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Abstract—We derive a new algorithm which avoids normalization 

of the probability density for particle flow.  The algorithm was 

inspired by renormalization group flow in quantum field theory.  

In contrast with other particle flow algorithms, this one works in 

k-space rather than state space. We have roughly 30 or 40 

algorithms to compute particle flow, and the three best 

algorithms avoid computing the normalization of the conditional 

probability density of the state.  We explain why explicit 

normalization often spoils the flow.  This phenomenon has been 

noticed by other researchers for completely different applications 

(e.g., weather prediction), but apparently the benefits of avoiding 

normalization are not well known. 
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I.  INTRODUCTION  

 

We derive a new algorithm which avoids normalization of 
the conditional probability density for particle flow 
corresponding to Bayes’ rule.  This algorithm was inspired by 
renormalization group flow in quantum field theory, and in 
contrast with other particle flow algorithms it works in k-space 
rather than state space. Out of roughly 30 to 40 different 
algorithms to compute particle flow our 3 favorite methods 
avoid normalization.  It is interesting that these 3 methods 
avoid normalization in 3 completely different ways.  As 
explained in [24] and [45], explicit computation of 
normalization often spoils the accuracy of the flow, and hence 
it is best to avoid such computations altogether.  Other 
researchers have discovered the same phenomenon in diverse 
applications, such as weather prediction.  We will explain both 
the mathematical and physical significance of normalization.  
There are extremely interesting and useful analogies with 
plasmas and classical electromagnetism which are helpful to 
understand the intuitive ideas involved.  It turns out that 
normalization is equivalent to neutral charge density of our set 
of particles.  Moreover, it is much better to design a set of 
particles that have charges like normal matter rather than 
plasmas, which are notoriously unstable.  Normal matter made 
of atoms has exactly neutral charge density both globally and 

locally (on the scale of one atom).  Each atom in normal matter 
has exactly zero net charge.  Furthermore, the charge of 
electrons and protons is quantized, which greatly facilitates the 
maintenance of exactly neutral charge density.  This connection 
with electromagnetism is due to the fact that our basic PDE is 
the same as the Gauss law in divergence form, which is the first 
of Maxwell’s equations.  This law guarantees conservation of 
total probability mass in particle flow.  The right hand side of 
our PDE (6) can be interpreted as charge density of our 
particles. 

Our fundamental equation is a linear PDE with constant 
coefficients.  We know that God intended us to solve linear 
PDEs with constant coefficients using the Fourier transform.  
Accordingly, we derived a simple elegant particle flow using 
the Fourier transform in [50], but unfortunately it does not 
result in a robust numerical algorithm owing to the use of 
explicit normalization of the conditional probability density.  It 
is a pity that an elegant mathematical algorithm is spoiled by 
such numerical issues, and it is the purpose of this paper to fix 
this problem.  Our new algorithm is based on the elegant 
Fourier transform solution of our PDE, and it avoids 
normalization. 

We start by reviewing particle flow for Bayes’ rule in 
nonlinear filters (section II).  The nonlinear filter problem is 
defined and explored in [6] and [29] from a practical 
engineering perspective, with an excellent state-of-the-art 
tutorial on standard particle filters in [21], as well as an 
encyclopedic treatment of nonlinear filtering in the recent 
handbook [22], and hence there is no need to repeat such 
introductory discussions here.  We describe three old methods 
to avoid normalization of the conditional probability density for 
particle flow in section III, and we explain the physical and 
mathematical significance of these ideas.  The new algorithm 
for particle flow which avoids normalization is derived in 
section IV.   

There is an intimate connection between the work reported 
here and so-called optimal transport problems, as explained in 
[48].  Our particle flow is much simpler and much faster than 
optimal transport, because we do not solve a variational 
problem.  In particular, we do not pick a unique solution of our 
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PDE by minimizing a convex functional, but rather we have 
much simpler methods of picking a unique solution.  Moreover, 
we do not care about the physical effort of transport of our 
particles, because they are not physical.  That is, we do not care 
how much our particles sweat during the transport.  We use 
non-optimal transport rather than optimal transport, which 
would be a bad idea in this context.  It is much better to 
minimize computational complexity or maximize stability of 
the flow rather than minimize an arbitrary and irrelevant 
convex functional of the transport.  We can use any of our 
particle flow algorithms to solve arbitrary transport problems 
for smooth nowhere vanishing densities.  In particular, we can 
compute a particle flow between any two smooth nowhere 
vanishing probability densities by defining the likelihood as the 
ratio of the posteriori and prior densities.  That is, we do not 
need to have an estimation or decision problem with a given 
likelihood.  Moreover, we can use our particle flow for 
Bayesian decision problems with arbitrary smooth nowhere 
vanishing densities.  For high dimensional problems, our 
particle flow is many orders of magnitude faster than standard 
algorithms for optimal transport and Bayesian decision 
problems. 

