventor of the Logarithms, at Merchifton near Edinburgh,
I fhall fet it down in the original words of that mountebank knave .

“ I will acquaint you with one memorable ftory, related unto me
by John Marr, an excellent mathematician and geometrician, whom I
conceive you remember. He was fervant to king James the firft and
Charles the firft. 'When Merchifton firft publithed his Logarithms,
- Mr Briggs then reader of the Aftronomy Le¢tures at Gretham College
in London, was fo furprifed with admiration of them, that he could
have no quictnefs in him{elf, until he had feen that noble perfon whofe
only invention they were : He acquaints John Marr therewith, who went
into Scotland before Mr Briggs, purpofely to be there when thefe two
fo learned perfons fhould meet; Mr Briggs appoints a certain day when

to
* Uther’s Letters, p. 36. 1 Lilly’s Life, London, 1721. 8vo.
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to meet at Edinburgh, but failing thereof, Merchifton was fearful he
would not come. It happened one day as John Marr and the Lord
Napier were {peaking of Mr Briggs; ‘‘ Ah John, faith Merchifton, Mr
Briggs will not now come”: at the very inftant one knocks at the gate ;
John Marr hafted down and it proved to be Mr Briggs to his great con-
tentment. He brings Mr Briggs up into My Lord’s chamber, where
almoft one quarter of an hour was fpent, each beholding other with ad-
miration before one word was fpoken: at laft Mr Briggs began. “ My
-« Lord I have undertaken this long journey purpofely to fee your per-
“ fon, and to know by what engine of wit or ingenuity you came firft
“ to think of this moft excellent help unto Aftronomy, wiz. the Loga-
“ rithms ; but My Lord, being by you found out, I wonder nobody
“ elfe found it out before, when now being known it appears fo eafy”,
He was nobly entertained by the Lord Napier, and every fummer after
that during the Laird’s being alive, this venerable man Mr Briggs went
purpofely to Scotland to vifit him.”

THERE is a paflage in the life of Tycho Brahe by Gaflendi*, which
may miflead an inattentive reader to fuppofe that Napier’s method had
been explored by Herwart at Hoenburg, ’tis in Gaflendi’s obfervations
on a letter from Tycho to Herwart, of the laft day of Auguft 1599.
Dixit Hervartus nibil morari fe folvendi cujufquem trianguli difficultatem ; fo-
lere f¢ enim multiplicationum, ac divifionum wvice additiones folum, fubtractiones
93 ufurpare (quod ut fieri poffet, docuit pofimodum fuo Logaritbmorum Canone
Neperus.) But Herwart here alludes to his work afterwards publithed

E in

® Tychonis Brahei Vita.' Parifius 4to, 1654. p. 191.
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in the year 1610, which folves triangles by Proftaphcereris, a modé to-
tally different from that of the Logarithms.

KEePLER dedicated his Ephemerides to Napier, which were publifthed
in the year 1617 *; and it appcars from many paflages in his letter about
this time, that he held Napier to be the greateft man of his age, in the
particular department to which he applied his abilities: and indeed if
we confider, that Napier’s difcovery was not, like thofe of Kepler or of
Newton, connected with any analogies or coincidences, which might
have led him to it, but the fruit of unaflifted reafon and fcience, we
fhall be vindicated in placing him in one of the higheft niches in the
Temple of Fame.

KePLER had made many unfuccefsful attempts to difcover his canon
for the periodic motions of the planets and hit upon it at laft, as he
himfelf candidly owns, on the 1s5th of May, 1618; and Newton ap-
plied the palpable tendency of heavy bodies to the earth to the {yftem
of the univerfe in general; but Napier fought out his admirable rules,
by a flow fcientific progrefs, arifing from the gradual revolution of
truth. '

THE laft literary exertion of this eminent perfon, was the publication
of his Rabdology and Promptuary, in the year 1617, which he dedi-
cated to the Chancellor Seton, and foon after died at Merchifton, on the
3d of April, O. S. of the fame year, in the 68th year of his agé, and,
as I fuppofe, in the 23d of his happy invention.

: In

* Kepler’s Ephemerides nove motuum cleftium ab anno 1617.
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‘I~ his perfon, the portraits * I have feen reprefent him of a grave
and fweet counténance, not unlike his eminent contemporary Mon-
fieur de Peirefc.

IN his family he feems to have been uncommonly fortunate, for his
eldeft fon became learned and eminent even in his father’s lifetime, his
third a pupil of his own it Mathematics, to whom he left the care of
publifhing his Pofthumous works ; and lofing none of his children by
death, he loft all his daughters by honourable or refpe@able marriages.

HE was twice married. By his firft wife, Margaret, the daughter of
Sir James Stirling of Kier, defcended of one of the oldeft and moft re-
{peCtable gentlemen’s families in Scotland, he had an only child, Ar-
chibald, his fucceflor in his eftates, of whom I fhall hereafter give fome
account. By his fecond marriage with Agnes, the daughter of Sir James
Chifholm, of Crombie, he had five fons: John, Laird of Eafter Tonie;
Robert 1, who publifhed his father’s works, whom I have already men-
tioned, the anceftor of the Napiers of Kilkroigh in Stirling fhire ;.
Alexander Napier of Gillets, Efq; William Napier of Ardmore; and
Adam, of whom the Napiers of Blackftone and Craigannet in Stirling
fhire are defcended. His daughters were, Margaret, the wife of Sir
James Stuart of Roffayth; Jane, married to James Hamilton, Laird of
Kilbrachmont in Fife; Elizabeth, to William Cuninghame of Craig-
ends; Agnes, to George Drummond of Baloch; and Helen, to The

Reverend
* In the Univerfity Library at Edinburgh, another in the poffeffion of the Lord Napier, and an.
8vo print, engraved by Delaram, where he is reprefented calculating with his bones.
t Robert wrote a Chemical Treatife, ftill preferved in the family of Napicr.
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Reverend Mr Mathew Bufbane, Re&or of the Parifh of Erfkine in
Renfrew fhire.

HEe was interred in the Cathedral Church of St Giles, at- Edinburgh,
on the eaft fide of its northern entrance, where there is now a Stone
Tablet, indicating, by a Latin Infcription, that the burial place of the
Napiers, is in that place; but no Tomb has ever been erected to the
memory of fo celebrated a’ man, nor can it be required to preferve
his memory, fince the aftronomer, geographer, navigator and political
arithmetician, muft feel themfelves every day indebted to his inven-
tions, and thus a monument is ereted to the illuftrious Napier, which
cannot be obliterated by time, or depretiated by the ingenuity of others
in the fame department.

I proceed now to evince more fully the merit of Napier, by giving

an account of the ftate in which he found Arithmetic, and of the be-

nefit it received from his difcoveries.

SECTION
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S ECTTION L

CONCERNING ARITHMETIC.

Ax cum Statuas et Imagines, non animorum fimulacra fed corporum, fludiofe multi fummi bomines reliquerunt ;

confiliorum relinquere, ac virtutum nofirarum effigiem nonne multo malle debemus, fummis ingeniis expreffam
et politam ? .
Ciceronis ORATIO PRO ARCHIA PoETA. CaAP. X111

ARITHMETIC is fo neceflary to man, that it muft have made its
appearance on the firft and rudeft ftage of fociety.

S1GNs to exprefs numbers were probably in ufe, as foon as figns to

‘exprefs other ideas.

Tue figns the moft obvious, and we may venture to fay the firft in
ufe, were the fingers. The number of thefe accounts for the general
adoption of numeration by tens. The firft ten numbers have the ap-
pellation of digits or ﬁn'gers, in moft of the languages.

THE next improvement of Arithmetic, feems to have been the ufe of

fmall pebbles, or of knotted ftrings. The words Adagior and calculus
F Ggnify
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~ fignify both a pebble and an arithmetical operation. The Ruflians, to
this day, perform their calculations by means of ftringed beads, with
great exactnefs and expedition. The Greeks and: Romans reprefented
numbers by the letters of the Alphabet varioufly combined. By means
of their notation, the.operations of addition and fubtraltion of integers
at leaft, were eafily enough performed. But multiplication, divifion,,
and the extraction of roots, were difficult and tedious operations. They
muft have effeted them, in a great meafure, by dint of thought
Boethius, who flourifhed towards the end of the fourth century, fays
indeed, that fome of the Pythagoreans had invented, and ufed in their
calculations, nine apices or chara®ers, refembling thofe we now em=
ploy ; by which thefe latter operations muft have been much fimplified.
Thefe figures. were known only to a few myfterious men, and it is by
no means probable that they were the inventors of them. It is probable
that Pythagoras, or fome of his difciples, borrowed them, as ’they did
many other inventions, from the Indians. The merit of the Greek
Philofophers, of which Euclid claims a diftinguifhed fhare, confifted in
raifing Arithmetic, from being a fimple art, to the rank of the fciences..

GERBERT of Aquitaine, in France, afterwards Pope Sylvefter the fe-
cond, having imbibed the elements of the {ciences, found that the chri-
ftian world, at that time involved in darknefs, could not furnifh him
with fufficient helps for making any great progrefs in them. This in-
. duced him to fly from the Convent of Fleury, where he had lived from
his infancy, to Spain; where, under the tuition of the Moors, he be-
came fo intimately acquainted with the mathematics, that he is faid to
have foon furpafled his mafters.. Upon his return to his native coun-.

trys.
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try, about the yeiar g6o, or 970, he introduced the ten charaers,
which form the bafis of our modern Arithmetic. Thefe had been fa-
miliar to the Arabs, time out of mind, and the invention of .them is,

by their writers, afcribed to the Indians *, .

- Asour five hundred years afterwards, our Arithmetic received a
" moft important improvement, by the invention of decimal fraQions.

As the invention of thefe frations, and of the Logarithms, with other
arithmetical improvements, was occafioned by the efforts of ingenious
men, to perfect Trigonometry, it will be proper to give fome account
of the rife and progrefs of this moft ufeful branch of the mathematics.

TRIGONOMETRY, confidered as a fimple art, muft have begun with
the divifion of lands in every country; but confidered as a {cience, or
as the application of Arithmetic to Geometry, it feems to have had
its rife among the hands of the great Hipparchus, about one hundred
and forty years before the chriftian @ra. Hipparchus was the firft who
made ufe of the longitudes and latitudes, for determining the pofition
of places, on the furface of the earth. Theon cites a treatife of his, in
twelve books, on the chords of circular arcs, which muft have been a
treatife on Trigonometry, and is the firft of which hiftory gives any ac-
count. Menelaus, about the end of the firft century, wrote a treatife,
in fix books, on the chords; and there are extant of his three books on
Spherical Trigonometry, where that fubje is treated in a. manner ve-

ry profound and extenfive..
THE

® Wallis, Montucla, &c..
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Tue difficulties to be encountered in the folution of triangles, which
is the object of Trigonometry, regard the tables of the parts of the
circle, the form of the problems to be ufed, and the application of
thefe problems to practice.

THE Ancients, before Ptolemy’s time, do not feem to have agreed
upon a particular divifion of the radius of the circle *. That indefatig-
able Aftronomer, who flourifhed about the year 200, having fimplified
the theory of Menelaus, divided the radius into fixty equal parts, and
computed on this foundation, the length of all the chords in the femi-
circle, correfponding to every thirty minutes. This fexagenary divi-
fion, which continued in ufe for many centuries, obliged geometers to
make ufe of numbers compofed of integers and fraGtions, which occa-
fioned much labour and much lofs of time. The table of chords led
them to problems very complicated and of difficult execution. Every
oblique triangle was to be divided into two reGangular ones; and in
order to come at a folution, it was neceflary to raife to the fquare, and
to extra&t the fquare root of many fractional numbers.

THE Arabs, fometime in the eleventh century, greatly fimplified the
‘theory of Trigonometry, by fubftituting, for the chords of the double
arcs, the halves-of thefe chords. Thefe lines have been called finus,
probably from S. Ins. an abbreviation of the Latin words. femiffes infcrip-
tarum +. This improvement paved the way to more fimple theorems,

of which we fhall have occafion afterwards to fpeak.
Asourt
¢ Hanfchii Pref. in Kepl. Epit.  t Montucla Hiftoire Mathematique.
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~ ABoUT the middle of the fifteenth century, George, furnamed Peur-
bach, from a village on the confines of Auftria and Bavaria, where he
was born, either adopted the finus from the Arabs, or invented them
himfelf. He alfo banithed from Trigonometry the ufe of the fexage-
nary calculus, by fuppofing the radius to confift of 600 0oo equal parts,
and computing on this foundation the length of the fines correfpon-
ding to every ten minutes of the Quadrant.

JouN Muller (commonly known by the name of Regiomontanus
from the place of his birth, Konigfberg a town in Franconia) the dif-
ciple of Peurbach, improved his mafter’s idea by making the radius
equal to unity or 1,0000000. On this new plan he calculated, with
great labour and accuracy, a table of the fines for all the minutes of the
Quadrant. He alfo was the firft who introduced the ufe of the tangents
in Trigonometry ; of which Erafmus Reinoldus of Salfeldt firft con-
ftru@ed a table. 'To thefe tables Rheticus * afterwards added that of
the fecants, which had been invented by F. Maurolyeus of Meflina.

- By means of thefe new tables the art of Trigonometry was not only
rendered more accurate than formerly, but one mﬁltiplication or divi-
fion was fuperfeded in every geometrical proportion where the radius
made one of the terms. The multiplication or divifion, however, of
fuch large numbers required much expence of time, labour and atten-
tion.

G : RAYMARUS

® George Joachim, fo called from his native country. Thefe appallatives, fo much ufed after the
revival of letters, make it often difficult to difcover the real names of learned men.
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Raymarus. Urfus, towards the end of the fixteenth century, having
either learned from his preceptor Juftus Byrgius, or difcovered fome
-new properties of the fines, thewed, in his Fundamentum Afironomicum
publithed in the year 1588, how thefe might be employed to great ad-
vantage in the folution of fome trigonometrical queftions. By his me-
thod, which he calls Profbapberefis, from mpicbsoic additio and apaiptaio
ablatio, the fourth term of a geometrical propofition, having for its firft
term the radius equal to unity, may be found by addition and fub-
trattion only; inftead, for example, of multiplying the fine a by the
fine of 4 in the geometrical proportion 1: fin. a:: fin. b: fin. ¢, the fine
of ¢ may be had, with much lefs trouble, by fubtradting half the cofine
of the fum of 2 and 4 from haif the cofine of their difference ; becaufe,
as is eafily. demontftrated, fin. ax fin. 6=} cofin (¢—5) —} cofin (a+b)

IT was only to a few cafes, however, that the profthaphzrefis of
Raymar could be applied, and the improvements made upon it, by
Clavius ¥ Magini 1 and others, required fo many precautions that they
were not of very great fervice. 1 But inconfiderable as thefe abbrevi-
ations of calculus were, they were generally ufed by the moft eminent
mathematicians and aftronomers at the.end of the fixteenth and begin-
ning of the feventeenth century §.

| Such

* Clavius de Aftrolabio, book 1. lemma §3.

+ Magini primum mobili, lib. 1. theor. 33. and lib. 11. cap. 2.

1 Quod vero Profthaphzrefesn tabulus attinet, fcito me totum hunc annum qua parte et a morbis
et a curis fui vacuus in unius martis profthaphzrefibus excentri verfari, nec pudet dicere me fcopum
nondum attigefle. Kepler Epift. p. 171.

§ Profthapharetical ublco were publithed by J. G. Herwart, in 1610.
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Such was the ftate of arithmetical computation, at the time of the in-
vention of the Logarithms, which, as Napier himfelf {ays, Omnem illam
prifline matbefeos d_iﬁcaltatem penitas ¢ medio tollit ; et ad ﬁlblwa}:dam memo-
riz imbecillitatem ita Je accomodat, ut illius adminiculo facile fit, plures quafli-
ones mathematicas unius bore [patio, quam priftinia et communiter recepta forma
Sinuum, tangentium et fecantium, wvel integro die abfolvere*. But before we
proceed to this moft important difcovery, we fhall give an account of
thofe ingenious contrivances, intended to anfwer the {ame purpofe,
which previoufly occurred to Napier.

S ECTTION IL

.NAPIER’S BONES.

"THE firft of thefe mechanical devices is what our author calls Rabdo-
logia, or the art of computing by figured rods. Thefe rods are {quare
parallelepipeds three inches in length, and three tenths in breadth.
Each of the faces of thefe parallelepipeds is divided into ten equal parts,
of which nine are fquares and in the middle, and half of the tenth at
one extremity or. the top, and half at the other extremity or the bot-
tom. Every one of thefe {quares is cut by a diagonal from left to
right upwards. At the top of each face is fome one of the ten di-
gits o, 1, 2, 3, ¥c. ) '

In

* Log. C;non. defcriptio. in dedic.
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IN the firft fquare below that digit is repeated, in the fecond is its
double, in the third it’s triple, and fo on. Of thefe multiples of the
digit, the figure of units is below, and the figure of tens above the
diagonal. The meaning of what has been juft faid will be evident by
a little attention to Fig. I. where the four faces of each rod of the
fet, reccommended by Napier, are unfolded.. By means of thefe rods the
operations of multiplication and divifion are performed by addition
and fubtrattion.

THE rule for multiplication is—Bring the rods to form the niultip]i-
cand at the top of their upper face. Join a rod, having unity at the
top of its upper face, to the right or left hand fide; in which feek the
right hand figure of the multiplicator, and write out the numbers cor-
refponding thereto in the fquare of the other faces, by adding the fe-
veral numbers occurring in the fame rhomboid. Seek the fecond figure
of the muldplicator and proceed in the fame manner: arrimge and add
the numbers wrote out, as in common multiplication; the fum is the
produc required. To multiply 1785 by 364, for example, I difpofe the
proper rods as in Fig. IL. ; next to 4 (the firft right hand figure of the
multiplicator) I find o; in the contiguous rhomboid 2 and 2, which ad-
ded together make 4; in the next 3 and 8 which make 1 and a furplus
of ten; and in the laft 2 and 4 which, together with unity for the ten I
had in the former rhomboid, make 7. Thefe numbers. o, 4, 1, 7, I fet
down one after the other as.I find them, proceeding from right to left.
I go on in the fame manner with 6 and 3 (the other figures of the mul- |
tiplicator) ; and, after arranging and adding the partial produs I find
the total produé required. Thus,

364
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364

7140
10710

5355
649740

The rule for divifion. BRING the rods to form the divifor at the top
of their upper face. Join a rod having unity at the top of its upper
face, to the right or left hand fide.” Defcend under the divifor till you
meet thofe figures of the dividend ‘wherein it is firft required how oft-
en the divifor is found, or the next lefs number, which fubtra& from
the firft figures of the dividend, and put for the firft figure of the quo-
tient the correfponding number on the fide facé. Bring down, one af-
ter the other, the remaining figures of your dividend as in common di-
vifion, and proceed in the fame manner till you have finifthed the ope-
ration. Let it, for example, be required to divide 649740 by 364. Fdif-
pofe the rods as in Fig. IIl. The next lefs number under the divifor
364 to 649 (the firft figures of the dividend) I find to be 364 itfelf
which I fubtra® from 649 puttung 1, the number correfponding on
the fide face, for the firft figure of my quotient: to my remainder 285
I bring down 7 the next figure of my dividend. The next lefs num-
ber to 2857 under the divifor I find to be 2548, which I fubtra& from
2857, putting 7, the number correfponding in the fide face, for the fe-
cond figure of the quotient. I go on in the fame manner till I have
brought down the other figures of the dividend and completed my
quotient as follows,

H : 649740
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649740 (1785
364

2857
2548

3094
2912

1820
1820

(o)
ALTHOUGH the extradion of the {quare and cube roots may be pret-

ty expeditioufly performed by the rods, Napier propofes an auxiliary
lamella for the abridgement of it. It would ferve little purpofe to give

a particular defcription of the lamella, or an account of the manner of
ufing it. Its length and thicknefs are the fame with thofe of the rods,
and its breadth quadruple. Its two faces are divided and marked as in
Fig. IV. To find out the way of operating by it will be no difficulty
to any body who is a little acquainted with arithmetic and has time

to {pare.

ANOTHER of Napier’s contrivances is his multiplicationis promptu-

arium.

TH1s machine confifts of a box of figured }amellz; The lamellz, two
hundred in number, are each eleven inches in length and one inch in
breadth. Each of thefe lamellz is divided into eleven equal parts of
which ten in the middle are fquares, and two thirds of the eleventh at

one
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one extremity, and one third at the other. Every one of thefe fquares
is divided into nine lefs f{quares, one hundred of the lamellx are each
one fourth of an inch in thicknefs, "and the other hundred one eighth.
Suppofe the former, which we fhall call dire& lamelle, placed fo that the
greatér margin may appear at top and the lefs at bottom; and the latter
which we fhall call tranfverfe, placed laterally, with the greater margin
to the right and the lefs to the left hand. In this pofition every fquare
appears cut by a diagonal (faint in the fmall but ftrong in the great
ones) from the left to right upwards. Each of every ten both of the
dire® and of the tranfverfe lamelle has fome one of the ten digits
o, I, 2, 3, & infcribed on its greater margin. The multiples of the
digit on the margin of a diret lamella are difpofed in each of its
greater {quares as pointed out by Fig. V. where a reprefents the digit
itfelf, & the right hand figure, and &’ the left hand figure of its double;
¢ and ¢’ the right and left hand figures of its triple (the plain letters
being above and the accented ones below the diagonal of the figure); 4
and 4’ thofe of its quadruple, and fo on. In the tranfverfe lamelle
thofe which have o on the margin are untouched; thofe which have
unity on the margin have the loculus correfponding to a cut out; thofe
which have two on the margin have the loculi of 6 and 6’ cut out;
thofe which have 3 the loculi of ¢ and ¢’; thofe which have 4 the lo-
culi of 4 and &’, &% This will be fufficiently evident by infpecting
Fig. VL. where it is examplified in a dire&t lamella titled with the digit
4, and in a tranfverfe one with 7. 'The box fitted to receive thefe la-
mellz is of a cubical form; fomething more than eleven inches wide
and nearly eight inches high; fee Fig. VII. Two of its contiguous

fides, which we fhall diftinguifh by the names of left and right, are
. divided
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divided into twenty parts, each equal in length to the breadth of ten
lamellz, and in height to the thicknefs of a dire and of a tranfverfe
lamella alternately. The greater divifions on the left fide are cut out,
and the lefs on the right fide. Into the box through each of the for-
mer, with their titled ends foremoft, ten dire& lamellz of the fame
title are inferted with their untitled ends foremoft, and an equal num-
ber of the tranfverfe ones of the fame title, through each of the latter.
Thofe titled o are in the uppermoft divifions, and thofe titled 1, 2, 3,
&% in the refpe@ive divifions below.

