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Abstract—The PHD filter is a popular approach to the multiple
target tracking problem, however, it suffers from the Poisson
assumption which yields a cardinality estimate with too high
variance. In recent work Le and Kaplan proposed to improve
the performance of the PHD filter using a particle approximation
of the predicted multiobject density and updating it using the
multiobject measurement pdf. Following the work by Le and
Kaplan, in this paper we use the predicted PHD to construct
a particle approximation of the predicted multiobject density.
Using joint probabilistic data association, the multiobject par-
ticle approximation can then be updated using the multiobject
measurement likelihood, resulting in a particle approximation
of the posterior multiobject density. The posterior multiobject
particles are then used to approximate the posterior PHD, which
is subsequently predicted using the standard PHD prediction.
The proposed filter is implemented using a Gaussian mixture
approximation of the PHD intensity, and a simulation study shows
a significant performance improvement compared to using the
standard PHD measurement update, especially in terms of the
cardinality estimate.

I. INTRODUCTION

Multiple target tracking is defined as the processing of sets

of measurements obtained from multiple sources in order to

maintain estimates of the targets’ current states. The task

is complicated by the fact that the number of targets is

unknown and time-varying, there is detection uncertainty, and

the measurements are affected by noise and are submerged in

spurious clutter. As a result, at each time step only a subset

of the measurements are generated by targets.

Broadly speaking there are three different approaches to

multiple target tracking: Multiple Hypothesis Tracking (MHT)

[4], Joint Probabilistic Data Association (JPDA) [1], and Ran-

dom Finite Sets (RFS) [7], [8]. The MHT type approaches

involve propagating target trajectory hypotheses in time and

calculating their likelihoods, the JPDA type approaches use

data association probabilities for the latest set of measure-

ments, and the RFS type approaches rely on modeling the

targets and the measurements as random sets.

The multiobject Bayes filter is an RFS type filter that prop-

agates and updates the density of the multiobject state in time.

Because of its high computational complexity it is generally

considered infeasible to implement and use. Computationally

feasible approximations include the Probability Hypothesis

Density (PHD) filters [9], the Cardinalized PHD (CPHD) filters

[10], and the multi-Bernoulli filters [18].

The PHD filters recursively estimate the first order moment

of the multiobject state, called the PHD intensity, under an

assumed Poisson distribution for the cardinality. The CPHD

filters recursively estimate the PHD and also a truncated

cardinality distribution. A known drawback is the PHD filters’

high variance for the cardinality estimate, resulting from the

Poisson assumption – the CPHD filters are known to have

better cardinality estimates. Both the PHD and CPHD filters are

susceptible to the “spooky effect” [5], [8] (PHD mass shifted

from undetected targets to statistically noninteracting and

possibly remote detected targets). The multi-Bernoulli filters

approximate the multiobject density with a multi-Bernoulli

distribution, which is then propagated and updated in time.

Multi-Bernoulli filters estimate a for each target a probability

of existence, in addition to the target densities, and are known

to be capable of matching the CPHD filter’s cardinality estimate

without suffering from the “spooky effect”.

In their most basic form, none of the PHD, CPHD, or multi-

Bernoulli filters, formally estimate target trajectories – only

point estimates are supplied at each time step – however, target

trajectories can be obtained, e.g. using labeling schemes for

PHD and CPHD filters [11] or labeled RFSs, leading to Labeled

Multi-Bernoulli (LMB) filters [12], [17]. In contrast, both the

MHT and JPDA type algorithms estimate trajectories.

Le and Kaplan [6] proposed to improve PHD filter perfor-

mance by randomly sampling the predicted PHD intensity to

construct a particle approximation of the predicted multiobject

density. It is then possible to use the multiobject measurement

set likelihood to update the multiobject density. The posterior

multiobject density is then used to compute the posterior PHD

intensity, allowing for the use of standard PHD prediction.

The work [6] relied on a particle approximation of the PHD

intensity, retained the Poisson model for the cardinality, and

did not include a formal model of new target birth. In this

work we extend their ideas by approximating the PHD intensity

by a Gaussian mixture (GM), relaxing the Poisson assumption

for the cardinality and instead interpreting the GM weights as

probabilities of existence, and by including a formal model of

new target birth.

