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Abstract—This paper addresses the air traffic control problem
of conflict detection and resolution (CDR) under intent uncer-
tainty, in a multiple model (MM) trajectory information process-
ing framework. The conflict detection is based on a predicted
probability of conflict. The problem of conflict resolution (CR)
is formulated as one of a chance-constrained model predictive
control, whereby the constraint is imposed on the probability
of conflict, set to guarantee a desired level of safety (in a
probabilistic sense). An efficient algorithm for CDR is proposed
that utilizes a List Viterbi Algorithm for finding an optimal,
conflict-free, MM-maneuver sequence for CR. The capability
and computational efficiency of the proposed algorithm are
demonstrated by simulation of several “sense-and-avoid” UAV
encounter scenarios that involve one or more intruders and
horizontal and vertical MM-maneuvers for CR.

Index Terms—Air traffic control, NextGen, conflict detection
and resolution, collision avoidance, multiple model, list Viterbi
algorithm.

I. INTRODUCTION

Safety is the primary concern of Air Traffic Management

(ATM). It includes ensuring appropriate separation between

aircraft in an increased density of future traffic. A conflict

occurs when a separation criterion is violated. Examples of

standard separation criteria are the minimum vertical sep-

aration between flight levels and the minimum horizontal

separation between aircraft at the same flight level. Timely

and reliable detection of potential conflicts is vital for pre-

venting collisions. Conflict detection (CD) is performed using

predicted aircraft future trajectories. If a potential conflict is

detected, the trajectories of the aircraft involved in the conflict

are re-planned for conflict resolution (CR). With reference to

the look-ahead time horizon conflict detection and resolution

(CDR) is typically performed at three different levels (see e.g.,

[1]): i) long range, where flight plans and airline schedules

are composed (e.g., daily) to ensure that airport and sector

capacities are not exceeded; ii) mid-range (of the order of

tens of minutes), where the flight plans are modified on-

line based on actual flight information to ensure adequate

aircraft separation; iii) short range over horizons of seconds
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to minutes, carried out both on the ground at the ATC level

and on board the aircraft at the Flight Management System

level. A major challenge of the ATM is to achieve autonomous

CDR of individual aircraft at short and mid-ranges, without the

intervention of air traffic controllers [2].

The large number of existing methods to automate CDR

can be classified in different ways, including broadly grouped

into three categories: geometric, force field, and probabilistic

[3]. In this paper, we follow the probabilistic approach which

provides general and systematic means to account for and

overcome the uncertainties inherent in the CDR problem.

The majority of probabilistic CDR methods are based on

computing the probability of conflict (PC) – the probability

that the distance between a pair of aircraft becomes smaller

than a specified minimum separation distance [1], [4], [5].

However, the exact computing of PC is intractable analytically

and the known methods resort to some sort of approximation.

A more detailed discussion on the approximation techniques

for PC can be found in [6]. In [6] we have shown that

in an advanced multiple model (MM) trajectory prediction

framework such as NextGen (see e.g., [4], [7]–[10]), the

separation vector between two aircraft has a Gaussian mixture

(GM) distribution, and we have proposed an efficient random-

ized algorithm for estimating PC by utilizing the information

from MM aircraft trajectory prediction. In this paper we use

our method from [6] for the purpose of MM-based CR and

collision avoidance (CA) under intent uncertainty.

A considerable research effort for CR and CA using proba-

bilistic models has been going on in the recent years (see e.g.,

[11]–[20]). [20] formulates the problem for cooperative midair

CR, addressing aircraft-aircraft and aircraft-weather conflicts,

as a classic stochastic optimal control problem and proposes

to compute an approximate solution through approximating

the stochastic differential equation of motion by a Markov

chain. The method involves time and state-space discretiza-

tion, which makes it very intense computationally. Another,

rigorous approach, addressing CA, is based on modeling the

problem as a Markov decision process (MDP, or more gener-

ally, as a partially observed MDP) [12], [16]–[19]. However,

discrete state POMDP algorithms require discretization of
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the high-dimensional continuous state-space of the problem

and impose a prohibitive computational burden for practical

implementation. One idea to circumvent the computational

problems due to discretization of the state space is to use

Monte Carlo (MC) methods. Within the POMDP model this

idea was implemented in, e.g., [17], where the Monte Carlo

Value Iteration algorithm was employed to cope with the

continuous state-space. A Markov chain MC optimization

algorithm similar to the Simulated Annealing was proposed

in [11] for sampling optimizers for a finite-horizon open-

loop control (similar to model predictive control (MPC)),

and, furthermore, a solution to the problem in a stochastic

MPC formulation was proposed in [13], based on Sequential

MC. [14] also uses Sequential MC for a stochastic MPC

formulation, which also includes probabilistic constraints on

the optimal trajectories and control input. Even though the

Monte Carlo methods avoid regular discretization of the state

space, their computational complexity is still very high.