Multiplication by the promptuary is performed as follows. 'THE firft, or
right hand, fecond, third, &c. figure of the multiplicand is exhibited
" by the title of a lamella taken from the firft, or right hand, fecond,
third, &c. column of the left fide of the box and placed on its lid
exactly above and as it lay in that column. The empty fpace, if any,
towards the left is to be covered with blank lamellz. The firft, or
right hand, fecond, third, &c. figure of the multiplicator is exhibited
by the title of a lamella taken from the firft, or left hand, fecond,
third, &c. column of the right fide of the box and placed on the for-
mer lamella exactly above, and as it lay in that column. The remain-
ing fpaces, if any, towards the right are to be covered with blank la-
mellz. Al the ufeful multiples on the dire¢t lamellz appear through
the feneflellz, and all the ufelefs muluples are hid.  All the numbers be-
ginning at the corner next the firft or right hand figures of the multi-
plicand and multplicator, lying between the united ftrong diagonals, are
to be added feverally; the right hand figures of the fums, marked down ;

and 1 for every 10, carried to the next place, till we come to the oppo-
' fite
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fite corner: and the work 1s done. This operation, we truft, is defcri-
bed with fufficient accuracy and plainnefs to fuperfede the neceflity of
an example. In order that divifion may be performed by the Promptu-
ary, it muft firft be converted into multiplication by means of tables
drefled on purpofe, or of tables of the fines, tangents and fecants, con-
ftru&ted on the hypothefis of the radius being equal to unity, followed
by a certain number of Zeros. That this may be accomplifthed by
thefe laft, look for the co-fecant, or co-tangent of the arc which has
the divifor for its fine or tangent. Make the co-fecant or co-tangent
found the multiplicand, and the dividend the multiplicator; or con-
verfely. Find the produ& by the promptuary as above directed. This
produ&, a number of the right hand figures according to the number
of zeros in the {quare of the radius being marked off as decimals, is
the quotient required. The reafon of this is obvious: the co-fetants or
co-tangents being third proportionals to the fines or tangents and the
radius or unity ; to multiplyJany number 'by one of the two firft, or to
divide it by the correfponding one of the two fecond of thefe lines, 1s
one and the fame thing. ¢ '

I ‘ LOCAL
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LOCAL ARITHMETIC

LOCAL Arithmetie, another ingenious invention of Napier, is
the art of calculating by means of counters properly placed on a chefs
board, or fimilar table. Two contiguous margins (which we fhall di-
ftinguifh 'by the names of left or inferior, and right or lateral) of that
table, are divided into a number of parts equal to that of their adjoin-
ing {quares. The inferior divifions beginning at the right and the la-
teral at the left have fucceflively infcribed in them the fucceflive terms
of the geometrical progreflion 1, 2, 4, 8, 16, 32, &e. which are called

local numbers.

CommoN numbers are reduced to local by fubtra&ion, and local
numbers to common by addition. The common number 1875, for ex-
ample, exprefled in local numbers will be found to be 1024; §12; 256
64; 16; 2 and 1: and vice verfa. 'The firft of thefe reductions is ne-
ceflary before, and the fecond after any of the operations of common
arithmetic are performed by this contrivance. Bj the help of a very
fimple table, reduction may be performed with eafe and expedition.

To Add. PuT a counter for each local number in the proper place
on the lateral or on the inferior margin of your table. For every two
counters found in the fame place, put one in the next higher, after re-
moving them. Repeat this till no place fhall contain more than one
counter. The counters left indicate the numbers required. Thus let

it be requiged to find the fum 1875 ; 258, and 1099. I put the coun-
ters.
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ters at 1024; §12; 256; 64; 16; 2 and 1, the local numbers of the
firft ; at 256, and 2, thofe of the fecond ; and at 1024 ; 64, 8, 2, and 1,
thofe of the third. At 1.—I find two counters which I remove, and
put a counter at 2 where I find other three. I take up thefe four and
put two, in the next place 4 &c. and proceeding in this manner I find
at laft a counter at each of the following numbers 2048; 1024; 128,
and 32, which form 3232 the fum fought.

To Subtrafi. -Put a counter for each local number of the greater of
the two quantities, at its proper place, a little to one fide, on the infe-
rior margin ; -and one for each of the local numbers of the lefs of the
two quantities, at its proper place, a little to the other fide, on the fame
margin. Remove the counters found on oppofite fides of the fame place.
Change the fide of the loweft counter remaining ; take off that above
it; and put a counter in'each place between them. Remove as before.
Repeat this till there fhall be no counters on one of the fides of the mar-
gin; and thofe on the other will indicate the remainder. Let it be pro-
pofed, for example, to fubtra& 1099 from 1875. I put counters at
1024; 64; 8; 2 and 1, to the left of the lateral margin, and at 1024;
§12; 2563 64; 16; 2 and 1, to the {lit of that margin. Finding a
counter on each fide of the numbers 1024; 64; 2, and 1, I remove
them. My loweft counter is to the left of 8. I put it to the right and
take up 16. above it; as there are no intermediate places, and as the re-
maining counters are on the fame fide of the margin my operation is fi-

pifhed. The remainder is §12; 256, and 8; or 776.

MULTIPLICATION,.
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MuLTIPLICATION, Divifion, and the extra&ion of the fquare root,
may alfo be performed on the margin: but they are performed with
much greater eafe and clearnefs on two contiguous margins and the
fquares of the table. On thefe laft the counters have two different
movements ; the one parallel to.the fides like that of the tour, and the
other diagonal like that of thé"}%{hop, on the chefs board. Every
fquare of the table is faid to have for its value one of the equal num-
bers (on the two margins) between which it lies diagonally. The two
fides of a {quare formed by counters in the area of the table, parallel
to the inferior and lateral margins, we fhall call a Gnomon: this gno-
mon confifting of 3, 5, 7, &c. counters is faid to be congruous when
its value can be fubtracted from the numbers left marked upon the

margin.

To Multiply. MAaRK with counters the local multiplicator in the
inferior and the local multiplicator in the lateral margin. From the
middle of the marked places let points be fuppofed to move perpendi-
cularly into the table, and put a counter at each interfection. Remove
the counters on the margins. Bring the counters in the fquares of the
tables to their values in one of the margins ; add, if neceffary, and the
work is done.  Suppofe, for example, 19 is to be multiplied by 13. I
mark with counters Fig. VIII. the numbers 1, 2, and 16, on the infe-
rior and the numbers 1, 4, and 8, on the lateral margin, having pla-
ced other counters reGtangularly in the table, I remove the marginal .
ones. Thofe other counters I bring up, one by one, to their proper pia-

ces in the lateral margin ; and, after adding, I find a counter at cach
‘ of *
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of the following numbers, 128; 64; 32; 16; 4 ; 2, and 1, which form
. my produ&, 247.

Zo Divide. MAaRK with counters the local dividend in the lateral,
and the local divifor in the inferior margin, beginning at the fquare
where a point, defcending diagonally from the angle above the higheft
number of the dividend, would interfe¢t a point afcending perpendi-
cularly from the higheft number of the divifor ; place a feries of coun-
ters parallel to the divifor: If this feries is equal or inferior in value
to the higher number of the dividend fubtra& it from them; and if
otherwife, bring it down one, two, &c. fteps and fubtra&. Repeat
the operation till either nothing, or at leaft a numberlefs than the divi-
_for, fhall remain on the lateral margin. Thefe feriefes point to the’
numbers that form the quotient. For example let it be required to di-
vide 250 by 13. I mark, Fig. IX. the numbers 128; 64; 32; 16; 8;
and 2, in the lateral, and 8 ; 4, and 1 in the inferior margin.

My firft feries points to 16. I fubtrac it from the dividend and find
remaining 32; 8, and 2. :

My next feries pointing to 4 is too great to be fubtralted, for which
reafon I bring it a ftep farther down, |

AFrTER fubtralting, there remains 16. In the fame manner my third
feries pointing to 2 I muft bring to point to 1; which fubtracted, there
remains counters on the dividend at 2 and 1. My quotient is there-

fore 16; 2,and 1, or 19; and 2 and 1, or 3 over.
K | T
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To extraft the fjuare root. MaRrK the number locally in the lateral
margin. ‘From the angle formed by the meeting of the inferior line
with the lateral, let a point afcend diagonally till it arrive in a fquare
of the fame value with the Bigheﬂ: number that can be fubtra@ed from
the number whofe {quare root is fought. In this fquare place a
counter, and fubtra@ its value from the number marked in the margin,
Form the congruous gnomons, which from the forefaid fquare have each,
their upper counter in a line perpendicular and their left hand inferior
one in a line parallel to the lateral margin: and fubtrat their value one
by one from the marked remainders. The counters, lying perpendi-
cularly to either of the margins, pointout the fquare root. Let it be
propofzd, for example, to find the {quare root of 2209; I mark the num-
bers 2048; 128, 32, and 1 on the lateral margin. Fig. X. Subtracing the
value 1024 of the firft counter placed in the table as direted, the re-
mainders are 1024, 128, 32 and 1. From thefe taking the value g12
and 64 of the fir{t congruous gnomon, there remain §12, 64, 32 and 1.
From thefe taking the value of the fecond congruous gnomon 256,
64 and 16, there remain 64, 16, 8, 4 and 1: and from thefe taking the
value of the fourth congrﬁous gnomon, 64, 16, 8, 4 and 1, there re~
mains nothing. The fquare root, as indicated by the direction of the
counters in the table, is 32, 8, 4, 2 and 1, or 47.

WHAT is above faid will, it is hoped, be fufficient to give a clear idea
of the form and ufe of thofe of Napier’s arithmetical inftruments, which
feemed to him worthy of being communicated to the public. The rea-
fons on which the diffcrent operations are founded, depending upon
the canftruction of the machines and the obvious properties . of num-

‘ - bers,.
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“bers, mut occur to every reader endowed with a moderate fhare of
attention, ‘'The hint of the rods, or wirgule numeratrices and of the
promptuary which is only an improvement of the rods, feems to have
been taken from the Abacus Pytbagoricus or common multiplication tables
Napier’s acquaintance with chefs, the moft ingenious of all games, and
at which mathematicians are commonly the beft players, occafioned hi¢
difcovery of the Arithmetica localis. The Promptuary, at leaflt for multi=
plication, is greatly preferable to the rods and the chefs board ; for the
partial produéts of two numbers, confifting of even ten Figures each,
may, by a little practice, be exhibited on that machine in the fpa:ce of
a minute, and no numbers require to be written out, excepting the
total produ@. Had the logarithms remained undifcovered, the promp~
tuary, in all probability, would have become univerfally familiar to thofe
who were engaged in tedious calculations. But to thofe who are ac«
quainted with the logarithms, Napier’s arithmetical machines and thofe
afterwards invented, a few of which we fhall enumerate, although the
monuments of genius, muft, in general, be regarded as mathematical
curiofities of no ufe.

Peruaps put into the hands of young people learning anthmeuc,
they might make them fond of that ftudy

SHICKARTUS in a letter to Kepler, written in the year 1623, informs
him chat he had lately conftructed a machine confiifting of eleven en-
tire and fix mutilated little wheels, by which he performed the four
arithmetical operations *, Pafcal, in the year 1642, at the age of nine-

teeny,
® Kepl. Epift. p. 683,
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teen, invented a machine with which all kinds of computations may
be made without the pen, without counters, and without the know-
Jedge of any rule of arithmetic. I have not been able to meet with any
defcription of it. It muft however have been of a very complicated
pature as its author was two years in bringing it to perfeGion, owing
to the difficulty he found to make the workmen underftand him tho-
roughly *. 'The French writers agree in calling it admirable ; 1 but the
name of Pafcal perhaps does it more honour than it deferves. This
machine is preferved in the cabinet of the king of France and in thofe
+ of a few others :F

TuEe Marquis of Worcefter, 2 man of genius but a plagiary, men-
tions in his fcantlings of inventions, publifhed in the year 1655, an in-
ftrument whereby perfons ignorant'in arithmetic may perfectly obferve
numerations and fubtraions of all fums and fra@®ions §. Whether he
here refers to fome of Napierfs inftruments, to Gunter’s {cale, of which
¥ fhall afterwards fpeak, or to fome invention of his own is uncertain.

ABouT the year 1670, ** Sir Samuel Moreland contrived two arith-
metical inftruments ; one for addition and fubtra@ion, and the other
for multiplicaton, divifion, and the extra@ion of the fquare, cube, and
fquare cube roots, the defcription of which he publithed at London,
anno 1671 1.

Mvucn

® 1.es hommes illuftres par Perrault vie de Pafcal. 4 Bayle Chauffepie, Baillet, Perrault, &c. .

3§ Pref. Penfees de Pafcal. § N° 84. Glag. Edit. 1767. ,

®% Moreland’s Inftrument of excellent ufe as well at fea as at land, invented and varioufly experi-

meated in the year 1670, Lond. 1671. Fol
4+ Sce alfo Phil. Tranfa&k. N° 94. p. 6048.
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‘MucH about the fame time, Mr George Brown, afterwards Minifter
of Kilmaures in Scotland, invented a-machine which, in his account of -
it publifhed at Edinburgh in the year 1700, he calls the Rotula Arith-
metica. | This machine confifts of a box containing a circular plane move«
able on a center pin and fixed ring, whofe circles are defcribed from
the fame center. The outermoft circular band of the moveable, and
the innermoft of the fixed, are each divided into a hundred equal parts,
and thefe parts are numbered o, 1, 2, 3, &c. Upon the ring there is
a fmall circle having its circumference divided into ten equal parts,
furnifhed with a needle which fhifts one part at every revolution of the
moveable. By this fimple inftrument are performed the four arithme-
tical operations not only of integers but even of decimals finite and

infinite *,

SomE time before Mr Brown’s little book appeared, Mr Glover had
publithed a Rowe Arithmetique fimilar to the Rotula but not fo perfect.

It would appear hawever that that gentleman had got fome hints of the
conftruction of the Rotula from a brother of his own who had been one
of Brown’s pupils in 1674 T. . v '

I the year 1725, an inftrument invented by M. de ’Epine of a more
fimple conftru®ion and eafier in its operations than Pafcal’s; in 1730,
another by Mr Boiﬂ'endéau, by which calculation is performed without |
" writing; and in 1738 a third by Mr Rauflin, confifting of rods diffe-
rent from thofe of Napier, were approved of by the French academy 1.

L Sam

* One of thefe machines is in the library Bclonging to the faculty of advocates at Edinburgh.
%+ Rot. Arithm. Pref, f Sce the Paris memoirs for thefe years. Hiftoire,
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Sam Reyer invented, at what time I have not been able to learn, a
kind of fexagenal rods in imitation of Napier’s, by which fexagenary
arithmetic is eafily performed *.

I have an arithmetical machine which came into my pefleflion from
my uncle George Lewis Erfkine who, though born deaf, by the aflif-
tance of the learned Henry Baker of the Royal Society at London, ac-
quired not only the ufe of fpeech and the learned languages but a deep
acquaintance with ufeful literature. This machine confifts of a {mall
fquare box furnithed with fix cylinders moveable round their axes.
Upon each of thefe cylinders, which are only Napier’s rods, are engraven
the ten digits, and their multiples. From a perpetual almanac on the
out fide of the box, it would appear that this machine was conftructed
in the year 1679. '

. SECTION
#Sce Chamber’s DiGtion. Axtice Axithmetie



S ECTTION IIL

NAPIER’S THEORY OF THE LOGARITHMS ¥: NEWTON’S IDEAS OF
FLUXIONS, BORROWED FROM NAPIER.

I Shall now proceed to unfold the Logarithms, the difcovery of which
has juftly entitled Napier to. the name of the greateff Mathematician of bis
Country.  Let two points, the one in N, and the other in L, (Fig. XI.)
having at firft a fimilar velocity, move along the indefinite ftraight lines
CND and KL A ; the firft increafing its velocity or diminithing it
according to its diftance from a fixed point C, and the fecond preferving
its velocity without augmentation or diminution. Let the former, in a
certain time, arrive at any point N’ or n’, and the latter in the fame
time at the point L’ or I': the fpace L L’ or LI’ defcribed by the fecond
‘moveable point is faid to be the Logarithm of the diftance CN’ or Cn’
of the firft from the fixed point C.

1. THE Logarithm of CN or unity is zero: for the firft moveable

point not having left N, the fecond has had no time to defcribe any’
fpace. | ’
2.

® The term Logarithm was firft ufed by Napier after the puh'hcatxon of the Canon in which he
wles the texm of numcrus artificialise.
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2. Tue Logarithms of the terms of a geometrical feries are in
arithmetical progreflion: for let N N’, N'N”, N"N”, &c. or Nn’, nn”,
n”n"”, &c. be continual proportionals, they will be defcribed by the
firlt moveable in equal times, and the equal fpaces L L', L'L” L"L",
&c. or LV, 11 17, &c. will be defcribed by the fecond moveable in

the fame times. Now it is eafily demonftrated that CN, CN’, CN",

&c. or Cn, Cn’ Cn”, &c. are in geometrical progreflion, and it is evi--

dent that their refpetive Ingarithms o, LL’, LL”, &c. or o, L L’,

2 LL’ &c.and o, L1, L1”, &c. oro, LY, 2 LI, &c. are in arith~

metical progreflion.

3. THE logarithms of quantitiés lefs than CN are negative, if thofe

of quantities greater than CN are pofitive ; and converfely: for if Cn” -

Cn’, CN CN’, CN” are continual proportionals, in order that their lo-
‘garithms 2 L1, LV, o, LL’, 2 LL’, &c. may be in arithimetical pro-
greflion it is neceffary that the terms on different fides of zero fhould
have oppofite figns. Hence,

4. Tue logarithm of any quantity is the fame with that of its re-
ciprocal, the fign excepted.

5. THE number of fyftems of logarithms is infinite: for the ratio
of CN to CN’ and L L’ are indeterminate,

6. THE logarithms of any one f{yftem, are to the correfpondent ones
of any other, as the value of L L’ in the firlt fyftem, is to its value in
the
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the fecond. From the 2d propofition the four following, exprefled in
the language of arithmetic, are eafily deduced.

7. THE logarithm of a produc is equal to the fum of the logarithms
of its faGtors. Thus the logarithm of CN'X CN” is LL’+ LL”_.LL”’
for CN X CN”= CN".,

8. THE logarithm of a quotient is equal to the difference of the lo-

779

CN’

garithms of the divifor and dividend. Thus the logarithm of

LL"—LL'=LL" for CS, —CN".

9. THE logarithm of the power of a quantity is equal to the pro-
du& of the }oganthm of that quantity by the mdex of its power. Thus

the logarithm of CN'is 3LL’=LL": for CN N’ CN™.

10. THE logarithm of the root of a quantity is equal to the quoti-
ent of the logarithm of that quantity by the index of its root. Thus
the logarithm of ./CN" is £ LL" for ,/CN"’=CN",

From the 7th and 8th propofitions the two following are evident.

11. THE logarithm of an extreme or mean term of a geometrical
proportion, is equal to the difference of the fum of the logarithms of
the means or extremes and the logarithm of the other extreme or mean,

| M | 12,
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12. IF the logarithms of all the primary numbers are known, thofe
of all the compofite numbers may be found by fimple addition ; and if
all the latter are known, all the former may be known by fimple fub-
traction.

FroM the 2nd or the gth and 1oth propofitions.

13. The logarithms may be thus defined, Numerorum proportionalium
equidifferentes comites ; or more properly (as their name, roywy agiffwor, im-
ports) Numeri rationem exponentes ; becaufe they denote the rank, order,
or diftance, with regard to unity, of every number in a feries of con-

tinued proportionals of an indefinite number of terms.

14. Tue logarithm LI’ of any quantity Cn’ is greater than the dif-
ference Nn’ between CN or unity and that quantity, and lefs than that
difference, increafed in the proportion of CN to the faid quantity: for
the velocity of the fecond moveable defcribing LI’ being greater than
that of the firft defcribing Nn’ during the fame time, LI’ is greater than
Nn’ or CN —C’; and the velocity with which NN’ is defcribed, being
greater than that with which LI’ is defcribed, in an equal time, LI’ is
lefs than NN’ or CN'—CN or [fince Cn: CN: : CN'], [CN—Cn'] X

CN

"’C—n—,- HCDCC,

15. Ir a quantity Cn’ differs infinitely little from CN or unity, its
[CN 4 Cn’] X [CN-—Cn’]
2 Cn’

the arith-

logarithm LI’ will be equal to

metical,
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metical, or to [CN—Cn] X / CN the geometrical mean between its
Cn’
limits above ftated.