The proposed multiple target tracking filter combines el-

ements from RFS tracking and JPDA tracking to attain an

improved update for the PHD filter, and thereby improve the

performance of the multiple target tracking. Specifically, a

particle approximation of the predicted multiobject density

is constructed by randomly selecting Gaussian components

from the the predicted PHD intensity. Using JPDA association

probabilities, each multiobject particle (MOP) is updated using
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the multiobject measurement pdf. This results in a particle

approximation of the posterior multiobject density, from which

the posterior PHD intensity is computed. Lastly, the posterior

PHD is predicted using the standard PHD prediction.

Results from a simulation study show that by using the

proposed MOP measurement update instead of the standard

PHD measurement update, significant performance improve-

ments are obtained. Especially the estimate of cardinality has

much lower variance, and the proposed filter is therefore less

sensitive to missed detections. In addition, the PHD filters’

known cardinality bias for detection probabilities lower than

1 is alleviated.

The paper is organized as follows. In the next section we

review the multiple target tracking problem, and in Section III

we present the proposed multiple target tracking filter. Simula-

tion resutls are presented in Section IV, and a discussion of the

proposed filter is given in Section V. The paper is concluded

in Section VI.

II. MULTIPLE TARGET TRACKING

Let xi
k denote the state of the ith target at time step k. There

are Nx
k such targets, and the target set is denoted

Xk =
{
xi
k

}Nx
k

i=1
(1)

The target set cardinality |Xk| = Nx
k is a time-varying discrete

random variable, and each target state xi
k is a random variable.

The set of measurements obtained at time step k is denoted

Zk =
{
z
j
k

}Nz
k

j=1
(2)

where Nz
k = |Zk| is the cardinality of the measurement set at

time k. There are two types of measurements: clutter measure-

ments and target originated measurements, and measurement

origin is assumed unknown. Note that the sets above are

without order and the set indexing is arbitrary; the particular

choices i = 1, . . . , Nx
k and j = 1, . . . , Nz

k are only used for

notational simplicity and convenience.

The posterior multiobject distribution at time step k − 1 is

f(Xk−1|Z
k−1) where Zk−1 denotes all measurement sets Zℓ

from ℓ = 0 up to, and including, ℓ = k − 1. The predicted

multiobject distribution is given by the Chapman-Kolmogorov

equation

f(Xk|Z
k−1) =

∫
f(Xk|Xk−1)f(Xk−1|Z

k−1)δXk−1 (3)

where f(Xk|Xk−1) is the multiobject transition density.

Multiobject prediction involves modeling time evolution of

surviving targets (targets that remain in the surveillance area),

target death (targets that disappear from the surveillance area),

and target birth (new targets that appear in the surveillance

area).

The posterior multiobject distribution at time tk is given by

the Bayes update

f(Xk|Z
k) =

f(Zk|Xk)f(Xk|Z
k−1)∫

f(Zk|Y)f(Y|Zk−1)δY
(4)

The multiobject measurement set density f(Zk|Xk) involves

modeling target detection, measurement noise, and clutter

measurements.

A typical assumption in multiple target tracking is that

the targets are independent, see e.g. [2]. In this case the

multiobject density can be assumed to be that of an i.i.d.

cluster process,

f(Xk|Z
k) = Pk|k(n)

n∏

i=1

pk|k(x
i
k|Z

k) (5a)

Under the assumption that the targets and the clutter pro-

cesses generate measurements independent of each other, the

measurement set is the union of a set of clutter measurements

Ck and sets of target generated measurements Wk

(
xi
k

)

Zk = Ck ∪




Nx
k⋃

i=1

Wk

(
xi
k

)

 (6)

The clutter measurements are typically modeled as a Pois-

son process, meaning that the number of clutter measurements

is Poisson distributed in number, and each clutter measurement

is distributed with pdf gc(z), often assumed uniform. The

clutter pdf is

κ(Ck) =
e−λc

N c
k !

Nc
k∏

i=1

λcgc

(
z
j
k

)
(7)

where λc is the Poisson rate.

This paper is restricted to consideration of so called point

targets, meaning that the ith target measurement set Wk

(
xi
k

)

is empty (= ∅) with probability 1 − pD(xi
k), and with

probability pD(xi
k) the set contains a single measurement

zk originating from xi
k, distributed according to the pdf

gx(zk|x
i
k).

