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Abstract—Joint tracking and classification (JTC) is rapidly
gaining momentum recently. Algorithms have been proposed for
this problem. However, performance of tracking and classifi-
cation has been evaluated separately without considering their
interdependence. In this paper, we propose a joint measure,
named joint probability score (JPS), to account for tracking
error, misclassification and their interdependence. The basic idea
of JPS is to measure the difference between the cumulative
distribution functions (CDFs) of the ideal JTC and the one to be
evaluated. Moreover, performance of tracking and classification
can be unified by applying CDF. The proposed method is unit free
and positive definite. Also, it has close connections with stochastic
dominance and the so-called continuous ranked probability score.
Two examples illustrating our JPS are presented. The results
demonstrate that JPS reflects well the joint performance of
tracking and classification.

I. INTRODUCTION

Target tracking and target classification are practical prob-
lems in many military and civilian fields [1]. Usually they
are solved separately. In some cases, these two problems
are closely related. For example, different classes may have
different kinematic models. Then the classification result may
affect tracking and vice versa. Recently, joint tracking and
classification (JTC) is gaining momentum. Some methods have
been proposed, in which the problem is solved jointly [2]
[3] [5] [9] [11]. These methods consider the interdependence
between tracking and classification: good tracking may be
beneficial to classification and vice versa.

Although performance evaluation is important, JTC related
evaluation methods are rare. No matter how valid an algorithm
is in theory, its performance must be evaluated for a number of
purposes [8]. To our knowledge, existing evaluation methods
can be classified into two classes.

The first one is to evaluate tracking and classification
performance separately, as used in most JTC publications.
For example, root mean-square error (RMSE) and/or average
Euclidean error (AEE) are used to evaluate the performance
of tracking, and probability of correct classification (PC) is
applied to evaluate classification results [2] [3] [10] [11].
Such evaluation is unsatisfactory for JTC, because it cannot
reflect the interdependence between tracking and classifica-
tion. The problem is a joint one and we attempt to solve

it jointly. Why do we evaluate the results separately? Take
the example given in [15] for illustration here. We would
like to recognize and track several possibly crossing ground
targets simultaneously, say, a tank and a truck. The goal is
to destroy the tank, but not the truck. Thus recognition and
tracking in this problem are joint and so an accurate track
with a recognition error could be a catastrophe, while a poor
track with a correct recognition would lead to a miss. In
the case that both estimation performance and classification
performance are good, the joint performance may still not be
good as the separate metrics measure the average performance
of estimation and classification separately without accounting
for the correspondence between them. Although an algorithm
can possibly classify the target as a tank with a large PC
and also provide a tracking result with a small RMSE, the
latter does not necessarily correspond to the former, e.g., the
obtained track does not satisfy the dynamic properties of the
tank. However, this correspondence is needed for us to achieve
the final goal. Thus, this algorithm may not have good joint
performance.

The second one is based on the idea of mock data (see
[4] [16] [9]). The basic idea is to compare some distance
between real data and mock data generated by estimation
and the data model determined by the classification results.
The performance of JTC is evaluated in the data space. This
method has the significant advantage that knowledge of the
ground truth (e.g., the true target state and class) is not needed.

In this paper, we propose a measure that is unit free and
unifies the performance evaluation of tracking and classifica-
tion. A direct thought is to define a measure in the probability
space. Take estimation performance evaluation as an example.
A “natural” approach is to measure some “distance” d(p,., pz)
between the true probability density function (PDF) p, of the
estimand x and the PDF p; of the estimator 2. Unfortunately,
it is fundamentally flawed, as pointed out in [14]. The coupling
between x and & should also be considered. Thus using the
PDF of estimation error & seems a compelling way. However,
using this PDF also has serious drawbacks. For example, in
the ideal case, p; is a delta function §(Z), which is hard for
us to compare it with the estimation error PDF p;. To solve
this, we propose to use the cumulative distribution function
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(CDF) of estimation error norm. Moreover, by using CDF, it
is easy to unify tracking and classification performance. The
ideal/perfect case has no estimation error and misclassification.
The CDF of the ideal case is thus a step function (see Figure
1(b)).