16. Tur difference 1'” of the logarithms LI’ and L1” of any two
quantities Cn’ and Cn” is lefs than the difference n’ n” of thefe quanti-
' ties increafed in the proportion of the lefler Cn” to CN or unity; and
greater than the faid difference increafed in the proportion of the great-
er Cn’ to CN or unity: for reafoning in the fame manner as in the 14th
propofition 11” will be found to be lefs than NN’ or [fince Cn”: CN: :
n’n”:NN'] CN x n'n”. Hence,

17. If the difference of two numbers Cn’ and Cn” is infinitely fmall,
-the difference of their logarithms will be exprefled by the arithmetical
(Cn'+Cn”) X (Cn’—Cn") X CN or the geometrical mean Cn"— Cn”

Cn’X Cn” ‘ T
S /Cn'X Cn’

X CN between its limits above ftated. Beautiful, ingenious and pro-
found ! Such is the manner in which Napier conceived the generation of

numbers and their logarithms, and fuch are fome of their relative pro-

perties which naturally flow from it. Thofe who are acquainted with

Newton’s manner of explaining the do&rine of fluxions, muft be ftruck
at its refemblance to this of our Scotifh Geometer. 1his refemblance,
or rather identity, is confpicuous not only in their idecas but in their.
very words. The explanation of the firft definition in the Canonis mi-
rifici deferiptio is in the following terms: Sit punitus A, a’ quo ducendi
St linea fluxu alterius punttiy qui fit B.  Fluat ergo primo momento B ab A

in
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in C.  Secundo momento @ C in D. Tertio momento @ D in E atque ita de-
inceps in infinitum defcribendo lineam ACDEF, &c. Intervallis AC, CD,
DE, EF et ceteris deinceps aqualibus, et momentis aqualibus defcriptis, &c.
I the appendix to the Canonis mirifici conflrutio, under the article Habi-
‘tudines Logarithmorum, he thus exprefles the relation between two natu-
ral numbers and the velocities of the increments or decrements of their
logarithms; Ut finus major ad minorem ; ita velocitas incrementi aut decre-

menti apud magorem. 'What difference is there betwixt this language and |

that of the great Newton now in ufe x:y::Log. y: Log. x*?

TuE feeds of the invention of the logarithms were perceived by the
ancients as well as by the moderns, upon the revival of fcience in Eu-
rope, before the time of Napier. In the elements of Euclid, and in the
Arenarius of Archimedes 1, thefe great men feem to have been ver}; well

. acquainted

® Sce Hutton’s Conftruttion of Logarithms, p. 42 and 48.

1+ [In the Arenarius of Archimedes] Without entering in this place, on the repulfion of the receiv-
ed opinion, that this great Mathematician had made the firft ftep towards the knowledge of the Lo-
garithms, I fhall content mylfelf with giviug the reflult of the enquiry, by one of the ableft Mathe-
maticians in the country, to whom I addrefled myfelf, when I firft fet myfelf to produce this work,
and who having fuccefsfully illuftrated the difcoveries of the Prince of Englith Mathematicians, glad-
ly came forward to contribute his fhare to the triumph of aur Scotifh Newton.

Archimedes demontftrates a Theorem concerning numbers, made by the mutual multiplication of
the terms of a geometrical progreflions by means of which Theorem the principles of Logarith-
mic computation may cafily be demonftrated. Archimedes, tl:ercfurg, had he been furnithed with ta-
bles of Logarithms, would have known how to ufe them : But it appears not, that he was poficffed of
any principles, which could lead him to the formation of Logarithms. Ie could avail Linfclf, incced,
of the indices of the powers of numbers, to abridge the labour of multiplication, as we now avail

qurfclves of Logarithms for the like purpofe : Dut tlie gulph between this niethod by the Avatu. uf fn=
dices



INVENTIONS or NAI'PER 49

scquainted with the correfpondence of an arithmetical to a geometrical
progreflion *,

MicHuAEL Stifellius, a German Arithmetician, who flourifhed about
the middle of the fixteenth century, in his Arithmetica integra ftated the

. comparifon between the feries {:)’ ?’ ‘;” g’ 12’ 3;’} t. obferving
9 k] I b ¢ ’

that the produ@ or quotient of any two terms of the former corref-
ponded to the fum, or difference, of the equidiftant terms of the latter.

‘ N WHETHER
dices, and the method of Logarithms, is wider than it may at firlt feem. Any Number, not itfelf
arifing from a root, is the root of a diftinét progreffion of Powers. Hence there are as many diftinét -
progreflions as there are numbers not aftually powers: And in all thefe progreflions the homologous
powers have the fame exponents or indices. Thus 3 is the exponent of the number 8 in the feries
of the powers of 2. But 3 is equally the exponent of 27 in the feries of the powers of 3; of 125 in
the fcries of the powers of §; of 343 in the feries of the powers of 7 : and univerfally of all cubic num-
bers; fo 4 is the exponent of all biquadratic numbers; 5 of all quadrato-cubic; and fo on. A num-
ber thercfore is not {ufficicntly chara&erifed by its exponent unlefs it be known to what ferics of pow-
ers it belongs, that is from what root it arifes. Add to this that many \numbcrs fall into no natural
feries of powers. This mcthod therefore of computing by the natural indices of powers arifing from
the natural numbers as roots, will only ferve the purpofe of rude calculations leading to fome very ge-
neral conclufions, and mutft fail in all inftances in which accuracy is required.  Archimedes never thought

,of confidering all numbers as expreffions of proportions, capable of being univerfally included in one
general feries of ratios, which notion is the true bafis of Napier’s great invention, as will be more ful-
ly explained hercafter. Tor the invention in effe@ was this; that he. found a method to raife a ferics
of proportionals, in which all numbers fhould be comprifed, in which every number of confequence
had its own particular exponent, and to find the exponent of any given number, or the number of any
given exponent in that univerfal feries.” ' ‘

In the courfe of this work, it will be Tufficienly proved, that Napier was as much the firft to con-
ecive as to execute this wonderful proje&t. )

* Thofe who wifh to recolle® how much we are indebted to the ancients, in this as well as in many
other departments of {ciences, will read with pleafure Mr Duten’s Inquiry into the origin of the dif-

coverics attributed to the moderns.
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WHETHER Napier ever faw or heard of this remark of Stifellius is
not known, nor indeed is it of any confequence; for it cannot fail of
prefenting itfelf to any perfon of moderate acutenefs who happens to
be engaged in arithmetical queftions of this nature where the powers of
numbers are concerned. It is not therefore this barren though funda-
mental remark that can entitle him who firft mentioned it to the name
of the inventor of the logarithms. The fuperior merit of Napier con-
fifts in having imagined and afligned a logarithm to any number what-
ever, by fuppofing that logarithm to be one of the terms of an infinite
arithmetical progreflion, and that number one of the terms of an infi-
nite geometrical progreflion whofe confecutive terms differ infinitely

little from each other.

"THE invention of the logarithms has been attributed to Chriftianus
Longomontanus, one of Tycho Brahe’s difciples, and an eminent aftro-
nomer and mathematician in Denmark. The hackneyed ftory which
gave rife to this, is told by Anthony Wood in his Athenz Oxonienfes *,
and is as follows; “ One Do&or Craig, a Scotchman, coming out of
* Denmark into his own country, called upon John Neper baron of Mer-
“ chifton near Edinburgh, and told him among other things of a new
“ invention in Denmark (by Longomontanus as ’tis faid) to fave the
“ tedious multiplication and divifion in aftronomical calculations. Ne-
“ per being follicitous to know farther of him concerning this matter,
“ he could give no other account of it than that it was by proportional
“ numbers. Which hint Neper taking, he defired him at his return to.
“ call again upon him, Craig after fome weeks had pafled did fo, and.

- “ Neper
® Vol L p. 469, -
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* Neper then fhewed him a rude draught of what he called Canon M;i-
“ rabilis Logarithmorum : which draught with fome alterations he prin-
“ ting in 1014, it came forthwith into the hands of our author Briggs
“ and into thofe of Will. Oughtred, from whom the relation of this
“ matter came.,” '

Tuis ftory is either entirely a fiction, or much mifreprefented. There
is no mention of it in Oughtred’s writings *, There are no traces of
the logarithms in the works of Longomontanus t, who was a vain man
and furvived Napicr twenty nine years f, without ever claiming any
right to the invention of thofe numbers, which had for many years.
been univer{zlly ufed over Europe..

THE following hypothefis may perhaps obviate the ftory of Antho--
ny Wood. Might not Craig, whom recafon and Tycho Brahe cquld
not diveft of the prejudices of the Ariftotclian philofophy which he had
imbibed, on returning to Ldinburgh from Denmark, vifit Napier and
tell him among other literary news that Longomontanus had invented
a method of avoiding the tedious operations of multiplication and divi-
fion in’the folution of triangles? After getting the beft anfwers this
do&or could give to Napier’s queries relative to this method, I per-:
ceive, fays the baron of Merchifton, that Longomontanus hath inven-
ted, improved, or ftolen from the Fundamentum Afironcmicum, the Prof~
thaphzrefis of Raymar: butif you will take the trouble of calling upon

’ me.
® Qughtred’s Clavis Math. Oxon 1677, &c. 4+ Smith, Briggii vita, and Ward’s lives. Art..

Briggs.
1 Voffius (de Nat. Artium) cited by Ward, places the death of Longomontanusin the year 1647
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me fome time hence, I will fhew you a method of folving triangles by
* proportional numbers quite diftin¢t from this we have been talking of;
which method came into my head fome fhort time ago, and will re-
‘quire many years intenfe thinking and labour to bring it to perfeion.
Accordingly a few wecks afterwards, when Craig returned to Merchi-
fton, Napier thewed him the firft rude draught of the Canon Mirificus.
- Craig, having occafion to write very foon after to Tycho Brahe, men-
tioned to him this work without faying any thing about its author ¥,

JusTtus Byrgius alfo, inftrument maker and aftronomer to the Land-
grave of Heflc, a man of real and extraordinary merit, is faid by Kep-
ler, in his Zabule Rudolphz, to have made a difcovery of the Loga-
rithms, previous to the publication of the Canon Mirificus.  The paf-_
fage referred to is as follows: “ Apices logiftici, Jufto Byrgio, multis
annis ante editionem Nepeiranam, viam prziverunt ad hos. ipfiflimos
logarithmos (1. e. Briggianos) etfi homo cun&ator et {eccretorum fuorum
cuftos, fatum in partu deftituit, non ad ufos publicos educavit. Thatis
the accents (*, 7, ", ", &c. denoting minutes, feconds, thirds, fourths,
&ec. of a circular arch) led Byrgius to the very fame logarithms (now in ufe)
+ many years before Napier's work appeared : but Fiuftus being indolent and re-
Jerved (or jealous) with regard to bis own inventions, forfock this bis offspring
(at or) in its birth, and trained it not up for public ﬁ;‘vice.

‘ It

® Nihil autem (writes Kepler to Crugerus) fupra Nepciranam rationem effe puto: etfi quidem,

Scotus quidam, literis ad Tychonem anno 1594, feriptis, jam {pem fecit Canonis illius Mirifici. Kepl
Epift. a Gottheb. Hant’ch, folio p. 460. ' ,

1+ Thus Byrgius might conceive Log. a°= o
. Log.a =1
Log.a"="2

Log. 2= 3 &c a being any fiumber lefs than Go
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IT may be obferved that this affair refts on the fingle teftimony of
Kepler; but it would perhaps be confidered as a fpecies of herefy: to
doubt the teftimony of f{o great a man. It has been infinuated, how-
ever, that from partiality to a countryman he might imagine he faw
more than was really to be found in the papers of Byrgius*. Indeed
the expreflion, fztum in partu defiituit, gives a colour of truth to the in-
finuation, and tempts one to think, that Juftus’ acquaintance with the
logarithms, was much on a par with that of Stifellius. Moreover, it
is highly probable, that even the profound and penetrating Kepler might
have perufed the manufcripts of Byrgius, without paying any particu-
lar attention to his principles of the logarithms, had he himfelf not been
previoudly acquainted with Napier’s theory of thofe numbers. Neither
does it feem probable that Byrgius, had he known its value, could have
been fo indolent, fo unrea;fonably referved, and fo dead to the fenfe of
reputation, as to conceal from all the world an invention fo ufeful and
{o glorious. We know alfo, that he communicated to his fcholars and
others a moft ingenious and eafy method of conftructing the tables of the
natural fines f. But fetting all this entirely afide, and granting a great
deal more in favour of Byrgius than Kepler’s words impute to himj
nothing can thereby be detra@ed from the merit of Napier, who never
{aw or heard of Byrgius’ pretended difcovery of the logarithms ; ; for,
by Kepler’s own confeflion, bomo cuntator et _/écretorum ﬁ:orum cuflos, hoc
inventum non ad ufus publicos educavit,

o It.

® Montucla Hiftoire des Mathematiques.

+ This method is unfolded, and dedicated to Juftus Byrgius its inventor by Raymar in his Funda-
mentum Afironomicum, See alfo a part of a letter of Rothmannus to Tycho Brabe in Gaffendi Vit.
Tych. anno 1592, ‘ ‘ )
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‘It is therefore upon clear and indubitable evidence that, cum de aliis
Sere omnibus praclaris inventis plures contendant gentes, omnes Neperum loga-
rithmorum authorem agnofcunt qui tanti inventi gloria folus fine @mulo fruitur * ;
while feveral nations contend for almoft every other famous invention,
all agree in recognifing Napier as the unrivalled author of the loga-
rithms, and as folely entitled to the glory of fo great a difcovery.

SECTION
® Keil de Log. Przf.

-



S ECTTION IV.

NAPIER'S METHOD OF CONSTRUCTING THE LOGARITHMIC CANON,

Hap Napier’s principal idea been to extend his logarithms to all arith-
metical operations whatever, he would have adapted them to the feries
_of natural numbers, 1, 2, 3, 4, &c. In that cafe, having confidered
the velocity of the two points as continuing the fame for a very fmall
fpace of time, after fetting out from N and L (Fig. XL), he would have
taken Nn itfelf as the logarithm of CN + Nn, or Cn. Now as Cn fur-
pafles CN or unity by a very fmall quantity, it is evident that, when
raifed to its fucceflive powers, there will be found 1n the. feveral pro-
duéts fuch as are very near in value to the natural numbers 1, 2, 3, 4, -
&c. agreeably there‘ore to the above theory (Se@. IIL prop. 9.) Nn be-.
ing equal to d, and x being a pofitive integer, any natural number may
be reprefented by (14-d)* and its logarithm in Napier’s {yftem by x d..

By this formula might the logarithms of all the primary numbers 3,
5, 7, &c. be calculated ; from which thofe of all the compofite numbers
4, 6, 8, 9, 10, &c. are eafily deduced by fimple additions (Sect. IIL
prop. 7.) or by multiplications by 2, 3, 4, 5, &c. (Sec. IIL prop. g)..

NAPIER’S.
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NAPIER’s views were entirely confined to the facilitating of trigono-
metrical calculations. This is the reafon of his calculating only the lo-
garithms of the fines ; the log. of any given number being eafily de-
duced from thefe by means of a proportion. '

IN order to effe&t his purpofe, he confidered that the radius, or fine
total, being fuppofed to confift of an infinite number of infinitely finall
and equal parts, all the other fines would be found in the terms of a
geometrical feries defcending from it to infinity ; and that the logarithm.
of the radius being fuppofed equal to zero, the logarithms of all the fe-
ries, beginning with the radius, would be found in the terms of an a-
rithmetical feries, afcending from zero to infinity by ﬁeps equal to

the logarithm of the ratio in which the geometrical feries defcends.

AGREEABLY to this idea, he fuppofes the radius=CN = 10000000,
and firft conftru@s three tables, of which the firlt contains a geometrical
feries defcending from the radius to the hundredth term in the ratio of
10000000 to 9999999. It is formed by a continual fubtradting, from
the radius and every remainder, its 10000000th part. The decimals
in every term are pufhed to the feventh place: a fpecimen of this table
follows. | |

10000000
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10000000 . 0000000
I . 0000000

09999999 . 0000000
9999999

9999998 . oooooot
9999998

9999997 - 0000003
9999997

9999996 . 0000006

and fo on to

9999900 . 0004950

55

"THE fecond table contains a geometrical feries defcending from the

radius to the fiftieth term, in the ratio of 100000 to 9999g, nearly

equal to that of the firft term 10000000 . 0000000 to the laft 999990

. 0004950 of the firft table. It is formed by a continual fubtraiing,

_from the radius and every remainder, its 100000th part.

The deci-

mals are pufhed to the fixth place. A fpecimen of this table follows.

10000000 . 000003d

100 . ©00600

99999900 . ©0000d

99 - 999000

9999800 . oo1000

99 . 998cvo

9999700 . 003000

i . 99- 997000
‘9999600 . 006000

and {o on to

9995001 .
P

222927

Tus
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THE third table confifts of fixty nine columns of twenty one terms
each. The firft column contains a geometrical feries defcending frome
the radius in the ratio 010000 to 999§, nearly equal to that of the firft
term 10000000 . 000000 to the laft 999501 . 222927 of the fecond ta-
ble. Itis formed by a continual fubtra@ing, from the radius and eve-
ry remaindeﬁ,, its 2000th part. The decimals are pufhed to the fourth
place. The firft, fecond, third, &c. terms of all the other columns are
geometrical feriefes defcending from the firft, fecond, third, &c, terms-
of the firft column to the firft, fecond, third, &c. terms of the laft co-
lumn, in the ratio of 100 to g9, nearly equal to that of the firflt term-
10000000 . 0000 to the laft 9900473 . 57808 of the firft column. Each
ef thefe feriefes is formed by a continual {fubtradting, from the firft, fe-
cond, third, &c. term of the firft column and from every rcmainder,
its 100th part. The decimals are pufhed to the fourth place. A f{pe-
cimen of this table follows.

10000000 .. 0000C -
§000 . 0000

090§000. . 0000Q-
4997 - 50000

§990002.. §O00O.
4995 . 00125

99985007 . 49875:
4992 « 50374

. 9980014 . 99501

and {o on to
9900373 . 57808
Havixe
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HAviNG generated the above proi)ortionals in this ingenious and
ealy way, he finds their logarithms in the following manner:

By prop. 14. or 15. where CN= 10000000 and Cn=9999999 he
finds LI’ (the log. of 9999999) = 1.00000005 : the logarithm therefore,
by prop. 9. of (the laft or 100th term of the firft table) 9999900 . 0004950
18 100 . 000003,

By prop. 16. or 17. where Cn’=99g9990o . 0004950 Cn”=9999900"
..0000000 and LI’=100 . 000005, he finds I'1” (the difference of the lo-
garithms of Cn’ and Cn”)=o0. 0004950 ; the logarithm therefore (of
99999) L1”1is 100 . 000§ ; and by prop. 9. the logarithm of (the laft-
or soth term of the fecond table) 999501 . 222927 is 5000 ., 025.

By the fame 16th or 17th propofition, he found the logarithm of
9995000 . 0000=§001 . 2485387; for, by the continual addition of this
logarithm to ifelf (prop. 7), he obtained all the logarithms of the num- -
bers of the firft column of the third table. In the fame manner he
found the logarithms of all the firft, fecond, third, &c. terms of the.

other columns-of this table.

" Tuus did Napier complete, what he calls, the Radical Table, of

which a.fpecimen follows:.
‘ : RADICAL -
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RADICAL TABLE

FIRST COLUMN. SECOND COLUMN,
NATURAL. ARTIFICIAL. NATURAL. ARTIFICIAL.
10000007 . 0C00 o || 9900000 . cooo | 100503 . 3

9995000 . 0000 | 5001 . 2 9895050 . 0000 | 105504 . 6
9990002 . §000 | 10002 . § 9890102 . 4750 | 110505 . 8
9985007 . 4987 | 15003 . 7 |l 9885157 . 4237.| 115507 . 1-
9980014 . 9950 | 20005 . 0 || 9880219 . 8451 | 120508 . 3

and fo on to and fo on to and fo on to and foon te
9900473 . §780 | 100025.0 9801468 . 8423 | 200528 . 2
and {o on to

COLUMN 69,

NATURAL. ARTIFICIAL.

5048858 . 8go0 | 6834225 . 8
5046333 . 4605 | 6839227 . 1
8043811 . 2932 | 6844228 . 3
5041289 . 3879 | 6849229 . 6
3038768 . 7435 | 6854230 . 8

and fo on to and fo on to
499369 . 4034 | 6934250+ 8

THE numbers and logarithms in the above table, coinciding nearly
with the natural and logarithmic fines of all the arcs from 9o° to 30°,
he was enabled, by means of prop. 16. or 17. and a table of the natural
fines, to calculate the logarithmic fines to every minute of the laft 60°

of the quadrant.

IN order to obtain the logarithms of the fines of arcs below 30° h¢
propofes two methods. ”

Tue firft is this. He multiplies any given fine of an arc lefs than

30° by the number 2, 10, finding the logarithms of the numbers 2
: and

.
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and 10 by means of the radieal table, or takes fome one of the com-
pounds of thefe fo as' to bring the product within the compafs of the
radical table. Then having found, in the manner before defcribed,
the logarithm of this produ@, he adds to it the logarithm of the mul-
tiple he had made uit of ; the {fum is the logarithm fought.

