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Taufique has two bags, each containing some red 
and some white gumballs. In bag A, there are 10 red 
and 15 white gumballs. In bag B, there are 6 red and 
8 white gumballs.

If Taufique reaches in without looking, from which 
bag is he more likely to pull out a red gumball?

How might learners solve this problem?
How might learners use a diagram to explain 
their solution?

Gumballs

Olson, T., Olson, M. & Slovin, H. (2015). Putting essential understanding of ratios and proportions into practice in 
grades 6-8. Reston, VA: National Council of Teachers of Mathematics.
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Building Concepts Ratios & 
Proportional Relationships PD
• 2-day professional development focused 

on the Building Concepts activities
• 24 middle school teachers
• West Texas



Building 
Concepts: 
Ratios & 

Proportional 
Relationships

TIbuildingconcepts.com



Essential Learnings
I can use the Building Concepts progressions to develop 
and enhance conceptual understanding and improve 
reasoning.
• I can connect mathematical concepts through a 

coherent story within and across grades and share 
my part in the vertical alignment of concepts. 

• I can leverage technology to enhance visualization in 
support of learning and developing concepts.

• I can implement effective teaching practices to 
support developing concepts.

• I can leverage technology 
to enhance visualization in 
support of learning and 
developing concepts.
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Comparing Ratios

“The orange juice example keeps coming to my mind. The one where 
the students thought one container of orange juice was more 
orangey, I found interesting. That misconception that a bigger 
number affected the taste I thought was exaggerated, until this last 
week. We are starting our unit on proportions, so as lead in I 
presented the orange juice dilemma to my 8th graders. Right away 
some of them said that the mixture of 1:3 would be orangier than 
the mixture of 2:6. I asked why and their reply was because the 
second mixture had more water. Then some of the them said no the 
second one had more orange juice concentrate so it would be 
orangier. So they actually discussed this among themselves until 
someone said they would be the same because the second one was 
just the first one doubled. It was interesting to watch as they finally 
all believed that indeed they would taste the same. Wow! They can 
think for themselves.” ~Maria



Comparing Ratios

Question: How can we compare 
ratios?

What strategies work 
for comparing ratios?



Comparing Ratios

Question: How can we compare 
ratios?

What strategies work 
for comparing ratios?

equalizing parts or components
Lamon, Susan. (2012). Teaching fractions and ratios for understanding: Essential content knowledge and instructional 
strategies for teachers. New York, NY: Routledge.



Comparing Ratios

What strategies work 
for comparing ratios?

“Ratios may be compared in several 
different  ways, but it is the 

interpretation that is tricky.” (p. 229)
Lamon, Susan. (2012). Teaching fractions and ratios for understanding: Essential content knowledge and instructional 
strategies for teachers. New York, NY: Routledge.
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Comparing Ratios

Betina said, “For 4 to 3, there are 3 red to 3 
yellow and 1 red left over. But for 6 to 4, 
there are 4 red to 4 yellow with 2 red cans 
left over. This means that the ratio 6:4 is 
redder because there are more red cans.” 
Do you agree with Betina? Explain your 
reasoning. 



Comparing Ratios
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Comparing Ratios

Question: How can we compare 
ratios?

What strategies 
always work 

for comparing ratios?



Comparing Ratios

1 ⅓ red : 1 yellow 1 ½ red : 1 yellow



Comparing Ratios

1 red : 1.5 yellow 1 red : 1 1/3 yellow



Taufique has two bags, each containing some red 
and some white gumballs. In bag A, there are 10 red 
and 15 white gumballs. In bag B, there are 6 red and 
8 white gumballs.

If Taufique reaches in without looking, from which 
bag is he more likely to pull out a red gumball?

Draw a diagram to represent how you solved the 
problem, and explain it.

Gumballs





Misconceptions About Ratios 
and Proportional Relationships 

are Deeply-Seated and Take 
Time to Change









Building 
Concepts: 
Ratios & 

Proportional 
Relationships



Building Concepts Activities

• focus on fundamental concepts
• cover one or two ideas per activity
• follow a learning trajectory across and 

within grades supported by research
• recognize and confront student 

misconceptions/ difficulties



CCSSM Ratio and Proportion Progressions, 2011

CCSSM Progressions



CCSSM Ratio and Proportion Progressions, 2011

CCSSM Progressions



Ratio Tables (Background)

What patterns 
do we want 
learners to 
notice and 

note?



Wait -- Ratios Aren’t Just 
Fractions?!



Identify five fractions that are 

equivalent to     .



Plotting Equivalent Fractions



Plotting Equivalent Fractions
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Plotting Equivalent Fractions

3
2

6
4

9
6



Tam walks 3 meters in 2 seconds.

Write her speed as a ratio and 
identify 5 equivalent ratios.
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How does this inform our understanding 
of ratios and fractions?



Ratios & Fractions



https://scottbaldridge.net/2015/04/22/ratios-ordered-pairs-versus-points-proportional-relationships-and-proportions/


Connecting Ratios to Graphs



Connecting Ratios to Graphs

Lamon, Susan. (2012). Teaching fractions and ratios for understanding: Essential content knowledge and instructional 
strategies for teachers. New York, NY: Routledge.

equivalence 
class

→ contains all of 
the extensions and 

reductions of a 
particular ratio



Proportionality Across the Grades

Participants analyzed content 
standards looking for an example of 
proportionality developing across 
grades 6-8.

Then, this happened...





What Do Additive and 
Multiplicative Patterns
 Look Like on Graphs?



Proportional Relationships



Proportional Relationships
Is this relationship…

...additive? 

...multiplicative?

...linear?

...proportional?

Defend your answers.



Proportional Relationships
Does this relationship have...

  ...an additive 
     pattern? 

  ...a multiplicative 
pattern?

How do you know?



Proportional Relationships
Is this relationship...

  ...linear? 

  ...proportional?

How do you know?



Proportional Relationships

How could we 
change the y-

coordinate of point 
A so that this 
relationship is 
multiplicative?



Proportional Relationships

Can there be an 
additive relationship 

without a 
multiplicative 
relationship?  
If so, when?



Proportional Relationships

What is the 
relationship 
between the

 x and y values for 
proportional and 
non-proportional 

relationships?



Proportional Relationships

Why do we use 
y = kx 
and 

y = mx + b?



Essential Learnings
I can use the Building Concepts progressions to develop 
and enhance conceptual understanding and improve 
reasoning.
• I can connect mathematical concepts through a 

coherent story within and across grades and share 
my part in the vertical alignment of concepts. 

• I can leverage technology to enhance visualization in 
support of learning and developing concepts.

• I can implement effective teaching practices to 
support developing concepts.

• I can leverage technology 
to enhance visualization in 
support of learning and 
developing concepts.
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