As discussed above, while many theoretically rigorous and

elegant solutions are available in the literature, their practical

implementation requires tremendous computational resources.

For many practical applications, e.g., a UAV “sense-and-avoid”

encounter, the computational resources are quite limited and

those methods are infeasible at present. From the practical

point of view, the primary goal in a close near mid-air

aircraft conflict (NMAC) encounter is to guarantee safety and

trajectory optimization is secondary – once the conflict is

resolved, return to the original flight path, or re-routing to the

original next way point can be done via standard navigational

procedures. That is why our approach takes a middle ground—

we formulate the CR (CA) problem as one of optimizing the

control input (not the flight path) and impose hard constraints

on the flight path to provide safety, as a trade off between

optimality and computational complexity at a guaranteed level

of safety. We use the MM trajectory prediction framework,

as described in [6], and seek to minimize a CR-maneuver

cost over the trellis graph of possible model sequences over

a finite look-ahead time horizon, subject to a hard constraint

on the probability of conflict. For this problem, we propose

an algorithm for CR that finds efficiently an optimal maneu-

ver sequence subject to the safety constraint. The proposed

algorithm is an extension of the unconstrained sequential List

Viterbi algorithm of [21] to the probabilistically constrained

case of our CR formulation. The capability and computational

efficiency of the proposed algorithm are demonstrated by sim-

ulation of several “sense-and-avoid” UAV encounter scenarios

involving one or more intruders and horizontal and vertical

CA maneuvers.

II. BACKGROUND

This section outlines our MM trajectory prediction frame-

work and computation of the predicted PC which are needed

for the remainder of this paper. It is based on [6].

A. Predicted Probability of Conflict

PC is the probability that the distance between two aircraft

is smaller than a specified minimum separation distance. As

specified by the current aviation standards, the horizontal

(2D) and vertical separation distances (1D) are commonly

treated separately, [1], [22], which amounts to a cylindrical

protected zone. For the sake of generality we consider a 3D

ellipsoidal protected zone (proposed in [7], [9]) where the

horizontal and vertical separations are treated jointly. More

specifically, let A and B denote two aircraft with position

vectors xA = (xA, yA, zA)
′ and xB = (xB , yB, zB)

′ in an

inertial (East-North-Up) Cartesian coordinate system Oxyz,

and let the distance vector be ρAB = xA − xB . If λxy and

λz are the given horizontal and vertical separation thresholds,

respectively, the “weighted” distance vector is ΛρAB , where

Λ = diag{1/λxy, 1/λxy, 1/λz}, and the ellipsoidal protected

zone is defined as

Rλ =
{

ρ ∈ R
3 : ‖Λρ‖ ≤ 1

}

(1)

where ‖a‖ = (a′a)
1
2 is the Euclidean norm of a vector a.

If fρ
ABk

(ρ) is the probability density function (PDF) of the

distance vector ρABk
at time k, then the instantaneous PC is

PCk = P
{
∥

∥ΛρABk

∥

∥ ≤ 1
}

=

∫

Rλ

fρ
ABk

(ρ)dρ (2)

and the maximal PC over a time interval (k, k +N ] is

PC(k,k+N ] = max
0<n≤N

PCk+n (3)

In our CDR logic, k is the “current” time and N is the

prediction time horizon. The corresponding predicted PC is

computed via (2) and (3), respectively, based on predicted

densities f̂ρ
ABk+n

(ρ|zk) ≈ fρ
ABk+n

(ρ), n = 1, 2, . . . , N ,

where zk = {z1, . . . , zk} is the available sensor data.

B. Multiple Model Trajectory Prediction

Apparently, the accuracy of the predicted PC relies heavily

on that of the predicted aircraft state distributions. Commonly

in the literature they are assumed (or approximated as) Gaus-

sian. In reality, however, this approximation can be quite

inaccurate in the presence of significant uncertainties, such

as aircraft intent and flight mode (e.g., takeoff, level cruise,

landing, ascent, descent, turning). Multiple model estimation is

the state-of-the-art approach to meet the challenges of trajec-

tory prediction, which is particularly effective with handling

multiple modes of operation [23].