‘Tue fecond method is derived from a property of the fines which
he demonftrates. The property is this: Half the radius is to the fine
of half an arc, as the fine of the complement of half that arc is to the
fine of the whole arc. Hence, as is evident from a foregoing prop.
that the logarithm of the fine of half an arc may be had by fubtrating
the logarithm of the fine of the complement of half that arc from the
fum of the logarithms of half the radius and of the fine of the whole
arc.

By this fecond method, which is much eafier than the firft, the lo-
garithms of the fines of the arcs below 45° may be obtained ; thofe
above 45° having been calculated by help of the radical table.

TuE logarithms of the fines to every minute of the quadrant being
found by the ingenious methods above defcribed, the logarithms of
the ‘tangents were eafily deduced by one fimple fubtra&ion of the lo-

garithm of the fine of the complement from that of the fine for each
“arc. ‘The logarithm of the radius, which fo frequently occurs in tri-
gonometrical folutions, having been very advantageoufly made equal
to zero, the logarithms of all the tangents of arcs below 45° and of
all the fines muft have a different fign from that of the logarithms of

QQ all



6o LIFE, WRITINGS, axp

all the tangents of arcs above 45°. Napier chofe the pofitive fign for
the former which he calls abundantes, and the negaave for the latter
which he calls defedtivi.

THE arrangement of the numbers in Napier’s logarithmic table, is-
nearly the fame with that neat one which is ftill in ufe. The natural
and logarithmic fines and the logarithmic tangent of an arc and of its
eomplement ftand on the fame line of the page. The degrees are con~
tinued forwards from o° to 44° on the top, and backwards from 45°
to 9o° on the bottom of the pages. Each page contains feven columns ;.
the minutes defcend from o’ (to 30’ or from 30’) to 60’ in the firft, and
from 6o’ (to 30’ or from 30’) to o’ in the laft of thefe columns. The
natural fines of the arcs, cn the left and on the right hand, occupy the
fecond and fixth column, and their logarithms the third and fifth re~
fpetively. The fourth column contains the logarithms of the tangents
which are taken pofitively if they refer to the arcs on the left, and ne-
gatively if they refer to the arcs on the right hand. A fpecimen of
this table is here annexed.

Gr.
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. 1.
44
mi. SINUS. LOGARITHMI. | DIFFERENTIA. | LOGARITRMI. 3INUB.
30 7909¢93 3553767 174541 3379220 7133504 30
3! 7011167 3550808 168723 3382085 7130465 F1- T
32 7013241 3547851 | 162905 33849460 7128225 28
33 7015314 3544895 157087 3387808 7126385 | 27
34 7017387 3540041 151269 3390672 7124344 | 26
35 7019459 3538999 14545¢ 3393537 7122303 25
36 7021530 3536038 139633 3390400 7120261 24
37 7023601 3533089 133814 3399275 7118218 | 23
38 7026671 3530142 127996 3402146 711617¢ 12
39 7027741 3527197 122173 3405019 7114131 23
40 7029810 3524243 116359 3407894 7112085 20
41 7031879 3521311 110541 3410770 7110041 19
2 7033947 3518371 104723 3413648 7107995 18
43 7036014 3515432 9%¥904 3415528 7105949 17
43 7:3%¢81 3512:9% 938:6 | 3419409 7103903 16
45 7040147 35095062 87208 o 3422292 7401854 15
46 7042213 3500626 81450 3425170 7099%c6 14
47 | 7744278 3503694 75632 3428062 7097757 | 13
48 7040342 3500764 Oy824 3430940 7095708 12
49 7048496 3497835 64006 3433329 7093658 | 11
50 7050469 3494903 58178 3436730 7091607 1o
51 7052532 3491933 52300 3439623 7034556 9
52 7954594 3489060 46543 3442517 7087504 8
53 7056653 3485139 40726 3445413 7085452 7
54 7058716 | 348321y 3498 3448311 7283399 6
55 7060776 348c3c1 2,C0y9 3451211 708134§ 5
56 7062386 3477385 23273 3454112 707929t 4
57 740y 5 3474470 17455 3457015 | 7077230 3
58 7066953 3475557 11647 34599120 7075181 2
59 7cbyc1l 3 ‘6864‘5 5818 3402%27 7o7112§ t
6o | 707103 3405735 [¢] 3405735 [ 7071008 o
4§
mi.
' Gr.

In the Appendix to the Canonis mrﬁu conflructio, Napier delivers three
other methods of computing the logarithms; but as th=fc methods are
generally better adapted to the conftruCtion of a fpecies of logarithms
different from that I have defcribed, I fhall poftpone the account of

them to the next {feétion. .
Tue-
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‘THE ingenious method by which Napier conftructed the radical ta-
ble is almoft peculiar to the fpecies of logarithms it contains: It does
not feem, however, to be fufceptible of all the accuracy one would wifh:
for, notwithftanding the many precautions he had taken, particularly
in pufhing his numbers to feveral decimal places, the logarithms in his
canon often differ from the truth by feveral units in the laft figure. Of
this he himfelf was apprifed by finding different refults from the two
methods of determining the logarithmic fines of arcs under 30°. In or-
der to remedy this defe, he propofes adding another zero to the radi-
us; by which means, in purfuing this fame method, the logarithms of.
the fines might be obtained true to an unit in the eight figure,

SECTION



S ECTION V.

THE COMMON LOGARITHMS DEVISED BY NAPIER AND PREPARED BY
BRIGGS, AND THE METHODS PROPOSED BY NAPIER FQR COMPU~

TING THEM.

ONE capital difadvantage atteading the fpecies of logarithms which
firft occurred to Napier,‘ arifes from the difference between the fign of
the logarithms of the tangents of arcs greater than 45° and the fign of
the logarithms of the fines .of all the arcs of the quadrant.

Tuis defe@ was eafily remedied by fuppofing the fmalleft poffible
fine equal :0 1 and its logarithm o; as in this cafe, the .logé.rithms of
all the fines and tangents of - every arc in the quadrant would have the
fame fign. But, if the fame fpecies of logarithms is made ufe of, the
logarithm of the radius, which occurs fo frequently in trigonometrical
{olutions, would be 2 number difficult to be remembered. More, there-
fore, would be loft than gained by this alteration. 'What fpecies of lo~
garithms will free us from a difference in the figns, and at the fame time
afford a logarithm of the radius that fhall be eafily remembered and
<afily managed? It was this very queftion, in all probability, that led
%0 the common logarithms, which, of all others, are the beft adapted

R . te
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to.our modern arithmetical notation. This {yftem of logarithms has
for its bafis 1 as Ibgarithm of the ratio of 10 to 1: {o that the powers 1,
10, 100, 1000, &c. of the number 1o have their refpective logarithms
o, I, 2, 3, &c. *  Here, by the bye, it may be obferved, that not only
Napier’s manner of conceiving the generation of the logarithms, but
‘his having computed that fpecies- of logarithms, which has been dif~
eribed, before the common logarithms occurred to him, is @ convincing
proof of bis not taking the hint of the logarithms from the remark of Stifellius,, .
formerly mentioned. * L think it is even beyond doubt that Napier,. in
common with all other arithmeticians aéq}iainted with the Arabic, or
rather Indian figures, had obferved that the produ& of any power of
the number 10 by any other power of that number, was formed by
jaining-or adding the zeros in the one to thofe in the other; and that
the quotient of any one power of. that number by any other, was for-
med by taking away or defacing a. number of zeros. in the dividend e--
qual to the number of zeros in the divifion ; and all this without think-
ing that he was, at that time, making the fundamental remark of .the.
‘logarithms. Nor will this feem at all furprifing to thofé who are ac--
quainted with the hiftory of fcience and of the human mind. Itis fel- -
dom that we direCtly arrive at truth by the moft natural and eafy path. .
Perhaps

*: We have feen Se&t. II1. that in Napier’sfyftem theé veloeity of the two-moveable peints in N and L
Fig.. XI. is equal and that the logarithm (L1)x of any number (CN+Na)x or 1.0000000,1)x is near-
1y equal'to (Nn)x or [.0c00000,1]x In the common fyftem the velocity at L is lefs than the half :
of the velocity at N'; and the logarithm Ll of the number [CN+4NnJx [or 1.0000000,1]x is nearly-
equal [0.4342945] NnXx or [0.0000000,0434,2945]x: for in making this fuppafition the logarithm
of 10, is found to be 1. The loéarithms therefore in Napier’s fyftem are to the correfpondent ones -
in the common fyftem as 1 ia to 0. 4342945 or, what is the fame thing the common logarithms are .
s thofe of Napier as 1 is to 2.3025851.. .'
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Perhaps the ftrongeft mark of the greatnefs of Napier’s.genius is not
his inventing the logarithms, but hs manner of invegting them. But
to return; In this new {yftem the radius was made equal to the 10th
power 10000000000 of the number 10, of which the logérithm in the
mew {cale is 10, The divifion of the radius into o great a number of
parts, render the fine of the fmalleft fenfible arc greater than 1, of
which the logarithm is zero: confequently, the logarithms of all the
fines and tangents of the arcs of the quadrant, being on the fame fide
of zero, have the fame fign. . - v

WitH regard to the logarithm of the radius, its being eafily mana«
ged is fufficiently obvious.

THUs in our common logarithms the difadvan/tages of Napier’s fyfteny -
are avoided, whilft its advantages are retained and united to feveral -
others. Of thefe additional advantages in the common canon, the
moft capital is, that the units in the firft figure (to which Briggs gave
the name of characteriftic) of the logarithm are fewer by one than the -
figures of the number to which that logarithm correfponds. -

WueTHER Napier, or Briggs, 7/ imagined this new fpecies of Ioga;J
gsithms, is a queftion which the learned do not feem as yet to have per-
fectly decided. - :

- 'THE only evidence we have on which a decifion can be groun;ded is

contained in the following particulars, -
¥
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I. In a letter to Uther afterwards Archbifhop of Armagh dated the
roth of March 16135, the year after the publication of Napier’s Canon.
Briggs writes thus *, “ Napier lord of Merchifton hath fet my head
_ “ and hand at work with his new and admirable logarithms: I hope
“ to fee him this fummer if it pleafe God; for I never faw a book
* which pleafed me better, and made me more wonder.”

II. Ix the dedication of his Rabdologia, publifhed 1617, Napier has
the following words, “ Atque hoc mihi fini propofito, logarithmorum
“ canonem a me longo tempord elaboratum fuperioribus annis edendum
¥ curavi, qui rejectis naturalibus numeris, et operationibus quz per
“ eos fiunt, difficilioribus, alios fubftituit idem przftantes per faciles
® addtiones, fubftra®iones, bipartitiones, et tripartitiones. Quorum
“ quidem logarithmorum fpeciem aliam multo praflantiorem nunc etiam in-
“ wenimus, et creandi methodum, una cum eorum ufu (fi Deus lons
“ giorem vite et valetudinis ufuram conceflerit) evulgare ftatuimus:
“-ipfam autem novi canonis {upputationem, ob infirmam corporis noftri
* valetudinem, viris in hoc ftudii genere verfatis rclinquimus: impri-
* mis vero do&iflimo viro D. Henrico Briggio Londini publico Geo-
“ metriz Profefori; et amico mihi longe chariflimo”.

III. Tir the prcface to the logarithmorum chilias prima, a table of the
common logarithms of the firft thoufand natural members, Briggs ex~
prefles himfelf in the following terms ; “ Why thefe logarithms differ
* from tholt fet forth by their illuftrious inventor, of ever refpecful
“ memory, in his canon mirificus, it is to be hoped, his pofthumous work

& will fhortly make appear.”
IV,

® The life of Archbifhop Ufher and his correfpondence, by Richard Par, D. I, 1686. folio,
poge. 36
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IV. In the preface the Arithmetica Logarithmeca ¥, there is the fol-
‘lowing paragraph, “ Quod hi logarithmi diverfi funt (writes Briggs) ab
“ iis quos clariflimus vir baro Merchiftonii in fuo edidit canone mirifi-
“ co, non cft quod mireyj, enim meis auditoribus Londini publice in
“ Collegio Grefhamenfi horum dotrinam explicarem; animadverti mul-
“ to futurum commodius, fi logarithmus finus totius fervetur o zero
“ (ut in canone mirifico) logarithmis autem partii decimz ejufdem finus
“ totius, nempe finus § grad. 44 min. 21. fecund. effet 1.00000,00000 :
“ atque ea de re fcripfi ftatim ad ipfum. Authorem, et quamprimum
“ hic anni tempus, et vacationem a publico docendi munere licuit,
¢ profe@us fum Edinburgum ; ubi humaniflime ab eo acceptus hzfi
“ per integrum menfem. Cum autem inter nos de horum mutatione
“ {fermo haberetur; flle f¢ idem dudum fenfiffe, et capuiffe dicebat: ve-
“ runtamen iftos, quos jam paraverat, edendos curaﬂ"é, donec alios, fi
¢ per negotia et valetudinem liceret, magis commodos confeciffet. I~
“ tam autem mutationem ita faciendam cenfebat, ut o effet logarithmus
“ unitatis et 1,00000 . 00000 finus totius: quod ego longe commodiffi-
“ mum efle non potui non agnofcere”. * Capi igitur ejus hortatu, re-
¢ jectis 1llis quos antea paraveram, de horum calculo ferio cogitare, et
“ fequenti @ftate iterum profe@tus Edinburgum, horum quos hic exhi-
“ beo przcipuos, illi oftendi. Idem etiam tertia zftate libentiflime fac-

“‘turus, fi Deus illum nobis tamdiu fuperftitem efle voluiffet 1.”

It may here be obferved, that the manner in which Briggs propofed
the application of the common logarithms to trigonometrical purpofes,

| ]  ad
® Publithed in 1624. :
¥ Ulacg in his title page to his edition of Brigg’s log. writes to the fame purport. ¢ Hos numerce
“# primis invenit clariffimus vir Joannes Neperus Baro Merchiftonii ; ¢os autess ex cjufdem fententiay ma-
“ tavit, corumque ortum et ufum illuftrait Henricus Briggius”, '
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did not at all tend to obviate the chief difadvantage of Napier’s Canon:
For according to Briggs’ idea the fign of the logarithms of the fines and
the tangents lefs- than the radius muft be the oppofite of the fign of the
logarithms of. the tangents greater than the radius. It feems probable, .
therefore, that. Briggs had been led to the common logarithms in en-
deavouring to get rid.of the indiret method of finding the logarithms
aof the natural numbers by means of Napier’s logarithmic Canon. ’
Frowm the extradts above given it appears that the common logarithms ,
dad occurred to Napier before they occurred to Briggs: For the mo- -
defty and integrity of Napier’s chara&er put beyond difpute the truth
of what he mentioned to Brigg’s at their firlt meeting, and to the Earl
of Dunfermline in the dedication of the Rabdologia. But if the ha-
ving firft communicated an invention to the world be fufficient to enti--
tle a man to the honour of having firft invented it, Briggs has a better
title than Napier to. be called the inventor of this happy improvement of
the logarithms *. For Briggs mentioned it to his pupils in Gretham
College before the publication, in 1616, of Edward Wright’s tranfla-
tion of |the Canon Mirificus, in the Preface to which Napier gave the
firft notice of this improvement. With regard to the paffage in the.
preface to the Chilias prima publifhed after Napier’s death, where Briggs -
fcems to require an acknowledgment from the editor of the Canonis mi- -
rifici conftrutio, that be had alfo imagined. the new logarithms; the -
overfight or fault lies at the door of Napier’s fon and not at his own. .
Had Napier lived to publith his laft mentioned work, it is hardly pof-
fible to entertain a thadow .of doubt, but that he would have done am- -

ple
® Hutton Math. Tab.



INVENTIONS or NAPIER, . 69

ple juﬁiée to Briggs in this particular. Napier and Briggs had a reci-
procal efteem and affection for each other, and there is not the {malleft
evidence of there having exifted, in the breaft of either, the leaft parti-
cle of jealoufy; a paffion unbecoming and difgraceful in a man of

‘merit,

Wtz thall difmifs this affair with obferving, 1. That after the inven-
tion of the logarithms, the difcovery of the beft fpecies of logarithms was
no difficult affair: 2. That the difcovery of the common logarithms at
that time, was a fortunate circumftance for the world, as there are few
poflefled of ingenuity and patience fufficient for the conftru&ion of
fuch extenfive and accurate tables as are thofe of Briggs’ Arithmetica
logaritbmica; and 3. That the invention of the new fpecies of loga~ -

rithms is far from being equal to fome other of Briggs’ inventions. -

WE come now to give a very brief defcription of thofe other methods -
of conftru&ing the logarithms, propofed by Napier. in the appendix to -
his pofthumous work.

THe firft of thefe methods is the following: The logaritﬁm of 1 be--
ing fuppofed o, and the logarithm of 10 1 followed by any number
of zero, 10000000000 for example; this laft logarithm and the fuccef~
five quotients divided (ten times) by the number 5 will give thefe (ten)
logarithms 2000000060, 400000000, 80000000, 16000000, 3200600, ,
640000, 128006b, 25600, §120, 1024 to which the refpe@ive correfpon-
dent numbers may be found by extralting the sth root, the sth root .
ef the sth root, the sth root of the sth root of the sth root, &c. of

: the
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the number 10, Then the laft logarithm 1024 and the fucceflive quo-
tients divided (ten times) by the number 2, will give thefe (ten) loga-
rithms 512, 256, 128, 64, 32, 16, §, 4, 2, 1, &c. to which the refpec-
tive correfpondent numbers may be found, by extracting the fquare
root, the {quare root of the fquare root, the {quare root of the fquare
root of the fquare root, &c. of the number (found as above direéted)
correfponding to the logarithm 1024. By addition thefe (twenty) lo-
garithms, and by multiplication their refpective natural numbers ferve
for finding a great many other logarithms and their numbers.

TuE fecond method is this: The logarithms (0 and 10000000000 for
example,) of any two numbers 1 and 10 being given, the logarithm
of any intermediate number (2 for example) may be found by taking
continually gecometrical means, firft between one of thefe numbers (10).
and this mcan, then between the fame number (10) and the laft mean,
and fo on till there be found the number {2) wanted ; of which the lo-
garithm will be the correfpanding arithmetical mean (30 10299957) be-

tween the two given logarithms (o and 10000000000).

THE third method is as follows: Suppofe the common logarithm of
a number not an integral power of 10 (2 for inftance) find the num-~
ber of figures in the 10th, 100th, 1000th, &c. power of that number :
The fucceflive numbers of figures (4, 31, 302, 3011, &c.) in thefe pow-
ers (270, 27°, 27c%, 210000, &) will always exceed by lefs than unity,
but continually approach to the logarithm [30102999566, &c.] re-
quired,
Tue
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THE firft of thefe methods is very operofe, and by itfelf infufficient
for conftruting a complete logarithmic canon. The other two are
much preferable. The laft is particularly well adapted for finding the
logarithms of the lower prime numbers: For, fince the number of fi-
gures in the product of two nmhbers, is equal to the fum of the num-
ber of figures in each fa@or ; except the produd of the firft figures in
in each facor be exprefled by one figure only, which often happens ;
a few of the firft, or left hand figures of the confecutive tenth powers
of the given number, will fuffice for finding the number of figures in
thefe powers. '

Tais laft method depends on the diftinguifhing property of the com-
mon logarithms, which is, as was formerly obferved, that the units in
[x] the rational logarithm of a number [10*] are one fewer than the
number of figures in that number [10*]. Whence it follows, that
the units in the irrational logarithm of any other number are not quite
one fewer than the number of integral figures in this other number.
Now, as in a feries of continued proportional numbers, the refult of
~ any two terms is the fame, if one of the terms is raifed to the power
indicated by the exponent of the other, or if this other is raifed to
the power indicated by the exponént of the firft; any number raifed
to the power indicated by the logarithm of 10 is equal to 10 raifed to
the fewer indicated by the logarithm of that number. If; therefore,
[the logarithm of 10 being 10000, &c.] Y is any number not an inte-
gral power of 10 and y its logarithm, we fhall have Ytooco, ke.= 107
and the number of figures in Y*°°% & will exceed y by lefs than 1.

T SECTION,
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S ECTION VL
THE IMPROVEMENTS MADE ON THE ‘LOGARITHMS,

THE improvements that have been made upon the logarithms -after
the death of their inventor, regard the theory, the methods of conftrecs
don, the accuracy, extenfivenefs, and form of the tables of - thefe
numbers. .

'HowEvER ingenious-and beautiful Napter’s manner of delivering'the
theory of the logarithms is, it muft be acknowledged that it labours
under one capital impropriety—treating geometrically a- fubje which
properly belongs only to arithmetic. Senfible of this, Kepler *, Nicolas
Mercator 1, Halley §,. Cotes ||, and other mathematicians of the firft
note, have treated the theory of the logarithms in a different and truly
fcientific manner. ‘Their ideas are founded on the definitien of the lo-
garithms—Numeri rationem exponentes ; which, although it is not exprefs-
ly Napier’s, is eafily deducible from his theory. Thus, in a geometrical -
progreflion, having any finite number c greater than unity for it’s bafis,
the exponent x is the logarithm of the ratio of the number c* to c®

or

® Chilias Logarithmorum 1624. Tab. Rudolph. 1627. + Logarithmo ‘techaia, 1668,
$ Phil. Trans. 1695. | Hamonia Menfurar. 1722.
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or unity : And, if the quotient of two quantities is taken as the meafure

of their ratio, the definition is rendered more fimple, and x will be the

logarithm of c¢* Upon this principle is founded the analytical theory
of the logarithms in the appendix. ‘

IT was chiefly by the two laft methods, defcribed in the foregoing
feCtion, that Briggs conftru&ed his logarithms. He invented alfo an
original method of conftru¢ting logarithms by means of the firft, fecond,
third, &c. differences of given logarithms. How he came by it is not
known. He defcribes it in his arithmetica logarithmica and there is a
demontftratien of it in Cotes’s Harmonia, in Bertrand’s Mathematiques,
and in the works of a great many other authors.