II. PARTICLE FLOW FOR BAYES’ RULE 

The purpose of particle flow is to fix the problem called 
“particle degeneracy” as explained in [9].  Particle degeneracy 
is caused by Bayes’ rule, and it completely destroys the 
performance of standard particle filters for high dimensional 
state vectors.   This problem is exacerbated by measurements 
that are more accurate (e.g., higher signal-to-noise ratio), which 
is rather counterintuitive, but very easy to understand 
intuitively by thinking about the cartoon shown in figure 3 of 
[9].  This problem is fixed by moving the particles to the 
correct locations in d-dimensional state space.  The “correct” 
locations for particles allows us to accurately represent the 
probability density of the state vector (x) conditioned on the 
latest measurement.  We do not care which particles move to 
which locations in state space, as long as we achieve the 
desired probability density corresponding to Bayes’ rule.  The 
flow of particles takes place as the variable � goes continuously 
from 0 to 1, and the parameter � is analogous to time, but it is 
distinct from time.  A “particle” is a point in d-dimensional 
state space, and we represent the numerical values of the 
probability densities at each particle in the nonlinear filter; this 
is the standard approach in essentially all particle filters [21].  
We denote the value of each particle in d-dimensional space by 
the symbol x(�), and we consider x to be a function of �.  This 
is a novel viewpoint that is not used in any standard particle 
filters. 

We start by defining a flow of the logarithm of the 
conditional probability density function with respect to �: 

               

(1)   )(log)(log)(log),(log λλλ Kxhxgxp −+=  

in which p(x, �) is the conditional probability density of x as a 
function of �, h(x) is the likelihood, g(x) is the prior density of 
x and K(�) is the normalization of the conditional probability 
density.  The flow of the probability density function defined 
by (1) corresponds to Bayes’ rule.  At the start of the flow (� = 

0) apparently p(x, �) = g(x), and at the end of the flow (� = 1) 
we see that p(x, �) = g(x)h(x)/K(�), which is exactly what we 
want to compute.  The above flow of the probability density 
function is called a “homotopy”, and it is a well known device 
in statistics (e.g., see [5] and pages 252-256 in [4]).  This 
homotopy on the logarithm of the conditional density was first 
used to derive an ODE for Bayes’ rule to compute arbitrary 
statistics in nonlinear filters in [37] and [38].  Several decades 
later this idea was introduced into particle filtering in [2] and 
[3], apparently independently of each other.  Actually, the 
formulation in [3] is a much more general flow than the simple 
line homotopy of the log of the densities shown above.  The 
purpose of this flow of densities was to mitigate particle 
degeneracy, as explained very clearly in [2] and [3].  As 
described by Simon Godsill and Tim Clapp: “the task is now to 
move the particle cloud through this sequence of densities by 
any available means” (page 144 in [2]); in particular, an 
algorithm called “annealed importance sampling” was 
suggested in [2], and similar sampling methods were studied in 
[3].  However, one would really like to avoid sampling 
particles in high dimensional state space for arbitrary non-
Gaussian densities, owing to the well known difficulties of 
such algorithms.  Therefore, what we really want is to move the 
particles directly without sampling from any density.  This is 
exactly what particle flow accomplishes.  In particular, we 
want to find a flow of particles corresponding to the flow of 
probability density defined above by the log-homotopy.  We 
suppose that the flow of particles for Bayes’ rule obeys the 
following Ito stochastic differential equation: 

