HP Prime NCTM 2015 Exhibitor Workshop on AP Calculus Version 1.0

The 21 Century Wireless Classroom Network for AP Calculus

In this exploratory hands-on workshop, we will be solving Calculus problems with the HP
Prime Graphing Calculator and the HP Wireless Classroom Network. HP Prime is an app-based
graphing calculator with a touch-gesture user interface.

Problem 1: The slope of y=sin(x) at x=0
Part A: Getting Started

In this introductory problem, we pinch to zoom in on the graph of y=sin(x) at x=0 to establish
local linearity with a slope of one.

1. Press to open the App Library
and select the Function app. The
app opens in Symbolic view.

2. Enter our function in F1(X). 1

3. Press to open Plot view where gl ] AL NN N
the graph is displayed. You can drag ]
with your finger to scroll the
viewing window.

4. The traceris at the origin. Press ]
to zoom in on the tracer and to X0 F1(X): 0 |
zoom out on the tracer.

5. You can also pinch to zoom. A
diagonal pinch zooms square. You
can pinch horizontally to zoom on
just the x-axis or pinch vertically to
zoom on just the y-axis.

6. Pinchtozoominon (0, 0). /

7. Todraw the tangent at X=0, press
to place the tracer at il
X=0, tap and select g

/
Tangent. This is a toggle, so you

remove the tangent the same way.

The grid lines, tick marks, and tangent all indicate the slope of sin(x) at x=0is 1. These are new
and authentic technological experiences that are beneficial in developing student conceptual
understanding.
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Part B: The corresponding numeric view

1. Press (Plot Setup). Press Function Symbolic View
to reset all plot view v Bl F1(X)= SIN(X)
parameters to their defaults. Xmax=Xmin

2. Press to return to Symbolic vl 200 318
view Xmax-Xmin

sm[x+ ]—sm(x]

. 318
3. InF2(X) enter the difference ENERIIEER
quotient for F1(X), as shown in the SIN[}: Xmax-Xmin ]—SIN(}C]
figure to the right, and press [ Err . 318 |
_ Xmax-Xmin !
our definition for i h_Xmln—Xmax 318
uraetiniontornis i=—""3 L1 [ x ]  [cancel] OK |

which is the width of 1 pixel regardless of
any zoom you might make. To retrieve the
variables Xmin and Xmax, press and
tap ;thentap Function, Plot, and

X F2

select the variable Xmax. oL UIIOIUTIIT
0.125 0.99295104

4. Press E&Y an 13 0.1 0.9956022
es3 and select Split ! 0.075 0.99763115
Screen: Plot Table. / -0.05 0.99903662
5. Inthe table, tap on X=0 to select s | . {-}D.DZS gggggg;;
that row. Now press () to move the N 0.025 0.99950525
vacr o200, 05— o

6. Press a few times to zoomin on 0.1 0.9943543
the tracer, or use your finger to 0.125 0.99139262

oA P LY Y

pinch the Plot view. You will see the Zoom |[More [ | Fen [Defn [ ]

value of F2(0) approach 1 rather =

. F2
qulckly. T LW P o e e L W B |
-0.005 0.99999396

7. You can also pinch vertically in the /,f”““\ 0.004 0.9999968

table to zoom in or out on the -0.003 0.99999864

selected x-value (in this case x=0). ~0.002 0.993993948
-0.001 0.99999933
0 0.99999817
0.001 0.99999601
0.002 0.99999285
0.003 0.9999887
0.004 0.99998354
0.005 0.99997738

P e ot T Y

[zoom [ wore | Fen Loefn] |

These are technological experiences for the 21° Century!
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Problem 2

Version 1.0

The point whose coordinates are (2,0) is a point on the ellipse x* +2-X-y +3y? —4=0.What

is the equation of the line tangent to the ellipse through that point?

1. Press to open the App Library
and select the Advanced
Graphing app.

2. The app opens in Symbolic view,
where you can enter up to 10
equations or inequalities. In V1,
enter the equation for our ellipse.
Tap the menu keys at the bottom to
enter =, X, and Y. Tap or press
when you are done.

3. Press to see the graph of the
ellipse.

4. Move the tracer to the point (2,0)
and press to zoom in on this
point. Drag the display with your
finger to scroll the window.
Continue to zoom and scroll until
the plot fills the window as in the
figure to theright.

5. Zoom in on the point (2,0) using the
open pinch gesture. Place two
fingers on the display at the same
time and move them apart to zoom
in. A vertical or horizontal pinch will
zoom in one dimension only, while
any diagonal pinch will zoom in both
dimensions. Zoom in to establish
local linearity and then zoom
vertically or horizontally to get the
line to pass through two opposite
corners of the display.
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Advanced Graphing Symbolic View %38

YAV :|x2+2*x*v+3*v2—4=o |

B v
| WER

V4.
H vs:
M ve:

Enter an open sentence

2 2
X+ 2EKY+3Y -4=(]

X 2 Y. 0

Cvienu |

X: 1.99943185459  ¥:5.679841039%:-4 ([EN)|
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6. We will now use the window
dimensions to estimate the slope of
the tangent line. Press to open
the Home view. Press and
choose the fraction template. Press
(Yars], tap B tap Advanced
Graphing, tap Plot, and select
Ymax. Continue in this fashion to
build the expression

Y max—Y min

S Tmin— X max Press to
evaluate. Our estimate for the slope
is close to -1.