- EpmuND Gunter, Profeffor of Aftronomy in Grefham College, who
was the firft that publifhed a table of the logarithmic fines and tangents
of that kind which Napier and Briggs had laft agreed on, applied, in
the year 1623, or 1624, the logarithms to a ruler which bears his name.
This fcale is of very great ufe in Navigation, and in all the practical
parts of geometry where much accuracy is not required. On the ac-
count of this logarithmical invention, Gunter, after Napier and Briggs,
has the beft claim to the public gratitude.

ArTER Napier’s death almoft fifty years elapfed before the inventions
of the expreflions of the logarithms by infinite feriefes. Of thefe the
three following, from which a great number of others are eafily deri-
ved, were the firft, ¥

" Logarithm
® Appendix an. th. log.
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5
Logarithm of (14-a)=a—la’' 412" 4-&ec. = - - - - X
- Logarithm of (1—a)=—¢—2’'—la'—&¢c, - - - - Y
Logarithm of (:—i:-—:-) =a+tld 4" & - - - - - Z

TresE formulz X, Y, and Z will converge the more quickly in pro-
portion as & is fuppofed lefs than unity ; and the fum of a few terms
will generally fuffice. 'They are the values of Napier’s logarithms, but
will reprefent every fpecies of logarithms by being multiplied by an
indcterminate quantity #, which is called the modulus of the fyftem.

~ Tue formula X was invented by Nicholas Mercator in the year 1 667,
and publifhed in his Logarithmotechnia the year following. Gregory of
St Vincent, about twenty years before, had thewn that one of the afymp-
totes of the hyperbola being divided in geometrical progreflion, its ordi-
nates parallel to the other afymptote are drawn from the point of divi-
vifion, they will divide into equal portions the fpaces contained be-
tween the afymptote and the curve: From this it was afterwards point-
ed out by Merfennus, that, by taking the continual fums-of thofe parts
there would be obtained arcas in arithmetical progreffion correfponding
to abfciffes in geometrical progreflion, and confequently that thefe ar-
cas were analogous to a fyftem of logarithms *. Wallis, after this, had
remarked that the ordinate correfponding to the abfcis @, counted on
the afymptote of the equilateral hyperbola from a diftance equal to the

femi-axis 1,1s equal to 1_-:_-—; ; and he had demontftrated, in his Arithme-

dica infinitorune publifhed in 1655, that the fum of 1™4-27 4374 &c.
~=-~ 4-a™ (a reprefenting a finite quantity divided into an infinite num-"

U ber
* Hatton’s Math, Tab
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. m
ber of equal parts) is equal to ‘;n:- : *,  With thefe data Mercator fet

himfelf to find the arca correfponding to the abfcifs 2, or, what is the
fame thing, the logarithm of (1 + @), which he happily accomplifhed by
firft developing, in the manner now commonly pra&ifed, the fraction

— into 1—a + a’—4’ + &c. which had not been attempted before:.
then, fuppofing @ equal fucceflively to 1, 2, 3, 4, &c. = - = - a, and
laftly, taking fucceflively the fums of all the zero, firft, fecond, third,.

&c. powers of thefe numbers ..

In the fame year 1668 James Gregory, in his Exercitationes Geome-
trice, gave a demonftration of Mercator’s formula for the quadrature
of the hyperbola different from his. He demonftrated the formula Y
and found the formula Z by fubtra&ing Y from X. He found too the

the value of log. (1—a') =—a’—Ia*—Ia’— &c. by adding Y to X : but
" this formula may be looked on as a folecifm when applied to numbers :.
for the fame refult will be obtained by fuppofing a to be a fquare, in
the formula Y, and even a more general refult may be obtained by
fuppofing a to be any power of a number.

Sir Ifaac Newton, by his general method of the quadrature of curves,.
greatly fimplified that of the quadrature of the afymptotic.{fpaces of the
1
I4a
ed by a the fluxion of the abfcifs, becomes the fluxion of the corref--
ponding afymptotic arca: This produ®, developed in the manner of

equilateral hyperbola. The ordinate, (being as before =) multipli--

Mercator, is a—aa + a'e¢—a'a+&c. Taking the fluent of each term.
, ’ g

of.
* Montuda Hift. de Math. . 1 Appendix, Hyperbola.
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of this feries gives the fluent of the arca that is the logarithm of
1+x equal to X as before. It appears, from a letter of Newton’s to
Oldenburgh, that Newton had difcovered the quadrature of the hyper-
bola by infinite but perhaps not general feriefes, before the publication
of the Logarithmotechnia*. Something of the fame kind had alfo been
difcovered by Lord Brouncker {.

TuE arcas of the equilateral hyperbola, as above defcribed, exhibiting
the logarithms of Napier’s fyftem, occafioned the appellation byperbolic
to his logarithms. It is diflicult to account for the propriety of this e-
pithet to Napicr’s logarithms ; fince not only the afymptotic arcas of
equilatcral but thofe of any other hyperbola may be made to repre-
fent every poflible fpecies of logarithms, by fuppofing, in the fame hy-
perbola, the origin of the abicifles on the one afymptote at different
diftances from its interfection with the other. Thus the afymptotic ar-
cas of the equilateral hyperbola will reprefent the common logarithms,
if the origin of the abfciffes is taken at the point.on the afymptote
where the ordinate isu=o0. 43429 &c. the diitance of that point from
the other afymptote being greater than the femi-axis but equal to 1 .
But if the origin of the abfciffes is taken equidiftant from the fammit
of the hyperbola and the interfe&ion of the afymptotes, the afymptotes
of the hyperbola, whofe arcas reprefent the common logarithms, are in~
elined to each other about 25°. 44, of which the fine is u=0.43429 &e. ||

. 'Tuk formulz X and Y have alfo been deduced from the logarith-
mic §—a curve whofe abfciffes are the logarithms of its ordinates or
| ‘ ‘ converfely

* Wallifii Opera. vol. 3. p. 634 and feq. cited by Hutton.  { Montucla.  } Appendix, - -
Hyperbola. I Hutton’s MathyTab. § Encyclopedie au mot Logarithmique. Appendix, Lo--
" garithmic,
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converfely *. 'This curve is faid to have been invented by Edmund
Gunter 1 ; but its properties, fome of which are very remarkable, do
not feem to have been much known and attended to till the time of
Huygens, who enumerates them in his Canfa gravitatis. It was confi-
dered afterwards by Leibnitz, Bernoulli, I'Hopital, and a great many
others. The manner in which it is treated by John Keill in the tra&
on the logarithms fubjoined to his edition of Euclid, facilitates very
much the conception of thefc numbers. In the Appendix the reader
will find this curve treated in a new manner, with an enumecration of
fome new properties. ‘

Tue fame formule X and Y are eafily deduced by the fluxionary me-
thod from Neper’s generation of the logarithms. From what is faid in a
foregoing fe@ion it is evident that (Fig. XI.) the velocity of the firft
moveable at the point N is to its velocity at the point N’ as CN is to
CN’; but the velocity of the firft moveable at the point N is the fame with
the velocity of the fecond moveable point at (any point of KA) L’:

therefore, in the language of fluxions, if NN'=gq, Log. (1 +4) : ai:1:

1 4 a, therefore Log. (1 +4)= - -:-a = g —aa +a’a—&e. therefore Log.
14+a=a—4"4+2—&ec. If the points n’ and I’ are taken, it may be

fhewn in the fame manner that Log. [ 1—#}=—a—%" =¢'—&c.

I the year 1695, Edmund Halley greatly improved the theory of the
logarithms, by deriving the feriefes for their conftru&ion from'the prin-
o ‘ciples;

“ Appendit, Logarithmie. 4 Montucla,
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ciples of common Algebra independently of any curve. He was the
firft alfo, if I miftake not, that gave the general feries for computing
the numbers correfponding to given logarithms *. ‘The analytical the-
ory of logarithms‘, in the Appendix, is nearly on Halley’s plan, but
was materially finithed before the author faw his treatife.

To defcribe, or enumerate, all the tables of logérithms, which have
been publifhed fince the invention of thefe numbers, would be tedious
~and ufelefs, and indeed next to impoffible. We thall reftrict ourfelves
to thofe which are the moft confiderable and the moft ufeful.

IN the year 1624, Benjamin Urfinus, mathematician to the Elector
of Brandenburg, publifhed at Cologhe, with his Trigonometria, a Table
of Napier’s logarithms of the fines to every ten feconds of the quadrant,
He feems to have been at much pains in computing it, and, in order to
obtain the logarithms true to the neareft unit in the eight figure, he {up-
pofed the radius followed by an additional zero, as Napier had advifed t-

In the fame year, Kepler publifthed, at Marpurg, his Chilias Loga-
rithmorum ad todidem numeros rotundos &c. and, in the year following, a
fupplement to it. In this table, the logarithms are of the fame kind
with thofe of Napicr, but adapted to /ines in arithmetical progreflion.

| SiarrL tables of the fame fpecies of -logarithms have been publifhed
by T. Simfon in his fluxions, by Dr Hutton in his Math. Tab. and by
a great many others, to eight places. In Euler’s Introductio in analyfin
A X | influitorum
® Phil. Tranf. for 1695. + Kepl. Epifts
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infinitorum, there is a {mall table of the firft ten natural numbers with
‘ thei;' logarithms to twenty fix places ; and, in Bertrand’s work formerly
mentioned, there are the logarithms. of a-great many of the firft hun-
dred natural numbers, and of feveral others, to the fame number of pla-
ces. Some of thefe differ from the truth, by fome units only, in the laft
figure, and the logarithm of 61 is wrong in. the fixteenth figure from
the left hand. In the Appendix there is a table of Napier’s logarithms
of the firft hundred and one natural -numbers to twenty feven places:

IN the year 1624, Briggs publifhed at London his: Arithmetica Loga-
rithmica. 'This work contains Briggs’ or the common logarithms, and.
their differences, of all the natural numbers from 1 to 20000, and from
90000 to 100000 to fifteen places, including the index or charaéteriftic.
In fome copies, of which there is one in the Library of the Univerfity
of Edinburgh, there is added the logarithms of the numbers from
100000 to 101000, which Briggs had cc;mputed after the former had
been printed off. Before his death, which happened in 1630, this au-
thor completed alfo a table of the logarithmic fines and tangents to fif-
teen places, for the hundredth part of every degree of the quadrant, and
joined with it the natural fines, tangents, and fecants, which he had be-
fore calculated. This work which Briggs had committed to the care
of Henry Gellibrand, at that time profeffor of aftronomy in Grefham
College, was tran{mitted to Gouda, where it was printed under the in-
fpe&ion of Ulacq, and was publifhed at London in 1633, with the title

of Trigonometria Britannica.

Tuesp tables of Briggs’ have not been equalled, for their extenfive-
nefs and accuracy together ; thofe of his logarithms that have been re-
examined
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examined having feldom been found to differ from the truth by more
than a few units in the fifteenth figure.

In the year 1628, Adrian Ulacq of Gouda, in Holland, after filling
up the gap betwixt 20000 and goooo, which Briggs had left, repub-
lithed the Arithmetica Logarithmica, together with a table of the loga-
rithmic fines, tangents, and fecants, to every minute of the quadrant.
Some years afterwards, he publithed his Trigonometria Artificialis, con-
taining Briggs’ logarithms of the firft twenty thoufand natural num-
bers, and the logarithmic fines and tangents, with their differences for
every ten feconds of the quadrant. In both thefe works, the logarithms
are carried to the eleventh place including the index, and are held 'in -
much eftimation for their correétnefs. -

ABrAHAM Sharp, of Yorkfhire, publifhed with his Geometry Improved,
in 1717, a table containing Briggs’ logarithms of the firft hundred na-
tural numbers, and of all the prime numbers frem 100, to 1100 and of
all the numbers from 999980 to 1000020, to fixty two places including:
the chara@eriftic. There is the greateft probability of all thefe loga~
rithms being corre@®. The laft forty-one [from 999980 to 1000020} .
were verified afterwards by Gardiner.

TABLES of the logarithms, carried to fo great a number of places as -
thofe of Sharp, Friggs, and Ulacq, are feldom ufed ; the logarithms to
eight places inclufive of the charaeriftic being fufficient for all coms
mon purpofes. The moft ufeful tables are thofe which have the loga-~
rithms correét to the neareft unit in the eight figure, difpofed fo as to.

' | take
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take up little room, and, at the {fame time, to afford the eafieft and moft
{peedy means of finding the intermediate logarithms, or numbers cor-
refponding to given numbers or logarithms The form of the ta-
bles beft adapted to anfwer thefe purpofes was firft ihtrqduced by Na-
thaniel Roe, a clergyman in Suffolk, in his Tabule Logarithmice, print-
ed at London in 1633. This form was improved by John Newton, in
his Trigonometria Britannica publifhed at London in 1658, and by Sher-
win in his Mathematical Tables, of which the firft edition was printed in
1705. It has received additional improvements in Mr Callet’s edition
of Gardiner’s Tables printed at Paris in 1783. *

THE difpofiton of the tables is as follows : Each page of the logarithms
of the natural numbers is divided into twelve columns. The firft co-
lumn, titled N at top and bottom, contains the natural number. In
the {fecond column, marked O, are the logarithms, without the charac-
teriftic, of thefe numbers: the three firft figures, belonging to the lo-
garithms of more numbers than one, are {feparated by a point from the
other four figures of the logarithm of the fi7/# of thefe numbers and
are left out before the other four figures of the logarithms of the reft.
In each line of the next nine columns, marked with the nine fignificant
digits 1, 2, 3, Xc. are four figures, which, united to the firft three ifola-

ted figurcs of the fecond column in the fame line with them, or above
them,

#® Tables portatives de Logarithmes, publices ‘a Londres par Gardiner, Angmentee et perfe&io-
nees dans leur difpofition par M. Callet, et corrigees avec la plus fcrupuleufe exaétitude: contenant
]lcslngarithmcs des nombre depuis 1 jufqu’a 102960, les logarithmes des finus and tangentes, de feconde
en feconde pour les deux premicrs degres et de 10 en 10 fecondes pour tous les degres du quart de
circle; precedees d'un precis elementaire fur Pexplication et I'ufage des logarithmes et fur leur ap-
plication aux calculs d’interets, ala Geometric-pratique, a I’ Aftronomie et a la Navigation ; fuivics

de pluficurs tables intereffantes et d’un difcours qui en facilite Pufage. A Paris 1783.
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them, form the logarithm of the number arifing from the junction of
‘the digit at top or bottom to the figures i1‘1 the firft column, corref-
ponding to faid four figures. 'When the laft of the three firft figures
of a logarithm, correfponding to a number formed by figures in the
firft column and a fignificant digit at top, is found augmented by uni-
ty, thefe three figures, together with the correfpondent fours, are moved
a line downwards ; by this means one avoids the miftaking. one threc
figures for another, which, without fpecial care, muft often be the cafe
in ufing Sherwin’s, Gardiner’s or Hutton’s Tables. The laft column
contains the differences of the confecutive logarithins, together with the
proportional parts correfponding to the nine digits. With thefe pro-
portional parts one can compute by the eye alone the logarithms, not
in the table, of all the numbers lefs than 1029606, and, with ;rery little
trouble more, thofe of all numbers lefs than 10296000, as exactly as eight
places of figures can exhibit them. In the table of the logarithmic
fines and tangents, the degrees and minutes are difpofed nearly in the
fame manner as in Napier’s Table. Each page contains eleven columns.
In the firt and laft are the minutes. In the fecond and laft but one
are the feconds o, 10, 20, 30, 40, 50, 0, and o, 5o, 40, 30, 20, 10, 0, of
which the firft and laft zeros are in the {fame line with and the reft be-
tween each fucceeding minute. In the third, fifth, feventh and ninth
columns are the logarthmic fines or cofines, cofines or fines, tangents or
cotangents, and cotangents or tangents, according as they‘ refer to the
- degrees at top and the minutes and feconds in the firft and fecond co-
lumn, or to the degreees at the bottom and the minutes and feconds in
the laft-penult columns. The other three columns contain the differ-
ences of thefe logarithms. The above defcription will become perfet-

ly intelligible by infpecting the following {pecimens of thefe Tables.
X Tab,

——
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TAB. DES LOG. DES NOMB. NAT.
N. 14800 L. 170

N o 1 2 3 4 5 6 7 8 9 diff. part.

1408 | 170.2617 | 2911 | 3204 | 3497 | 3791 | 4084 | 4377 | 4670 | 4964 | 5257 | 31147

81 5551 | 5844 | 6137 | 6430 | 6723 | 7017 | 7310 | 7603 [ 7846 | 8189 [ ,f. 6
82 8482 | 8775 | 9068 | 9361 | 9654 | 9947 8235 293
171, : 0240 | 0533 | 0826 | 1119 | 9}265 1| 29
83 1412 [ 1704 | 1997 | 2290 § 2583 | 2876 | 3168 | 3461 | 3754 | 4046 | -— 2 i‘g
84 4339 | 4632 1 4924 | 5217 | 5509 | 5802 | Gogs | 6387 | 6080 | G972 e
1485 7265 § 7557 | 7849 | 8142 | 8434 | 8727 9311 | 96o4 | 9896 slra7
9019 6j176
86 | 172.0188 | 0380 [ 0573 | 1065 | 1357 | 1649 | 1941 } 2233 | 2526 | 2818 §:°5
87 30| 3402 | 3604 | 3086 | 4278 | 4570 | 4862 | 5154 | 5446 | 5737 | P oide
88 6029 | 6321 | 6613 | 6905 | 7197 | 7488 | 7780 | Bo72 | 8364 | 8655 | 2
89 8947 | 9239 | 9530 | 9822 3
173 o113 | 0405 | 0697 | 0988 | 1280 | 1571 | 4
2490 1863 | 2154 | 2446 | 2737 | 3028 [ 3320 | 3511 | 3903 | 4194 | 4485 |
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TuEsE Tables, which are executed with a new and elegan_t type on
good paper, form a fmall o&avo volume. There is every probability
in favors of their corre@nefs. They are copied from the London edi-
tion of Gardiner printed in 1742, which is in the higheft eftimation
for that quality. Meflieurs Callet. Leveque and Prud’homme, three
good mathematicians, revifed the proof fheets, as did alfo the editor M.
Jombert three feveral times. M. Didot fenr. the printer formed the
models of the types and founded them on purpofe, and the editor avers
that, during the courfe of the impreflion, none of the figures came out
of their place; a precious advantage which he imputes to the juftnefs
of the principles that M. Didot has eftablithed in his foundery.

THERE is an additional improvement, which I am furprifed none of
the editors of our common logarithms has thought of making. What
I allude to is the uniting, to th¢ tables of the logarithms of the natural
numbers and of the fines and cofines, the logarithms of their recipro-
cals (their arithmetical complements *, as they are called). By this
means, all the common operations by logarithms might be performed by
addition only, without any trouble. The logarithms of the natural
numbers might be difpofed on the left hand, and thofe of their recipro-
cals on the right hand pages. The charaeriftics of the lattery being
equal to the difference between 10 and the number of integral figures'in
the natural numbers, would be as eafily found as thofe of the former.
The logarithms of the reciprocals of the fines and cofines might, in each
page, be put in the {fame line with the logarithms of the fines and cofines,

having

# The arithmetical complements of the logarithms were firft thought of by John Speedell, who, in

his new fogarithms firft publifhed in 1619, and feveral times afterwards, avoided the inconvenicnee:
- of the figns in Napiers logarithms by that contrivance. -
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'ilaving their common differences between them, as the logarithms of the
tangents and cotangents, which are reciprocals of each other, have
theirs. It is very likely that the prefent edition of the Tables portatives
will foon be exhaufted. If, in a fecond cdition, M. Jombert adopts the
propofed amelioration, he will do an eflential fervice to the communi-
ty. 1. The computation might be accomplithed, by a gdod arithmetici-
an, in little more than {three hours labour every day for half a year.
2. The type and length of the page being the fame, the book would be
little more than a fourth part thicker, and would ftill be of a convenient

fize,

In the menth of May, 1784, there were publithed propofals for
publithing, by fubfcription, 4 Table of Logarithmic fines and tangents, taken
at fight to every fecond of the quadrant, accurafc)_y computed to feven places of fi-
gures befides the index : to which will be prefixed a table of the logarithms of
numbers from 1 to 100000, infcribed, by permiffion, to the right bonourable and
honourable the Commifioners of the Board of Longitude, by Michael Taylor, one
of the computcrs of the Nautical Ephemeris, and author of a Sexagefimal Table,
publifbed by order of the Commiffioncrs of the Board of Lorgitude. The plan of
this work was fubmitted to the Board of Longitude, who came to a re-
folution to give Mr Taylor a gratuity of three hundred pounds fterling
towards defraying the expence of printing and publithing it.  This cir-
cumftance ought to be a fufficient recommendation of Mr Taylor, and
it is to be hoped, that his laborious and ufeful undertaking will meet
with the cncouragement' and recompence from the public which it fo
juftly deferves. In the fpecimen annexed to the propofals, the degrees

being as ufual at the top and bottom of the page, the feconds occupy
' the

-

B e Tiunae
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the firlt column: the minutes are difpofed along the tops and bottoms
of the other columns: immediately below the minutes at top ftand
the charateriftics, and below tbem the three next common figures of
the logarithmns ; the other four figures filling the columns. It is to be
regretted, that dn improvement, fimilar to M. Callet’s, has not been
adopted in this work, the printing of which was begun before the date
of the propofals.