In an MM framework, the typical flight modes of a civilian

aircraft can be described, e.g., by the following kinematic

models [24]: constant velocity (CV), constant acceleration

(CA) and constant turn (CT) in the horizontal plane, and

constant height (CH) and constant climb/descent (CD) in the

vertical direction. A flight mode is then modeled as a combi-

nation of a horizontal and a vertical model. Flight dynamics

is described by a hybrid system (HS) model, including the

model set and the transition between models describing flight

mode changes. If no information about the aircraft intent (e.g.,
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flight plan and waypoints) is available, the transition model is

purely a priori and most often Markov/semi-Markov models

are used. If some intent information is available, the transition

model can be adapted based on this information and the current

or predicted state [4], [8]–[10], [25]. Furthermore, the intent

information can be significantly better incorporated for MM

trajectory estimation within the framework of the variable

structure MM (VSMM) estimation [26].

Without loss of generality, we consider the Markov Jump

Linear System (MJLS) model:

xk = Fmk
xk−1 +Gmk

wk (4)

zk = Hmk
xk + vk (5)

where k = 1, 2, . . . is the time index, xk ∈ R
nx is the contin-

uous kinematic state, mk ∈ M =
{

m(1),m(2), . . . ,m(M)
}

is

the discrete modal state, zk ∈ R
nz is the sensor measurement,

and wk ∼ N (0, Qk) and vk ∼ N (0, Rk) are mutually inde-

pendent white process and measurement noises, respectively.

The model sequence 〈mk〉 is a Markov chain with transition

and initial probabilities, respectively:

P{mk = m(j)|mk−1 = m(i)} = πij (6)

P{m0 = m(i)} = µ
(i)
0 (7)

We assume a probabilistic trajectory prediction that is con-

cerned with finding (or approximating) the PDFs f(xk+n|zk),
n = 1, . . . , N , where k is the current time, zk = {z1, . . . , zk}
is the available sensor data, and N is the look-ahead horizon

for prediction. Typically, an MM filter (e.g., GPB, IMM or

VSMM [23]) provides state estimates x̂
(ik)
k|k , associated covari-

ances P
(ik)
k|k and model probabilities µ

(ik)
k|k , ik = 1, . . .M . The

filter density is approximated as a Gaussian mixture (GM)

f(xk|z
k) =

M
∑

ik=1

µ
(ik)
k|k N

(

xk; x̂
(ik)
k|k , P

(ik)
k|k

)

(8)

Furthermore, the prediction is based on the motion model

given by (4) and (6) with x̂
(ik)
k|k , P

(ik)
k|k , and µ

(ik)
k|k being the

“initial” condition.

Let a model sequence in the time interval [k, k + N ] be

denoted by

M
k+N
k , (m

(ik)
k , . . . ,m

(ik+N )
k+N ) ∈ M

N+1 (9)

where ik:k+N , (ik, . . . , ik+N ) is the underlying sequence of

model indices.

Then

f(xk+N |zk) =
∑

ik:k+N

f(xk+N |Mk+N
k , zk)P{Mk+N

k |zk} (10)

where

f(xk+N |Mk+N
k , zk) = N

(

xk+N ; x̂
(ik:k+N )

k+N |k , P
(ik:k+N )

k+N |k

)

(11)

P{Mk+N
k |zk} = µ

(ik)
k|k πikik+1

. . . πik+N−1ik+N
(12)

TABLE I
RANDOMIZED ALGORITHM FOR ESTIMATING PCk+n [6]

———————————————————————————————

• Initialization

– Choose RMC = number of MC runs

– Set P̂Ck+n = 0

• For r = 1, . . . , RMC

– Sample random index l ∼
{
µ
(l)
ABk+n

: l = 1, . . . ,MABk+n

}

– Sample random vector ρ ∼ N
(
ρ; ρ̂

(l)
ABk+n

, P
(l)
ABk+n

)

– If ‖Λρ‖ ≤ 1 then P̂Ck+n = P̂Ck+n + 1

• Set P̂Ck+n = P̂Ck+n/RMC

———————————————————————————————

and x̂
(ik:k+N )
k+N |k , P

(ik:k+N )
k+N |k are obtained recursively by the

Kalman filter prediction equations for each model sequence

M
k+N
k with the initial x̂

(ik)
k|k , P

(ik)
k|k .

For the MJLS, the predictor (10)–(12) is exact, except for

the MM filter part. Its computation increases exponentially

as the time horizon N increases, but N is fixed. It may be

feasible for not large N . Otherwise, the computation can be

reduced by some of the well known soft (GPB, IMM) or hard

decision (B-best selection) techniques [23] to limit the size

of the model-switching tree. For example, [4], [8], [9] all use

directly the IMM scheme for MM trajectory prediction.

