
I	
  never	
  really	
  liked	
  how	
  I	
  taught	
  logarithms.	
  It	
  always	
  seemed	
  contrived.	
  And,	
  my	
  
calculus	
  students	
  complained	
  about	
  logarithms	
  because	
  they	
  never	
  remembered	
  the	
  
proper;es	
  AND	
  they	
  didn’t	
  really	
  know	
  why	
  we	
  used	
  them.	
  We	
  decided	
  to	
  try	
  
something	
  different.	
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This	
  is	
  the	
  hook.	
  Why	
  were	
  logarithms	
  invented	
  in	
  the	
  first	
  place?	
  Because	
  Napier	
  was	
  
trying	
  to	
  help	
  out	
  by	
  inven;ng	
  a	
  way	
  to	
  turn	
  big	
  numbers	
  into	
  small	
  numbers	
  and	
  turn	
  
complicated	
  mul;plica;on	
  into	
  easier	
  addi;on.	
  It	
  was	
  about	
  a	
  hundred	
  years	
  later	
  
when	
  someone	
  realized	
  that	
  what	
  Napier	
  done	
  amounted	
  to	
  basically	
  the	
  inverse	
  of	
  
exponen;a;on.	
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The	
  whole	
  purpose	
  of	
  logarithms	
  was	
  to	
  make	
  computa;on	
  easier.	
  Even	
  if	
  students	
  
don’t	
  care	
  about	
  the	
  actual	
  computa;ons,	
  they	
  can	
  at	
  least	
  empathize	
  with	
  wan;ng	
  to	
  
to	
  make	
  your	
  life	
  easier.	
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We	
  shamelessly	
  cribbed	
  this	
  ac;vity	
  from	
  a	
  James	
  Tanton	
  curriculum	
  essay.	
  We	
  liked	
  it	
  
a	
  lot,	
  but	
  had	
  to	
  adapt	
  some	
  of	
  the	
  numbers	
  for	
  our	
  group.	
  We	
  had	
  a	
  class	
  that	
  was	
  
75%	
  students	
  with	
  IEPs,	
  a	
  mixture	
  of	
  Learning	
  Disabili;es	
  and	
  Emo;onal	
  Disturbances.	
  
We	
  knew	
  they	
  could	
  do	
  it,	
  but	
  we	
  needed	
  to	
  meet	
  them	
  where	
  they	
  could	
  be	
  
successful	
  and	
  then	
  ramp	
  up	
  the	
  difficulty.	
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Take	
  a	
  second	
  and	
  collaborate	
  with	
  a	
  neighbor.	
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Fix	
  these	
  with	
  the	
  blanks	
  we	
  had	
  from	
  last	
  year	
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For	
  historical	
  reasons,	
  we	
  don’t	
  use	
  the	
  word	
  “power”	
  for	
  the	
  rela;onship	
  shown	
  
(although	
  it	
  would	
  be	
  nice	
  if	
  we	
  did).	
  So,	
  the	
  usual	
  way	
  to	
  write	
  these	
  is	
  with	
  the	
  
abbrevia;on	
  “log”.	
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Napier	
  made	
  up	
  the	
  word	
  “Logarithm”	
  from	
  the	
  Greek	
  words	
  for	
  “ra;o”	
  and	
  “number”.	
  
He	
  was	
  using	
  a	
  propor;onal	
  rela;onship	
  to	
  compute	
  his	
  original	
  logarithm	
  table	
  which	
  
used	
  the	
  base	
  1-­‐10^-­‐7.	
  Which	
  seems	
  weird	
  to	
  us,	
  but	
  obviously	
  made	
  sense	
  to	
  him	
  
somehow.	
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For	
  historical	
  reasons,	
  we	
  don’t	
  use	
  the	
  word	
  “power”	
  for	
  the	
  rela;onship	
  shown	
  
(although	
  it	
  would	
  be	
  nice	
  if	
  we	
  did).	
  So,	
  the	
  usual	
  way	
  to	
  write	
  these	
  is	
  with	
  the	
  
abbrevia;on	
  “log”.	
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Why	
  did	
  we	
  try	
  this	
  approach?	
  One	
  of	
  the	
  fascina;ng	
  and	
  frustra;ng	
  parts	
  of	
  
mathema;cs	
  is	
  that	
  most	
  concepts	
  can	
  be	
  thought	
  of	
  in	
  both	
  structural	
  and	
  opera;onal	
  
terms.	
  This	
  is	
  similar	
  to	
  the	
  procedural	
  /	
  conceptual	
  dichotomy	
  that	
  other	
  people	
  have	
  
no;ced	
  and	
  wrote	
  about.	
  Sfard	
  claims	
  that	
  these	
  two	
  approaches	
  are	
  complementary:	
  
you	
  can’t	
  have	
  one	
  without	
  the	
  other!	
  Opera;onal	
  concep;ons	
  are	
  ac;on	
  oriented	
  –	
  
something	
  to	
  do,	
  a	
  list	
  of	
  instruc;ons.	
  Structural	
  concep;ons	
  are	
  object	
  oriented	
  –	
  
