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Abstract 

 It is important for students to have opportunities to learn how to engage in mathematical 

processes and practices that help them to construct mathematical generalities. The existing research on 

generalizing in mathematics helps us to understand aspects of one kind of activity that leads to the 

construction of generalities, but research on generalizing has focused on K-12 students of mathematics 

and is somewhat limited by a focus on activities that develop statements about collections of cases or 

that involve extending a previous generality to a larger domain. This paper reports part of the findings of 

a research study of the approaches taken by ten University students, each enrolled in a mathematics-

intensive major, as they responded to tasks that asked them to construct domains of validity for given 

mathematical statements. Through comparative analysis, five qualitatively distinct approaches were 

identified. These approaches are described and illustrated in this paper.  



2 
 

Rationale and Conceptual Framing 

In recent decades, the authors of various standards documents have argued that students 

should have opportunities to engage in mathematical processes and practices as part of their 

school mathematics learning experiences (e.g., Curriculum and Evaluation Standards for School 

Mathematics (National Council of Teachers of Mathematics [NCTM], 1989); Common Core 

State Standards for Mathematics (Council of Chief State School Officers [CCSSO] & National 

Governors Association [NGA], 2010). Such arguments represent a belief among researchers and 

other mathematics education stakeholders that students “must learn to think mathematically . . . 

and must think mathematically to learn” (National Research Council, 2001, p. 1). Among the 

various standards are notions that students should learn to make and investigate mathematical 

conjectures (NCTM, 1989) and be able to look for and make use of structure (CCSSO & NGA, 

2010) in mathematical situations. To develop proficiency in these processes and practices 

students must be able to “formulate [and] represent” (NRC, 2001, p. 5) mathematical problems 

and concepts as well as the conjectures that they make and the structures that they recognize 

while doing mathematics. 

One important type of conjecture that students should be able to make – and that draws 

on the ability to formulate and represent mathematical structure -- is the mathematical generality, 

in other words, a statement of properties that refers to each member of a collection of 

mathematical objects. Such statements, when proven in a rigorous framework, become the 

theorems that constitute much of higher mathematics. The construction of such conjectures is 

therefore central to the growth of knowledge within a mathematical community. Because 

knowledge at the community level is a product of more individual efforts, the ways in which a 
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learner constructs and explores mathematical generalities is an important outcome of his or her 

mathematics education. 

To facilitate students’ development of proficiency as constructors of mathematical 

generalities, it would be useful to craft a hypothetical learning trajectory (Simon, 1995) for such 

development. The construction of such a trajectory depends not only upon being able to describe 

a learner’s methods for constructing a generality, but also on having an understanding of the 

variety of possible approaches that others might employ in the process of constructing a 

generality. With a framework for describing a learner’s approach to constructing generality and 

with understanding of how others might engage in similar activity, the learner’s approach might 

be positioned along a possible trajectory, with other approaches positioned as learning goals.  

Substantial research has been done by others on the processes by which individuals 

construct mathematical generalities, in particular on generalizing and generalization (e.g., Becker 

& Rivera, 2005; Carpenter & Franke, 2001; Ellis, 2007; Lannin, Barker, & Townsend, 2006). 

Such research has yielded insights into the patterning and generalizing strategies of elementary, 

middle, and high school students. However, such research tends to focus on the ways that 

individuals construct general statements based on finite, enumerated collections or on the ways 

that individuals elaborate their understandings of the properties of one domain in order to expand 

to a larger domain. For example, Ellis (2007) defines generalization as “engaging in at least one 

of three activities: a) identifying commonality across cases, b) extending one’s reasoning beyond 

the range in which it originated, or c) deriving broader results from particular cases” (p. 197). 

Although activities that fit under Ellis’ definition are oriented toward the construction of 

mathematical generalities, it is theoretically possible that one might arrive at a mathematical 

generality through other kinds of activities: Krutetskii (1976) suggested that some individuals are 
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able to construct generalities “on the basis of an analysis of just one phenomenon, into a number 

of similar phenomena. They recognize every specific problem at once as the representative of a 

class of problems of a single type and solve it in a general form” (p. 261). The research reported 

in this paper is based on the notion that, to understand the processes by which individuals 

construct mathematical generalities, it is important to find opportunities to see a broader range of 

generality-constructing activities than those that are typically described under the label of 

generalizing. 

Methods 

The findings reported in this paper are drawn from a larger research project that sought to 

expand from the existing research on generalizing among elementary, middle, and high school 

students to a broader collection of generality-constructing activities and with a more 

mathematically experienced population. To extend to more mathematically experienced 

participants, I chose to examine the generality-construction processes of University students 

enrolled in mathematics-intensive majors. The assumption behind this decision was that 

participants from that population represented individuals who had intentionally self-selected 

mathematics as central to their University studies. The primary research question for the broader 

study was: 

What approaches do University students in mathematics-intensive majors use when 

responding to generality-construction tasks? 

