
Modeling for Interest; Proof for Power 

Daniel Teague 
NC School of Science and Mathematics 

NCTM Annual Meeting 
April 28, 2018 



Proof for Interest; Modeling for Power 

Daniel Teague 
NC School of Science and Mathematics 

NCTM Annual Meeting 
April 28, 2018 



• Broaden the purposes for teaching high school mathematics. 
 

• Catalyze discussions of the challenges as well as 
recommendations for implementing actions to overcome 
those challenges.  
 

• Define imperatives in the areas of structures, instructional 
practices, curriculum, and pathways for students.  
 

• Identify Essential Concepts for focus that all students should 
learn and understand at a deep level. 
 

• What to consider for common pathways of mathematical 
study. Each pathway includes a common set of mathematical 
study expected of high all school students, followed by 
alternate paths of study, differentiated by postsecondary 
education and career goals.  

 



What is Mathematics? 

Poet Marianne Moore describes poets as  
 

“literalists of the imagination”  

and poetry as  
 

“imaginary gardens with real toads in them”  
 

Mathematics has its imaginary gardens and real toads 

mathematical theory (pure mathematics)  

mathematical modeling (applied mathematics).  



Theory and Application 

High school students can experience these two 
connected but distinct aspects of mathematics 
through their experiences in school with mathematical 
proof and mathematical modeling.   
 
Both proof and modeling call on the students to use 
the essential concepts and mathematical tools 
developed in class in creative and collaborative 
investigations.   



Mathematical Identity    

A student’s mathematics identity comprises the dispositions 
and deeply held beliefs they develop about their ability to 
participate and perform effectively in mathematical 
contexts and to use mathematics in their lives. 

 

A mathematics identity may reflect a sense of oneself as a 
competent performer who is able to do mathematics or as 
the kind of person who is unable to do mathematics.    

 



Ownership 

Ownership of the mathematics occurs when 
students have the flexibility to make decisions 
about what to solve and how to solve it 
themselves.   
 
This means they are thinking their way through 
problems rather than just remembering what they 
were told to do or repeating the teacher’s 
approach.   



How do you do mathematics? 

 

 



Joy, Beauty, Inspiration, Understanding 

Students gain confidence in their mathematical 
identity when they solve problems by themselves 
and in their own way.  
 
In both mathematical proof and in mathematical 
modeling, students can move from doing 
mathematics by themselves to doing mathematics 
for themselves.   

 



What is Mathematical Modeling? 



Real World Taken Seriously? 

At no point in the problem will the fact that the 
problem addresses grass clippings play a role in the 
mathematics required of the students.    



Real World Taken Seriously 

You and three friends have a box of cookies.  There are 10 cookies 
in the box.   How many cookies should each of you get if the box is 
divided fairly? 

 

“Each of us gets two cookies except Mia.   

She gets one.” 

 

“Michael gets three, the rest of us get two.”   

 

 

 

 



Teacher: You have to use up all the cookies 

“We each get two and we give the  

rest to the teacher.” 
 

“We each get two then you (the  

teacher) and Mr. Green (the custodian)  

can each have one.” 
 

The teacher was trying to force them to see and perhaps to say, “we each 
get 2 ½ cookies”.    

 

In the student’s real world, that was not a correct answer.  They were 
modeling, they were taking their real world seriously. 

 

•    



Example Modeling Cycles 

    

                          GAIMME                                                                                     Math Modeling: Computing and Communicating 

 

 

 

 

 

 

 

 

 

 

 

                                                                                            IMMERSION 



Keys to Modeling 

 

Modeling happens when students make important 
decisions about what problem to solve, how to 
proceed, and when to turn back. 

 



Start Small and Don’t Stop 



Small Problems:  Students Making Decisions  







       

   



How far will the mantid walk when it walks 
for food? 

 



Variety of Assignments 

• Group work: 3-4 students working together on a problem set 
(shorter problems) 

 

• Activities/Labs: Include a short writing component  

 

• Projects: More formal write-ups 

 

• Week-long Investigations/Modeling Problems 

 

 



3-Act Math Lessons 

 
Dan Meyer  
whenmathhappens.com/3-act-math/  

 
Robert Kaplinski 
http://robertkaplinsky.com/lessons/ 

 
Graham Fletcher  
gfletchy.com/3-act-lessons/  
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Support Modeling with Access to Material 
and Examples 

Math Modeling Hub 
 
 
 
 
 
 

https://qubeshub.org/community/groups/mmfmn 



               When Up and Running, this is what you will find 



Guidelines for 
Assessment and 

Instruction in 
Mathematical Modeling 

Education 
 

COMAP/SIAM 
http://www.comap.com/Free/GAIMME/ 
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Keys to Modeling 

Creative modeling happens when students make important 
decisions about what problem to solve, how to proceed, and when 
to turn back. 

 

Create the simplest form of the problem that contains the 
essence of the problem. 