       (2)                                       ),( dwdxfdx += λλ  

Moreover, given the flow of the conditional probability density 
p(x, �) defined by (1), we can compute the function f(x, �) by 
using the Fokker-Planck equation: 
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in which Q is the covariance matrix of the process noise, Tr(.) 
denotes the trace of (.) and div(.) is the divergence of (.).  For 
simplicity in all of our previous papers we have assumed that 
the diffusion is zero: Q = 0, but in this paper we develop a new 
theory of particle flow with non-zero diffusion (see section III 
for details).  Equation (3A) assumes that Q is independent of x, 
whereas (3B) is more general, and it allows Q(x) to depend on 
x.  As explained in [7], with the assumption of zero diffusion, 
the flow of particles for Bayes’ rule simplifies to an ordinary 
differential equation: 
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λ
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The corresponding Fokker-Planck equation with zero diffusion 
simplifies to the following: 
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Combining (1) with (5) and some calculus, we get: 

(6)                                                        )( η=qdiv  

in which q = pf  and we define: 
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In the above we have implicitly assumed that the densities are 
smooth and nowhere vanishing.  Given p(x, �) and �(x, �) we 
want to solve (6) for the function f(x, �), which will provide the 
ODE for the desired flow of particles corresponding to Bayes’ 
rule.  There are many ways to solve this PDE; in particular, [7], 
[10], [11] and [58] show roughly 30 to 40 distinct methods to 
solve (6), but there are also many hybrid methods as well.  We 
will show only three or four such methods in this paper, owing 
to page limitations.  Under mild regularity conditions, one can 
prove that (6) is a necessary and sufficient condition for the set 
of particles to obey the probability density corresponding to 
Baye’s rule [57]. 

The reason that our PDE (6) has so many distinct methods of 
solution is that it is an extremely simple and nice PDE.  In 
particular, our PDE has the following characteristics: (1) it is a 
linear PDE in the unknown functions f or q; (2) it is a first 
order PDE; (3) it has constant coefficients in the unknown 
function q; (4) there are no boundary conditions or initial 
conditions on the unknown function f; (5) the PDE is highly 
underdetermined, because it is only a single scalar-valued PDE, 
whereas the unknown function is d-dimensional; (6) our PDE 
has the same form as the Gauss divergence law in 
electromagnetics; and (7) a necessary and sufficient condition 
for the existence of a solution to this PDE is that the integral of 
� with respect to x is zero (see [11] for a discussion of the 
physical and mathematical meaning of this crucial condition).  
We can exploit these nice characteristics of our PDE to reduce 
computational complexity. 

The first nice solution of our PDE assumes that the prior (g) 

and the likelihood (h) are unnormalized Gaussian probability 

densities.  Substituting these densities into (6) and equating 

like coefficients of x and terms that are quadratic in x results 

in the following exact solution for the particle flow 

corresponding to Bayes’ rule: 
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where P is the covariance matrix of prediction error in x for the 
Gaussian prior density, and H is the measurement matrix (i.e., z 
= Hx+v), and R is the covariance matrix of the measurement 

noise (v).  The symbol x  denotes the predicted value of x, 

corresponding to the mean value of the prior Gaussian density.  
Inspection of (9) shows that the particle flow is stable (under 
very mild conditions).  For nonlinear problems one can use this 
flow by linearizing the measurement equation about each 
particle (analogous to an EKF) and computing the covariance 
matrix P from the sample of particles.  It turns out that the 
performance of this filter is orders of magnitude better than the 
EKF for difficult nonlinear problems, despite the linearization, 
because we are linearizing about each particle rather than using 
only one linearization about the estimate of x (e.g., see [8] for 
many numerical experiments).  Moreover, the computation of 
this filter is roughly ten orders of magnitude faster than 
standard particle filters for high dimensional problems (see [7] 
and [8] for details). 

The second nice solution of our PDE does not assume that the 
densities are Gaussian, but rather it only assumes that g and h 
are smooth and nowhere vanishing.  However, we assume that 
the flow of particles is incompressible, analogous to the well 
known approximation in fluid dynamics (e.g., subsonic flight in 
air is well approximated by incompressible flow).  That is, we 
assume that the divergence of f is zero.  As shown in [28], this 
results in the following ODE for the flow of each particle: 
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for non-zero gradient, and the flow is zero otherwise.  The 
gradient of logp can be approximated using a very fast finite 
difference algorithm in which we compute the set of 
approximate k-nearest neighbors for each particle (see [27] for 
details).   