Under the assumption of Poisson clutter and independent

point target measurements the measurement set pdf is [7]

f(Zk|Xk) = e−λc




Nz
k∏

j=1

λcgc

(
z
j
k

)





Nx
k∏

i=1

(
1− pD

(
xi
k

))



×
∑

θ∈Θ

∏

i:σi>0

pD
(
xi
k

)

1− pD
(
xi
k

) gx
(
zσi

k |xi
k

)

λcgc (z
σi

k )
(8a)

=
∑

θ∈Θ

e−λc




∏

j:∄σi=j

λcgc

(
z
j
k

)


[

∏

i:σi=0

(
1− pD

(
xi
k

))
]

×

[
∏

i:σi>0

pD
(
xi
k

)
gx

(
zσi

k |xi
k

)
]

(8b)

Here θ = {σi}, defined as in [7], is a set of associations

σi, where σi = 0 if target xi
k is not associated to any

measurement, and σi = j if target xi
k is associated to

measurement z
j
k. The set of all associations θ is denoted Θ.

As mentioned above, the exact multiobject Bayes filter, with

prediction (3) and update (4), is computationally intractable;
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feasible approximations are, e.g., PHD, CPHD and multi-

Bernoulli filters.

The scope of this paper is limited to considering PHD filters.

The PHD intensity Dk|k(x), defined on the single target state x,

is the first-order moment of the multiobject density f(Xk|Z
k).

Let Dk−1|k−1(x) be the posterior PHD intensity at time tk.

Omitting target spawning, the predicted PHD intensity is

Dk|k−1(x) = Db
k(x) +

∫
pS(y)pk,k−1(x|y)Dk−1|k−1dy

(9)

where pS(·) is the probability of survival, and pk,k−1(·|·) is

the single target transition density. The updated PHD intensity

is [7]

Dk|k(x) ≈ (1− pD(x))Dk|k−1(x) (10)

+
∑

z∈Z

pD(x)gx(z|x)Dk|k−1(x)

λcgc(z) +
∫
pD(y)gx(z|y)Dk|k−1(y)dy

As mentioned above, a known drawback of the PHD filter is

that the cardinality distribution is iteratively approximated with

a Poisson distribution, which has equal mean and variance.

In practical applications an oversensitive cardinality estimate

is manifested, e.g., when there are missed detections – often

a missed detection results in a lost target estimate. Another

drawback is that the PHD filter has a positive bias on the

cardinality estimate, where the bias increases as the probablity

of detection decreases.

In this paper we improve upon the standard PHD filter by

doing an approximate multiobject measurement update instead

of the standard measurement update (10). The new measure-

ment update is based on using the predicted PHD intensity to

generate a particle representation of the predicted multiobject

density f(Xk|Z
k−1), and then updating each particle using the

JPDA filter measurement update and evaluating the multiobject

set likelihood (8).

III. PROPOSED MOP-PHD FILTER

In this section we present the proposed multi-object particle

probability hypothesis density (MOP-PHD) filter. Under the

assumption of Gaussian single target densities, linear Gaussian

motion and measurement models, and Gaussian mixture birth

PHD intensity,

pk|k(xk) = N
(
xk ; mk|k, Pk|k

)
(11a)

pk,k−1(xk|xk−1) = N (xk ; Fkxk−1, Qk) (11b)

gx(zk|xk) = N (zk ; Hkxk, Rk) (11c)

Db
k(x) =

Jb
k∑

j=1

wb,j
k N

(
x ; mb,j

k , P b,j
k

)
(11d)

the PHD intensity can be approximated by a mixture of

Gaussian densities [16]

Dk|k(x) =

Jk|k∑

j=1

wj

k|kN
(
x ; mj

k|k, P
j

k|k

)
(12)

The birth PHD is assumed known, however, the work can be

extended to unknown birth distribution, e.g. using a uniform

birth PHD [3] or an adaptive birth process [13]. We assume

that the clutter is uniformly distributed in the surveillance area,

gc(z) = 1/V where V is the volume of the surveillance

area. Further, we assume that the probability of detection

and probability of survival are constant, pD(x) = pD and

pS(x) = pS .

In the proposed multiple target filter the standard prediction

(9) is used. In the measurement update step, instead of using

the standard PHD correction (10) we use a measurement update

that is inspired by ideas presented in [6]. The measurement

update has three main steps:

1) Sample the predicted PHD to create a particle approxima-

tion of the predicted multiobject density f(Xk|Z
k−1).

2) Obtain a particle approximation of the posterior mul-

tiobject density f(Xk|Z
k) by using JPDA association

probabilities to approximate the multiobject measure-

ment update (4) for each particle.