C. Computing the Predicted PC

It was shown in [6] that in the MM trajectory prediction

setting, outlined in the previous section, the predicted PDFs

fρABk+n

(ρ) of the distance vectors ρABk+n
= xAk+n

−xBk+n

between two aircraft A and B, for n = 1, 2, . . . , N , are

Gaussian mixtures:

fρABk+n

(ρ) =

MABk+n
∑

l=1

µ
(l)
ABk+n

N
(

ρ; ρ̂
(l)
ABk+n

, P
(l)
ABk+n

)

(13)

where ρ̂
(l)
ABk+n

= x̂
(l)
Ak+n|k

−x̂
(l)
Bk+n|k

and P
(l)
ABk+n

= P
(l)
Ak+n|k

+

P
(l)
Bk+n|k

.

An estimate of the instantaneous predicted PCk+n, n =
1, 2, . . . , N , can be computed by the randomized algorithm,

given in Table I. Good approximation properties (in a proba-

bilistic sense) of such randomized estimation of PC are dis-

cussed in [1], where quantitative bounds on the approximation

error can be found. The high accuracy and efficiency of the

algorithm were demonstrated in [6].

III. PROPOSED CDR APPROACH

A. Problem Formulation

We consider decentralized and non-coordinated (possibly

non-cooperative) environment where an aircraft A should

detect possible conflicts with nearby intruders B1, B2, . . .
under uncertainty regarding their motion intent, and generate

collision-free own-flight paths.

The motion of all aircraft is modeled by the hybrid system

(4). For the own aircraft A, the flight mode sequence Mk+N
k is
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known according to the flight plan to the next waypoint (WP)

or final destination. For the other aircraft (potential intruders)

the intent is not exactly known and the intent uncertainty

of each potential intruder is modeled by a Markov random

sequence 〈mk〉 with known initial and transition probabilities,

as given by (6) and (7).

It is assumed that at each time k (current time) all filtered

estimates x̂A
k|k and x̂Bb

k|k, b = 1, 2, . . ., are available. The

CD strategy, under consideration in this paper, is to predict

the GM PDFs of all intruders and, given the own aircraft

mode sequence M
k+N
k , compute the predicted PC

(b)
k+n, n =

1, . . . , N ; b = 1, 2, . . . , where N is the look-ahead time

horizon and b denotes intruder Bb. This can be efficiently done

by our method, described in Sec. II.

A conflict alert is triggered “ON” iff

max
(b,1≤n≤N)

PC
(b)
k+n ≥ δ (14)

where δ is a threshold.

Upon a conflict alert, the current mode sequence M
k+N
k of

the own aircraft needs to updated to provide safety, i.e., to

guarantee max(b,1≤n≤N) PC
(b)
k+n < δ along the updated flight

path. However, any change in the current flight mode sequence

incurs extra cost in terms of fuel, flight-path deviation, time

delay, etc. Let ck+n(m
(i),m(j)), i, j ∈ {1, 2, . . . ,M} be the

cost of transition from mode m(i) at time k + n− 1 to mode

m(j) at time k + n, n = 1, 2, . . . , N. Then, we formulate

the collision avoidance problem as the following “chance-

constrained” model predictive control problem:

Minimize:

J(Mk+N
k ) =

N
∑

n=1

ck+n(m
(ik+n−1),m(ik+n)) (15)

subject to:

PC
(b)
k+n < δ, n = 1, . . . , N ; b = 1, 2, . . . (16)

Simply put, as formulated the problem is to find the least

expensive maneuver at a guaranteed safety level (in a proba-

bilistic sense). It is clear that the formulation of the total cost,

given by (15), has some limitations. While it optimizes the cost

of maneuvering, it does not optimize the flight path explicitly

but just guarantees that it is conflict-free. Consequently, it does

not guarantee reaching the next WP, or return to the originally

commanded flight-path. Nevertheless, we find strong argu-

ments in support of this formulation: First, the primary goal in

a close NMAC encounter is to guarantee safety and a trajectory

optimization is secondary – once the conflict is resolved, return

to the original flight path, or re-routing to the next way point

can be done via standard navigational procedures. Second,

including explicit optimization of the ownship trajectory in the

total cost (15) leads to a dramatic increase in the complexity of

the resulting stochastic optimal control problem. While many

theoretically rigorous and elegant solutions are available in

the literature (as discussed in the introduction), their practical

implementation requires tremendous computational resources.