The third nice solution of our PDE assumes that the log of the 
conditional density is twice continuously differentiable, and 
that there exists a diffusion matrix Q(x) and a flow f(x, �) such 
that certain undesirable terms in our PDE sum to zero.  
Assuming that the Hessian matrix of log p is non-singular, as 
shown in [45] we obtain the following flow: 
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This flow is very easy to compute in real time.  In particular, 
we can compute the gradient of the log-likelihood in closed 
form using calculus, because the function h(x) is typically 
known as a formula in practical applications.  Moreover, the 
Hessian of log p follows from the definition of log p given by 
(1) using calculus: 
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We can compute the Hessian of logh in closed form, for the 
same reason that we can compute the gradient of logh in closed 
form; moreover, we can compute the Hessian of log g using 
our fast k-nearest neighbor algorithm, as explained in [27].  
Many more details about this flow are given in [45] and [52].   

As shown in [44] we can derive a very similar flow using 
completely different assumptions (i.e., zero diffusion but 
geodesic flow on a convex subset of Euclidean state space): 
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An explicit formula for k is given in [44], but in practice one 
can use the simple approximation k � -1/2 and obtain excellent 
results.  This flow was derived by solving a vector Riccati 
equation in closed form, by making a judicious guess at the 
solution as explained in [44].  However, the solution to the 
vector Riccati equation is highly underdetermined, because we 
have a single scalar valued equation in d unknowns.  In 
particular, the solution set is a hyperellipsoid in d dimensions.  
As suggested in [44] we could pick the vector b to go through 
the center (or one of the foci) of this hyperellipsoid, but there 
are many other possible choices, some of which might result in 
better flows.  For example, we could pick f to give the most 
stable flow in the sense of Lyapunov, similar to the flow 
derived in [34].  Second, we could pick f to give the least stiff 
flow, which means the smallest condition number of the 
Jacobian of the flow, as discussed in [59].  Third, we could 
pick f to give the minimum L² norm solution.  Further details 
will be given in [60].  Moreover, there is a very interesting 
connection between our geodesic particle flow (14) and the 
Zel’dovich approximation, which was invented to solve the N-
body problem for the big bang in cosmology (see [61] to [64] 
for details).  In particular, the Zel’dovich approximation (ZA) 
is a simple first order Taylor series for the flow of particles in 
the big bang, but it gives surprisingly accurate results when 
compared with numerical solutions of Einstein’s field 
equations using Monte Carlo simulations for the N-body 
problem, as explained in [64].  However, Brenier has recently 
shown that the ZA is actually an exact solution to the Monge-
Ampère equation for a certain non-standard gravitational model 
[61].  The Monge-Ampère equation is a highly nonlinear PDE 
that characterizes the transport of particles from a given 
probability density to another given probability density, as 
discussed in [58].  Unfortunately, the Monge-Ampère equation 
does not obey the N-principle, as explained in [58], but we can 
derive a new PDE analogous to the Monge-Ampère equation 
that does satisfy the N-principle (see [58] for details).  The 
connection between the ZA and our particle flow (14) is that 
both are geodesic flows in a convex subset of Euclidean space, 
and both flows are extremely accurate and fast to compute.  
Equation (1) in [62] shows that the ZA is a geodesic flow in a 
convex subset of Euclidean space.  Moreover, ZA is a 

Lagrangian perturbation which guarantees that the probability 
density is nowhere vanishing, unlike the usual Eulerian 
perturbations.  Also, ZA provides a simple formula for the 
probability density along the flow, somewhat similar to 
Moser’s coupling, which also suffers from singularities in finite 
time [62].  Our geodesic flow (14) has no singularities, unlike 
ZA, because we use a log-homotopy whereas ZA and Moser do 
not.  As noted by Brenier the physical relevance of the Monge-
Ampère gravitational model is open to debate [61], but we 
don’t care about this because our particles are not physical.  We 
only care about having a fast and robust algorithm to move 
particles from one density to another in d-dimensional space.  
The ZA was invented in 1970, and it is another example of 
physics being many decades ahead of statistics, which is the 
basic theme of this paper. 