THE tables of logarithms which, with thofe that have been men-
doned, are moft in eftimation, are thofe of the edition of Sherwin,
which was correGted and publifhed by Gardiner in the fame year. (1742)
with his own tables—Thofe by Deparcieux ¥, and thofe of the {fmall
editions of Ulacq publifhed at Lyons in 1670, and 1760 1. .

THE London edition of Gardiner, which has been defervedly efteemed
-as containing the moft accurate fet of tables, is not entirely free from er-
rors. There is, at the end of Dr Hutton’s tables, a lift of about fifty er-
rors in the logarithms of the natural numbers, fines and tangents; twenty
of which he himfelf difcovered in collating the proofs of his book with
the like parts of Gardiner’s; all of thefe, however, that gentleman ob-
ferves, are not in all the copies of this edition. In the Avignon edition
of Gardiner (1770), the errors pointed out by Dr Hutton are above
feventy. All the errors of the London edition are correGted in the
Tables portatives, excepting that of the logarithm of the natural numbers

Z BEFoRrz
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Berore concluding this feGion, we fhall fay a few words of the lo-
garithms called logiftic. The logiftic logarithm of a number of fe-
conds is the excefs of the logarithm of 3600” above the logarithm of
that number of feconds. A table of thefe logarithms was firft given
by Strut in his 4ffronomia Carolma publithed in 1661 *. A fimilar one
is given in feveral of the common logarithmic tables.

SECTION

® Tab. portatives.
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THE USE OF THE LOGARITHMS.

THE general ufe of the logarithms, as was before obferved, is to con-
vert every {pecies of multiplication and divifion into addition and fub-
tration, and to raife quantities to any given power, and to extract their
roots by eafy multiplicatiens and divifions. Examples of thefe operati-
ons, partieularly in trigonometry, are prefixed to almoft all the moft con-
fiderable tables of logarithms. We beg leave to refer the reader to
‘Gardiner, Callet, Sherwin, and Hutton, where he will find the theory,
conftruction, and application of thefe numbers.

THE theory of the logarithms has put it in our power to folve, with
great eafe, an equation in algebra, which before could not be folved but
with difficulty and tatonnement. In the equation &* =5, if 4is the un-
known quantity, its value is found by multiplying 2 by itfelf as often
as there are units in x—1: Again, if g is the unknown quantity, its
value may be found by extra@®ing the xthroot of 4. Butif x is the
unknown quantity, algebra, without the logarithms, can furnifh no di-

re& rule for finding its value. ‘This, however, is eafily accomplifhed
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by the afliftance of the logarithms. ' Let L denote the logarithm of the
quantity to which it is prefixed. Now fince a*=¥, it is evident that

La=*Lb: but La¥=xLa: therefore xLa=Lb: therefore x= Lb .
| Ta

Tne Solution of Equations of the form a*=b is of great importance
in political arithmetic. Suppofe that a quantity 4t firft =, being in-
~ creafed at the end of every equal portion of time by a quantity ¢, aug-
ments at the rate »; and that it is found, at the end of a number x of

thefe portions of time, to be augmented to #; the equation exprefling

. L. . c
the relation of thefe quantities to each other is (1 +7)*=n+ -

m+-§-

By the help of the logarithms, this formula, among other purpofes,
ferves for finding with facility in what time a fum of money » might
be paid off by finking at firft a fum , and at the end of every year
another fum ¢, leaving their intereft » to accumulate. In what time,
for example, might the national debt of Great Britain, 270 millions of
pounds Sterling, be extinguithed by finking one million every yeaxl and
allowing its intereft, five per cent per annum, to accumulate? The cal-

culation is as follows.

#=270 000 000 rz+§=2go 000 ooo Log.=8. 4623980

c .
m= 1000 000 m+7= 2% 000 0oo Log.=7. 3222193"

€= 1000000 Log. (n-[——:;) =1.1401787
c

m-4-—

r
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1
r=—5 =—
100 20
1+r—1+x =2 og 21=1 3222193
LTSS SRt
¢
~ =20 000 000 Log. 20=1. 3010300

Log. (147) =o.0211893

1.1401787 11401787
x= = 5
0.0211893 211893

Log. 11401787=7.0569729
Log. 211893=5.3261167"

Log. x=1.7308562, x=§3.809

IN lefs than fifty four years, therefore, the Britifh nation might get
quit of their debt, if they could raife annually a million Sterling, over

and above the amount of the intereft of that debt and the expences of
government.

TuEe fame equation under the form
n= (m+§) x (1 +r)x_§-

ferves for computing the number # of inhabitants of a country which,
having at firft m inhabitants, has received every year for x years-a
number ¢ of foreigners, and has increafed annually at the rate ». For
cxample, fuppofe the number of the inhabitants of the United States of
North America to be at prefent three millions, that they receive ten
thoufand emigrants yearly, and that the population in that country in«
creafes at the rate of one to twenty per annum ; What will be the num-

Aa ber
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ber of inhabitants of thofe States a hundred years hence? The calcula-

tion is as follows:
m = 3000 000 m+—:-=3zoo ooo Log.=6. 5051500

c¢= 10000 100 Log. (147)=Log.(147)"° =2. 1189300

1 N ( ¥ —
r=_— L§g. (m+-—;) (14-7)* =8. 6240800
%: 200 000 (m+%) (14-7)* =420800000
x = 100 f—:’ 200000
r

n = 420600000

HENCE it appears, that were the lands of the United States extenfive
enough, and were the fame circamftances, favourable to population as
at prefent, to continue for one hundred years, the number of their in-
habitants would amount to more than four hundred and twenty mil-
lions, which is a good deal greater than twice the number of inhabi-

tants computed to be in all Europe.

Tue logarithms alfo, after the invention of fluxions, give rife to a
fpecies of calculus called the exponential. This calculus was invented
by John Bernoulli and firft publifhed in the year 1697 *. It is found-
ed on thefe two principles: 1. The logarithm of the power of a quanti-
ty is equal to the product of its exponent by the logarithm of its root,
or xLa=La": 2. The fluxion of the logarithm of a quantity is pro-
portional to the quotient of the fluxion of that quantity by that quan-

tty

* De Serie, Infin. Jacobi Bernoulli.
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. - _a . . : .
tity or La::. The exponential calculus is neceflary for the inveftiga~
tion of curves, the exponents of whofe abfciffes and ordinates, or their
functions in the equations to thefe curves, are themfelves variable quan-

tities, %, v, 3, &c. Exponential curves, fuch, for example, as have for
z

the value of their ordinates x=*, x"v, o , &c. are faid to be of the firft,
fecond, third, &c. order. What are the fubtangents, curvatures, ar-
cas, &c. of curves of this nature? Let SMM,, (Fig. XIL) be any curve,
its abfcis CSP’=x and ordinate P’M’=1y and let there be another curve
e’ having the fame abfcifs with the former, and its ordinate PM'x =
z=x’ for example, let p'z" be an ordinate infinitely dear to p’»’ and -
¢’=" perpendicular to it, and let ‘r'p'«' be a tangent at the peint p': the

I

fimilar triangles ##’%’ and 'z’ give ¢p’: p'u’:: p's’ 1 ¥, therefore the

fubtangent +’¢'=">: but z=x7 therefore Lz=Lx7=yLx therefore Lz
z

:‘y_i,; that is é—-: yLx 4 y.er :}—;-:-(-]— yLx, and therefore p =

.
XX

z ——. Hence it is evident that the relation of x to y, that is,
yx 4 xy Lx
the Equation to the curve SMM' being given, the fluxion of y may be
exprefled by fome fun@ion of x, and s fluxion may be obtained ; which
value of the fluxion of y being fubftituted in the fraction — XX ——
. yx+4+xy Lx
and the fluxion of x expunged from its numerator and denominator,
there will be obtained a finite expreflion of the fubtangent 4" of the

curve
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curve czp’. Tor example, let the curve SMM’ be the logarithmic: we
: X
2 Lx’

value of the fubtangent and from the equation (z =x!* to the curve sup’

From the

. X ,
have y= Lx *: therefore y = 3 therefore = p" =

a great many of its properties are eafily deduced. The ordinate Sz at the
fummit of the curve is equal to the abcifs CS: for y=Lx—o and z=x"
=CS. The tangent at the point ¢ is parallel to the axis CSD: for Lx

o

X . . .
=o and =, =00 The ordinate ¢; is an afymptote to the curve

o
—o. The tan-

pem: for x—=0 and Lx=—o0 and therefote -{}5’: pyvs

gent pafling through the point ¢ meets the curve spp’ at the extremity

. —_ X i
of the ordinate z—,/x: for x—_—r'p'_—_—z-l—)-{—; therefore Lx=!. The tan-

. 1 o P
gents to the points M and g, where yzﬁ and z=xv¥", meet in the
fame point = in the axis: For the fubtangent of the logarithmic ¢ is =

aLx :7?:2_;};; therefore L*x=1 and szyf.-;_—. The curve spp’ may

be called the Numerico-Logarithmic : and if the equation were (Lx)*=z
or y*=z there would be generated a curve which might be called the

Logarithmo-numeric.

TuE above {mall fpecimen may fuffice for giving an idea of the ufe
of the exponential calculus. The reader will have obferved that we
have made ufe of Napier’s, or, as they have been called, the natural

logarithms. It would have been an eafy affair to have made ufe of any
other

® Sce Appendix.
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other logarithms. It may here be obferved that the logarithmic itfelf,

is an exponential curve of the firft degree or order: for the abfcifs x is

of the form ¢, ¢ being a conftant quantity greater than unity and ha-
ving 1 for its logarithm.,

THoOsE, who wifh to enter fully into this {fubje®, may confult the
Works of John Bernoulli, and the Analyfe des Infinimens petits of the Mar-
quis de I'Hopital with M. Varignon’s Eclairciffements.

ANoTHER ufe of the logarithms is to folve the problems of failing
according to the true chart, independant of a table of meridional parts.
It was firft publifhed, by Mr H. Bond, about the year 1643, that the
meridian liné was analogous to a fcale of logarithmic tangents of half the com-
plements of the longitudes *. Nicolas Mercator feems to have been the firft
to demontftrate this property of the meridional line. But he kept his

- demontftration fecret. James Gregory firft publithed a demontftration
of it in his Exercitationes Geometrice. Halley, afterwards, (about the
year 1695) gave a much better one in the philofophical tranfac-
tions. On this fubje@ the reader may confult Robertfon’s Navigation,
where he will find it treated in a plain manner and illuftrated with ex-
amples.

THE logarithms alfo exhibit the aﬁ'ymptotié arcas of the hyperbola ¥.,

THEY are likewife of great fervice for the fummation of infinite fe-
ricfes in the calculus of fluents. This is true particularly of Napier’s
: Bb : logarithms.,

# Phil. Trans. NOz219. 1 Sce Se&. vi. and Appendix, :
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logarithms. The fuu;n, for exampie, of about feven hundred millions
af terms of the infinite feries 1—f+4—14-, &c. i3 equal to 0.69314
718, Napier’s logarithm of the number 2.

SECTION



S'ECTTI ON VIIIL

NAPIER’S IMPROVEMENTS IN THE THEORY OF TRIGONOMETRY.

WE obferved before that the Arabs, fetting afide the chords of the
double arcs, which rendered Trigonometry very complicated among
the ancients, made ufe of the halves of thefe chords to which they gave
the name of the Sizus. To that ingenious people we owe alfo the three
theorems which are the foundation of our modern fpherical trigonome-
try. By thefe theorems all the cafes of rectangular {pherical triangles
. -and all the cafes of oblique fpherical triangles may be refolved, except-
ing when the three fides, or the three angles only, are the data. It was
Regiomontanus who firft invented two theorems for the folution of
thefe two cafes: by which means the theory of trigonometry was per-
feCted. One of thefe theorems which ferves for finding an angle from
the three fides is, The rcﬁangle undcr the fines of the two fides of any [pheri-
cal triangle is to the fquare of the radius ; as the difference of the verfed fines
of the bafe and the difference of the two fides is to the verfed fine of the vertical
angle. 'The other theorem, of itfelf, is not fufficient for the purpofe of

finding a fide from the three angles.
Tuis
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Tuis laft cafe, however, may be refolved into the former by means of
the {upplemental triangle, fo called becaufe its fides are the fupplements
of the angles of the other. This invention is due to Bartholomus Pi-
tifcus *, who flourifhed in the beginning of the {feventeenth century.

THE improvements made by Napier on this fubjet are chiefly
three. 1. The general rule for the folution of all the cafes of reGangu-
lar {pherical triangles, and of all the cafes of oblique {pherical triangles,
excepting the two formerly mentioned. 2. A fundamental theorem by
which the fegments of the bafe, formed by a perpendicular drawn from
the vertical angle, may be found, the ‘three fides being given. This,
with the foregoing and the property of the fupplemental triangle, ferves
for the folution of all the cafes of {pherical triangles. 3. Two propor-
tions for finding by one operation both the extremes, the three middle

of five contiguous parts of a fpherical triangle being given.

Tucse theorems are announced by Napier in terms to the following

import :

1. Of the circular parts of a reGangular or quadrantal fpherical tri-
angle.  The redtangle under the radius and the fine of the middle part is equal
2o the reclangle under the tangents of the adjacent parts and to the recangle un-
der the cofines of the oppofite parts. 'The right angle or quadrant fide be-
ing negle@ed, the two fides and the complements of the other three
natural parts are called the circular parts; as they follow each other as
’ it

® Pitifco aliquid tribuo in weradiew arcuum in angulos, et vicifim. Kep. Epift. 293.
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it were in a circular order. Of thefe any one being fixed upon as the
middle part, thofe next to it are the adjacent, and thofe fartheft from

it, the oppofite parts.

2. The reffangle under the tangents of balf the fum and balf the difference
of the fegments formed at the bafe by a perpendicular drawn to it from the
vertical angle of any [pherical triangle, is equal to the rectangle under the tan-

gents of balf the fum and balf the difference of the two fides.

3. The fines of balf the fum and balf the difference of the angles at the bafé
of any [pherical triangle are propertional to the tangents of the balf bafe and
balf the difference of the fides.

4. The cofines of half the fum and balf the difference of the angles qf the
bafe of any [pberical triangle, are proportional to the tangents of balf the bafe
and balf the fum of the fides.

NAPIER gives alfo the two following theorems for finding an angle,
the three fides of any {pherical triangle being given.

5. The rectangle under the fines of the two fides is to the reftangle under
the fines of balf the fum and balf t.be difference of the bafe and the difference of
the two fides, as the fquare of the radius is to the fquare of the fine of balf the

vertical angle.

6. The rectangle under the fines of the two fides is to the reftangle under
the fines of balf the fum and balf difference of the fum of the two fides and the

bafe, as the fquare of the radius is to the fquare of the cofine of the vertical angle.
Cc For
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For the demonftration of the various cafes of the firft of thefe fix
propofitions, he refers to the elementary books on trigonometry then
in ufe. This propofition is not fo fufceptible of a dire¢t demonftration.
- The demonftration perhaps the neareft to a direct one is given in the

appendix ; of which demonftration the hint is taken from Napier.

His demonftration of the fecond propofition is extremely elegant and
of an uncommon caft. The reader on thefe accounts, it is prefumed,

will be very glad to_fee the fubftance of it; which is as follows:

Let a plane MN (Fig. XIIL) touch the {phere ADP at the point A,
the extremity of its diameter PA. Upon the furface of the fphere let
there be defcribed the triangle Aay acute in %, or A2€ obtufe in €.
Let the fine Ax and the bafe Ay or A¢ be produced to the point P.
With the pole A and diftance Ay or its cqual A€ let the fmall circle of
the f{phere Cyes interfe@ing AP in ¢ and AA in s be defcribed: and

from A let the arc 2 be drawn perpendicular to AGy. Ay is the fum
of the fegments of the bafe and A€ their difference. As is the fum of

the fides and A their difference. Let there be fuppofed a luminous
point in P: The ﬂladowé, A, b, and ¢, of the points A, € and 7, upon
the plane MN, are in the fame ftraight line, becaufe the points A,’C,.
v and P are in the fame circular plane: alfo the thadow A, d and e, of
A, :and ¢, upon the plane MN, are in the fame ftraight line, becaufe
A, s, ¢ and P are in the fame circular plane. Since PA is perpendicular
to the plane MN, the plane triangles PAc, PAb, PAc and PAd are re&-
angular in A: therefore, to the radius PA, the ftraight lines Ac, Ab,
Ae and Ad, are the tangents of the angles APc or APy, APb or APE,

APe
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APe or Ap: and APd or AP: refpectively. But thefe angles, being at the
circumference of the {phere, have for their meafures the halves of the
arcs intercepted by théir fides : therefore Ac, Ab, Ae and Ad are the tan-
gents of the halves of Ay, AG, As and A refpeitively. Now (by optics)
the thadow of any circle, defcribed on the furface of the fphere, pro-
duced by rays from a luminous point fituated in any point of that fur-
face excepting the circumference of the circle, forms a circle on the
plane perpendicular to the diameter at whofe extremity the luminous
point is placed: therefore the points c, b, e and d are in the circumfe-
rence of a circle : therefore Ac X Ab=Ae X Ad. Q. E.D.

THE third and fourth proppfitions are not demonftrated by Napier.
He probably deduced them from the fecond in a manner fimilar to
that in the appendix ; where the reader will find all of thefe and fome
other theorems of the fame kind, demonftrated. Napier had left the
third propofition under a clumfy form. It was put into the form above
given by Briggs in his Lucubrationes annexed to the Canonis Mirifici Con-
fructio. 'This circumftance is net the fole mark of this work being a

pofthumous publication,

Tue fifth propofition is deduced by Napier from- the theorem of Re-
giomontanus, and it is likely he derived the fixth from the fame fource.
To thefe two theorems the logarithms are much more applicable than

to that of Regiomontanus.

Since Napier’s time the chief improvement made in the theory of
trigonometry is the, application of the calculus of fluxions to it; for

which we ase indeb:ed to Cotes.
M.
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M. PINGRE, in the Memoires de matbematiqué et de phyfique for the year
1766, reduces the folution of all the cafes of fpherical triangles to four
analogies. Thefe four analogies are in fa&, under another form, Napi-
er’s Rule of the circular parts and his fecond or fundamental theorem,
with its application to the fupplemental triangle. Although it would
be no difficult matter to get by heart the four analogies of M. Pingre,
yet there are few blefled with a memory capable of retaining them for
any confiderable time. For this rcafon, the rule for the circular parts,
ought to be kept under its prefent form. If the reader attends to the
circumftance of the fecond letters of the words tangents and cofines being
the fame with the firft of the words adjacent and oppofite, he will find
it almoft impoflible to forget the rule. And the rule for the folution
of the two cafes of {pherical triangles, for which the former of itfelf is
infufficient, may be thus exprefled: Of the circular parts of an oblique
Spberical triangle, the reftangle under the tangents of balf the fum and balf the
difference of the fegments at the middle part (formed by a perpendi-
cular drawn from an angle to the oppofite fide), is equal to the rcfiauglc
under the tangents of balf the fum and balf the difference of the oppofite parts.
By the circular parts of an oblique fpherical triangle are meant its three
fides and the fupplements of its three angles. Any of thefe fix being af-
fumed as a middle part, the oppofite parts are thofe two of the fame
denomination with it, that 1s, if the middle part is one of the fides, the
coppofite parts are the other two, and, if the middle part is the fupplement
of one of the angles, the oppofite parts are the fupplement of the other
two. Since every plane triangle may be confidered as defcribed on the
furface of a {phere of an infinite radius, thefe two rules may be applied

to plane triangles, provided the middle part be refltricted to a fide.-
' THus
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THuUS it appears that two fimple rules fuffice for the folution of all -
the poflible cafes of plane and {pherical triangles. Thefe rules, from
their neatnefs and the manner in which they are exprefled, cannot fail
of engraving themfelves deepl.y on the memory of cvery one who is a
little verfed in trigonometry. It is a circumftance worthy of notice
that a perfon of a very weak memory may carry the whole art of tri-

gonometry in his head.

Dd APPENDIX,
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ANALYTICAL THEORY OF THE LOGARITHMS.

1. LET the confecutive terms of an infinite geometrical progre(lion
differ infinitely little one from another; it is evident that, any deter-
mined quantity ¢ greater than unity being the bafis of the progreflion,
there will be fome term ¢*=m any given quantity.

2. THE exponents of the terms of that progreflion are faid to be the
logarithms of thofe terms: Thus the {fymbol L denoting the logarithm
of the quantity to which it is prefixed, Lc**=ztx. Hence if c'=m; .

then Lm=x and L——=—x=—Lm.

THEOREM 1.

3. 2he logarithm of a product is equal to the fum of the lozariihns of it
factors.  For fince Le*= x and Lei==z (2), it follows that Le*Les=-x
+2; but x4z=Lc+ (2) =L X therefore Let Ket=Let 417,
Hence if ¢*=ni and ¢*=x (i) ; then Lma=Lm-+La and L7=Ln—L.

