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When we think of  fractals…

From http://mathforum.org/mathimages/index.php/Sierpinski's_Triangle
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When we think of  fractals…

From http://math.bu.edu/DYSYS/chaos-game/node2.html From http://www.oxfordmathcenter.com/drupal7/node/417
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When we think of  fractals…

How do we make this?
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Practice for Students

Students will:
• Multiply complex numbers and complex 

polynomials
• Compose functions
• Plot points on the complex plane
• Compute the modulus of a complex number, 

and understand the relation of the modulus to 
distance
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Definitions

Complex modulus |𝑐𝑐|:
• If 𝑐𝑐 = 𝑎𝑎 + 𝑏𝑏𝑏𝑏

𝑐𝑐 = 𝑎𝑎2 + 𝑏𝑏2

• Is the distance between 𝑐𝑐 and 0 on the 
complex plane 𝑐𝑐 = 𝑎𝑎 + 𝑏𝑏𝑏𝑏

𝑏𝑏

𝑎𝑎
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Definitions

Complex function:
• Domain and range are subsets of complex 

numbers
• Coefficients can be complex numbers
• 𝑓𝑓 𝑧𝑧 where 𝑧𝑧 denotes a complex variable
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Definitions

Iteration of a function:
• Repeated composition of a function with itself

𝑓𝑓 𝑧𝑧 ,
𝑓𝑓 𝑓𝑓 𝑧𝑧 ,

𝑓𝑓 𝑓𝑓 𝑓𝑓 𝑧𝑧 ,
⋮

Notation:
𝑓𝑓𝑛𝑛 𝑧𝑧 = 𝑓𝑓 𝑓𝑓 𝑓𝑓⋯ 𝑓𝑓 𝑧𝑧 …

𝑛𝑛 times
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Student Task: Iteration

• Expand the first 5 iterates of each function:
𝑓𝑓 𝑧𝑧 = 2𝑧𝑧2 + 𝑧𝑧 + 𝑖𝑖
𝑔𝑔 𝑧𝑧 = 𝑖𝑖𝑖𝑖 + 1. 

• Expand the first 5 iterates of ℎ 𝑧𝑧 = 𝑖𝑖𝑧𝑧2. Can 
you find an explicit formula for ℎ𝑛𝑛 𝑧𝑧 ?

• Find a complex function 𝑓𝑓 such that 
𝑓𝑓4 𝑧𝑧 = 𝑧𝑧

but 𝑓𝑓 𝑧𝑧 , 𝑓𝑓2 𝑧𝑧 ,𝑓𝑓3(𝑧𝑧) ≠ 𝑧𝑧. 



© 2017 Johns Hopkins University

Definitions

Orbits:
If 𝑐𝑐 is a complex number and 𝑓𝑓 a complex function, 
the sequence of numbers

𝑐𝑐,𝑓𝑓 𝑐𝑐 ,𝑓𝑓2 𝑐𝑐 , … , 𝑓𝑓𝑛𝑛 𝑐𝑐 , …
is called the orbit of 𝑐𝑐

Example: 𝑓𝑓 𝑧𝑧 = 𝑧𝑧2; 𝑐𝑐 = 2
Orbit of 2: 

2, 4, 16, 256, …
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Student Tasks: Orbits

• For 𝑓𝑓 𝑧𝑧 = 𝑖𝑖𝑖𝑖 + 1, compute the first 7 numbers in orbit of 
𝑐𝑐 = 2.

• Plot these values on the complex plane, drawing arrows 
between the points to show the behavior of the point 𝑐𝑐 under 
iteration of 𝑓𝑓.

𝑐𝑐 2
𝑓𝑓(𝑐𝑐) 1 + 2𝑖𝑖
𝑓𝑓2(𝑐𝑐) −1 + 𝑖𝑖
𝑓𝑓3 𝑐𝑐 −𝑖𝑖
𝑓𝑓4 𝑐𝑐 0
𝑓𝑓5 𝑐𝑐 1
𝑓𝑓6 𝑐𝑐 1 + 𝑖𝑖

𝑓𝑓 𝑐𝑐

𝑐𝑐

𝑓𝑓2 𝑐𝑐

𝑓𝑓3 𝑐𝑐

𝑓𝑓4 𝑐𝑐

𝑓𝑓5 𝑐𝑐

𝑓𝑓6 𝑐𝑐
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Student Tasks: Orbits

• For 𝑓𝑓 𝑧𝑧 = 𝑖𝑖𝑖𝑖 + 1, compare the orbits of different points. 
How are they similar? How are they different?