For many practical applications, e.g., UAV “sense-and-avoid”,
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Fig. 1. Model Switching Trellis with M = 5 and N = 6.

the computational resources are quite limited and those meth-

ods are infeasible at present. In this aspect, our formulation is

attractive, given the fact that we have a very efficient method

to find the globally optimal solution to problem (15)–(16).

This method is presented next.

B. Finding Optimal Solution

The unconstrained optimization problem (15) is one of

finding a best (least costly) path through a trellis digraph. Fig.

1 illustrates a typical model switching trellis (at current time

k) with M = 5 models (nodes) and look-ahead time horizon

N = 6 (i.e., ending time is k+N ). Without loss of generality,

it is assumed that at the start and end times (k and k + N ,

respectively) the own aircraft is in flight mode m(1) (e.g., a

CV motion). In our implementation (Sec. IV) we used the

complete trellis with m(3), m(5) being right CT models and

m(2), m(4) being their symmetrical left CT models. (Note that

the depicted trellis is not complete, e.g., switching from a left

CT to a right CT (and vise versa) is only possible through the

CV model.)

Finding an unconstrained best path through a trellis can be

easily and efficiently done via Dynamic Programming, e.g.,

via the popular Viterbi algorithm (VA) [27]. The constrained

problem (15)–(16) is more complicated. The obvious idea

of searching for a best path, after determining the feasible

(conflict-free) trellis (a subset of the complete trellis) first is

a dead end because it needs evaluation of PC over all paths.

Since the PC evaluation is the computational bottleneck in this

problem, our idea is to organize the search of the best paths in

a sequential manner (in an increasing order of costs) and then

check feasibility (i.e. whether a candidate is conflict-free) so

that PC is only evaluated over low-cost candidate paths. Thus,

our strategy is to find the best path and check its feasibility, if

it is not feasible we search for the second best path and check

its feasibility, if the second best is infeasible, we continue with

the search for the third best past, and so on, until we find a

best path which is feasible (conflict-free).

The problem of finding the L best paths through directed

graphs has been well studied in the area of computational

geometry and many general algorithms exist. More efficient

algorithms, particularly tailored to the special case of trellis

graphs are available in the communications literature [21],
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[28], [29], where algorithms for finding the L best paths

through a trellis are generally referred to as the List Viterbi

Algorithms (LVAs). For the purpose of finding an optimal

solution to the constrained problem (15)–(16), in principle any

LVA can be used; however, the sequential LVA (SLVA) [21]

best suits to our problem for two reasons: first, it finds the next

best path recursively based on the previous best paths, and

second, the search is organized via forward VA-like passes

through the trellis, which would allow us to re-use already

computed PC along the conflict-free parts of the candidate

forward paths.

Next, we outline the idea of the unconstrained SLVA of

[21], which later (in Sect. III-C) we extend to the constrained

case of our CDR formulation.

For simplicity, let the trellis states be denoted by i ∈
{1, 2, . . . ,M} (instead of our MM notation m(i) ∈ M).

Without loss of generality we assume that the initial state of

the trellis at time n = 0 is 1. Let λ(i)
n be the minimum cost to

reach state i at time n (from the known state 1 at time n = 0),

and jn(i) ∈ {1, 2, . . . ,M} be the state occupied at time n− 1
by the best path into state i at time n.

The first step of SLVA is to obtain the best path via VA.

For convenience we provide the VA in Table II.

In SLVA the lth best path p(l) is found in a sequen-

tial manner, based on previously found (l − 1) best paths

p(1), p(2), . . . , p(l−1), sorted in a non-decreasing order of

costs:

p(l) = SLVA(p(1), p(2), . . . p(l−1)), l = 2, 3, . . . (17)

where SLVA symbolizes one recursive step of the algorithm.

First, p(1) can be found through VA, as given above. Finding

p(2), based on p(1), utilizes the fact that p(2) has exactly one

forward split point from p(1), i.e., after p(2) leaves p(1) at some

instant and then it merges with p(1) at a later instant, it cannot

split anymore till the end, because any other split will result

in a higher cost. So, if i∗n is the state occupied by p(1) at time

n, the forward cost-to-go λ(i∗
n
)

n (2) of p(2) can be written as

λ(i∗
n
)

n (2) = min{(λ
(i∗

n−1)

n−1 + cn(i
∗
n−1, i

∗
n)),

min
0≤j≤M, j 6=i∗

n

(λ
(j)
n−1 + cn(j, i

∗
n))} (18)

The first term in (18) represents the 2nd best path to i∗n which

has merged to p(1) no later than time n− 1. The second term

represents the 2nd best path to i∗n which has merged to p(1)

no earlier than time n. In the forward pass of the algorithm,

the one with the min cost remains in contention to become

p(2) and the time of the last best merge, say nm is recorded.