Then we give a measure to compare the CDF of estimation
error norm and classification in the ideal case with that
obtained by the JTC algorithm. The measure is required to
be positive definite. This ensures that the best score can
only correspond to ideal JTC. Otherwise, the measure can
be cheated by an algorithm, to be shown in Section III.
Absolute and relative versions of the measure are developed.
They have several nice properties including being unit free,
positive definite, as emphasized above, and they are joint
measures accounting for the interdependence between tracking
and classification. They also have close connections with
stochastic dominance and the so-called continuous ranked
probability score, which are well-known and widely used in
many fields.

This paper is organized as follows. Section II is the main
part of the paper, where we formulate the JTC evaluation
problem and propose our method, including the absolute
and relative versions. Their computation is also given in
this section. Section III discusses serval properties of the
proposed measure. Section IV presents illustrative examples,
and Section V concludes this paper.

II. PROBLEM FORMULATION AND MAIN IDEAS
A. Problem Formulation
Let

H; = {true class is t}, D, = {JTC decides on class i¢}. (1)

What we can use in evaluation is state estimation error
and corresponding classification results, which may take three
different forms. The best case is that we know the joint
probability density-mass function (PDMF) p(Z, D) or joint cu-
mulative distribution function (JCDF) P(z, D) of JTC where
D is the discrete random variable for decision with the range
{D1,...,Dp}. However, it is usually hard to get in practice.
We will focus on the following two cases.

(a) We can use the state estimation error (™ and the
corresponding classification result DE"),i =1,...,.M,n =
1,..., N, where N is the samples size used in evaluation
by, e.g., a Monte Carlo simulation, and M is the number of
candidate classes.

(b) We have state estimation error #(™) and classification
results as soft decisions, e.g., each candidate class is assigned
a probability /LEI? under H; and

M

(n) _
Yo =1 @)
i=1

Note that classification in (a) is actually a hard decision.
In the following, we will use the norm of estimation error
|Z||, denoted as e. For notational simplicity, we define

egﬁ) —pth sample of ¢ with D; under H, 3)

B. General Considerations

As mentioned above, we want to evaluate JTC in the
probability space. Most existing methods in the probability
space rely on PDFs. However, using a PDF in our problem
has serious drawbacks. In the ideal case, the PDF of e is a
delta function d(e), which is a generalized function that is 0
everywhere on the real line except at 0 with an integral of
1 over the entire line, as shown in Figure 1(a). It is hard to
compare a PDF p(e) with d(e). A plausible alternative is to
integrate the difference between these two PDFs. However,
this method actually compares the difference only at point 0.
Thus it is incomprehensive.

Using CDF can overcome these drawbacks. The CDF of
the ideal case is a step function. We can compare the CDF P
of the actual estimation error with it. What is more, every
point of P is compared with the CDF of the ideal case.
Moreover, the estimation error is often expressed in terms of
samples, probably due to the widespread use of the Monte
Carlo method. Thus it seems more reasonable to evaluate the
results in terms of CDF [6].
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Fig. 1. PDFs and CDFs of the ideal estimation (delta function) and non-ideal
estimation

Table 1 Probabilities of tracking and classification

e<n e>n
D, P11 P12 P11 + P12
Dy p1 Dt2 Pt1 + DPe2
Dy PM1 PM2 Pm1 + P2
SMipa SMipio 1

C. Joint Probability Score

Actually, the CDF P{e < n} is the probability of the event
that the estimation error norm e is not larger than a threshold
7. For the JCDF of JTC, P{e <1, D;} is the probability of
the joint event e < 7 and the classification D;. As shown
in Table 1, py1 = P{e < n, D¢ H,;} is the probability that
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e < n and the classification result is D;, where t is the true
class. p;2,i # t is the probability that e > 7 and the target is
misclassified as the it class (i.e.,D;) under H;.

Clearly, given 7 the larger P{e < 7, D¢|H,} is, the better
the JTC performance is (high correct classification rate and
small estimation error). (By the way, it can be proven that
L —Ple <n,Dy|He} =32, P{(e > n) U (D;)|H;} which
is the overall probability of large estimation error (larger than
1) or incorrect classifications (i # t).)

