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Learning Objectives
• Participants will be able to identify cognitive strategies for improving 

the mathematical problem-solving abilities of English language 
students.  
▫ Learn to teach students how to utilize cognitive strategies and self-regulated strategy 

development for engaging in problem solving.
 Identify struggles encountered by English language students. 

 Learn how to use vocabulary/concept diagram for teaching key concepts.
 Learn how implement cognitively guided math instruction with graphic organizers and 

learning strategies. 
▫ Learn to assist students in monitoring and reflecting on the problem-solving process. 

 Provide a list of prompts for self-monitoring. 
 Model how to monitor and reflect on the problem solving process.
 Use student thinking about a problem to develop students’ ability to monitor and reflect. 

▫ Learn to teach students how to use visual representations. 
 Select visual representations that are appropriate for students and the problems they are 

solving. 
 Use think-alouds and discussions to teach students how to represent problems visually. 

▫ Expose students to multiple problem-solving strategies. 
 Provide instruction for multiple strategies.
 Opportunities to compare multiple strategies. 
 Ask students to generate and share multiple strategies. 

▫ Articulate math concepts
 Describe relevant math concepts
 Reveal a step by step process for solving problems. 



Who Do ELLs Struggle With Mathematics

• Vocabulary Issues

▫ ELLs are challenged with learning the language in which 
the math problems and directions are written, as well as 
learning new math skills and a new language at the same 
time.  

▫ Some math terms have a mathematic meaning AND an 
everyday meaning which can confuse students.

 Examples: Mean, Operation, Power, Root, Table

▫ Teachers should provide a wide variety of opportunities 
for ELLs to speak, write, read, and listen.   (Students 
should SWRL everyday!)

▫ https://steinhardt.nyu.edu/metrocenter/resources/glos
saries Content Glossaries in Different Languages

https://steinhardt.nyu.edu/metrocenter/resources/glossaries


Who Do ELLs Struggle With Mathematics

• Symbols and Systems

▫ Some symbols serve different functions in different 
cultures. 

 Commas and periods vary from culture to culture

 Metric System v. the US Customary System

 Fahrenheit v. Celsius

• Individualized Learning Systems

▫ Mismatched text levels

▫ Background knowledge in math

▫ Self-efficacy

▫ Speaking in class



Graphic Organizer for Math Vocabulary



Algebra I Assessment Problem

• A bulldozer can move 25 tons of  dirt per hour, 

while an end loader can only move 18 tons per 

hour.  If  a bulldozer costs $75 per hour to rent 

and the end loader costs $50 per hour, how 

many bulldozers and end loaders were being 

used if  204 tons of  dirt were moved in 1 hour 

and the cost was $600?



Word Problem Challenges for ELLs

WAYS TO MODIFY
• Change context 

• Reiteration of information the 
student must provide in answer

• Highlight/emphasize the key 
math vocab within the problem

• Provide picture to help students 
visualize context 

• Frontload necessary math 
vocabulary 

AREAS OF CONCERN

• Context of word problem

• Lessening focus on extraneous 
language, emphasizing 
essential math language

• Lack of support for 
visualization of context

• Overall, not very culturally 
responsive



Assessment Problem Revised
A taxi can transport 25 people per hour, while an Uber can only transport 
18 people per hour.  If  a taxi costs $75 per hour to operate and an Uber 
costs $50 per hour to operate, how many taxis and Ubers were being used 
if  204 people were transported in 1 hour and the total cost was $600?

t = taxis
u = Ubers

Number of  taxis = _____________

Number of  Ubers = _____________



Assessment Problem Revised & Simplified

A taxi can transport 25 people per hour, while an Uber can 

only transport 18 people per hour.  If  a taxi costs $75 per hour 

to operate and an Uber costs $50 per hour to operate.  If  204 

people were transported in 1 hour and the total cost was 

$600, which system best describes the situation?

t = taxis

u = Ubers

(A) 25t + 18u = 204 (B) 75t + 50u = 204

75t + 50u = 600 25t + 18u = 600



Conceptual Understanding

• The comprehension of mathematical concepts, 
operations, and relations. 

• Refers to an integrated and functional grasp of 
mathematical ideas. 

▫ Students understand why a mathematical idea is 
important and the context in which is it useful. 

▫ They organize their knowledge into a coherent 
whole, which enables them to learn new ideas by 
connecting those ideas to what they already know.