𝑓𝑓 𝑐𝑐 = 𝑓𝑓5(𝑐𝑐)

𝑐𝑐 = 𝑓𝑓4(𝑐𝑐)

𝑓𝑓2 𝑐𝑐 = 𝑓𝑓6 𝑐𝑐

𝑓𝑓3 𝑐𝑐

𝒄𝒄 = 𝟐𝟐 𝒄𝒄 = 𝒊𝒊

𝑐𝑐

𝑓𝑓2 𝑐𝑐

𝑓𝑓3 𝑐𝑐

𝑓𝑓4 𝑐𝑐

𝑓𝑓5 𝑐𝑐

𝑓𝑓6 𝑐𝑐
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Questions about Orbits

For a complex function 𝑓𝑓 𝑧𝑧 :
• Which points 𝑐𝑐 in the complex plane have a bounded orbit 
𝑐𝑐,𝑓𝑓 𝑐𝑐 ,𝑓𝑓2 𝑐𝑐 , …? 

|𝑧𝑧| = 𝑀𝑀
𝑐𝑐 has a bounded orbit means 
we can find a number 𝑀𝑀 so 
that

|𝑓𝑓𝑛𝑛 𝑐𝑐 | < 𝑀𝑀 for all 𝑛𝑛

𝑓𝑓 𝑐𝑐
𝑐𝑐

𝑓𝑓2 𝑐𝑐 𝑓𝑓𝑛𝑛 𝑐𝑐
𝑓𝑓3 𝑐𝑐
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Questions about Orbits

For a complex function 𝑓𝑓 𝑧𝑧 :
• Which points 𝑐𝑐 have an unbounded orbit? 
• An unbounded orbit means:
For any number 𝑀𝑀 we pick, we can always find 

an 𝑛𝑛 such that the modulus 𝑓𝑓𝑛𝑛 𝑐𝑐 > 𝑀𝑀
𝑓𝑓𝑛𝑛(𝑐𝑐)|𝑧𝑧| = 𝑀𝑀

𝑓𝑓(𝑐𝑐)

𝑐𝑐 𝑓𝑓𝑛𝑛−1(𝑐𝑐)
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Questions about Orbits

For a complex function 𝑓𝑓 𝑧𝑧 :
• If the orbit of 𝑐𝑐 is unbounded, what is the 

smallest 𝑛𝑛 such that 𝑓𝑓𝑛𝑛 𝑐𝑐 is bigger than a 
given bound that we choose?

Example: 𝑓𝑓 𝑧𝑧 = 2𝑧𝑧; 
Orbit of 𝑐𝑐 = 1: 

1, 2, 4, 8, 16, … , 2𝑘𝑘 , …
What is the smallest 𝑛𝑛 so that 𝑓𝑓𝑛𝑛 1 > 2?
Answer: 𝑛𝑛 = 2
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Example: Unbounded Orbit

𝑓𝑓 𝑧𝑧 = 2𝑧𝑧
Orbit of 𝑐𝑐 = 1:

1, 2, 4, 8, 16, … , 2𝑘𝑘 , …

𝑓𝑓2 1 = 4|𝑧𝑧| = 2

𝑛𝑛 = 2 gives us |𝑓𝑓2 1 | > 2

Pick bound 𝑀𝑀 = 2

𝑓𝑓 11
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Questions about Orbits

These questions are used to draw fractals:

Points shaded black are the Filled Julia Set for 𝑓𝑓(𝑧𝑧): the set of all 
points in the complex plane with a bounded orbit

Colored points (including points colored white above): are all points in 
the complex plane with unbounded orbits. 
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Iterates: 𝒇𝒇 𝒛𝒛 = 𝒛𝒛𝟐𝟐