7. We will now use implicit
differentiation to find the slope
exactly. Press to open the CAS
view. Press to open the
Toolbox Menus, tap EZE, then
press (IM) to jump to
commands that start with those two
letters. Scroll down to
implicit diff.Press to
view the help page for this
command. Notice the menu keys:

o W opens the entire help tree

o EEMD: opens a menu of
examples to paste into the CAS

o CENZTTI: page by page
navigation

o [EIED: views related commands

o [EEI: closes the help page

We can see that the command takes an
expression, followed by the variables for
differentiation.

to close the help page.
to paste the command
into the CAS.
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Version 1.0

Advanced Graphing
LI

appvars  IRSRGT L
1Advanced Graphing » |1 Symbolic »]2 Xmax
2Statistics 1var s |2 Plot »[2¥Ymin

p|zSpreadsheet »|[=Numeric »J+¥Ymax

-(4 Statistics 2Var » [+Modes  »|SXtick

Y5 Function » “levtick

_|eGTSExample > 7Axes

A7 Function > 0.995  abels
slnference » sGridDots

rome]

Advanced Graphing

Ymax-=Ymin

Xmin-Xmax -0.983421818454

lsor ] [ [ [ [ |

. Implicit derivative.
Syntax:
implicit_diff(expression, var1, var2)

Returns the implicit derivative of expression with
respect to var_1, treating var_1 as the dependent
variable. expression is usually an equation; if
there is no equal sign, expression=0 is assumed.

Example:
implicit_diff(y"5=x,x,y) = 1/(3*y"4)
implicit_diffiyA5=x,y,x) = 5*y"4

e e e = T R WY e B ST S

Tree
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The CAS uses lower-case variable names,
so use xand y here.

9. Enter the expression for our ellipse,
followed by both x and y, and press
to see the result.

10. Press and select the third
template in the first row (called the
where() command. Tap on the first
square, then tap on our last result
and tap to copy it into the
square. Tap on the second square
and enter x=2, y=0. Press to
see the result: the slopeis -1.

11.Press to return to Symbolic
view and enter the equation of the
tangent line. The line whose slope is
-1 and contains (2,0) is y-0= -1(x-2)
or y=-x+2. Enter this equationin V2
and press to see the graph. You
can enter the equation in either
point-slope form or slope-intercept
form. Press to zoom back out
so you can see the whole ellipse.

Version 1.0

Advanced Graphing

implicit_diff(12+2*x*y+3*y2—4, xly)
“2Ex-2%Y
2xx+3x2*y

[stor Jsmpif] | | | ]

Advanced Graphing

implicit_diff(12+2*x*y+3*y2—4, Xy
-2#x-2%y
2¥X+3%2%y
—2#E)-2%Y
2#X+342%y

[¥=2 y=0] -1

(stor [simpiif] [ [ ] |

X: 1.98780793926  Y:1.211862881c-2 (NI

HP Prime delivers technological experiences that promote hands-on learning, as well as tools
that open new areas for mathematical exploration, as you have seen in this example.
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Problem 3

Version 1.0

Find any values of afor which the parabola x =a- (y2 + 5) is also tangent to our line y= -x+2.

1. Press to return to the CAS.
Differentiate our equation implicitly
with respect to both xandyy, as
shown in the figure to the right.

2. Press £, tap HEHM, tap Solve,
and select solve. Now copy the
expression (just double-tap it) and
set it equal to -1 as shown. Press
2 %), followed by y to solve for y

and press to see the result.

3. We know that the point of tangency
satisfies both equations (the
parabola and the line). Return to the
where() command and enter the
parabola equation as shown in the
figure to the right. In the second
square enter the substitution x=2-y
to get an equationinaand y.

4. Repeat with the result and our
substitution for yin terms of a.

5. Now solve for a. The result shows
that there are two values of a,-1/10
and 1/2, for which the graph of
X=a- (y2 + 5) is tangent to the line

= -X+2.
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Advanced Graphing

implicit_difflx +2#x*y+3+y 4%y
“2Ex-2¥Y
2ER+IE2*Y
—2%X-2%y
2ER+IE2HY [x=2 y=0] -1
N [ 2 ] ] 1
implicit_difflx=a*ly +5)xy ar2ry
solve L=—‘I y] .
ax2xy ! 2#%3
Csio» Ismpiifl | ] | |

Advanced Graphing

solve W?Ly Ere

——

x=2-y 2‘}’:5*(3’2*5]

2—y=a*(y2+5)

A

1 1 2
202 2 (ﬁ] 3]

Cso» lsmplf] | | | ]

1 1 2
248 2 (ﬁ] 3

L [ -11
2*a+2_[(2*a] +5]*a,a] [ﬁ‘ E’

s> Jsmpill | | 1 |

solve
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6. Returnto Symbolic view and enter
these equations in V3 and V4.