Self-Regulation Strategy Development

• A strategy is a series of steps that we use to 
more quickly or effectively perform a specific 
task.

• Self-regulation refers to self-generated thoughts, 
feelings, and behaviors that are oriented to 
attaining goals. 

• Self-regulated learning strategies are actions 
and processes such as organizing and 
transforming information and rehearsing or 
using memory aids. 



Self-Regulated Strategy Development 

(SRSD)
• The SRSD model involves six stages:

▫ Develop Background Knowledge

▫ Discuss It

▫ Model It

▫ Memorize It

▫ Support It

▫ Establish Independent Practice



Concept Mastery Routine

• Concept Diagram
• Used to define, summarize, and explain a major 

concept and where it fits within a larger body of 
knowledge. 

• Designed for teaching a complex, abstract concept in a 
manner to enhance the student’s understanding and 
his ability to apply the concept.

• Steps
a) Identify a target concept

b) Place that concept in a larger framework

c) explore students’ prior knowledge of the concept

d) Specify characteristics of the concept

e) Analyze example and non-examples

f) Construct a definition



Key 
Words

3
1 CONVEY CONCEPT

2 OFFER OVERALL CONCEPT

3 NOTE KEY WORDS

4 CLASSIFY CHARACTERISTICS

CONCEPT DIAGRAM
2

1

Always Present Sometimes Present Never Present

5 EXPLORE EXAMPLES

Examples: Non-examples:

6

7

PRACTICE WITH NEW EXAMPLES

TIE DOWN A 
DEFINITION

Fraction Number

Numerator representing parts 
you have

A line separating the 
numerator and denominator

Denominator representing the 
number of parts in a whole

Denominator that is zeroNumerator less than denominator

Numerator greater than denominator

Numerator equivalent to 
denominator

Numerator

Denominator 

(divisor)

Line

Mixed

Improper

Ratio

Equal parts

½

¼

1/2

1/4

Numerator/denominator

1/0

1/1000

A fraction is a number that has a numerator representing parts you have, a denominator 
representing the number of parts in a whole and a line called a divisor separating the two. 



Sample Problem

• Solve the following problem: 

▫ “At the County Fair, there are 36 children in line 
to ride the roller coaster. The roller coaster has 10 
cars. Each car holds 4 children. How many 
children can sit 3 to a car, and how many have to 
sit 4 to a car?” 

▫ Solve the problem.



Cognitively Guided Math Instruction

• Cognitively Guided Instruction (CGI) is a 
problem-solving mathematics program designed 
to improve number sense and computation for 
students in K – 3 grades. 

• The K-6 instructional strategy focuses on 
student knowledge and encourages teachers to 
pose story problems that can be solved by any 
means chosen by the child. 
▫ Problem-posing and problem-solving become the 

focus of the mathematics class, rather than the 
traditional emphasis on memorization of facts and 
algorithms.



Problem 

Type Chart



Components of Cognitively Guided Math 

Instruction
• Direct Modeling (concrete-representational-abstract)

▫ Act out the problem.

▫ Follow the sequence or steps for completing the problem.

▫ Use manipulatives. 

▫ Use composition or decomposition of numbers. 

• Counting Strategies
▫ Use the following strategies: counting-all & counting-on.

• Flexible Base-Ten Strategies
▫ Use invented or alternative algorithms. 

• Derived Facts/Number Facts
▫ Recall basic facts for addition, subtraction, multiplication 

and division. 

▫ Use derived facts, doubles or near doubles.



Direct Modeling Strategies

• Direct Modeling strategy represents each 
number in the problem with concrete objects.

Child’s Solution to JRU Child’s Solution to SRU

6 + 5 = 11 11 – 5 = 6
“Grandfather had six strawberries. “Grandmother had eleven

One, two, three, four, five, six.” strawberries. One, two three, four,

(The child sets out six counters.) five, six, seven, eight, nine, ten, 

“Grandmother gave him five more. eleven, twelve.” (Child sets out

One, two, three, four, five.” (Child eleven counters.) “She gave five

sets out five counters and then to Grandfather. One, two, three, 

pushes both sets together and four, five. (Child counts out and 

counts all of the counters.) removes five counters from the 

“Now, he has eleven strawberries.” group of eleven and counts the 

remaining counters.) “Now she 

has ‘one, two, three, four, five, six. 
She has six.