THEORINM,
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- 4. The logarithm of a power is equal to the produl® of its exponent by
the logarithm of its root. For, fince Le*=uw, it follows that #Lc*=nx ; but
nx—= Lc"*(2), therefore Le*=nLc*.  Hence if ¢*=m, then Lm"=nLm.

PROBLEM 1.

5. To exhibit the logarithm of a given number. Since =1, if d is an
infinitely fmall quantity and p any finite quantity, it is evident that
¢'=1+42 Now Le’=d (2), therefore 4=L(14-5), therefore ia=iL (14
S)=L(147) (4). Let (145y=14a; we have( id=ip(14a) t—in:
therefore, developing the furd quantity (1 +£ )+, making 7 =00, and re-
ducing '

L(14a)=u(6—F+5—&e) - - - - - - - - - X
Hence, if a is negative,

L(i—a)=—plat 24 2H&e) = = = - - - - - X
Hence, by fubtractiyg Y from X

L(14a)—L(1—a)=L(E)=2p(a+ 5+ 5+ &) - - 4

6. The above formulz are of no ufe for the calculation of the loga-
rithms if 2 is fuppofed an integer. Let therefore m and # be any
pofitive numbers, = being greater than #»; and

1mo. Let a="; then 14a= ";:,’;”a 1—a="—"and =24, and
the formule X, Y, and Z become, by fubftitution, A, B, and C.
| L(= =L (g ) Lm=p( o Zbie) - - - A

o e
L
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L(2=2) =L(m—n)—Lom—p( it St &) = - - B
L(242) = L(m--n)—L(m—n)=2p( 42+ f+8&e) - - G

-2do. Let a—_*_; then 1—s—_"—, and the formula Y becomes D

m<n m—=n
L(-2)=Lm—L(m + #) =—p(-2= = _2(,,,+,), +3(m+ o +&c) D

m-n )

and the formula Y becomes E

3tio. Let a=_7-; then 1—a=- )

(;,—_g) =Ln—L(m + n) =—p(-2 s z(m+n)‘ + 3(,,+,,), + &c)-E

4f0. Let a=—"—; then 12 =247 and the formula Z becomes F

Lzt =L(m + n)—Lm=2u(F + somom + oy T &) F

sto. Let a=_"—; then 1¥’=_2_ and the formula Z becomes G

L(_) L”I—L (m—”) - 2‘Ul(zm—-—n 3(zm—n)3 +5(2m:-sn)5 + &C) G
6t0. Let a=22"; then 22 =" and the formula Z becomes H
L= Lm—Ln_.z,w( ;;;:)+,(m+,,) +i(22) +&c) - H

7mo. Let :'n—' be fubftituted for Z in the formula B : let this new formu-
la be divided by ¢; and Let L(m'—»") or L(m+#)+L)m—n=0s and
L(m+-n)L(m=—n) s : then fhall’ '

5

3 7
L?II—-;O""IJ(“” - 5+ nhn u+t7-m + &C) N (
180m

75 6om? 11 3400;-9
REMARKS.

7. OF three quantities m—, m and m+-», in arithmetical progreflion,
the logarithm of the fecond, being given the logarithms of the other
two may be found by one operation, if the odd and even powers of
—=in the feriefes A and B are calculated apart.

Ee . ' 8.
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8. Ir # is fuppofed equal to unity, and if x (the modulus of the
fyftem of logarithms to be afterwards determined), confifts of a great
number of figures, it will be much more convenient, in calculating by
the feriefes A, B, C, D, F, and G, to confider 4 as the numerator of each
term than as the multiplier of the fum of the terms.

9. THE firft ftep 22— of the feries F will give the logarithms of all

numbers greater than 20000 true to fifteen places, if thofe of all num-
bers lefs than 20000 are given, and if 2u# does not exceed a few units.

10. THE firft ftep $ 2= of the feries 1 will give the logarithms of

all numbers greater than 10000 true to nineteen places, if thofe of all

numbers lefs than 10000 are given, and if #» does not exceed a few units.

THE reader will eafily fee that the logarithm of all numbers below
m being known, that of +” and confequently that of m+# and there-

fore ¢ as well as » will be known.

11. Various methods might be taken to compute with eafe the lo-
garithms of the lower prime numbers. The logarithms, for example,
of about two thirds of the primes under 100 may be obtained with lit-
tle trouble from a table of the continual halfs of the modulus, # being

=1. The infpeQion of the following table will make this evident.
‘ giver
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i fough

,8'"" \OUg : ' m ‘ m41 I m—I I feries

the logar of. | | l |

1 2| 2 1| B

2 3| 2 3 A

2and 3 s | 2* 5 3|C

2and 3 7] 2} 3* 71C

2,3andg | 17| 2* 17 3xs5 | C

2and 3 11 | 2% 3X11 A

2 31| 2° 31| B
2,3,5and 7 | 13 | 2° sx13| 3*x7]1C .
2 and 3 43| 27 3X43 A
2,3,5and7 { 19 | 2 X 10 3X7 19| C
2,3,5and 13 | 41 | 2* X 10 41| 3x13|C
2,3and § 79 | 2? X10 34 79 | C
2,5and 7 | 23 | 24X 10 7%X23 A
2,3and 5 | 53 | 2¢X10 3Xxs3| B
2,5and 11 | 20 ; 2° X 1I0 : 11xX29 | B
2,3ands | 71 l 2°x 10 3*x71 | B
2,3,5and7 | 61 | 27 x10 | 3% 7%61 A

x2. THE value of L(1 + 2) was firft given by Nicolas Mercator, who
deduced it from a property of the equilateral hyperbola*. The feries
¢ was firft demonftrated by James Gregoryt. A feries fome what lefs
general than 7 was produced by John Keill in his treatife de Natura and
arithmetica Ioga.ritbmorum: but I think I have fome where feen it attri-
buted to Newton. Some of the other formulz I believe are new.

PROBLEM II
13. To exhibit the modulus of a fyflem of logarithms. 'This is effe@ed by
{ubftituting ¢ for m, and 1 for #, in the equation H. Its value is as

follows :

25+ +HI) +&e

REMARKS,
® Logarithmotechnia. 1 Exer. Geom.
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14. IN our common fyitem of logarithms, ¢ is equal to 10; which gives
the following values of 4 and its reciprocal to thirty decimal places.
p=0.43429 44819 03251 82765 11289 18917
'l‘=2.30258' 50929 94045 68401 69914 54684

Ig. THE modulus of Napier’s fyftem is unity : for he fuppofed the
loganthm of a number differing from umty by a very fmall quantity 4
to be equal to the fum or difference of 1 and 4: Hence if ‘L denote the
common, or Brigg’s, logarithm, and 'L, Napier’s logarithm of the fame
number; then

‘L. =(0.43429 &c)'L; and 'L= (2 30258 &c) ‘L

PROBLEM. III

16. To exhibit the numler of a given logarithm. “We have feen that d be-
ing =X and p a finite quantity, that ¢’ =1 +{-, (5): we have

therefore c*=(1 + i)d , and confequently

=TI

12;4.

ctast&e - - - - e - - - - @
and if x is negative,

e R — P _4& - - - - - - - - =¥

I. 2/‘ 1.2.3
Hence, by dividing @ by ¥,
A 2 3
2x x%/:+11x"+l‘:ﬂx &ec
[&‘ — 2 73
——— — b x at x3 -

—x —=C
c* 1 }Lxl.z,u." 1.1.3,‘3)(

. T T T ¢

17. Ir x is greater than g the above feriefes converge fo flowly that

that they are of no ufe for finding the number correfponding to a gi-
' ven
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given logarithm. Let therefore m and » be two numbers differing little
from each other, m béing greater than s, and
1mo. Let x=L(2)=Lm—Ln=+. Thenc*=2 and =2 and the

equations @ and ¥ give
m—rz(x-l- J+12p+113y3+ &C) o= - - - M

nEm(— ot np—met &) - - - - N
2do. Let x=L (1"—)* =1L(5)=iLm—}Ln=21 : then ¢"=%- and the e-
quation Q gives '
e ;+,“,3F,+ &c
m=ﬂ(1_L+ e T+ &C)

= 12323/‘

- P

2m

18. More generally, let there be any number # of numbers m’<m”

AT S0 7/ 40 NEERRE <m” which, taken confecutively,differ little from each
other: and let Lm‘f"—Lm‘P-’l—;lp—xl and 2 (n—2) ,”P_,_(";Z)__(n—s) My veeees

{n—1}

", =AM (the quantities [pl [p—1l, lnl, n—1| &c. inclofed in lines, ex-
prefling fimply fome terms of the feries 1, 2, 3, 4, § &c): we have

! mn (ﬂ—-Z)("—j)"{’” ]"l I A Al"
?—("—2)7"' 13 mi” seeee +m?_—ﬂ' =% traatiot &e Q.,
REMARKS.

19. If the logarithms of the firlt 20000 natural numbers are given,
the two firft fteps of the feries ﬂ(x-l-—-—-l- — z,‘ ) of the feries M, or ,,(x-

++7x) of the feries N, or the firft ftep # (2E5) of the feries P, will give

the number = or # true to about the fourteenth decimal place.
Ff 20.
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20. The feriefes M and N were firft given by Halley, in the Philofo-
phical tranfa&ions for the year 1695. He exhibited alfo a feries the
fame with P, but under an inclegant form ; probably owing to his hav-
ing deduced it from the actual divifion of M by N.

PROBLEM 1V.

21. To exhibit the number whofe logarithm is equal to the modulus. 'This
is effeCted by the fubftitution of x for x in the formula ®. It’s value

1s as follows

& ottt &

or taking the fum of thirty fractional terms
c#=2.71828 18284 59045 23536 02874 71353

IL
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IL
A TABLE or NAPIER's LOGARITHMS,

OF ALL THE NATURAL NUMBERS FROM I to IOI tO TWENTY
SEVEN PLACES. '

/

Num. | LoGaRITHMS. Num. | LoGariTams.
1 | 0.0c000.00000, ©0000.00000.0C000.0 21 | 3.04452.24377. 23422.99650.05979.8
2] 0.69314.71805.59945.3C941.72321.¢ 22 | 3.091C4.24533.58315.85.47.4y1757.0
3| 1.09861,22846.68109.69119.52452.4 23] 3.1354..42159.29149.69080.67528.3
4] 1.38629.43611.19890.61882.44642.4 24| 3.178c5.383.3.47945.01964.69416.0
5] 1.60943.79124.34ic0.37460.075¢%.3 I 25 | 3.21887.58248.082c0.74920.15186.7
6| 1.79175.94692. 2805 5.00c81.2477 .6 26 | 3.258c9.6:380.21482.04547.01795.6
7| 1.94591.01490.55315.3¢510.53527.4 | 27 | 3.29583.68660.04329.07418.57357. 1.
8] 2.07944.154 6.79835.92825.16¢y6(3.6 | 28| 3.33220,45101.75203.92393.98169.8
9] 2.19722.45773-36219.38279.249C4.8 29 | 3.36729.58299.80474.02718.32720.3
10 | 2.30258.50929.94045.68401.79914.6 30| 3.40119.73816.62155.37541.32366.9

10| 2.39789.52727.95370.54406.19435.8 | 31| 3.43398.72C44. 85146 .24592.91643.3
12 | 2.48490.f6497. *80c0.31022,,7Cy4.8 32 | 3.40572.59027.99726.54708.61606, 1
13| 2.56494.93574.61536.73605.54374.4 | 33| 3.49650.75614.664%0.23545.71888.2
14 { 2.6:905.7329%. :5258.61452.258,8.6 34| 3.52636.05246.16161. 38y66.67667. 4
15 | 2.708C5.02011.02210.0°595..0C45.7 35| 3.35534.8¢614.89413.67970.61120.8

16 | 2.77258.8-222. 39781,237 €.y 809 36 [ 3.58351.89384.56110.c0162.49547.2

17 ) 2.83321.33440.56216,2%024.,95247. 37| 3.61091,79126.44224.44436.80956.7
18 ] 2.89037.1°578.90174.70320.77220. 8] 3.63758.61597.26385.76942.62595.§
19 | 2.94442.8y791.66440.42307.9227 4. 39 | 3.66356.16461. 24046.42744.87326.8
20 |'2.995735.22735.53UG0. G343.52235. 10| 3.0883;.94541.13936.3c285.24567.0

LW O W

41
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7¢ ]

4.26267.98770.41315.42132.94545.3

114
ol ___ ___ _ ____________ ___ __ __ ____ __ __ ___ __ _____ ____ __ ____ ____ ]
Num. | LocariTHMs. Num. | LooariTums,
~41 3.71357.20667.04307.30386.67633.7 72 | 4.275666.61190.16055.31104.21868.4
42 | 3.73766.96182.83368.30591.783a1.0 73 | 4.29045.94411.48351.12909.21088.6
43| 3.76120.01456.93562.42347.28425.2 74 | 4.30406.50932.04169.7537b.53278.0
44| 3.78418.¢6339.18261.16289.64078.2 75 | 4-31748.81135.36310.44059.67639.1
45 3.80666.24897.70319.75739.tz498.l
76 | 4.33073.33402.86331.07884.34916.8
46 | 3.82864.13964.80095.00022.,39849.5 77 | 4.3438c.54218.53083.84916.72963.2
47 | 3.85014.76017.1c0358.58682,00506.7 78 | 4.3567¢.88266.89591.73686.5964%.0
48| 3.87120.10109.07890.92906.41737.2 79 | 4:39944.75524.67021.49417.29455.4
49 | 3.89182.02981.1c626.61021.07054.8 80 | 4.38202.66346.73881.61226.96873.2
50 | 3.91202,30054.28146.05861.87507.9
81 ]4.39444.9'546.72438.76558.0980¢.5
51| 3.93182.56327.24325.77164.47798.6 | 82 | 4.40671.92472.64253.11328.39955.0
53 | 3.95124.37185.81427.35488.79516.9 | 83 | 4.41%#84.06077.96597.92347.54722.3
§3 | 3.97029.19135.52121.83414.44691.4 84| 4.43081.679%8.43313.61543.50622.2
541 3.98898.40465.64274.3836Q,294678.3 85 | 4.44265.12564.90316.45485.02939. 5
55 | 4.09733.31852.32470.91866.27029.1
86| 4.45434.72962.5§3507.732R9,00746.4
56 | 4.0253§.16907. 35149.23335.70491.1 | 87 [ 4.46590.81186.54583.71857.85172.7
57 | 4.04305.12678.34550.15140.42726.7 88 | 4.47733.08144.78206.47231.36399.4
58] 4.06044.30105.406419.33660.05041.6 89 | 4.48863.63697.32139.83831.78155.4
59 | 4.07753.74439.05719.45061.60503.8 90 | 4.49980.96703. 30265.06680.84819.3
60 | 4.09434.45632.22100.68483.04688.1 _ :
91 | 4.51¢85.95265.16850.04115.88401.9
61 ] 4.11087.38641.72311.24875.13891.1 92 | 4.52178.85770.49040.30964.12170.7
62 | 4.12713.43850.45091.55534.029%4.5 | 93 | 4.53259.94931.53255.5,3732.44095.6
63 | 4.14313.47203.91532.68789.58432.2 94 | 4.54329.47822, 70003.89623.81827.9
64 | 4.15888.30833.56671.85650.33927.3 95| 4-55387.68916.005.40.83460.97867.7
65 | 4.17438.72698.95637.11065.42467.8
96 | 4.56434.81914.67836.23848.14058.4
66 | 4.18965.47420. 26425.54487.44209.4 97 | 4.57471.09785.03382.82211.67216.3
-67 | 4.20469.26193.90966.05967.00720.0 98 | 4.58496.74786.70571.91962.79376.1
68 | 4.21950.77051.76106.69908.39988.6 99 | 4.59511.98501.34589.92685.24340.§
69 | 4.23410.65045.97259.38220.19980.7 | 100 | 4.60517.01859.88091.36803.59829.1
70 | 4.24849.52420.49358.98912.33442.0
101 | 4.61512.05168.41259.45088.41982.7
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TRIGONOMETRICAL THEOREMS.

(1) Lemma 1. The produ of the radius by the difference of the
verfed fines of two arcs is equal to twice the produc of the fines of
half the fum and half the difference of thofe arcs.

R (fin V, a—fin V, 5) =2 fin’F x fin"".

(2) Corollary. The produ& of the radius by the verfed fine of an
"arc is equal to twice the fquare of the fine of half that arc.

R fin V,e=2 {in’ Ja.

(3) Lem. 2. The fum of the cofines of two arcs is to their difference
as the cotangent of half the fum of thofe arcs is to the tangent of half
their difference. '

Cof a+cofb: cof a—cof b:: cot 2 : tang 2,

(4) Lem. 3. The fum of the fines of two arcs is to their difference as
the tangent of half the fum of thofe arcs is to the tangent of half their
their difference. :

Sin a 4+ finé: fin a—find:: tang =& : tang =2,

(5) Lem. 4. The fum of the cotangents of two arcs is to their diffe-

rence as the fine of the fum of thoft arcs is to the fine of their difference
Cot a + cotb: cota—cot b :: fin(b4-a) : fin (b~a).

Gg - (6)
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(6) Lem. §. The produ&t of the finc of the fum of two arcs and the
tangent of half that fum, is to the product of the fine of their difference
and the tangent of half that difference, as the {quare of the fine of half

~their fum is to the {quare of the fine of half their difference.
Sin (a+48) X tang “t : fin (e—b4) X tang “F :: fin' <Ft: fin* X

(7) Lem. 6. The product of the fine of the fum of two arcs and the
tangent of half their difference, is to the produ&t of the fine of their dif-
ference and the tangenﬁ of half their fum, as the {fquare of the cofine of

half their fum is to the fquare of the cofine of half their difference.
Sin (a48) X tang <2: fin (a—b) x tang “F:: cof® «F: cof” ¢7%

(8) Lem. 7. In right angled fpherical triangles the cofine of the hy-
pothenufe is to the cotangent of one of the oblique angles as the cotan-
gent of the other is to the radius.

(9) Lem. 8. In right angled fpherical triangles the cofine of the hy-
pothenufe is to the cofine of one of the fides as the cofine of the other
is to the radius.

(10) Lem. g.. In any fpherical triangle the produét of the fines of
the two fides is to the fquare of the radius as the difference of the ver-
fed fines of the bafe and the difference of the two fides is to the verfed
fine of the vertical angle, Fig. XIV.

Sin ABx fin BC:R"::fin V, AC— {fin V, (AB—BC) : fin V, B %

(11) Lem. 10. In any fpherical triangle the product of the fines of
the two fides is to the {quare of the radius, as the difference of the ver-
fed fines of the fum of the two fides and the bafe is to the verfed fine
of the fupplement of the vertical angle, Fig. XIV.

Sin ABx fin BC:R*::fin V, (AB + BC)— fin V, AC: fin V, fup. B.
(12),

® This is one of Regiomontanus’ propofitions,
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" (12) The natural parts of a triangle are its three fides and its three
angles. . .

(13) The circular parts of a re@angular (or quadrantal) f] pherical tri-
angle are the two natural parts adjoining to the right angle (or qua-
drant fide) and the complements of the other three.

(14) Any one of thefc five being confidered as a middle part, the
two next to it are called the adjacent parts, and the other two the op-
pofite parts: Thus, in the triangle ZAB (Fig. XV.) re@angular in A,
if the complement of the angle 4 is taken as a middle part, the adjacent
parts are the fide 4 A and the complement of the hypothenufe #5; and
the oppofite parts the fide, 4 A and the complement of the angle 4.

(15) Of five great circles of the fphere AB, BC, CD, DE, and EA
(Fig. XV.) let the firft interfect the fecond ; the fecond, the third ; the
third, the fourth ; the fourth, the fifth; and the fifth, the firft; at right
angles in the points B, G, D, E and A: there are formed, by the inter-
fe@ions mentioned and by thofe at the refpetive poles a, b, ¢, dand ¢
of thefe great circles, five retangular triangles dAd, 6De, ¢Bc, cEa and
aCd: and, if thefe poles are joined by the quadrantal arcs @b, bc, cd, de
and ¢a, there are formed five quadraﬂtal triangles adb, dbe, bec, eca, and
~ cad. The circular parts in all thefe triangles are the fame: the pofition
of thefe equal circular parts with refpect to one another in each of thefe

-

triangles 1s different: therefore

(16) What is true of the circular parts of a reCtangular triangle is
true of thofe of a cluadrantal ; and what is true of one middle part and
its adjacent and oppofite parts is true of the other four middle parts and
their adjacent and oppofite parts.

(17)
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{(17) The circular parts of an oblique fpherical triangle are its three
fides and the fupplements of its three angles. '

{18) Any one of thefe fix being confidered as a middle part, the two
next to it may be called the adjacent parts; the one facing it, the re-
mote part ; and the other two, the oppofite parts: Thus, in the triangle
ABC (Fig. XIV.), if the fide AC is taken as a middle part, the adjacent
parts are the fupplements of the angles A and C; the oppofite parts,
the fides AB and BC, and the remote part, the fupplement of the angle B.

(19) Of fix great circles of the {phere let the firft three, AB, BC, and
CA, interfe& each other at the pbles, B, C and A, of the fecond three,
ca, ab and bc: the interfe@ions, ¢, a and &, of the latter are the poles of
the former: there are formed two triangles ABC and abc in which the
circular parts are the fame ; the pofition of thefe equal circular parts is
different in both: therefore |

(20) What is true of one middle part and its adjacent, oppofite, and
remote parts, is true of any other middle part and its adjacent, oppofite,
and remote parts. '

(21) If an arc }BDd pafs through the vertices of thefe two triangles,
it will' be perpendicular to their bafes CDA and cda, and the fegments
at the bafe of the one triangle will be the complements of the fegments
at the verdcal angle of the other: that is, CD =go°—dba, AD = go°—
dbe, cd=9o°—ABD, ad=9o°—DBC.