The design of the research was developed from a deconstruction of mathematical 

generality into constituent components. A generality consists of two parts: a general statement 

that describes a property or set of properties, and a domain, which is a set of mathematical 

objects, each of which is purported to have the property or properties described in the general 
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statement. To draw on a well-known example, the Pythagorean Theorem is a mathematical 

generality composed by a domain consisting of all right triangles and a general statement that, 

given sides 𝑎 ≤ 𝑏 < 𝑐, it must be true that 𝑎2 + 𝑏2 = 𝑐2. This bipartite deconstruction leaves 

open the possibility for two types of generality-constructing tasks: characterizing, which 

presents a collection of objects and asks the respondent to develop a general statement about that 

collection; and populating, which presents a general statement and a universe of objects within 

which the participant is asked to find a collection that satisfies the general statement. 

Acknowledging that, in some situations, generalities are constructed as generalizations from 

prior generalities, the typology also included reconstructing tasks, which presented a generality 

and an extension of the domain of that generality and asked the participant to construct a general 

statement about the extended domain (See Table 1 ). 

Table 1. Types of generality-construction tasks. 

  Given a 

domain 

Given a 

general statement 

Given a 

generality 

Construct a 

general statement 

Characterize   

Construct a 

domain 

 Populate  

Extend a 

domain 

(Characterize)  Reconstruct 
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Based on this typology, I created tasks of each type and created protocols for task-based 

interviews based on the tasks. I recruited 6 University students majoring in secondary education 

with emphasis in mathematics and 4 students majoring in mathematics as participants for this 

study. Each participant was in at least their fifth semester at the University and had taken at least 

one mathematics course designed for upper-level students. The sample was not intended to be 

representative of all students majoring in each of those areas, but was simply intended to provide 

opportunities to examine the generality-construction processes of students who had self-selected 

mathematics as a major area of study and as an intended career focus. 

Each participant sat for three one-hour, individual task-based interviews. Each of the 

three interviews was focused on one of the three types of tasks presented in Table 1. The findings 

reported in this paper are based on participants’ responses to the second of those interviews, 

which was based on tasks from the Populating type. The general structure of the populating tasks 

is to present the participant with a general statement, which will be referred to as the target 

statement, and with a description of a broad collection of mathematical objects within which the 

participant is to search for a target domain of objects that satisfy the target statement. The broad 

collection of objects, each of which may or may not satisfy the target statement, is the universe 

of the task. Two such tasks are: 

The Concurrent Bisectors task. Please identify a collection of nontriangular polygons, 

each of which has the property that the bisectors of its vertex angles intersect at a common point. 

The Divisibility by Four task. Can you find a collection of whole numbers with the 

property that none of the numbers is divisible by 4, but with the property that the sum of any two 

numbers in the collection is divisible by 4? 

For a breakdown of the tasks into universe and target statement, see Table 2. 
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Table 2. Breakdown of populating tasks. 

Task Universe Target statement 

Concurrent Bisectors Nontriangular polygons The bisectors of the vertex angles of any 

element in the collection intersect at a 

common point 

Divisibility by four Whole numbers The sum of any two whole numbers in the 

collection is divisible by 4 

 

Data sources included audio recordings, video recordings, and transcripts of each 

interview along with copies of the handwritten work created by each participant during each 

interview. Each transcript was parsed into individual responses to the task prompts; a response 

consisted of all statements, actions, and written communication constructed by the participant 

from the introduction of one task until either the introduction of a new task or the end of the 

allotted interview period. 

To analyze the data, I compared responses pairwise according to the following criteria: 

 What is the level of generality of the representations that are presented as 

potential elements of the domain? 

 How does each response relate examples of the domain to each other? 

 How do examples get included or excluded from the collection? 

Responses were considered to be examples of a common approach when the generality of 

representations, the ways that the respondent related examples within the response, and the ways 

that potential examples were included or excluded seemed similar, and responses were 

considered to be examples of different approaches when they differed on at least one criterion. 
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Based on the common attributes of examples in each collection, I developed descriptions of the 

characteristic attributes of each collection. Each set of characteristic attributes constitutes an 

approach to the populating type of task. 

Findings 

This report presents five approaches that emerged from the comparative analysis of 

responses to tasks from the Populating type (see Table 3). Broadly, the approaches can be 

grouped into two collections. Generalizing approaches are those in which one begins by 

identifying an initial domain consisting of a finite set of examples or characterized by a set of 

defining attributes, and then attempts to broaden the initial domain to include more elements. 

The second group of approaches are specializing approaches, in which a participant creates one 

or more general statements that are related to -- but not identical to -- the target statement and 

then attempts to reduce the domains of those general statements to a more restricted set that fits 

the target statement.  

Table 3. Approaches to populating. 