Then p(2) is the 2nd best path to time nm − 1, determined by

the above recursion, and is equal to p(1) from time nm until

the end. Finding p(3) from p(1) and p(2) can be organized in a

similar manner. A formal description of the algorithm is given

in [21] and will not be provided here due to space limitation.

C. Proposed CDR Algorithm

A formal algorithm description is given in Table III.

TABLE II
VITERBI ALGORITHM

———————————————————————————————

1) Initialization: (n = 1)

λ
(i)
1 = c1(1, i), j1(i) = 1; i = 1, . . . ,M

2) Recursion: (n = 2, . . . , N − 1)

λ
(i)
n = min

1≤j≤M
(λ

(j)
n−1 + cn(j, i)); i = 1, . . . ,M

jn(i) = arg min
1≤j≤M

(λ
(j)
n−1 + cn(j, i))

3) Termination: (n = N )

λ
(1)
N

= min
1≤j≤M

(λ
(j)
N−1 + cN (j, 1))

jN (1) = arg min
1≤j≤M

(λ
(j)
N−1 + cN (j, 1))

4) Backtracking:

i∗N = 1; i∗n = jn+1(i
∗
n+1), n = N − 1, . . . , 1

5) Best sequence: (1, i∗1, . . . , i
∗
N−1, 1)

———————————————————————————————

The CD part of the algorithm implements simply (14). In

the CR part we employ the SLVA search strategy. However,

a straightforward implementation, i.e, finding the next best

path p(l) and then computing PC
(b)
k+n(p

(l)) from the beginning

n = 1 is naive and inefficient – it would lead to repeating

(possibly many times) the computation of PC along the initial

portions of the p(l) which are common with its predecessors

p(1), p(2), . . . p(l−1), and for which PC was already calculated

(and also carry information about feasibility of these portions).

In order to eliminate repeated computation of PC and uti-

lize the feasibility information of the already tested paths,

we implement the following idea. First, for each infeasible

(conflicting) sequence we store the earliest conflict times (with

all intruders) n
(b)
c (p(l)) = min1≤n≤N{n : PC

(b)
k+n(p

(l)) ≥ δ}.

Second, for each next best path p(l) found we store the earliest

split times with all its predecessors: n
(l|j)
s = min0≤n≤N{n :

p(l) diverges from p(j)}. This can be easily done within

the forward pass of SLVA. Then, we search for the largest

split time from a conflict-free parent subsequence n
(l|j0)
s =

max1≤j≤l−1{n
(l|j)
s : n

(l|j)
s < n

(b)
c (p(j))}. If no such time

exists, then p(l) is infeasible, because for all predecessors of

p(l) the conflict occurred before the split. Thus p(l) is rejected

without computing PC. Otherwise, if n
(l|j0)
s is found then the

portion of p(l) from time 1 to n
(l|j0)
s is known to be conflict-

free, and computing PC
(b)
k+n(p

(l)), in order to check feasibility

of p(l), can start from n
(l|j0)
s + 1.

IV. SIMULATION

We simulated several “sense-and-avoid” (S&A) encounter

scenarios, where the own-ship (e.g., an unmanned aircraft)

needs to predict the trajectories of one or more “intruders”

(e.g., an airliner or other unmanned aircraft) under the un-

certainty in the intruders’ intents (possible maneuvers) in
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TABLE III
PROPOSED CDR ALGORITHM

———————————————————————————————–

Initialize: l = 1, p(1) = (1, 1, . . . , 1).
At time k:

1. Conflict Detection:

For b = 1, 2, . . . ; n = 1, . . . , N

Compute PC
(b)
k+n

(p(l))

If PC
(b)
k+n

(p(l)) ≥ δ then go to 2.

k = k + 1 go to 1.
2. Conflict Resolution:

Search trellis for best CR maneuver sequence:

a. Find conflict times n
(b)
c (p(l)), b = 1, 2, . . .:

n
(b)
c (p(l)) = min

1≤n≤N
{n : PC

(b)
k+n

(p(l)) ≥ δ}

b. Find next best path & split times:

l = l + 1

p(l) = SLVA(p(1), p(2), . . . p(l−1))

n
(l|j)
s = min

0≤n≤N
{n : p(l) diverges from p(j)},

j = 1, . . . , l − 1

c. Find largest split time from conflict-free parent subsequence:

n
(l|j0)
s = max

1≤j≤l−1
{n

(l|j)
s : n

(l|j)
s < n

(b)
c (p(j))}

d. If {n
(l|j0)
s } = ∅ then go to 2(a)

e. For b = 1, 2, . . . ; n = n
(l|j0)
s + 1, . . . , N

Compute PC
(b)
k+n

(p(l))

If PC
(b)
k+n

(p(l)) ≥ δ then go to 2(a)

CR sequence = p(l), recalculate guidance from state at time k+N
to next WP (or destination), go to 1.