𝑓𝑓 𝑧𝑧 = 𝑧𝑧2
𝑓𝑓2 𝑧𝑧 = 𝑓𝑓 𝑧𝑧2 = 𝑧𝑧2 2 = 𝑧𝑧4
𝑓𝑓3 𝑧𝑧 = 𝑓𝑓 𝑧𝑧4 = 𝑧𝑧4 2 = 𝑧𝑧8
𝑓𝑓4 𝑧𝑧 = 𝑓𝑓 𝑧𝑧8 = 𝑧𝑧8 2 = 𝑧𝑧16
⋮
𝑓𝑓𝑛𝑛 𝑧𝑧 = 𝑧𝑧2𝑛𝑛

Orbit of a point 𝑐𝑐:
𝑐𝑐, 𝑐𝑐2, 𝑐𝑐4, 𝑐𝑐8, 𝑐𝑐16, … , 𝑐𝑐2𝑛𝑛, …
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Orbits: 𝒇𝒇 𝒛𝒛 = 𝒛𝒛𝟐𝟐

We want to understand what the orbit of 𝑐𝑐
(𝑐𝑐, 𝑐𝑐2, 𝑐𝑐4, 𝑐𝑐8, 𝑐𝑐16, … , 𝑐𝑐2𝑛𝑛, …) behaves like for all 𝑐𝑐.

– Bounded? 
– Unbounded? 

To get a representative sample, pick a diverse set of 
points. Points with:

– small modulus
– large modulus
– only a real part
– only an imaginary part
– both a real and imaginary part.
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Orbits: 𝒇𝒇 𝒛𝒛 = 𝒛𝒛𝟐𝟐

Orbit: 𝑐𝑐, 𝑐𝑐2, 𝑐𝑐4, 𝑐𝑐8, 𝑐𝑐16, … , 𝑐𝑐2𝑛𝑛, …
𝒄𝒄 Orbit

𝒄𝒄,𝒇𝒇 𝒄𝒄 ,𝒇𝒇𝟐𝟐 𝒄𝒄 , …
Bounded or 
Unbounded

0 0, 0, 0, 0, 0, … Bounded
1
2

1
2 ,

1
4 ,

1
16 ,

1
256 ,

1
65536 , … ,

1
4𝑛𝑛 , … Bounded

1 1, 1, 1, 1, 1, … Bounded

𝑖𝑖 𝑖𝑖,−1, 1, 1, 1, … Bounded

2
2 +

2
2 𝑖𝑖

2
2 +

2
2 𝑖𝑖, 𝑖𝑖,−1, 1, 1, … Bounded

2𝑖𝑖 2𝑖𝑖,−4, 16, 256, … , 4𝑛𝑛, … Unbounded

10 10, 100, 10000, 100000000, … , 100𝑛𝑛, … Unbounded
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Filled Julia Set: 𝒇𝒇 𝒛𝒛 = 𝒛𝒛𝟐𝟐

Plot 𝑐𝑐 on the complex plane and color 𝑐𝑐
according to whether its orbit is bounded or 
unbounded:

𝒄𝒄 ≤ 𝟏𝟏

|𝒄𝒄| > 𝟏𝟏
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Iterates: 𝒇𝒇 𝒛𝒛 = 𝒛𝒛𝟐𝟐 − 𝟏𝟏
𝑓𝑓 𝑧𝑧 = 𝑧𝑧2 − 1

𝑓𝑓2 𝑧𝑧 = 𝑧𝑧2 − 1 2 − 1 = 𝑧𝑧4 − 2𝑧𝑧2

𝑓𝑓3 𝑧𝑧 = 𝑧𝑧4 − 2𝑧𝑧2 2 − 1 = 𝑧𝑧8 − 4𝑧𝑧6 + 4𝑧𝑧4 − 1

𝑓𝑓4 𝑧𝑧 = 𝑧𝑧8 − 4𝑧𝑧6 + 4𝑧𝑧2 − 1 2 − 1
= 𝑧𝑧16 − 8𝑧𝑧14 + 24𝑧𝑧12 − 32𝑧𝑧10 + 14𝑧𝑧8 + 8𝑧𝑧6
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Orbits: 𝒇𝒇 𝒛𝒛 = 𝒛𝒛𝟐𝟐 − 𝟏𝟏
𝒄𝒄 Orbit 𝒄𝒄, 𝒇𝒇 𝒄𝒄 ,𝒇𝒇𝟐𝟐 𝒄𝒄 , …