something	
  to	
  observe,	
  a	
  connected	
  whole.	
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Historically,	
  opera;onal	
  concep;ons	
  almost	
  always	
  precede	
  the	
  structural	
  ones.	
  For	
  
example,	
  the	
  ac;on	
  of	
  subtrac;ng	
  a	
  larger	
  quan;ty	
  from	
  a	
  smaller	
  one	
  led	
  to	
  nega;ve	
  
numbers.	
  The	
  func;on	
  concept	
  was	
  opera;onal	
  for	
  a	
  long	
  ;me	
  before	
  mathema;cians	
  
seiled	
  on	
  the	
  structural	
  defini;on.	
  The	
  modern	
  defini;ons	
  of	
  nearly	
  every	
  concept	
  are	
  
structural	
  in	
  nature.	
  We	
  treat	
  logarithms	
  like	
  an	
  object.	
  At	
  my	
  first	
  job,	
  the	
  mantra	
  
among	
  the	
  Alg2	
  teachers	
  was,	
  “a	
  log	
  is	
  an	
  exponent”.	
  But,	
  Napier	
  clearly	
  had	
  an	
  
opera;onal	
  concep;on	
  of	
  his	
  inven;on.	
  He	
  conceived	
  logarithms	
  as	
  a	
  way	
  to	
  convert	
  
large	
  numbers	
  into	
  small	
  values	
  that	
  would	
  be	
  easier	
  to	
  compute.	
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We	
  can	
  simplify	
  our	
  computa;ons	
  by	
  choosing	
  a	
  convenient	
  base,	
  conver;ng	
  the	
  large	
  
numbers	
  to	
  their	
  exponents.	
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This	
  is	
  the	
  fundamental	
  property	
  of	
  logarithms	
  that	
  Napier	
  wanted	
  to	
  create.	
  We	
  can	
  
jus;fy	
  this	
  by	
  saying	
  that	
  if	
  we’re	
  thinking	
  about	
  the	
  exponents,	
  then	
  the	
  mul;plica;on	
  
of	
  the	
  values	
  can	
  be	
  performed	
  by	
  adding	
  the	
  exponents.	
  Then	
  an;-­‐logarithming	
  back	
  
to	
  the	
  base	
  with	
  the	
  new	
  exponent.	
  Sure,	
  it’s	
  a	
  lot	
  of	
  steps	
  and	
  there	
  are	
  a	
  decent	
  
number	
  of	
  moving	
  parts	
  but	
  it’s	
  s;ll	
  way	
  easier	
  than	
  actually	
  doing	
  the	
  mul;plica;on.	
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We	
  try	
  to	
  encourage	
  understanding	
  throughout	
  the	
  course.	
  We	
  use	
  this	
  graphic	
  
organizer	
  for	
  order	
  of	
  opera;ons	
  because	
  is	
  helps	
  students	
  see	
  inverse	
  rela;onships	
  
between	
  the	
  opera;ons	
  and	
  it	
  helps	
  to	
  evoke	
  some	
  thoughts	
  about	
  a	
  hierarchical	
  
rela;onship	
  among	
  the	
  opera;ons.	
  It’s	
  good	
  for	
  visualizing	
  when	
  a	
  distribu;ve	
  (or	
  
distribu;ve-­‐like)	
  property	
  holds.	
  Once	
  students	
  start	
  thinking	
  about	
  how	
  a	
  major	
  goal	
  
of	
  logarithms	
  is	
  to	
  turn	
  mul;plica;on	
  into	
  addi;on,	
  then	
  we	
  can	
  ask,	
  “what	
  do	
  you	
  
think	
  a	
  log	
  will	
  turn	
  division	
  into?”	
  Most	
  students	
  can	
  guess	
  subtrac;on.	
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Division	
  to	
  subtrac;on	
  is	
  basically	
  the	
  same	
  procedure	
  as	
  mul;plica;on	
  to	
  addi;on.	
  
Choose	
  a	
  convenient	
  base,	
  convert	
  the	
  large	
  numbers	
  to	
  their	
  exponents,	
  perform	
  the	
  
subtrac;on,	
  do	
  the	
  an;-­‐logarithm	
  back	
  to	
  the	
  base.	
  Of	
  course,	
  for	
  Napier,	
  there	
  was	
  
only	
  one	
  base	
  and	
  it	
  was	
  that	
  crazy	
  0.999999.	
  And	
  you	
  had	
  to	
  look	
  up	
  the	
  values	
  in	
  a	
  
logarithm	
  table.	
  And	
  the	
  process	
  was	
  considerably	
  more	
  complicated	
  but	
  s;ll	
  less	
  
challenging	
  than	
  trying	
  to	
  brute	
  force	
  your	
  way	
  through	
  a	
  difficult	
  computa;on.	
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Division	
  to	
  subtrac;on	
  is	
  basically	
  the	
  same	
  procedure	
  as	
  mul;plica;on	
  to	
  addi;on.	
  