3) Compute the posterior PHD intensity from the particle

approximation of the posterior multiobject density.

The details of the proposed filter are presented below.

Given a GM approximation of the predicted PHD intensity

Dk|k−1(x) =

Jk|k−1∑

j=1

wj

k|k−1N
(
x ; mj

k|k−1, P
j

k|k−1

)
(13)

we approximate the predicted multiobject density by P ran-

domly sampled multiobject particles X
p

k|k−1

f(Xk|Z
k−1) ≈

P∑

p=1

P−1δ(Xk,X
p

k|k−1) (14)

where, for the pth particle, δ(Xk,X
p

k|k−1) = 0 if |Xk| 6=

|Xp

k|k−1| and

δ(Xk,X
p

k|k−1) =
∏

i∈Ip

N
(
xi ; m

i
k|k−1, P

i
k|k−1

)
(15)

if |Xk| = |Xp

k|k−1|. Note that, strictly speaking, (14) is a

Gaussian sum approximation and not a particle approximation,

because (15) defines a Gaussian distribution. However, for the

sake of brevity and simplicity, in the remainder of the paper

will use the terminology multiobject particle.

In (15) the set Ip is defined as Ip = {i|ui
p ≤ wi

k|k−1},

where ui
p are randomly sampled from the uniform distribution

U(0, 1). Expressed in words, the meaning of the set Ip is

that in the pth particle the ith predicted Gaussian component

is included with probability wi
k|k−1. For each particle, the

cardinality is the cardinality of the set Ip, meaning that

within each multiobject particle the included Gaussians are

interpreted as representing targets that do exist, i.e. target birth

and death is here represented by the random sampling ui
p.

Note that the GM-PHD weights wj

k|k−1 are not probabilities

of existence, instead the weights are related to the cardinality

estimation. Specifically, the sum of weights
∑Jk|k−1

j=1 wj

k|k−1
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is the estimated number of targets that are predicted to be

in the surveillance area. However, as will be demonstrated in

the results section, interpreting the weights as probabilities of

target existence actually gives results that are rather accurate.

Given the particle approximation of the predicted multiob-

ject density (14), the posterior multiobject density is given by

the Bayes update (4),

f(Xk|Z
k) =

∑P

p=1 f(Zk|Xk)δ(Xk,X
p

k|k−1)∑P

p=1

∫
f(Zk|Xk)δ(Xk,X

p

k|k−1)δXk

(16)

Using the measurement set likelihood (8) and the Kalman filter

measurement update, for each multiobject particle we have

f(Zk|Xk)δ(Xk,X
p

k|k−1)

=
∑

θ∈Θ

e−λc




∏

j:∄σi=j

λc

V






∏

i∈Ip:σi=0

(1− pD)




×




∏

i∈Ip:σi>0

pDN
(
zσi

k ; Hkx
i
k, Rk

)



×



∏

i∈Ip

N
(
xi
k ; m

i
k|k−1, P

i
k|k−1

)

 (17a)

=
∑

θ∈Θ

Lp,θ

k|k−1

∏

i∈Ip

N
(
xi ; m

i,σi

k|k , P
i,σi

k|k

)
(17b)

when |Xk| = |Xp

k|k−1|, and f(Zk|Xk)δ(Xk,X
p

k|k−1) = 0
otherwise. The last equality follows from using the Kalman

filter measurement update for each association, note that

mi,σi

k|k = mi
k|k−1 and P i,σi

k|k = P i
k|k−1 for σi = 0. The

likelihoods are

Lp,θ

k|k−1 =e−λc

(
λc

V

)NFA(θ)

(1− pD)
NMD(θ)

p
ND(θ)
D

×




∏

i∈Ip:σi>0

N
(
zσi

k ; ẑik, S
i
k

)

 (18)

where NFA(θ) is the number of measurements that are not

associated to a target, NMD(θ) is the number of targets that are

not associated to any measurement, and ND(θ) is the number

of targets that are associated to a measurement.