Counting Strategies

• A child using a Counting On/Back strategy is able to hold a 
number in her/his mind and count on or back from that 
number while keeping track of the quantity that is added or 
subtracted using fingers, tally marks, or counters.  

Child’s Solution to JRU Child’s Solution to SRU

6 + 5 = 11 11 – 5  = 6

“I don’t have to count the six “I know Grandmother had 

again. I just have to add five eleven strawberries. I know

to it. I say, ‘Seven, eight, nine, she gave five away. So, I count

ten, eleven.’ (Child holds up five down. ‘Eleven, ten, nine, 

a finger with each count.) I eight, seven.’ I have six left.”

have eleven.” (Child folds a finger down
with each count.)



Flexible Base-Ten Strategies 

• Alternative or Invented Strategies refers to any 
strategy other than the traditional algorithm or does not 
involve the use of physical materials. 

Child’s Solution to JRU Child’s Solution to SRU

19 + 3 = 22 22 – 19 = 3

“Nine ones and three ones “Two ones take away nine

equal twelve ones. One ten ones equal  (negative) seven. 

joined with twelve ones Two tens take away one ten

equals two tens and two equal one ten. One ten

ones.” The sum is 22. take away (negative) seven

(Partial Sums) equals three ones. The sum is

3.”

(Partial Differences)



Recalled or Derived Fact Strategies

• A child possessing good number sense is able to 
solve problems in flexible ways, often breaking 
numbers down and recombining them by using 
known facts, which is referred to as deriving.

Child’s Solution to JRU Child’s Solution to SRU

5 + 5 + 1 = 11 10 – 5 = 5 or 11 – 5 = 6

“I know that five and five is “I know that ten take away five 

ten. I took one from the is five, but I started with 

six to make five. But I eleven. The answer must be

must add one back on. It is one more. It is six.”

eleven.”



CGI 

Template



CGI 

Example



Graphic Organizers

• A graphic organizer is an instructional tool used 
to illustrate a student or class's knowledge about 
a problem.

• A series of visual charts and tools used to 
represent and organize a student's knowledge or 
ideas. 

• Graphic organizers create a connection between 
different ideas and allowing students to grasp 
how large concepts are interrelated. 



Overview of Four Square

• Word problems require the employment of logic and 
reasoning different from the usual compute and solve 
drills.

• These problems require that students develop their own 
equation, and then perform an unnamed operation to 
find a solution.

• The four step process includes the following:
1. Question

2. Process

3. Information

4. Compute 

5. Solution



Creating a Four Square Graphic 

Organizer
• Fold a sheet of manila construction paper into four 

equal squares.
• In 1st box write the problem in the middle of the 

paper.
• In the 2nd box write the first algorithmic step 

required to solve the problem. 
• In the 3rd box write following algorithmic step for 

computing the problem.
• In the 4th box write the last algorithmic step for 

completing the problem.
• In the 5th box write the solution to the problem.

▫ Note: You can provide additional boxes for problems 
requiring more than 4 steps. 



Four Square Template

Box 2 Box 3

Box 4 Box 5

Box 1



Single-Digit Addition with Regrouping

2nd box

Addition

3rd box

5 ones + 6 ones = 11 ones

4th box

11 ones equal 1 ten and 1 one or 11.

5th box

The answer is 11. 

1st box 5 + 6 = 



Multi-Digit Addition with Regrouping

2nd box

7 + 6 = 13 which is represented by      
1 ten and 3 ones. 

*Remember to carry one ten. 

3rd box

10 + 40 = 50 which is represented by 
5 tens.

4th box

10 + 50 + 3 = 63 which is 6 tens and 3 
ones. 

5th box

The answer is 63. 

1st box 17 + 46 = 



Multi-Digit Subtraction with Regrouping

* Practice Problem

2nd box

I can’t subtract 7 from 2 so I must 
borrow one ten from the tens place, 
which makes it 12 – 7 = 5  or 5 ones. 

3rd box

I borrowed a ten from 8 (80 or 8 
tens), which makes it 7 (70 or 7 tens). 
So 70 – 30 = 40 or 4 tens. 

4th box

I have 5 ones and 4 tens, which looks 
like 40 + 5 = 45

5th box

The answer is 45. 