 

III. THREE OLD METHODS TO AVOID NORMALIZATION 

Notice that our PDE for particle flow (6) explicitly depends on 
the normalization K(�) of the conditional probability density of 
x along the flow, but the first three methods to compute particle 
flow reviewed in this paper do not need to compute K(�).  In 
particular, the Gaussian flow in (8) does not depend explicitly 
on K(�), and likewise for the incompressible flow (11) or the 
flow with non-zero diffusion (12), but our geodesic flow (14) is 
different and very interesting as explained later.  This contrasts 
with many of our other flows which require explicitly 
computing K(�).  For example, our flow based on Coulomb’s 
law computes K(�) using a sample mean of log h(x, �), as 
explained in [11] and [24].  Similarly, the flow based on the 
Fourier transform explicitly computes K(�) as explained in 
[50].  It is not difficult to compute K(�) using the Monte Carlo 
method given in [11].  In particular, it is easy to show that: 
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In which E(.) denotes the expected value of (.) with respect to 
the probability density p(x, �).  We can derive (15) using 
calculus, as shown in [11], but it is much easier to derive (15) 
using the Fourier transform.  In particular, take the Fourier 
transform of (6) and evaluate it at � = 0 as follows: 
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From which (15) follows immediately. 

We can easily compute the expected value of log h(x) using the 
standard Monte Carlo approximation, as explained in [11] and 
[24]: 
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In summary, it is easy to compute an approximation to the 
normalization term in (6), but the crucial question is: how 
accurate does this approximation need to be in order to get 
good filter accuracy?  We have learned from our numerical 
experiments in [24] and [50] and elsewhere that we need to 
compute this normalization term to very high accuracy.  This 
was rather surprising, and we explain this in the following 
paragraphs. 

First, the condition (18) is a necessary and sufficient condition 
for the existence of a solution to the PDE (6).  For more details 
on this mathematical fact, see [11] and [24].  If condition (18) 
is not satisfied, then there is no solution to our PDE.  If a 
solution does not exist for our PDE (6), then there is no reason 
to expect that the numbers coming out of our computer 
correspond to what we want in the first place.  There are many 
notorious examples of this in science and math.  In the context 
of particle flow for Bayes’ rule, it turns out that the flow would 
be completely useless, and the same situation obtains for 
weather prediction, as explained below.  Second, if we consider 
our set of particles as a plasma with electric charge density �, 
then condition (18) corresponds to neutral charge density over 
the volume �.  This physical analogy makes sense because (6) 
is the Gauss divergence law in electromagnetics for arbitrary 
dimensions rather than just d = 3.  It turns out that a very old 
theorem in classical physics (i.e., Earnshaw’s theorem from 
1842) says that a dynamical system of particles must have 
neutral charge density in order to be stable.  Plasmas are 
notoriously unstable, and we want our particle flow to be stable 
in order to avoid explosive propagation of numerical errors and 
other errors due to our various approximations.  Normal matter 
is electrically neutral to an extremely high accuracy, otherwise 
it would explode owing to the Coulomb’s force.  This is one of 
Feynman’s favorite examples to show how strong 
electromagnetism is compared with gravity.  Atoms are exactly 
electrically neutral, otherwise they would explode!   

Third, other researchers have noticed this phenomenon in 
completely different contexts than particle filtering.  For 
example, the state-of-the-art weather prediction solves two 
Poisson’s equations in order to compute good locations for 
nodes for the solution of Navier-Stokes PDEs.  This results in a 
dramatic improvement in accuracy of weather prediction in the 
UK.  However, these researchers have learned by numerical 
experiments that the condition for zero mass density (18) in 
Poisson’s equation must be computed to machine precision!!! 
We learned about this related experience at a wonderful talk at 
Vancouver given by Dr. Emily Walsh [53]. 

We now summarize the distinct methods that we have used to 
avoid normalization in our favorite particle flows.  Recall that 
K(�) does not appear explicitly in the first three flows 
described in sections II and III of this paper.  Moreover, the 
reason that K(�) does not appear in these equations is different 
for each flow.  First, in the Gaussian flow (8), we can derive an 
ODE for K(�), but it is completely decoupled from the 
calculation of the flow itself.  This is the same situation with 
the Kalman filter, where we can compute the equations for the 
evolution of the mean of x and the covariance matrix of errors 
in x, but the normalization of the conditional density is not 
needed.  In fact, we could easily derive the Kalman filter using 
the unnormalized conditional density of x, and we can also 

derive the Beneš filter as well as many other exact finite 
dimensional filters using the unnormalized density; for details, 
see [39].  Moreover, the Zakai equation gives the evolution of 
the conditional density for a very general nonlinear filter 
problem using the unnormalized density; this results in a linear 
PDE rather than a nonlinear PDE, and it makes the analysis of 
existence and uniqueness of solutions for this PDE much 
easier, and it also makes the numerical solution of the PDE 
easier.  Normalization of the conditional density for the 
Kalman filter is essentially never discussed in books or papers 
on Kalman filters. 