Choose	
  a	
  convenient	
  base,	
  convert	
  the	
  large	
  numbers	
  to	
  their	
  exponents,	
  perform	
  the	
  
subtrac;on,	
  do	
  the	
  an;-­‐logarithm	
  back	
  to	
  the	
  base.	
  Of	
  course,	
  for	
  Napier,	
  there	
  was	
  
only	
  one	
  base	
  and	
  it	
  was	
  that	
  crazy	
  0.999999.	
  And	
  you	
  had	
  to	
  look	
  up	
  the	
  values	
  in	
  a	
  
logarithm	
  table.	
  And	
  the	
  process	
  was	
  considerably	
  more	
  complicated	
  but	
  s;ll	
  less	
  
challenging	
  than	
  trying	
  to	
  brute	
  force	
  your	
  way	
  through	
  a	
  difficult	
  computa;on.	
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Back	
  to	
  the	
  graphic	
  organizer:	
  We	
  can	
  also	
  ask	
  students	
  what	
  they	
  think	
  a	
  logarithm	
  
might	
  do	
  to	
  an	
  expression	
  that	
  involves	
  an	
  exponent.	
  Turn	
  exponents	
  into	
  
mul;plica;on?	
  Yes	
  indeed!	
  In	
  fact,	
  it	
  would	
  not	
  be	
  at	
  all	
  strange	
  if	
  a	
  student	
  asked	
  that	
  
ques;on	
  while	
  looking	
  at	
  the	
  diagram.	
  We’ve	
  realized	
  that	
  students	
  will	
  spontaneously	
  
start	
  making	
  conjectures	
  and	
  connec;ons	
  when	
  the	
  story	
  has	
  a	
  tendency	
  to	
  unfold	
  
itself.	
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But	
  wait,	
  you’re	
  saying.	
  That’s	
  not	
  really	
  how	
  logarithms	
  were	
  used.	
  Amer	
  all,	
  not	
  all	
  
numbers	
  are	
  nice	
  integer	
  powers	
  of	
  another	
  number.	
  What	
  if	
  you	
  have	
  something	
  to	
  
compute	
  like	
  817	
  ;mes	
  the	
  square	
  root	
  of	
  29.	
  If	
  it	
  was	
  before	
  the	
  1970s	
  when	
  hand	
  
held	
  calculators	
  started	
  to	
  become	
  affordable,	
  you	
  would	
  have	
  used	
  the	
  log	
  proper;es	
  
to	
  make	
  your	
  calcula;on	
  something	
  like	
  this.	
  Then	
  consult	
  a	
  log	
  table.	
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Look	
  up	
  81	
  then	
  move	
  to	
  the	
  7	
  column	
  for	
  817	
  	
  for	
  the	
  decimal	
  part	
  (the	
  man;ssa)	
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Look	
  up	
  29	
  then	
  move	
  to	
  the	
  0	
  column	
  for	
  the	
  decimal	
  part	
  of	
  29,	
  then	
  half	
  it	
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Add	
  the	
  two	
  values	
  we	
  obtained	
  from	
  the	
  table.	
  Now	
  we	
  have	
  to	
  go	
  backwards.	
  The	
  3	
  
tells	
  us	
  that	
  the	
  answer	
  is	
  between	
  1,000	
  and	
  10,000.	
  Then	
  we	
  look	
  in	
  the	
  table	
  for	
  the	
  
6434.	
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6435	
  is	
  close	
  enough	
  for	
  us.	
  Then	
  back	
  track	
  to	
  see	
  the	
  values	
  44	
  and	
  0.	
  This	
  tells	
  us	
  
that	
  817	
  sqrt	
  29	
  is	
  approximately	
  4400	
  (because	
  4400	
  is	
  between	
  1,000	
  and	
  10,000).	
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But	
  with	
  the	
  advent	
  of	
  graphing	
  calculators	
  and	
  web-­‐based	
  apps	
  that	
  will	
  calculate	
  
roots	
  and	
  logs	
  of	
  all	
  bases,	
  why	
  do	
  we	
  even	
  need	
  logarithms	
  anymore?	
  We	
  used	
  to	
  
have	
  to	
  use	
  the	
  “change	
  of	
  base”	
  formula	
  for	
  this.	
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We	
  can	
  use	
  the	
  log	
  proper;es	
  to	
  solve	
  this	
  equa;on	
  because	
  we	
  want	
  to	
  use	
  what	
  logs	
  
can	
  do	
  –	
  change	
  exponen;a;on	
  to	
  mul;plica;on	
  –	
  to	
  get	
  the	
  variable	
  out	
  of	
  the	
  
exponent	
  spot	
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Maybe	
  with	
  a	
  more	
  complicated	
  equa;on?	
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A	
  liile	
  bit	
  of	
  log	
  proper;es	
  to	
  condense	
  the	
  computa;ons	
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But,	
  you	
  can	
  get	
  a	
  decent	
  decimal	
  approxima;on	
  using	
  a	
  graphing	
  u;lity	
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