1st box 82 - 37 = 



Multiplication

* Practice Problem

2nd box

The first step is to multiply 5 x 10, 
which looks like 10 + 10 + 10 + 10 + 
10 = 50. 

3rd box

The next step is 2 x 5, which looks like 
5 + 5  = 10. 

4th box

I have 50 (5 tens) and a ten (1 ten or 
10 ones),  which looks like 50 + 10 = 
60. 

5th box

The answer is 60. 

1st box 12 x 5= 



Division

* Practice Problem

2nd box

The first step is to divide 5 by 3, 
which looks like 3   5      

3rd box

The next step is to subtract 3 from 5, 
which equals 2. Put the 1 above the 5 
and bring the 4 down. 

4th box

Now, I have 24 divided by 3 which 
equals 8 because 8 + 8 + 8 = 24. I 
place 8 next to the 1 above the 4, 
which looks like          18

3    54

5th box

The answer is 18. 

1st box 54 ÷ 3 = 



Four Square with Math

Process Information

Compute Solution

Question



Word Problem and Addition

Addition

“+”

4 boys

3 girls

4 + 3 = ___ 7 Students

Four boys and three girls went to 
the movies. How many altogether 
went to the movies?



Four Square

Key Words Diagram

Number Sentence Explanation

What do you need to find?



Subtraction
Key Words

Subtraction 

Borrowing

Diagram

Draw 12 objects and 
cross out 8. There are 4 

objects left.                    

Number Sentence
There were 12 boys in the 

classroom and 8 left. How many 
boys were left in the classroom? 

Explanation

12 represents 1 ten and 2 ones. 
Since you can’t subtract 8 ones 
from 2 ones, you must borrow 

from the tens and then subtract.

12 - 8 = 



Multiplying
* Practice Problem 

Key Words

Multiplication 

Array

Repeated Addition

Diagram

Draw 4 rows with 4 
objects in each row to 

represent an array. 

Number Sentence
There were four baskets with four 
bananas in each basket. How may 

bananas were there altogether? 

Explanation

4 bananas in each of 4 baskets 
would look like 4 + 4 + 4 + 4 = 16, 

which is repeated addition or 
counting by 4’s. 

4 x 4= 



Division
* Practice Problem 

Key Words

Division

Repeated Subtraction

Dividend

Divisor & Quotient

Diagram

Draw 25 objects and  

group them by 5’s. 

Number Sentence
There were 25 pennies and 5 

students in the class. How many 
pennies did each student receive?

Explanation

Begin with 25 pennies and  give 
each student 5 pennies. It looks 

like this: 25 – 5 = 20 – 5 = 15 – 5
10 – 5 = 5 – 5 = 0

25 ÷ 5 = 



Word Problem Map

• What type of problem is this?

• The problem asked for what information?

• What cue words were used?

• These cue words suggest what operations?

• Is there a particular order in which I must 
perform these operations?

• Note: Student attempts the problem. 

• Did I get an answer that seems correct?

• Have I rechecked the problem to make certain I 
understand it and is there anything I missed?



Schematic Diagrams for Word Problems



Schematic Diagrams for Word Problems



Schematic Diagrams for Word Problems



Whole

Part Part  

 Addition and Subtraction
 Part + Part = Whole

 Whole – Part = Part

 Multiplication and Division
 One Part x Number of Parts = Whole

 Whole / Number of Parts = One Part

 Whole / One Part = Number of Parts

Part-Whole Model



Difference 

 Addition and Subtraction
 Larger Quantity - Smaller Quantity = Difference

 Smaller Quantity + Difference = Larger Quantity

 Larger Quantity – Difference = Smaller Quantity

Comparison Model

Larger quantity

Smaller quantity



Larger quantity

Smaller quantity

 Multiplication and Division
 Larger Quantity / Smaller Quantity = Multiple

 Smaller Quantity x Multiple = Larger Quantity

 Larger Quantity / Multiple = Smaller Quantity

Comparison Model



Self-regulated Strategy Development

• Develop Background Knowledge
▫ Help students develop the necessary skills (e.g., vocabulary) they may 

need to learn the academic and self-regulation strategy.
• Discuss It

▫ Help his students to understand the benefits of using a strategy.
• Model It

▫ Show his students how to perform the steps in a strategy.
▫ Demonstrate to his students the reasons the steps in a strategy are 

necessary.
• Memorize It

▫ Learn both the steps of the strategy and what action is performed during 
each step.