In view of the above, we can generally evaluate the JTC
performance in terms of the following joint probability score
(JPS):

M c
JPS = Zwt/ (1—Ple<n,DJ|H,})"dy (4
t=1 0

where w; = P{H;} is the prior probability that the true class
is t. r can be 1, 2, etc. By using (1 — P{e <, D;|H;})", we
measure JTC performance for any threshold 7. By integrating
n from 0 to ¢, most significant points of the CDF are
considered. c is the upper limit of the integral. We will discuss
its selection later.

Actually, 1 — P{e < n, D;|H;} is the difference between
the CDF of the evaluated algorithm and that of the ideal one
with e = 0 (no estimation error) and no misclassification.

When r = 1, it is the absolute difference in probability
between the ideal JTC and the actual JTC. If r = 2, (1—P{e <
n, D¢|H;})? is the well known Brier score, which is one of
the oldest probability verification metrics [13]. The Brier score
can be seen as the mean-square error (MSE) of probability
estimation.

D. Selection of Upper Limit for Integration

A direct choice of ¢ is oo, which seems reasonable as
all probable values of e are considered. However, for some
cases, it may not be acceptable. In Figure 2, the JCDF of
an estimation error norm e with correct classification (e.g.,
P{e < n,D:|H:}) is shown. This JCDF is under the con-
dition that not all classifications are correct. Note that JCDF
approaches a steady value as e increases.

Assume that for 7 larger than the dash vertical line shown in
Figure 2, the value of (1 — P{e < n, D;|H;})" remains to be
(1—P{D;|H,;})", which is a nonzero constant. If the integral
interval is infinite, the integral will also be infinite. To solve
this problem, we suggest selecting a constant ¢ < oco. This is
reasonable. First, if we use co as the upper limit, once misclas-
sification has a nonzero probability, no matter how small it is,
the integral will be infinite. It is unacceptable if the evaluation
of the JTC performance is totally dominated by classification
performance. No matter how estimation error norm varies, the
integral cannot reflect its influence. By choosing a finite ¢
which depends on a particular problem, we provide enough
flexibility to balance tracking and classification. Second, in
many practical problems, we may not be concerned with how
large the estimation error is provided we know it is very large.
For example, in road target tracking, position estimates that are

too far away from the road may not be considered. Similarly,
velocity estimates that are too large (say, 500km/h) for a car
may be abandoned.

~——ideal classification and estimation
- - -esfimation error under incorrect i occurs

Fig. 2. JCDF of estimation error norm and correct classification under the
condition that not all classifications are correct

For performance evaluation, a method depending on
specifics of a particular problem has its appeal. The upper limit
c of integral should be chosen after sufficiently exploring the
given problem and scenario.

E. Relative Version

Equation (4) is an absolute measure in the sense that it
is not with respect to any reference. Obviously, the measure
is sensitive to the scenario used in the evaluation, including
estimand’s magnitude and data accuracy [8]. In this subsection,
we propose a relative form of JPS (4) by choosing the worst
case in theory as the reference.

Given c, the worst case is that the algorithm always mis-
classifies the target or the estimation error norms are all larger
than c (see Figure 3).

P(7] < x.Ci|Cy)

Fig. 3. The ideal and worst estimation and classification CDFs

In the worst case, the integrand of JPS (4) is always equal
to 1 because the JTC always misclassifies the target or the
estimation error is all larger than c. Thus JPS (4) equals c.
The relative joint probability score (RJPS) can thus be defined
as

M
1 C
RIPS = — Zwt/ (1 - P{e<n,Di|H})"dn (5
c 0
t=1
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In the ideal case mentioned above, RJPS = 0. In the worst
case, it equals 1. For other cases, (1—P{e < n, D;|H:})" <1,
and there is at least one point for which the strict inequality
holds. So RJPS is less than 1. Thus, we have a measure with
a range [0, 1].

F. Computation of JPS

In this subsection, JPS and RJPS are computed following
the method and description given in [7]. In practice, we may
get samples of estimation error and classification results (e.g.,
cases (a) and (b) in Section II.A) by Monte Carlo simulations.
We use these samples to construct an empirical JCDF to
approximate the true JCDF for comparison.