———————————————————————————————

order to avoid a conflict. S&A has received a great deal

of attention recently since S&A capability is required for

unmanned aircraft systems (UAS) in order to allow such

systems in the civil airspace [12], [18], [19].

We considered two types of CDR scenarios with horizontal

and vertical resolution own-ship maneuvers, respectively.

A. Horizontal CDR

The horizontal scenarios are set up in a horizontal plane

Oxy. The dynamic model of the own-ship (A) is given by (4)

with M = 5 models: m(1) = CV (constant velocity), m(2) =
CT (constant turn) with ω = 1 o/s (left turn), m(3) = CT with

ω = −1 o/s (right turn), m(4) = CT with ω = 2 o/s, m(5) =
CT with ω = −2 o/s, where ω denotes the turn rate. The CV

and CT models are [24]:

xk =









1 sinωkT
ωk

0 − 1−cosωkT
ωk

0 cosωkT 0 − sinωkT

0 1−cosωkT
ωk

1 sinωkT
ωk

0 sinωkT 0 cosωkT









xk−1 +Gkwk

(19)

where xk = [ x ẋ y ẏ ]′ is the state vector, T is the sam-

pling interval, ωk ∈ {ω(1), . . . , ω(5)}, and wk is the process

noise. Note that ω(1) = 0 because CV = limω→0 CT(ω).
The model transition costs used are

c(i, j) = |ω(j) − ω(i)|, i, j = 1, . . . , 5 (20)

and m(1) is the initial and final trellis state (as in Fig. 1). The

look-ahead time horizon used is N = 10.

Each one of the intruders (B) is modeled through the

hybrid system (4), (6), (7), and has three models: m(1) =
CV, m(2) = CT with ω = 1 o/s, and m(3) = CT with

ω = −1 o/s. The flight mode initial and transition probabilities

are µ
(1)
0 = 0.8, µ

(2)
0 = 0.1, µ

(3)
0 = 0.1 and π11 = 0.8, π12 =

0.1, π21 = 0.9, π22 = 0.1, π31 = 0.9, π32 = 0.0.
The values of the other parameters of the models used in

the simulation are: T = 5 sec, the process noise covariance

Q = q2I with q = 5m/s2, the number of MC samples to

compute PC (as given in Table I) RMC = 1000, the horizontal

separation distance threshold λxy = 5km, and the threshold on

PC for conflict alert δ = 10−3.

Figures 2 and 3 show two scenarios with one intruder (top)

and two intruders (bottom), respectively. Integer labels indicate

time steps. The uncertainty in intruders’ trajectories is illus-

trated by scatter plots sampled from the predicted mixtures,

where a red zone indicates the intruders’ predicted density at

the time that a conflict is deemed to occur. A blue dashed

line shows the planned own-ship path to the next waypoint,

and a blue thick line shows the minimum cost, conflict-free

path computed by the proposed CDR algorithm. The figures

illustrate the capability of the algorithm to successfully resolve

a conflict with the minimum maneuver cost. Each scenario

was repeated 5000 times with random maneuver sequences

of the intruder(s) and no conflict occurred with the own-ship

minimum maneuver cost trajectory.

B. Vertical CDR

For simplicity, the vertical scenarios are set up in a vertical

plane Oxz. The dynamic model of the own-ship (A) is given

by (4) with M = 5 models: m(1) = CH (constant height), i.e.,

with zero vertical velocity, m(2) = CC (constant climb) with

v(2) = 10m/s, m(3) = CD (constant descent) with v(3) =
−10m/s, m(4) = CC with v(4) = 20m/s, m(5) = CD with

v(5) = −20m/s, where v is the vertical velocity and the nearly

CH/CC/CD model is defined as

xk =





1 T 0
0 1 0
0 0 1



xk−1 +





0
0
T



 vk +





T 2

2 0
T 0

0 T 2

2



wk

(21)

where xk = [ x ẋ z ]′ is the state vector, T is the sampling

interval, vk ∈
{

v(1), . . . , v(5)
}

, and wk is the process noise.