G
en
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p
p
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h
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Appending An initial domain is broadened by incorporating examples 

on a case-by-case basis as they are demonstrated to satisfy 

the target statement. 

Extracting An initial domain is broadened by observing a common 

trait across the domain and assuming that all objects with 

that trait will satisfy the target statement. 

Tuning An initial domain is broadened by identifying a 

characteristic property of elements of the initial domain and 
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then testing examples that do not have one or more of those 

properties.  

S
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Distilling An initial domain is identified that satisfies some but not all 

of the properties in the target statement, then the initial 

domain is reduced to elements that satisfy all of the 

properties in the target statement 

Overlapping The target statement is separated into distinct partial claims. 

Domains are found for each partial claim, and the 

intersection of those domains is sought as the domain of the 

complete target statement. 

 

The rest of the findings section is devoted to illustrating each approach with examples 

from participants’ responses. 

Appending. Appending is an empirical, case-by-case, generalizing approach that 

employs specific examples of the universe, which are adopted as elements of the domain based 

on inspecting each example to determine whether it has the properties stipulated in the target 

statement. As an illustration, Basil, in the Concurrent Bisectors task, established an initial 

domain of regular polygons by “guessing . . . that these would need to be regular nontriangular 

polygons for their angle bisectors to intersect at one point” (Basil, Populating Concurrent 

Bisectors, lines 6 – 8) and that, because he could not “think of one [nonregular polygon with 

concurrent bisectors] right away,” (line 79), nonregular polygons probably would not have the 

property. The growth of collections based on case-by-case inspection is illustrated by Basil’s 
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response to the introduction of a nontriangular, nonregular polygon that appeared to have 

concurrent bisectors (see Figure 1).  

 

Figure 1. A nonregular quadrilateral that appears to have concurrent angle bisectors. 

Basil’s response to the quadrilateral was to state that the case “expands [the collection] 

from regular polygons” and “definitely makes the collection bigger,” suggesting that the 

nonregular polygon was appended to his initial domain based on the appearance of having 

concurrent bisectors. 

Extracting. The Extracting approach is a generalizing-oriented approach that operates on 

an initial domain consisting of specific examples. In contrast to the Appending approach, the 

extracting approach generalizes by identifying a common attribute across elements in an initial 

collection and then extrapolating that commonality to define a potentially infinite set of objects 

that are presented as satisfying the target statement. 

For example, Chris’ response to the Concurrent Bisectors task began with an Appending 

approach through which he established an initial domain consisting of squares, regular hexagons, 

and regular octagons. Chris then observed that the polygons in his collection each had an even 

number of sides, and extracted that property to generalize that “ones with even sides . . . their 

bisectors go to a single point”. Subsequently, he observed that each of his examples was 
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equilateral and extracted that property to refine his domain as “equal-sided-length polygons, of 

even [number of sides]”. 

Both appending and extracting, as observed in this study, operate on specific cases. The 

primary distinction is in the nature of the generalizing process, which might operate case-by-case 

or by the extrapolation of some common attribute across cases. In contrast to these, the Tuning 

approach treats such commonalities as potential limitations and seeks to generalize to sets that 

are not bound by those limitations. 

Tuning. The tuning approach involves the use of specific cases, but includes some 

activity that implies that some cases may be representative of properties that cut across an entire 

collection. Tuning is a generalizing-oriented approach in which new potential examples or 

extensions to an initial domain are identified by treating common attributes of the initial domain 

as potential limitations, which positions the initial domain as a potential subset of a larger 

domain.  

Alison’s response to the Concurrent Bisectors task includes an illustration of the Tuning 

approach. Alison’s response to the task began when she asked herself, “would squares be one 

[collection of polygons with the concurrent bisector property]?”. She then initiated the Tuning 

process by stating that she could “generalize it to. . . . four sided polygons.” Alison’s conjecture 

that the general statement could be generalized from squares to four-sided polygons treats the 

special characteristics that distinguish squares from other quadrilaterals as constraints. Her 

conjecture is an exploration of whether the target will still hold for a collection on which those 

constraints are removed.  

One essential distinction that separates Tuning from Appending or Extracting is that the 

attributes that characterize the initial domain are considered as potential limitations that might 
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indicate that the initial domain is a special case of some larger domain. The generalizing 

orientation in the Tuning approach seeks to extend the domain by exploring the more general 

case, rather than by inspecting specific examples or by extrapolating common attributes of 

examples as defining attributes of a domain. 

Distilling. The Distilling approach is a specializing-oriented approach that operates by 

populating part of the target statement and then whittling down that initial domain to a subset 

that more completely satisfies the target statement. For example, in the Divisibility by Four task, 

Alison started by focusing on the property that the elements of the set would not, individually, be 

divisible by four. She initially populated that part of the anchor claim with the set 

{1,2,3,5,6,7,9,10}. The specializing step occurred when Alison distilled the initial set by finding 

a subset of the initial collection – namely, {2, 6, 10} – that would satisfy the pairwise divisibility 

property of the anchor claim and, therefore, fully populate the target claim. 