(22) If the radius of the {phere is fuppofed infinite, the fines and tan~
gents of the fides of a triangle defcribed on its furface, become the fides
themfelves of a plane triangle. Confequently all the formule of {pheri-
cal trigonometry, where the fines and tangents only of the fides enter,

are applicable to plane trigonometry. Thofe, however, in which any
funtions
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fun@ions of all the three angles and only one fine or tangent of one
fide cnter, muft be excepted.

(23) Of the circular parts we fhall denote the middle one by M, the
adjacent ones by A and ¢, and the oppofite ones by O and 0. If the tri-
angle 1s oblique, the remote part we fhall call =, and the fegments at
a fide or angle (21) S and +.

(24) Theorem 1. Of the c¢ircular parts (13) of a reQangular (or quad-
rantal) fpherical triangle, the produc of the radius and the fine of the
middle part, the product of the tangents of the adjacent parts and the
produ of the cofines of the ‘oppoﬁte parts, are equal.

Demonttration. In the right angled fpherical triangle ZA% (Fig. XV.)
we have cof &4 : cot. Abd :: cot Adb: R (8),and cof ¥d : cof Ab :: cof Ad:
R (9); therefore R X cof bd=cot Abd X cot Adb=cof Abx cof Ad ; there-
fore (16)

R X fin M=tang A X tang a=cof O X cof o.

(25) Corollary 1. In any fpherical triangle, the fines of the fides are
proportional to the fines of the oppofite angles. For, in the right angled
triangles ADB and CDB (Fig. XIIL), R x fin BD=fin ABxfin' A, and
R x fin BD=fin BCX fin C; therefore fin AB:fin BC:: {inC: fin A

(26) Cor. 2. In any fpherical triangle, the fines of the fegments of
one of its fides (produced if neceflary) are proportional to the cotangents
of the angles at the cxtremities of that fide. For, in the right angled
triangles ADB and CDB, R x fin AD=cot A x tang BD and R X {in DC
=cot Cx tang BD; therefore {in AD: {in DC :: cot A : cot C
" (27) Cor. 3. In any fpherical triangle, the cofines of any two fides
are proportional to the cofines of the fegments of the third fide. - For,
in the right angled triangles ADB and CDB, R X cof AB=cof ADx cof

Hh DB,
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DB, and R X cof BC=cof CDX cof DB; therefore cof AB: cof BC ::
cof AD: cof DC _ '

(28) Remark 1. This theorem ferves for the folutionof all poflible
cafes of reCtanglar or quadrantal {pherical triangles, and for the folution
of all poffible cafes of oblique fpherical triangles (by means of the arc
drawn from- one of its angles perpendicular on the oppofite fide); ex-
cepting when the three angles, or the three fides only, are the data.

(29) Rem. 2. This theorem, by confining the middle part to the two
fides, (22) ferves alfo for the folution of all poflible cafes of reGtangular
plane triangles, and for the folution of all poffible cafes of oblique angled
p]ane.triangles (by means of the perpendicular drawn from an angle to
to the oppofite fide); excepting when the three fides only are the data.

(30) Rem. 3. Were the complements of the two parts adjoining to
~ the right angle or quadrant fide and the other three natural parts taken
as the circular parts, the theorem would be,,

R % cof M=cot A¥ cot a={in Ox {in o..
But the other is preferable, becaufe-it is more eafily remembered. The
fecond letter of the word fangent is the fame with the firft of adjacent.
It is the fame of the words cofire and oppofite. 1f this is attended to,
it is hardly poflible to forget the enunciation of the theorem.

(31) Theorem 2. Of the circular parts (17) of an oblique fpherical
triangle, the fquare of the fine of half the middle part, is to the {quare
of the radius; as the product of the fines of half the fum and half the
difference of the fum of the adjacent parts and the remote part, is to the
produé of the fines of the adjacent parts.

Dem. For fince (Fig. XIV.) fin V. fupp. B: R*:: fin V, (AB+BC)—-—ﬁn
V, AC: fin AB Xfin BC (11), it follows that fin*} fupp. B: R*:: fin

(@10
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(A_ff-I-J’_f-t:'_C) Xfin (22£5¢=4c) fin ABX fin BC (2 and 1); thereforc (20)
‘- Sin’i M:R%:fin (4f24r) xfin (4 «=r): fin. AX fin a.

(32) Theorem 3. Of the circular parts of an oblique fpherical tri-
angle, The fquare of the cofine of half the middle part is to the fquare
of the radius; as the product of the fines of half the fum and half the
difference of the remote part and the difference of the adjacent parts, is
to the product of the fines of the adjacent parts.

Dem. For fince fin VB:R*::fin V,AC—{in V, (AB—BC): fin AB
+fin BC (10), it follows that cof’ fupp. B: R": :ﬁnﬁ:t.?‘?..:ff X {in

(AC—AF:E) . ABX{in BC (2) and (1) ; therefore (20)

Cof’IM:R%:: ﬁn(@) Xfin (z=4=%):fin A Xfin a.

(33) Theorem 4. Of the circular parts of an obliciue {pherical tri-
angle, The fquare of the tangent of half the middle partis to the
fquare of the radius; as the product of the fines of half the fum and
half the difference of the fum of the adjacent parts and the remote part,
is to the product of half the fum and half the difference of the remote
part and the difference of the adjacent parts.

That is (by comparing the two preceding theorems)

Tang’; M:R:: ﬁn(E;i") X fin(F2=r) : fin(mtd=2) X ﬁn("::.;':—-_f)'

(34) Theorem 5. Of the circular parfs of an oblique fpherical tri~
angle, The produ of the tangents of half the fum and half the diffe-
rence of the fegments of the middle part is equal to the produé of the
tangents of half the fum and half the difference of the oppofite parts.

Dem. For fince cof BA: cof BC :: cof DA: cof DC (27) it follows
- that cof BA-cof BC: cof BA—cof BC :: cof DA-cof DC: cof DA—
cof”
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\
cof DC; therefore (3) cot (2424) : tang (Z527) :: cot (24+24) :tang (25224 ;

thcrcfore tang (D(’+’M)x tang (Dr_lw) =tang (ECj:BA) Xtang (BC—BA)

therefore (20 and 21)
Tang (°}) Xtang (°;*) =tang (&) Xtang (&=

(35) Rem. 4. By any of the thcorems 2, 3, or 4, being given the
three fides or three angles of a fpherical triangle, may be found any of
its angles or fides; and, confining the middle part to the fupplement
of an angle, being given the three fides of a plane triangle, may be
found (22)

(36) Rem. 5. By theorem §, being given the three fides or three angles
of a {pherical triangle, the fegment of any of its fidcs or angles may be
found ; and confining the middle part to a fide, being given the three
fides of a plane triangle, the fegments of any of its fides may be found.

(37) Rem. 6. By the firft theorem, and any one of the other four,
may be folved all the poilibie cafes of fpherical and plane triangles.
Of thefe four, the laft is the moft elegant and the moft eafily re-
membered.

(38) Theorem 6. Of the circular parts of an oblique fpherical tri-
angle, the tangents of half the fum and half the difference of the feg-
ments of the middle part are proportional to the fines of the fum and
the difference of the adjacent parts. .

Dem. For fince fin CD: fin DA :: cot C: cot A (26), it follows that
fin CD+4fin DA : {in CD—{in DA :: cot C4-cot A : cot C—cot A ; there-
fore tang (£2+24) : tang (£24) :: fin (A4-C) : fin (A—C); therefore
(20 and 21)

Tan () : tang (°7):: fin (A+a) : fin (A—a)

(39)
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(39) Rem. 7. By this theorem, being given two fides and the in-
cluded angle, or two angles and the included fide of any triangle, the
fegments of the angle or fide may be found.

(40) Theorem 7. Of the circular parts of an oblique fpherical triangle,
The tangents of half the fum and half the difference of the adjacent parts
are proportional to the tangents of half the fum and half the difference

of the oppofite parts.
Dem. For fince {fin BC: fin BA :: fin A: fin C (25), it follows that
fin BC+ fin BA: fin BC—fin BA :: fin A+ fin C: fin A—f{in C, there~

fore (4) tang (Z:£24) : tang (2524):: tang (£4S) : tang (£25): there~
fore (20)
Tang (%}) : tang (472):: tang (2+2) : tang (%2).
(41) Rem. 8. By this theorem, being given two fides and the includ-
ed angle of a plane triangle (22), the other angles may be found.
(42) Theorem 8. Of the circular parts of any {pherical triangle, The:

tangents of half the middle part and half the difference of the oppofite
parts are proportional to the fines of half the fum and half the dif-

ference of the adjacent parts.

Dem. For fince tang (‘?i)x tang =)= tang (%) x tang( —=),(34),
and tang (‘:;t) tang (3=):: fin (A+a) fin (A—a), (38); and tang
22?- : tang 2=2:: tang (£X): tang (£2),(40) it follows,that tang (i:l:')
tang® (=2) :: fin (A4a) X tang -ﬂ}- : fin ‘(A—a)x tang (4=);.
therefore (6) ‘

Tang § M: tang (22) :: fin (4F2): fin (£29).

- (43)
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(43) Theorem g. Of the circular parts of an oblique fpherical ‘triangle,
The tangents of half the middle part and half the fum of the oppofite
parts are proportional to the cofines of half the fum and half the dif-
ference of the adjacent parts. -

Dem. For fince tang () x tang (=) = tang (2+2) x tang (532), (34)s
and tang (1) : tang q“) fin (A+a) fin (A—a), (38), and tang

0—-0 o,

ttang 282 ::tang £« tang £ (40) 5 it follows, that tang * £+«

tang‘ %ke:: fin (A-—]—a) tang < :ﬁ,n (A—a) tang (£7) : therefore (7)
*Tang :M:tang 2322 :: cof £%2: cof =,

(44) Rem. g. From thefe two theorems it is evident, that, being gi-
ven two angles and the included fide, or two fides and the included
angles of any fpherical triangle, the other two fides, or the other two
angles may be found ; and being given two angles and the included fide
~ of any plane triangle, the other two fides may be found by /20 analogies
cnly.

From thefe propofitions are deduced the following

TRIGONOMETRICAL FO RMULZE.

(45) In any fphefical triangle ABC, Fig. XIV. we have
Sin AB x {in BG: R™:: {in 4C+ 48—BC x {in AC—4B—75C : {in’ }B(32)

2

Sin ABx fin BC: R* :: fin 4B+ BC4+ 4C X {in 45+ BC—AC: cof *1B,(31)

Sin #B¥8C+4C ¥ f{in ,«1"5".;."50_40; R*:: {in 4C4+4F—BC ¥ f{in
2

AC=AB—IC: tang"B(ss) _
" Sin Axfin C: R*: —cofﬂ+6+3>(cofA+L—B fin*rAC
. Sin Axfin C:R*:: cof B+4—Cx cof B—4—C: cof* £ AC
. 3 2

cof
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4 .
Cof 2+ 4—Cx cof B—d—C: R*: : —cof 4+ C+ B X cof 4+C—B: tang’1AC
2 2 2 . 2

Tang L AC: tang ZC+B4 ; : tang BC—BA; tang CD—DA.
2 2 2

" Sin (A4-C) : fin (A—C) : : tang L AC : tang £2—D4

‘COt;B s tang 4A4+C p:tang A—-7"
2

:tang CDB—DARA
% 2

Sin (BC+BA) : fin (BC—BA) :: cotlB: tang CBD—DBA

Tang BC+54; tang BC—5B4 . :tang 4+C : tang 4—C
2 2 2 %

Sin 4+C : fin 4=C:: tang I AC: tang 8C—584
2 2 . 2

Cof 4+C : cof A—C ::tang L AC: tang BC+54
2 2 . 2

A—C

2

Sin 8C+84; {in 5C—B4::cot1B: tang
2

”
«

Cof BC+B4 ; cof BC—BA::cotLBitang 4+C .
% -2

)

’(46) In any plane trianglc ABC, Fig. XVI. we have (22)
ABXBC: R :: (4C+A6—BC) X (4c—45—BC) : fin* 1 B

ABXBC:R*:: (76+BC+4C) X (4B+8C—4C) : cof” 1 B
2 2 .

(T5FBC+A4C) X (ABFBC—AC) : R* 1 ; (4C+AB=EC) x, (4c—TF—FC)
:tang’ 1 B

AC:BC+BA:: BC—BA:CD—DA

Sin (A+-C) : fin (A—C) : : AC: CD—DA

BC+BA: BC—BA :: tang A+C :tang 4—C ::cot} B: tang A=,

2

1:cot ,‘,‘B : tang CDB?D?"
Sin 4+C . fmf’%c_: : AC: BC—BA

Cof 4+C : cof 4=C ;: AC: BC+BA.
| Iv.



Digitized by GOOS[Q



Digitized by GOOS[Q



E.ngraved for the Life of NArilm_

Plate v;

Publifhed by R Marifon &€ S PeaTx

. ‘ -



1v.

THE HYPERBOLA AS CONNECTED WITH THE VLOGARITHM.S.

1. WHILE a ftraight line PM (Fig. XVIL) moves parallel to itfelf
along the indefinite ftraight line CPD with a velocity always proportional
to the diftance of its extremity P from a fixed point C, let its other
extremity M approach to or recede from P, fo that PM may defcribe
equal fpaces in equal times: The point P will defcribe a part PP or Pp’
of the ftraight line CD, while the point M defcribes a correfpondmg
part MM’ or M of the curve m'SM’.

2. If the motion is fuppofed to have begun at P, the area PM M'P’
or PM m’p’ is the logarithm of the abfcifs CP’ or Cp

3. In order that equal {paces may be defcribed in equal umes, it is
evident that the greater or fmaller the abfcifs CP’ or Cp' becomes with
regard to CP, the fmaller or greater muft the ordinate PM’ or p'm’ be-
come with regard to PM; Therefore CP': CP:: PM:P'M’, or Cp’: CP
:: PM : p'm’; Therefore the produc of any'abfcifs by the correfpondent
ordinate is 4 conftant quantity : Therefore

4. The curve m'SM’ is a hyperbola having CD for one of its aflymp-
totes, and C., parallel to the ordinates, for the other.

Kk ) : 5o
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5. From this manner of conceiving the generatlon of the hyperbola
might be deduced the properties of that curve and of the logarithms.
That CD and C:, for inftance, touch the curve at an infinite diftance
from C appears from this: When the abfcifs is infinite, the ordinate
muft be zero, and when the abfcifs-is zero, the ordinate muft be infi-
nite, in order that their produ&® may equal the finite quantity PM
% CP: And that the logarithm of CP is zero appears from this; PM is
length without breadth and therefore no f{pace.

6. Let CP=a, PM=pg, PP'=x and P'M’=y; we have (3) y= 2= 5

developing the frattion _{- in the manner firft taught by Nicolas Mer-

] Ol',

cator¥®,

7. It is evident that the fpace PMMP is equal to the fum of all the
ordinates y' 45”4y 4 &c. on the abfcifs x. If the abfcifs is fup-
pofed to be divided into an infinite number of infinitely {mall and equal
parts, the abfciflz correfponding to the ordinates y, 5,5, &c. may be
called 1, 2, 3, &c: therefore (6) A'

y=p(1—1+5—5+ &)

Y =p(1—3 4 5—5 +&C)

Y mpli—t B2t &)
yt=y=plt—% +-..—:.—-’%+ &e)

therefore
(Lt S+ & 4255 Y
' ‘ —-'-'r—’l— —&c....—.;;'.
]’+J'”+]m+ &KCeus +]=;”«4 + ::+ + &ec. ,s’ $
-_-;T——’rl:——_.- &C e0e e ——l-r y
+ &, &, 4

Now,
* Logarithmotechnia
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‘Now, as was firlt demonftrated by Wallis*, the fum 1"4-2"43"4 &e.

continued to infinity, that is to #" in this cafe, being equal to ’f_:i; we
n<+L

have

PMM'P' =L(a+4x) =p(x—
and, if x is negative,
PMmp’ L(a—x)——p(x+ T+ 1=+ &)
8. The quantity x depends on the angle DCs =®formed by the af-

&c)

30‘

fymtotes and ‘the diftance MN=m of the point M of the curve from

the aflymptote CD; as is evident from its value = z—=, where r de-

S nf;b
.notes the radius of the circle.

i Aith. Infinit.

SECTION.
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PROPERTIES OF THE LOGARITHMIC.

1. WHILE two points A and B are in S,.(Fig. XVIIL) moving in
oppofite directions along the indefinite ftraight linc CSD with a velocity
always proportional to their diftance from a fixed point C, let all the
points in SD and all the points in SC move in oppofite diretions per-
pendicularly to CSD with any uniform velocity ; and in the inftant that
A or B pafles through any point P’ or p’ let the point which left P’ or

2’ ftop in M’ or m'; A and B will defcribe the axis, while the points that

move perpendicular to it, defcribe all the ordinates, or the area of the
curve m'SM’,

2. This curve is called the logarithmic, becaufe its ordinate PM, P’
M’ &ec. are the logarithms of its abfciffe CP, CP’, &c.

3. Theordinate C;, at the finite extremity C of the axis, is an affymp-
tote to the curve: for, as the point that moves from S towards C can
not arrive at C in any finite time, the point that left C will move on

for ever.

4 The ordinate PM, a tangent to the curve at whofe extremity M =

meets the point C, is called the modulus of the logarithmic. We fhall
call PM the logarithmic modulus and CS the numeric modulus.

L1 5o

-~

Ak -
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5. Let the portions Pr and Pz’ of the axis be fuppofed defcribed in
equal times ; and let the ftraight lines My, My* be drawn perpendicular
to the ordinates =u,#’w’: we have CP: CP’ :t Px: I’»’ and wu=vp?
But, if the equal times are infinitely fmall, the arcs Mg and M'x’ are
ftraight lines and the right angled triangles CPM and Mg, fimilar ; con-
fequently CP: PM:: My or Px: v ; therefore CP': PM :: P'»": vy or vus

6. To draw a tangent to any point M’ of the Logarithmic. Upon the or-
dinate P'M’ take P'L’=PM ; join the points C and L’ and draw parral-
lel to CL’ the ftraight line M'¢+’ meeting the axis in the point ’; ¢M’
touches the curve in the point M’: For fince (5) CP’: PM or P'L :: P'.’
or M : v/, the triangles CP'L’ and M"u' are fimilar ; therefore M'x’
is parrallel toCL’; therefore &c : Hence,

7. The ordinates to the affymptote, MQ_ MQ/, &c. have fo1 their lo-
garithms its abfciffz CQ, CQ’: and

8. The fubtangents CQ_, C'Q/, &c. upon the affymptote are all equal
to the ]og:irithmic modulus PM.

9. The fubtangent T'P’ upon the axis is to the ordinate P’M’ as the
abfcifs CP”’ is to the modulus PM ; For the triangles TP'M’ and CP'M’
are fimilar: Hence,

10. The fubtangents upon the axis are to each other as the produ@s

of the abfciflz and ordinates.
11. The fubnormal P’N’ upon the axis is to the ordinate as the loga-

rithmic modulus to the abfcifs: For the triangles CP’L" and M'P'N’ are
fimilar: Hence, .
12. The fubnormals upon the axis are to each other as the quotients.

of the ordinates and abfciflz.. .
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13 The fubtangent is to the fubnormal as the fquare of the abfcifs
to the {quare of the logarithmic modulus.

14. Let PM=p, CP'=2z and PM'=jy: and let 2', 2°,2’, ... 2" be any
number of abfciflz in geometrical progreflion ; §,5",5”,... S *, the cor-

’

refpondent fubtangents, and ¢, ¢”, ¢”....s", the correfpondent fub-

normals upon the axis: we have, (10) and (12)

n(n41)(2n41)p :6( o' 486" 45" A +8%")

z: I +2;' [— S// S/// S,
‘(I_l_z)(l ) + u+ P I +¢
f ’ S\\ 4 v Su . N
J’"— = x S: xooooo. x ’: .
u)(x n ’ ” " Su.
—";‘) S XS XS x oooooo X"'.—"‘
24 a

15. Let the numeric modulus CS=m and SP’=x, the denominations

of PM and PM’ continuing as before: we have P'r =« and /u'=j.

Now m4-x: p x 7 (5); thcreforcy— £x_ s orif m=1 _y—,a.x(,_'_,)—
px (1—x+x"—=" 48&c) and therefore '
y=plx — F4+5—&c)=Log. (1+4=).
16. Let the area of any portion SM'P’ of the curve=A: we have

A =zy; therefore A=/zy=gy—/y=z: but y—“‘ (5);0r (15); therefore

bz :///..z =pz; therefore A=zy—uz4-C: but when A=o, then z=m
and y=o; therefore o=—um+C ; therefore C=um and A=z (y3—h)+-
pm, that is '
17, The area of any portion of the logarithmic is equal to the rec-
tangle under the abfcifs and the difference of the ordinate and the lo-
garithmic
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garithmic modulus, together with the reCtangle under the moduli:
Hence

18. The reGtangle CL, under the moduli, is ‘equal to the area SMP
contained by the logarithmic modulus PM, the portion of the axis MS,
and the arc SM; or to the area Sm:C contained by the numeric mo-
dulus SC, the affymptote C;, and the infinite branch mS of the curve.

EINTIS.
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