We need to rank the samples with classification D,. For
notational simplicity, from now on we assume the sample
points of the estimation error norm e defined in equation (3)
are ordered:

G) <

2 tlt)

j<l, jl=1,..,Nf (©6)

where the superscript (j) means the sample is generated in the
jth Monte Carlo run, subscript ¢|t means classification result is
D, under Hy, and NY = max{n : egﬁ) < c}. Nf is the number
of samples which are smaller than ¢ with classification results
Dt-

Note that for case (b) of Section II.A, an estimation error
norm may correspond to more than one classification result.
Each class is assigned a probability {,ugﬁ) M., where ugﬁ) is
defined in equation (2). ,uint') is the probability assigned to the
true class ¢ under H; by the JTC algorithm.

For case (a), the results are hard decisions. The classification
corresponding to an estimation error norm can be seen as one
and only one HE‘T =1,ie., uif? equals either O or 1.

Then the empirical JCDF with correct classification is

1 n
P{e < n, Dlef} = N Zﬂz(ffz’ eir? <n< 61(:‘7;+1) (7)
=1

Note that ,ug‘lz

on the It run. See equation (2) for more details. It can be
different for different runs.

is the probability assigned to the true class

T
|
|

% [ a, a, [V

1 2 3 4

0.6

04r

— CDF of the ideal case ;
= Empirical CDF of the algorithp
T T T T
0 e €, A €, ¢

0.21

Fig. 4. Computation of JPS from the ideal CDF and empirical CDF

Using the empirical JCDF above, JPS (4) can be computed
as follows:

M Ny
_ (n) 5(n)
JPS = g wy E g dt‘t ®)
t=1 n=1

where ag? and di? are given in Table 2. wy is the prior
probability that H, is the true class, defined right after equation
(4). and M is the candidate class number.

The relative JPS can then be obtained by:

JPS
RIJPS = — &)
C

where c is the maximum value of JPS, as analyzed above.
Table 2 Computation of JPS

n 0 1,..,Nf -1 Nf

(n) 1) (n+1) (n) (NY)
Qe €t t|t Gt ¢c— et\t
dp) | 1 =S N (= NNy

The computation can be summarized as follows:
1 Generate the true class H; according to its prior proba-
bility; get estimation and classification results.
2 Repeat step 1 for N times.

3 Rank egl? and arrange its corresponding classification

result u(") for D;.

tt
4 Select the upper limit ¢ and compute aE")

in Table 2 for all eg).
5 Get JPS and RJPS.

and d§"> given

III. PROPERTIES AND DISCUSSIONS

The proposed JPS has several attractive properties. In this
section, we discuss these properties and show its connections
with some well-known measures.

A. Unit Free

The proposed JPS and RJPS are unit free as the integrand
is probability. Using a unit free measure allows us to compare
cases with different units. Moreover, as mentioned above,
RJPS is a measure with a value between 0 and 1 and is thus
not quite sensitive.

B. Positive Definite

The proposed JPS and RJPS are positive definite. From
equation (4), we have JPS = 0 if and only if the JCDF of
the algorithm coincides with the JCDF of the ideal case. For
other cases, JPS > 0.

This requirement seems simple; however, not all measures
are positive definite. [6] gives an example to illustrate this,
which is shown next. Consider estimating a Gaussian density
fp with mean p and variance o2. A possible measure using

an observation is
S=(z—p?+o° (10)

which seems to reward a smaller difference between the
observation and the mean and a smaller variance of the
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estimation density. Unfortunately, an algorithm may cheat the
measure, for example, by issuing 02 = 0. Thus, it is quite
reasonable to require positive-definiteness.

C. Joint Measure

The JPS measures the joint performance of tracking and es-
timation, accounting for the estimation error, misclassification,
and their interdependence. We discuss the performance and the
corresponding JPS values qualitatively in various cases.

As mentioned above, good JTC has a small estimation error
and correct classification. In this case, (1—P{e < n, D;|H:})"
is small for all n and thus JPS is small.

On the other hand, terrible JTC always misclassifies the
target or has a large estimation error norm. Because of
incorrect classifications and large estimation errors, (1—P{e <
1, D¢|H:})" is large over a large interval of 7, and so JPS
is very large. Note that JPS measures the estimation and
classification results jointly. The measure is sensitive to all
distributional facets rather than just means and variance. Thus
it is a comprehensive measure.

For other cases, for instance, the classification performance
is poor, the estimation error with correct class is small and with
incorrect classification is large. Thus (1 — P{e <1, D¢|H;})"
is large, especially for small 7.