 

Use your basic solution and the iterative process to add more 
reality to your initial solution. 

 

Pay close attention to errors.  Try to understand why, how, and 
by how much they are wrong. 



The Midge Problem: Summer Bridge Version 



The Midge Problem: Adv. Precal Version 



The Midge Problem: Post Calculus Version 





Fit Regression Models 



Average or Mid-Line 







Weight the lines since 9 of the 15 are Af 



Distance from Average Values 



The Af’s have slightly 
larger Antenna and 
slightly smaller Wings.  

 
Would ratios help? 





• Use z-scores? 



  Equalize z-scores 





D-Correlation 



    AP Statistics Teachers Have Some Experience 



Helping students make the transition to a  
more student-centered classroom 

Where the teacher isn’t the only source of intellectual 
authority 

 

Where it’s safe to make mistakes – Better than safe… 
 

Where students are asked to share their ideas with 
each other and the whole class  

 

Where students experience productive struggle 



Benefits for Students 

Their ideas are valued. 
 

They learn to become independent learners.  
 

They feel a greater sense of accomplishment. 
 

They discover the math through the exploration of 
their own ideas.  

 

They get to use their own creativity in problem 
solving. 



The Imaginary Garden:  Mathematical Proof 

Science has theories. 

 

Mathematics has theorems.   

 

They are not at all the same. 



 Hy Bass in Mathematics for Teaching  

 

Deductive proof accounts for a fundamental contrast 
between mathematics and the scientific disciplines...  
 
Mathematical knowledge tends much more to be 
cumulative. New mathematics builds on, but does not 
discard, what came before. … In science, by contrast, 
new observations or discoveries can invalidate previous 
models, which then lose their scientific currency. 



What is Mathematical Reasoning? 

The American Mathematical Society Resource Group, 
noted,  

 

“The most important thing to emphasize about 
mathematical reasoning is that it exists  more, that 
it is the heart of the subject, that mathematics is a 
coherent subject, and that mathematical reasoning is 
what makes it so. … Mathematics should simply be 
taught as a subject where things make sense and 
where you can figure out why they are the way they 
are.”   

 



Proof Trajectories of Bass and Mac Lane 

Mathematical work generally progresses through a trajectory 
 

Exploration → Discovery → Conjecture → Proof → Certification 
  
Mathematical understanding progresses from:  
  

Intuition — Trial — Error — Speculation — Conjecture — Proof 
  
In both, the first phases form the essential reasoning of inquiry, of 
fiddling around with the mathematical ideas to gain insight into the 
problem being studied, and of speculating on possible truths that have 
been discovered.  And in both, the last components represent the 
reasoning of validation and justification.   

 



The Proof Cycle 



Modeling and Proof 

“So often in mathematics, we say ‘prove the following 
theorem’ or ‘solve the following problem’.  

 
When we start at this point, we are ignoring the fact that 
finding the theorem or the right problem was a large part 
of the battle.   

 
By emphasizing problem finding, mathematical modeling 
brings back to mathematics education this aspect of our 
subject, and greatly reinforces the unity of the total 
mathematical experience.”   Henry Pollak 
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theorem’ or ‘solve the following problem’.  

 
When we start at this point, we are ignoring the fact that 
finding the theorem or the right problem was a large part 
of the battle.   

 
By emphasizing problem finding, mathematical proof 
brings back to mathematics education this aspect of our 
subject, and greatly reinforces the unity of the total 
mathematical experience.”   Henry Pollak 



Keys to Proof 

Creative proof happens when students make important decisions 
about what problem to solve, how to proceed, and when to turn 
back. 

 

Create the simplest form of the problem that contains the 
essence of the problem. 

 

Use your basic solution and the iterative process to add more 
reality to your initial solution. 

 

Pay close attention to errors.  Try to understand why, how, and 
by how much they are wrong. 



A Walk Through the Proof Cycle 



 
Exploration → Discovery → Conjecture → Proof →  

New Problem 

 



 
Exploration → Discovery → Conjecture → Insight→  

Proof → New Problem 
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New Problem 
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Games and Proof: Chomp the Graph  



Who Wins this Game? 



Begin with the simplest form of the problem 
that contains the essense of the problem 



How do you do mathematics? 

 

 



Modeling and Proof: Assessment 

Value the process as well as the product 
 

Group activities with student sharing ideas, skills, and 
talents 

 

Value communication as well as mathematics 

 



Modeling and Proof: Assessment 

Value creativity and originality and authenticity 

 

Value struggle and success and failure 

 

Value excitement and frustration and overcoming and 
declaring victory and moving on 

 



The Imaginary Garden and the Real Toads 

Should be for our students, in some significant 
ways and for some significant time, the  
demanding, exciting, challenging, joyful, 
frustrating, play-box that it is for 
mathematicians. 
 
Students can see mathematics in themselves and 
themselves in mathematics. 
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