Inspection of (11) shows that our incompressible flow does not 
depend on the normalization K(�).  This is because the density 
of the flow is constant for each particle along the flow, and 
hence the total probability mass does not change along the 
flow, and therefore there is exactly zero change in K(�) along 
the flow, and hence the result of (15) is exactly zero.  We do 
not need to compute zero.  It was computed very accurately 
many centuries ago, and we have been using it ever since.  This 
is completely different from the reason for avoiding 
normalization for the Gaussian flow, in which the change in 
normalization is not zero, but it is irrelevant to the flow itself. 

Inspection of (12) shows that the flow with non-zero diffusion 
does not depend on the normalization of the conditional density 
of x.  The reason for this is that we killed the normalization by 
taking the gradient of the log of p in our derivation.  But the 
story about our geodesic flow (14) is different and interesting.  
Inspection of (14) shows no evidence of K(�), but it is 
implicitly there, because the formula for k depends on it (see 
equations (16) and (17) in [44]).  On the other hand, our 
numerical experiments show that we can use a simple 
approximation for k � -1/2 which does not depend on K(�).  So 
the geodesic flow (14) is not exactly invariant to K(�), but its 
dependence is very weak.  This is because K(�) enters the 
geodesic flow only through the speed of the particles rather 
than the direction, and we know from numerical experiments 
that the filter accuracy is extremely insensitive to perturbations 
in the speed.  For example, we can typically change the speed 
by a factor of two with very little change in filter accuracy.  We 
will see that the same thing happens in our new flow using 
renormalization group flow in section IV.  It would be nice to 
have a theorem or formula or bound that quantifies this 
situation, and we are working on this also [65].  In particular, 
taking the Fourier transform of (6) results in a linear algebraic 
equation for f (as shown in section IV), and we can bound the 
errors in the flow (f) due to errors in the normalization using 
the new theory of effective condition number [66], rather than 
the boring old theory of condition number due to Turing and 
von Neumann, which results in beautiful formulas that are 
completely useless.  For this new bound, we also need to 
generalize the interesting results in [67] to use effective 
condition number rather than boring old condition number. 

It is rather curious that this avoidance of normalization is not 
well known, especially because the solutions of Poisson’s 
equation which require exquisitely accurate normalization are 
completely ruined by small numerical errors and errors due to 
other approximations.  Recall that for weather prediction the 
normalization had to be computed to machine precision! 
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IV. RENORMALIZATION GROUP FLOW IN K-SPACE 

 
We can derive a new particle flow which avoids normalization 
of the conditional density by combining three ideas: (1) 
renormalization group flow, inspired by quantum field theory 
[56]; (2) work in k-space rather than state space by taking the 
Fourier transform of our PDE, as explained in [50]; and (3) 
compute the most general solution of our PDE rather than the 
unique minimum L² norm solution.  We start by taking the 
Fourier transform of our PDE (6): 

(21)                                              ˆ)(i

(20)                                                  )(

T ηω

η

=

=

pfF

pfdiv
 

in which F(pf) denotes the Fourier transform of pf; η̂ denotes 

the Fourier transform of �, and i = 1− .  In deriving (21) 

from (20) we have implicitly assumed that pf decays towards 
zero sufficiently fast as x approaches the boundary of the set of 
integration; otherwise, we would have extra terms from the 
non-zero boundary conditions; this assumption is satisfied for 
reasonable f(x, �) (e.g., no worse than polynomial growth in x) 
because p(x, �) is a probability density which we assume 
decays sufficiently rapidly to zero at the boundary.  Using the 
definition of Fourier transform we obtain: 
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Both of these integrals can be interpreted as expected values 
with respect to the probability density p(x, �), and hence we 
can compute these integrals using the standard Monte Carlo 
approximation by averaging over particles: 
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in which N is the number of particles,  and jx is the 

thj particle.   We could approximate the derivative of logK(�) 

with respect to � as shown in equation (19), but we will not do 
this here for obvious reasons. 