(up to 3 decimal places)
Bounded or 
Unbounded

−2 −2, 3, 8, 63, 3968, … Unbounded

0 0,−1, 0,−1, 0, … Bounded
1
2

.5,−.75,−.438,−.809,−.346,−.880,−.225, … Bounded

1 1, 0,−1, 0,−1, … Bounded

−
1
2 𝑖𝑖

−.5𝑖𝑖, .−1.25, .563,−.684,−.533,−.716,−.487,−.763, … Bounded

𝑖𝑖 𝑖𝑖,−2, 3, 8, 63, 3968, … Unbounded

2 2, 3, 8, 63, 3968, … Unbounded

10 10, 99, 9800, 96039999, … Unbounded
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Orbits: 𝒇𝒇 𝒛𝒛 = 𝒛𝒛𝟐𝟐 − 𝟏𝟏

What do we notice about points with bounded vs. unbounded orbits?

𝒄𝒄 Orbit 𝒄𝒄, 𝒇𝒇 𝒄𝒄 ,𝒇𝒇𝟐𝟐 𝒄𝒄 , …
(up to 3 decimal places)

Bounded or 
Unbounded

−2 −2, 3, 8, 63, 3968, … Unbounded

0 0,−1, 0,−1, 0, … Bounded

1
2

.5,−.75,−.438,−.809,−.346,−.880,−.225, … Bounded

1 1, 0,−1, 0,−1, … Bounded

−
1
2 𝑖𝑖

−.5𝑖𝑖, .−1.25, .563,−.684,−.533,−.716,−.487,−.763, … Bounded

𝑖𝑖 𝑖𝑖,−2, 3, 8, 63, 3968, … Unbounded

2 2, 3, 8, 63, 3968, … Unbounded

10 10, 99, 9800, 96039999, … Unbounded
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Filled Julia Set Plot: 𝒇𝒇 𝒛𝒛 = 𝒛𝒛𝟐𝟐 − 𝟏𝟏

• Plot 𝑐𝑐 on the complex plane
• Color 𝑐𝑐 black if orbit is bounded 

𝒄𝒄 Orbit 𝒄𝒄, 𝒇𝒇 𝒄𝒄 ,𝒇𝒇𝟐𝟐 𝒄𝒄 , …
(up to 3 decimal places)

Bounded or 
Unbounded

0 0,−1, 0,−1, 0, … Bounded
1
2

.5,−.75,−.438,−.809,−.346,−.880,−.225, … Bounded

1 1, 0,−1, 0,−1, … Bounded

−
1
2 𝑖𝑖

−.5𝑖𝑖, .−1.25, .563,−.684,−.533,−.716,−.487,−.763, … Bounded
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Filled Julia Set Plot: 𝒇𝒇 𝒛𝒛 = 𝒛𝒛𝟐𝟐 − 𝟏𝟏

Orbit of 𝑐𝑐 bounded:
𝑐𝑐

-2 -1 0 1 2
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Orbits: 𝒇𝒇 𝒛𝒛 = 𝒛𝒛𝟐𝟐 − 𝟏𝟏

How big does a term in the orbit need to be until we are 
convinced that the orbit is unbounded?

𝒄𝒄 Orbit 𝒄𝒄, 𝒇𝒇 𝒄𝒄 ,𝒇𝒇𝟐𝟐 𝒄𝒄 , …
(up to 3 decimal places)

Bounded or 
Unbounded

−2 −2, 3, 8, 63, 3968, … Unbounded

0 0,−1, 0,−1, 0, … Bounded
1
2

.5,−.75,−.438,−.809,−.346,−.880,−.225, … Bounded

1 1, 0,−1, 0,−1, … Bounded

−
1
2 𝑖𝑖

−.5𝑖𝑖, .−1.25, .563,−.684,−.533,−.716,−.487,−.763, … Bounded

𝑖𝑖 𝑖𝑖,−2, 3, 8, 63, 3968, … Unbounded

2 2, 3, 8, 63, 3968, … Unbounded

10 10, 99, 9800, 96039999, … Unbounded
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Filled Julia Set Plot: 𝒇𝒇 𝒛𝒛 = 𝒛𝒛𝟐𝟐 − 𝟏𝟏