In this illustration, distilling operates on cases and is in that sense somewhat related to the 

empirical, case-based methods that are associated with Appending and Extracting. One of the 

salient distinctions between Distilling and the preceding approaches is directionality: instead of 

building up from an initial domain to a larger domain, the distilling approach whittles down from 

a larger collection to a smaller. 

Overlapping. Like Distilling, the Overlapping approach is a specializing-oriented 

approach that operates by gradually reducing larger collections until a domain is identified for 

the target statement. In Overlapping, this is accomplished by the formulation of variations of the 

target statement. Each variant statement is populated, and the domain of the target statement is 

found in the intersection of the variant domains. 
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A conceptual description of this approach was provided by Helen within her response to 

the Divisibility by Four task. The initial parts of Helen’s response led her to identify {1,3} as a 

set of numbers that would satisfy the statement that the numbers are individually not divisible by 

four but, when added, are divisible by 4. Helen then developed two variant domains: a set of 

values that could be added to 1 to get a sum divisible by 4: “3, 7, 11, and 15” and then a set of 

values that could be added to 3 to get a sum divisible by 4: “5, 9, and 13”. Although neither of 

these domains satisfies the target statement for the task, Helen stated that “there is probably some 

number that one and three would both add to in order for it to be divisible by four”. Her 

description of the general strategy was to “see if there’s some kind of intersection where there’s 

that same number”. Subsequently, she further elaborated on the nature of the approach that she 

envisioned for the task:  

The only thing I could see is doing it the long way, where you literally just start with one 

number and see what numbers you could add with to . . . have the sum be divisible by 

four. . . . then start with three, and see which ones go with it. . . . I remember doing it in a 

class. . . . I think it was multiplication, where you write out the multiples of a number, 

and then do another number, and see which ones they were divisible by. For example, 

you take three, so you have like three, six, nine, 12, 15, et cetera. Then you did four, and 

you have four, eight, 12, and you can see that three and four are both divisible by 12. It's 

like something like that, where you have to almost search, and literally write out this long 

process to see which ones kind of match together. Be like, "Oh, one and this number, and 

three and this number both equal something that's divisible [by 4]” (Helen, Populating 

Sums, lines 252-265). 

Discussion 
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The research was designed to develop a data-grounded framework for describing 

approaches that students in mathematics-focused majors use when attempting to construct 

generalities – in this paper, the findings are based on responses to situations that call for 

generating a domain that satisfies a given general statement. Within these findings we can see 

that the process of generalizing is a core component of the ways that some might approach 

Populating tasks, particularly when developing the domain of a general statement based on the 

construction of specific examples. However, these findings suggest that generalizing is not the 

only orientation that might characterize approaches. In other responses we see evidence that 

specializing approaches that whittle down from larger collections toward smaller collections may 

also be useful ways to engage in constructing domains for general statements.  

In addition to attending to the directional orientation of an approach, a framework for 

describing approaches to generality-construction should also attend to the generality implied by 

the participant’s use of his or her examples. There is a subtle difference between the inductive 

attention to commonalities -- which Chris extrapolates as defining attributes of an entire class of 

examples – and deductive attention to the properties that define and constrain a collection, but 

that difference  

In spite of the substantial amount of mathematical coursework that had been completed 

by the participants in this study prior to their participation, this research suggests that empirical, 

intuitive approaches seem to retain a heavy role in the way that participants populate the domain 

of a given general statement. This is somewhat surprising, given the experience that students in 

mathematics-intensive majors have in courses that tend toward abstract arguments and general 

representations of the elements of collections. One implication of these findings may be that 

students in mathematics-intensive majors may need more experience in developing general 
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statements in addition to reading and proving them. This paper presented five qualitatively 

distinct approaches to the Populating type of tasks; it is noteworthy that each of these approaches 

relied strongly on the creation of specific examples of elements from the universe of the task, 

and that only two approaches (Extracting and Tuning) treated those examples as –to some 

extent—representatives of some general set of characteristic properties for a collection. 

A possible explanation for the empirical nature of these approaches may be that 

participants, in spite of 16 or more years of mathematics coursework, have insufficient 

experience with the universes of these tasks to develop the ability to think generally about the 

properties of objects in those universes. This is likely to be the case with the Concurrent 

Bisectors task, which is situated in a universe of polygons, which most University students 

would not have studied since their high school geometry coursework. Similarly, although the 

Universe of whole numbers is familiar for most students, it is also true that not all students have 

necessarily taken a course in number theory. It is a limitation of this study that the tasks for 

Populating are taken from courses that might be less familiar to participants. 
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