 

Notice that (23) is a single scalar-valued equation for the d-
dimensional vector f for each particle; hence, there is no unique 
solution for f, but we can evaluate (23) at k values of the 
vector-valued frequency �, and compute the minimum L² 
norm solution f by using the generalized inverse.  First, we can 
write (23) for the set of values of � as a very large linear 
algebraic operator L acting on f: 

(24)                                                         ˆ
~

η≈fL  

This large system of linear equations is written explicitly in 
Figure1 of [50], in which we have used the constraint that f is a 
real-valued function.  Next, we solve (24) for the unique 
minimum L² norm solution using the generalized inverse of L: 

(25)                                             ˆ)(
~ 1η−≈ TT LLLf  

The symbol  f
~

  used in (25) is defined as the concatenation of 

d-dimensional f’s at each of N particles, and thus the dimension 

of  f
~

 is dN, and the dimensions of L are k by dN, and the 

matrix to be inverted in (25) is a k by k matrix.  The matrix L is 
displayed in its full glory in figure 1 of [50]. 

We can choose to evaluate (23) at as many vector-valued 
frequencies as we wish, but to limit the computational 
complexity to d³ we use k � cd, in which c is a constant.  
Furthermore, we can pick any values for the k vector-valued 
frequencies, and we use the eigenvalues of the sample 
covariance matrix to compute the appropriate scale for these 
points in k-space.  Theoretical details and numerical 
experiments and several variance reduction methods are 
reported in [50]. 

Next, we can compute the most general solution to (6) as 
explained in [34], using the generalized inverse and the 
projection into the d-1 dimensional subspace orthogonal to the 

minimum 
2L norm flow: 

(26)                                     )(ˆ
~ ## yLLILf −+= η  

in which y is an arbitrary d-dimensional vector, and 
#L  

denotes the generalized inverse of L.  Our earlier flow (25) 

corresponds to the minimum 
2L norm solution of (24) with the 

choice of y = 0.  But we can pick y to provide a more robust 
flow.  In particular, we can pick y to give a particle flow that 
avoids normalization of the conditional density, or minimizes 
the error in the flow due to errors in the normalization.  It is 
intuitively obvious that the y that does this is given by: 
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d
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and hence the renormalized group flow is:   
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in which p̂ denotes the Fourier transform of the conditional 

probability density p(x,�).  This choice of y subtracts the 
normalization from the flow in the d-1 dimensional subspace 

defined by the projection operator orthogonal to 
#L .  One can 

derive (27) by asking for the y that minimizes the L² norm of 
the derivative of the flow with respect to the normalization: 
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in which 

(30)                                                
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The idea behind (29) is that we want to pick y so that errors in 
the normalization K(�) result in the least perturbation to the 
flow (f).  This is the same basic idea as used by Gell-Mann and 
Low in their seminal paper on renormalization group flow for 
quantum field theory [56], in which they wanted to pick a 
physical law that was invariant with respect to the energy scale.  
It is not generally possible to make the flow exactly 
independent of the normalization, in which case the generalized 
inverse picks the flow with the minimum L² error in the 
approximation to the desired independence.  This is because y 
acts through the projection into the d-1 dimensional subspace 

orthogonal to 
#L , and hence we cannot subtract the effect of 

the normalization in the remaining one dimensional subspace.  
But this is OK, because the filter accuracy is extremely 
insensitive to perturbations in the particle speed (as opposed to 
the direction of particle flow), as emphasized earlier.  This is 
similar to the situation for the algorithm derived in [56].  We 
use the variables � and � rather than K(�) and y for several 
reasons: (1) we obtain linear equations using � and � but not K 
and y; (2) we avoid a singularity in our ODE using � and � 
rather than K and y; (3) the resulting ODE does not depend 
explicitly on K in d-1 dimensions of the flow (but not all d 
dimensions) because it cancels exactly.  It turns out that this is 
the same choice in renormalization group flow for quantum 
field theory (see [56] for details); that is, the physicists 
differentiate with respect to log � rather than �, in which � 
denotes the scale of energy or mass in quantum field theory.  
Numerical results for this new flow will be reported elsewhere, 
owing to page limitations. 
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