𝒄𝒄 Orbit
𝒄𝒄,𝒇𝒇 𝒄𝒄 , 𝒇𝒇𝟐𝟐 𝒄𝒄 , …

Bounded or 
Unbounded

𝒇𝒇𝒏𝒏 𝒄𝒄 > 𝟐𝟐 when 
𝒏𝒏 =

−2 −2, 3, 8, 63, 3968, … Unbounded 1
𝑖𝑖 𝑖𝑖,−2, 3, 8, 63, 3968, … Unbounded 2
2 2, 3, 8, 63, 3968, … Unbounded 1

What is the smallest 𝑛𝑛 so |𝑓𝑓𝑛𝑛 𝑐𝑐 | > 2?

Plot 𝑐𝑐 on the complex plane and color 𝑐𝑐 to differentiate 
between the number of iterations of 𝑓𝑓 it takes until 
|𝑓𝑓𝑛𝑛 𝑐𝑐 | > 2.
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𝑛𝑛 𝑐𝑐
1
2

Filled Julia Set Plot: 𝒇𝒇 𝒛𝒛 = 𝒛𝒛𝟐𝟐 − 𝟏𝟏

Orbit of 𝑐𝑐 bounded:
𝑐𝑐

𝑐𝑐 with 𝑓𝑓𝑛𝑛 𝑐𝑐 > 2:
-2 -1 0 1 2
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Orbits: 𝒇𝒇 𝒛𝒛 = 𝒛𝒛𝟐𝟐 − 𝟏𝟏
𝒄𝒄 Bounded or 

Unbounded

1
10

+
1

10
𝑖𝑖 Bounded

1
4
𝑖𝑖 Bounded

1
2

+
1
2
𝑖𝑖 Unbounded

1 + 𝑖𝑖 Unbounded

When is 𝑓𝑓𝑛𝑛 1
2

+ 1
2
𝑖𝑖 > 2? For 𝑛𝑛 = 3:|−1.9375 − 𝑖𝑖| ≈ 2.009

When is 𝑓𝑓𝑛𝑛 1 + 𝑖𝑖 > 2? For 𝑛𝑛 = 1: −1 + 2𝑖𝑖 = 5
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𝑛𝑛 𝑐𝑐
1
2
3

Filled Julia Set Plot: 𝒇𝒇 𝒛𝒛 = 𝒛𝒛𝟐𝟐 − 𝟏𝟏

Orbit of 𝑐𝑐 bounded:
𝑐𝑐

𝑐𝑐 with 𝑓𝑓𝑛𝑛 𝑐𝑐 > 2:
-2 -1 0 1 2
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Student Task: Computing Orbits
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Programming Task

Write a program to check whether a point has 
an unbounded or bounded orbit

Define function realF as accepting two real values 𝑎𝑎0,𝑎𝑎1 and 
returning 𝑎𝑎02 − 𝑎𝑎12 − 1

Define function imagineF as accepting two real values 𝑎𝑎0,𝑎𝑎1 and 
returning 2𝑎𝑎0𝑎𝑎1

Define the complex modulus function calcModulus as accepting 
two real values b0, b1 and returning √(𝑏𝑏02 + 𝑏𝑏12)
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Programming Task
Input real part of initial point 𝑐𝑐0
Input imaginary part of initial point 𝑐𝑐1

Initialize break variable to true.
Initialize index to 1.

While break variable is true
Apply realF to point 𝑐𝑐0, 𝑐𝑐1 and return point 𝑑𝑑0 = 𝑐𝑐02 − 𝑐𝑐12 − 1
Apply imagineF to point 𝑐𝑐0, 𝑐𝑐1 and return point 𝑑𝑑1 = 2𝑐𝑐0𝑐𝑐1
Set 𝑐𝑐0 = 𝑑𝑑0
Set 𝑐𝑐1 = 𝑑𝑑1
If calcModulus applied to 𝑐𝑐0, 𝑐𝑐1 is greater than 2

Print “Your initial point has an unbounded orbit, and it is not in the filled Julia set.”
Set break variable to false

Else if index is greater than or equal to 200
Print “Your initial point looks to have a bounded orbit and be in the filled Julia set.”
Set break variable to false