The model transition costs used are

c(i, j) = |v(j) − v(i)|, i, j = 1, . . . , 5 (22)

and m(1) is the initial and final trellis state (as in Fig. 1). The

look-ahead time horizon used is N = 10.
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Fig. 2. Horizontal Scenario (H1): One Intruder (top), Two Intruders (bottom).

Each one of the intruders (B) is modeled through the hybrid

system (4), (6), (7), and has three models: m(1) = CH with

v(1) = 0m/s, m(2) = CC with v(2) = 10m/s, and m(3) = CD

with v(3) = −10m/s. The flight mode initial and transition

probabilities are µ
(1)
0 = 0.8, µ

(2)
0 = 0.1, µ

(3)
0 = 0.1 and

π11 = 0.8, π12 = 0.1, π21 = 0.9, π22 = 0.1, π31 =
0.9, π32 = 0.

The values of the other parameters of the models used in

the simulation are: T = 5 sec, the process noise covariance

Q = q2I with q = 1m/s2, the number of MC samples to

compute PC RMC = 1000, the vertical separation distance

threshold λz = 1000m, and the threshold on PC for conflict

alert δ = 10−3.

Figure 4 shows one scenario with one intruder (top) and

two intruders (bottom), respectively. It illustrates the capability

of the algorithm to successfully resolve a conflict with the

minimum maneuver cost. The scenario was repeated 5000

times with random vertical maneuver sequences of the in-

truder(s) and no conflict occurred with the own-ship minimum

maneuver cost trajectory.

C. Computational Efficiency

The computational efficiency of the proposed CDR al-

gorithm (Sec. III-C), referred to as the constrained SLVA

(CSLVA), is compared with a direct implementation of the
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Fig. 3. Horizontal Scenario (H2): One Intruder (top), Two Intruders (bottom)

known SLVA, i.e, find the next best (unconstrained) path first,

and then check its feasibility via computing the PCs over this

path.

Comparative results from the above scenarios are presented

in Table V. Columns “Search Depth” give the number of the

best unconstrained paths in the sorted search list that were

found and tested in order to obtain the best constrained (con-

flict free) path by each algorithm, respectively. This number

is the same for both algorithms. Columns “# PC Checks”

give the total number of instantaneous PCs computed by each

algorithm, respectively. Column “Speedup” gives the ratio of

computation times of SLVA and CSLVA, given in the fifth and

sixth columns, respectively.

In all cases the proposed CSLVA appears more efficient than

the direct SLVA. This is mostly due to the fact (illustrated by

the comparison of columns three and four) that CSLVA dra-

matically reduces the number of PCs computed as compared

to SLVA. The amount of improvement is scenario dependent.

For the more difficult horizontal scenarios the speedup can be

quite significant (as high as 4.83 times) but for the much easier

vertical scenarios the speedup is not that significant (can be

as low as 1.12 times). In general, it seems safe to conclude

that the more difficult the scenario, the more savings on PC

computation, and the greater the speedup.
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Fig. 4. Vertical Scenario (V): One Intruder (top), Two Intruders (bottom).

TABLE IV
COMPUTATIONAL PERFORMANCE: CSLVA vs. SLVA

Scenario Search # PC Checks Comp. Time (sec) Speedup

ID Depth SLVA CSLVA SLVA CSLVA (times)

H1:1 7433 59265 1424 12.09 2.50 4.83

H1:2 28102 227152 3796 38.66 8.38 4.61

H2:1 3274 20864 368 5.69 1.29 4.41

H2:2 3275 21003 379 5.61 1.80 3.11

V:1 361 5073 1473 1.79 1.59 1.12

V:2 1832 26057 7795 5.54 3.51 1.57

V. CONCLUSIONS & FURTHER RESEARCH

Available optimal methods for aircraft conflict detection and

resolution (CDR) have excessive computational requirements.

The proposed CDR approach and optimal algorithm can find

minimum-cost conflict-free control input sequences through a

very efficient List Viterbi Algorithm-based search.

The simulation results of several “sense-and-avoid” UAV

encounter scenarios have demonstrated the capability of the

proposed algorithm to successfully resolve conflicts that in-

volve one or more intruders by horizontal and vertical multiple

model maneuvers, as well as its computational efficiency.

Future work includes better tuning of the maneuvering

cost matrix for realistic aircraft models and comprehensive

statistical performance evaluation and analysis.
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