An algorithm with good estimation has a small estimation
error norm, that is, P{e < n} is large. Similarly, an algorithm
with good classification results has a large P{D;|H;}. Good
JTC performance needs large P{e < 7, D;|H;}. Note that
P{e S T],Dt|Ht} = P{@ S H‘Dt,Ht}P{Dt‘Ht} 7£ P{e S
n|H;} P{D|H,}. Even if an algorithm has good performance
in estimation and classification separately, it still may not have
good joint performance. Our JPS stresses the importance of
their interdependence in the JTC evaluation.

Empirical CDF of the estimation error norm

——CDF bl the ideal case | |
CDF of A
== =-CDF&iB

' L L L L L L L
6 7 8 9 10

4 5
Estimation error norm

Fig. 5. Empirical CDFs and illustration of FSD and SSD

D. Connections to Stochastic Dominance

For » = 1, JPS (4) can be interpreted as stochastic
dominance, which is widely used in economics and investment
theory. The definition of stochastic dominance given by [12]
is that A dominates B in U; if for all utility functions U € U,
the inequality EoU(z) > EpU(z) holds and for at least one
utility Uy € U, the strict inequality holds. U; is the set of all
utility functions U that satisfy the first derivative U’ > 0. This
is known as the first degree stochastic dominance (FSD).

A(z) and B(z) are two CDFs of variable . We say A
dominates B by FSD for all U € Uy if and only if A(x) >
B(z) for all values x, and there is at least one xo for which
the strict inequality holds [12].

From Figure 5, the CDF of the ideal case dominates the
JTC’s CDF by FSD. The difference of these two CDFs is
measured by the area between their CDFs.

A natural idea of ranking two algorithms is to compare their
empirical CDFs directly. In some cases, it seems appealing.
However, as shown in Figure 5, the CDFs of A and B may
intersect, and thus the FSD cannot be applied. One may use
the second degree stochastic dominance (SSD). In investment
theory, users are assumed to be risk averters such that the
utility function U € U,, where Us is the set of utilities that
satisfy U’ > 0 and the second derivative U” > 0. Then, for A
and B in Figure 5, we say A SSD B if and only if S; + S3 >
So + Sy, where S; is the area enclosed between A and B from
the lower intersection point of A and B to the higher point. It
seems reasonable to do so as most investors dislike risk. For
JTC performance evaluation, however, the assumption is not
valid. So we recommend to use our method to get the JPS of
each CDF first, and then algorithms can be ranked according
to their JPS values.

E. Connections to Continuous Ranked Probability Score

For r = 2, ¢ = oo, if classification results are all correct,
(4) can be written as

M oo
Zwt/ (1 — P{e <, Dy|H,})%dn. (11)
t=1 0

The above measure, known as the continuous ranked proba-
bility score (CRPS) [7], is widely used in meteorology. It can
be seen as an extension of the (half) Brier score, (p; — pe)Q.

For deterministic estimation (i.e., ||Z|| = e with Cov(%) =
0), the CDF of the estimation is also a step function. (1 —
P{e < n,D|H;})?, the integrand of formula (11), is 1 over
the interval [0, e] for 7 and 0 over (e, c], and then formula (11)
turns out to be e, which is the estimation error norm. Thus,
CRPS can be regarded as a weighted sum of norm. Moreover,
our measure JPS with » = 2 can be treated as an extension of
CRPS considering discrete and continuous variables jointly.

IV. ILLUSTRATIVE EXAMPLES

In this section, two simple examples are provided to il-
lustrate the proposed method. Both examples assume two
candidate classes are characterized by different kinematic
models:

(a) class C; with dynamic model CV [1]:
Xp+1 = F1X, +uq (12)

where u; ~ N(0,Q1), and

F =

OO O
co N
o= OO
— N oo
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Fig. 6. Simulation results of the same algorithm using good data and bad data

Q1 = diag(160m?, 160(m/s)?, 160m?, 160(m/s)?).
(b) class C'y with dynamic model CT [1]:

X1 = Fa Xy +uz (13)
1 sin(wT) /w 0 —(1—-cos(wT))/w
[ 0 cos(wT) 0 —sin(wT)
2710 (1-cos(wT))/w 1 sin(wT) /w
0 sin(wT) /w 0 cos(wT)
where us ~ N(0,Q2), w = 0.45rad/s, and
Q2 = diag(250m?, 250(m/s)?, 250m?, 250(m/s)?).
The measurement equation is
Zi = HX), +v; (14)

with v; ~ N(0, R;),
1 0 00
i= { 0 010 }
Ry = diag(900m?, 1000m?), Ry = diag(8000m?, 8000m?).
The prior probability of two classes are w; = 0.5, wp = 0.5.