7. Press to see the graphs.

Version 1.0

14L:1‘.T_r|]

Advanced Graphing Symbolic View
v BV axey3y 420
V [l v2:v=-x+2

v B \.-'3:){:%* Y2+5

v Hl v4:x=%*(v2+5]

Vs |

M VA

Enter an open sentence

™~

X: 0.12547158583 v:1.19500852299 ([HISINN|

HP Prime's winning combination of CAS and the Advanced Graphing app extend the
visualization of solutions to problems involving non-functions. And the touch interface makes
it easy to copy previous results, get a nice viewing window, and just generally makes

exploration and problem-solving easier.

Come visit us at Booth #1209 to learn more!
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Problem 4

The instructor will use the HP Prime Wireless Network to send you an app called
AreaFunctionl. This app, based on the Geometry app, was designed to introduce students
to the notion of area under a graph and an area function. We will explore this app together.

Press and select AreaFunctionl. Linear Function: y = x 5y
. . . . Triangle Area: 8.0

The app opens in Plot view. Line BCis Point K: [4.0,8.0]

shown, along with a point E on the x-axis. B g C

The area under line BC, from B to E, is =4

shown as a blue triangle. The equation of

line BCis shown at the top left, along with

the area of the triangle. Point K has the

same x-coordinate as point E and its y-

coordinate is the area of the triangle. Thus, T

point K is a point on the area function for |:-::ﬂr ¥:-1

line BC.
Controlling the app:

e Objects under the cursor turn red to show they are below the cursor.

e Tap and drag a point to move it quickly

e Tap apoint and press to select it. It will turn light blue to show it is selected. Now
you can drag it OR use the cursor keys to move it one pixel at a time. Press to
deselect a selected point.

Exploration 1:

Tap point E and press to select it. Now use (¢©) and (») to move the point along the x-
axis. Students should see that the triangle is always an isosceles right triangle, so its area is
always of the form x*2/2. So the area function must be y=x*2/2. Focus on the path of point K
as point E moves. Does its path appear parabolic? Students must see that the y-coordinate of
point K is the same as the triangle area; that is, that the y-coordinate of point K can always
give you the area of the triangle for a given x-value.

Things you can do:

e Tap point K (it will turn red); then tap and select Trace. Now when you move
point B, the trace of point K is shown. This option is a toggle; repeat to turn off tracing.
Turning off tracing does not clear any existing trace. To clear the trace, tap point K, tap
andselect Clear Trace.

e TappointK;tap and select Animate. Point E will now move from x= -3 to x=4 in
steps of 0.1.
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Exploration 2

1. Press to open Symbolic view.
Here, each geometric object in Plot
view has its definition.

2. Notice GL, the locus of point K, does
not have a checkmark beside it.
Check GL so that it is visible in Plot
view.

3. Similarly, press to open
Numeric view and check Area
Function so thatitis visible in
Plot view.

4. Press to open Plot view.

Things you can do:

e Tap point Cand press to
select it. Press (v) to move it down
one pixel at a time. Note the
relationship between the
coefficients of the linear and area
functions.

e Move point Cso that it is below the
x-axis. Discuss signed area at this
point. Take point C back above the
x-axis and move point E to the left
of the y-axis. Discuss why the
triangle area here is still positive.

e Press to deselect point C

e Tap point B and press to
select it. Now press (») to move it
right one pixel at a time. Note the
relationship between the linear and
area functions.

e Press to deselect point B

Version 1.0

AreaFunction1 symbolic View

perpendicular(GE,GA)
point(2.5,1.3)

v B GI single_inter(GG,GD,GH)

v B GJ triangle(GB,GE,GI)

v B GK point(abscissa(GE),area(GJ))
[F1 @ GL locus(GK,GE,tstep = 0.1)

locus(GK, GE,tstep = 0.1)

(Cmds [ v | [wsert] 1 [ | |

Linear Function: y = (0.5%x)’
Area Function: y = {1;’4*::’\2} i
Triangle Area: 4.0 |
Point K: [4.0,4.0]
B: 0

E:4

cmds [options R

Linear Function: y = [0.6#x-0.6]
Area Function: y = [3%(x-1) ’\2.«'1[]!]
Triangle Area: 2.7
Point K: [4.0,2.7]
B:1
E4

_-

L cmds Joptions REIRENEE

ABDJL

The AreaFunction app can be used to give students a basic conceptual understanding of area
under a graph and accumulation functions (integrals). With the HP Prime Wireless Network, it
is easy to send these custom apps to students to enhance their ability to explore essential
Calculus concepts. These custom apps are based upon the built-in HP Prime apps and are

basically HP Prime interactive documents!
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