• Support It
▫ Use strategy charts and graphic organizers.

• Establish Independent Practice
▫ Incorporate activities in his lesson plans to allow his students to 

maintain and generalize their new strategy skills in various settings and 
across several tasks.



STAR Learning Tactic

• Search the word problem.
1. Read the problem carefully.
2. Ask, “What do I know, and what do I need to find?”
3. Write down the facts. 

• Translate the words into an equation in picture form. 
1. Choose a variable to solve for. 
2. Identify the operations necessary (look for cue words).
3. If possible, represent the problem with manipulatives.
4. Draw a picture of the equation, including know facts and 

operations. 

• Answer the problem.
1. Perform the necessary operations, solving for the unknown. 

• Review the solution. 
1. Reread the problem. 
2. Ask, “Does the answer make sense? Why or why not?”
3. Check the answer. 



What Works Clearinghouse (WWC)

Best Evidence Encyclopedias (BEE). 
• Improving Mathematical Problem Solving 

Recommendations
▫ Prepare problems and use them in whole-class 

instruction—MINIMAL EVIDENCE
▫ Assist students in monitoring and reflecting on the 

problem-solving process—STRONG EVIDENCE
▫ Teach students how to use visual representations—

STRONG EVIDENCE
▫ Expose students to multiple problem-solving 

strategies— MODERATE EVIDENCE
▫ Help students recognize and articulate mathematical 

concepts and notation—MODERATE EVIDENCE
▫ http://ies.ed.gov/ncee/wwc/PracticeGuide.aspx?sid=1

6

http://www.bestevidence.org/math/math_summary.htm
http://ies.ed.gov/ncee/wwc/PracticeGuide.aspx?sid=16


Monitoring and Reflecting

• Assist students in monitoring and reflecting on 
the problem-solving process. 

▫ Provide students with a list of prompts to help 
them monitor and reflect during the problem-
solving process. 

▫ Model how to monitor and reflect on the problem-
solving process. 

▫ Use student thinking about a problem to develop 
students’ ability to monitor and reflect. 



List of Prompts for Problem Solving

Sample Question List

• What is the story in this problem about? 

• What is the problem asking? 

• What do I know about the problem so far ? 
What information is given to me? How can 
this help me? 

• Which information in the problem is 
relevant? 

• In what way is this problem similar to 
problems I have previously solved? 

• What are the various ways I might approach 
the problem? 

• Is my approach working? If I am stuck, is 
there another way I can think about solving 
this problem? 

• Does the solution make sense? How can I 
verify the solution? 

• Why did these steps work or not work? 

• What would I do differently next time? 

Sample Task List

• Identify the givens and goals of 
the problem. 

• Identify the problem type. 

• Recall similar problems to help 
solve the current problem. 

• Use a visual to represent and solve 
the problem. 

• Solve the problem. 

• Check the solution. 



Model Problem Solving Process



Model Problem Solving Process



Use Student Thinking to Help Monitor and Reflect



Visual Representations

• Teach students how to use visual 
representations. 

▫ Select visual representations that are appropriate 
for students and the problems they are solving. 

▫ Use think-alouds and discussions to teach 
students how to represent problems visually. 

▫ Show students how to convert the visually 
represented information into mathematical 
notation. 



Visual Representations for Problem Solving



Visual Representations for Problem Solving



Visual Representations for Problem 

Solving



Use Think-Alouds



Use Think-Alouds



Convert Visuals to Mathematical Notation 



Multiple Problem Solving Strategies

• Expose students to multiple problem-solving 
strategies. 

▫ Provide instruction in multiple strategies. 

▫ Provide opportunities for students to compare 
multiple strategies in worked examples. 

▫ Ask students to generate and share multiple 
strategies for solving a problem. 



Multiple Strategies



Multiple Strategies



Compare Multiple Strategies



Generate and Share Multiple Strategies



Articulate Mathematical Concepts

• Help students recognize and articulate 
mathematical concepts and notation. 

▫ Describe relevant mathematical concepts and 
notation, and relate them to the problem-solving 
activity. 

▫ Ask students to explain each step used to solve a 
problem in a worked example.

▫ Help students make sense of algebraic notation.



Describe Relevant Math Concepts



Explain Each Step



Making Sense of Algebra Notation
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