True class and state are generated randomly according to this
probability.

Example 1 We compare the same algorithm using two
sets of data with different quality. One (good data) is with a
small covariance R, the other one (bad data) is with a large
covariance Rs. Intuitively, the algorithm using the good data
has better performance.

The curves of JPS, AEE [8], and correct classification rate
are shown in Figure 6, where AEE(Z) = + Zf\;l e;, N is
the sample size and e is the norm of estimation error. In the
first subfigure of Figure 6, with the growth of data, the joint
performance of JTC becomes better and better. Yet it is not
clear for us to get this conclusion from the curves of AEE and
the probability of correct classification rate (PC), as they are
separate measures of two aspects.

Example 2 Two commonly used methods, decision and
estimation (D&E) and decision then estimation (DTE), are
compared in this example. For D&E, tracking and classifica-
tion are treated as two separate problems and solved without
considering their interdependence even though both decision
and estimation are optimal in their own senses [9]. For DTE,
optimal decision is made first and then optimal estimation
is done as if decision were always correct. The method
partially considers the dependence of estimation on decision.
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Fig. 7. Simulation results of decision and estimation, decision then estimation and ideal decision then estimation

The results are shown in Figure 7. For classification, DTE and
D&E are the same. Note that the PC increases rapidly in the
time interval 5s to 10s. The forth subfigure shows the AEE of
D&E and DTE. D&E performs better than DTE in AEE as it
is the optimal estimation. We can draw conclusions from the
third and forth subfigures as follows. For classification, D&E
is as good as DTE; for estimation, D&E is better than DTE.
As D&E has the optimality in estimation and classification
separately, we cannot say D&E performs better jointly than
DTE.

Actually, DTE should have better joint tracking and clas-
sification performance than D&E, as DTE considers such
dependence of estimation on classification while D&E does
not consider any dependence. This result is obvious at the
beginning of JTC because of the low PC. The first and second
subfigures show that DTE is better than D&E. This illustrates
that our measure indeed accounts for the interdependence
between estimation and classification. It is misleading as
mentioned above to use estimation and classification measures
separately. Using a joint measure, such as our proposed JPS,
is necessary for performance evaluation of JTC. The “ideal D
then E” makes a perfect decision first and then does optimal

estimation, and thus JPS reflects its performance of estimation
only.

This example illustrates the statements in Section III.C and
addresses the importance of using a joint measure to evaluate
JTC.

V. CONCLUSION

This paper deals with evaluation of JTC performance.
The most widly used strategy by far is to evaluate tracking
performance and classification performance separately. As the
problem is a joint one, using separate metrics cannot reflect
joint performance, especially the coupling between tracking
and classification. We address the importance of using a joint
measure in this problem. Based on this, we have proposed the
method considering the performance of tracking and classifica-
tion jointly, called JPS. Unlike common practice, we use CDF
instead of PDF, as it is easier to compare and approximate
CDFs and more comprehensive than using PDE. The JPS
quantifies the difference in the CDFs of the ideal case and the
algorithm outputs, which can reflect all distributional facets,
and thus the measure is a comprehensive one. In JPS, the upper
limit of the integral balances tracking and classification. It is
better for a user to select the limit for each particular problem.
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The relative JPS, is also provided, which has a value between
0 and 1 and is more insensitive. Computation of JPS is quite
easy and the computational steps are given.

JPS is unit free and positive definite. Moreover, it can be
interpreted by stochastic dominance for » = 1 and treated
as an extension of the continuous ranked probability score for
r = 2, which are well known and widely used in economic and
meteorology. In addition to the JTC evaluation, the idea of JPS
can be used in many areas as it unifies continuous and discrete
variables. As demonstrated by the two examples presented,
our proposed measures indeed account for estimation error,
classification error, and their interdependence.
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