Add 1 to the index.
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𝑛𝑛 𝑐𝑐
1
2
3

Filled Julia Set Plot: 𝒇𝒇 𝒛𝒛 = 𝒛𝒛𝟐𝟐 − 𝟏𝟏

Orbit of 𝑐𝑐 bounded:
𝑐𝑐

𝑐𝑐 with 𝑓𝑓𝑛𝑛 𝑐𝑐 > 2:
-2 -1 0 1 2
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Student Task

-2 -1 0 1 2

Explain why the 
shading of points 
in the filled Julia 
Set plot is 
symmetric around 
each axis.
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𝑛𝑛 𝑐𝑐
1
2
3

Filled Julia Set Plot: 𝒇𝒇 𝒛𝒛 = 𝒛𝒛𝟐𝟐 − 𝟏𝟏

Orbit of 𝑐𝑐 bounded:
𝑐𝑐

𝑐𝑐 with 𝑓𝑓𝑛𝑛 𝑐𝑐 > 2:
-2 -1 0 1 2
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Filled Julia Set Plot: 𝒇𝒇 𝒛𝒛 = 𝒛𝒛𝟐𝟐 − 𝟏𝟏

Orbit of 𝑐𝑐 bounded:
𝑐𝑐

𝑐𝑐 with 𝑓𝑓𝑛𝑛 𝑐𝑐 > 2:
-2 -1 0 1 2
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Filled Julia Set: 𝒇𝒇 𝒛𝒛 = 𝒛𝒛𝟐𝟐 − 𝟏𝟏

0−1
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Filled Julia Set: 𝒇𝒇 𝒛𝒛 = 𝒛𝒛𝟐𝟐 − 𝟏𝟏
𝑛𝑛 = 5
𝑛𝑛 = 6
𝑛𝑛 = 7
𝑛𝑛 = 8
𝑛𝑛 = 9

|𝑓𝑓𝑛𝑛(𝑐𝑐)| > 2
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Filled Julia Set: Technology
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Comparison of  Filled Julia Sets

Filled Julia Set: 𝑓𝑓 𝑧𝑧 = 𝑧𝑧2 Filled Julia Set: 𝑓𝑓 𝑧𝑧 = 𝑧𝑧2 − 1
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Comparison of  Filled Julia Sets

Filled Julia Set: 𝑓𝑓 𝑧𝑧 = 𝑧𝑧2 + 1 Filled Julia Set: 𝑓𝑓 𝑧𝑧 = 𝑧𝑧2 − 1
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Comparison of  Filled Julia Sets

Filled Julia Set: 𝑓𝑓 𝑧𝑧 = 𝑧𝑧2 + 1 Filled Julia Set: 𝑓𝑓 𝑧𝑧 = 𝑧𝑧2 − 1
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Comparison of  Filled Julia Sets

Filled Julia Set: 𝑓𝑓 𝑧𝑧 = 𝑧𝑧2 − 𝑖𝑖 Filled Julia Set: 𝑓𝑓 𝑧𝑧 = 𝑧𝑧2 − 1
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Programming Task

Plot the filled Julia set of function
• Java: Java Number Cruncher: The Java 

Programmer’s Guide to Numerical Computing 
by Ronald Mak

• Python: 
https://www.linuxvoice.com/issues/010/julia.
pdf

• Various languages: 
https://rosettacode.org/wiki/Julia_set

https://www.linuxvoice.com/issues/010/julia.pdf
https://rosettacode.org/wiki/Julia_set
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Further Explorations

• Compute orbits and graph filled Julia Sets of 
other noteworthy functions—a nice list of 
functions to try can be found at 
http://www.math.uni-
bonn.de/people/karcher/Julia_Sets.pdf.

• The Mandelbrot Set:
The set of 𝑎𝑎 such that 

the orbit of 0 for 𝑓𝑓 𝑧𝑧 = 𝑧𝑧2 + 𝑎𝑎 is bounded.

http://www.math.uni-bonn.de/people/karcher/Julia_Sets.pdf
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For More Information

Contact:
Frannie Worek

fworek@jhu.edu

Johns Hopkins Center for Talented Youth
http://cty.jhu.edu
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