Note that (17) includes a summation over Θ, the set of all

possible measurement associations θ. Except for very simple

scenarios with few targets and high signal to noise ratio, this

is computationally infeasible. To alleviate the computational

complexity data association can be used, using any of the

standard association algorithms, see e.g. [2]. Here we use the

JPDA algorithm to compute association probabilities

πi,j

k|k−1 =

{
P (xi

k|k−1 ↔ z
j
k) ∀i, j = 1, . . . , Nz

k

P (xi
k|k−1 ↔ ∅) ∀i, j = 0

(19)

where x ↔ z means “estimate x is associated to measurement

z”. Using the association probabilities we approximate (17)

with

f(Zk|Xk)δ(Xk,X
p

k|k−1) ≈ δ(Xk, X̃
p

k|k) (20a)

δ(Xk, X̃
p

k|k) = L̃p

k|k−1

∏

i∈Ip

N
(
xi ; m̃

i
k|k, P̃

i
k|k

)
(20b)

if |Xk| = |X̃p

k|k| and zero otherwise. The natural logarithm of

L̃p

k|k−1 is computed as

log(L̃p) =− λc + log

(
λc

V

)
Nz −

∑

i

∑

j>0

πi,j




+ log (1− pD)
∑

i

πi,0 + log(pD)
∑

i

∑

j>0

πi,j

+
∑

i

∑

j>0

πi,j log
(
N

(
zj ; ẑi, Si

))
(21)

where we have omitted the time indexing for the sake of

brevity. The measurement updated Gaussian distributions in

(20) are given by the JPDA measurement update equations

Si
k =HkP

i
k|k−1H

T

k +Rk (22a)

Ki
k =P i

k|k−1Hk

(
Si
k

)−1
(22b)

ẑik =Hkm
i
k|k−1 (22c)

ẑ
i,Eq
k =πi,0

k|k−1ẑ
i
k +

∑

j>0

πi,j

k|k−1z
j
k (22d)

m̃i
k|k =mi

k|k−1 +Ki
k

(
ẑ
i,Eq
k − ẑik

)
(22e)

mi,j
k =mi

k|k−1 +Ki
k

(
z
j
k − ẑik

)
(22f)

M i
k =(mi

k|k−1 − m̃i
k|k)(m

i
k|k−1 − m̃i

k|k)
T (22g)

M i,j
k =(mi,j

k − m̃i
k|k)(m

i,j
k − m̃i

k|k)
T (22h)

P̃ i
k|k =πi,0

(
P i
k|k−1 +M i

k

)
(22i)

+
∑

j>0

πi,j
(
Pk|k−1 −Ki

kS
i
k(K

i
k)

T +M i,j
k

)

Under the approximation (20), the Bayes normalization con-

stant f(Zk|Z
k−1) is zero for |Xk| 6= |Xp

k|k−1|, and for

|Xk| = |Xp

k|k−1| it becomes

∫
f(Zk|Xk)δ(Xk,X

p

k|k−1)δXk = L̃p

k|k−1 (23)

We thus have a multiobject particle approximation of the

posterior multiobject density

f(Xk|Z
k) =

∑P

p=1 L̃
p

k|kδ(Xk, X̃
p

k|k)∑P

p=1 L̃
p

k|k

(24a)

=
P∑

p=1

Wp

k|kδ(Xk, X̃
p

k|k) (24b)
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and the posterior PHD intensity is

Dk|k(x) =
P∑

p=1

Wp

k|k

∑

i∈Ip

N
(
x ; m̃p,i

k|k, P̃
p,i

k|k

)
(25)

After the measurement update there are
∑P

p=1 |Ip| com-

ponents in the Gaussian mixture approximation of the PHD

intensity. However, many of the components will be identical

and can thus be merged without approximation. Further, many

components will have very low weight and can thus be dis-

carded with very little approximation. In a mixture reduction

algorithm components with weight lower than a threshold

τ are pruned (i.e. removed from the mixture), followed by

mixture merging where the components are merged such that

the merged weight is less than one. The mixture reduction

results in a PHD intensity

Dk|k(x) =

Jk|k∑

i=1

wi
k|kN

(
x ; mi

k|k, P
i
k|k

)
(26)

Target estimates are extracted from the reduced posterior

PHD intensity (26) by picking the expected value of the

Gaussians whose weights are larger than a threshold T . In

the simulation studies that we have performed, the reduced

Gaussian mixture often has a single Gaussian component for

each target estimate, where the weights are indicative of the

probability that the estimate corresponds to an actual target.

The multiobject particles (MOP) can also be used to com-

pute approximations of the predicted and posterior cardinality

distributions. The probability of n targets in the surveillance

area is given by the sum of multiobject particle weights for

particles with cardinality n,

Pk|k−1(N
x
k = n) =

∑

p:|Ip|=n

P−1 (27a)

Pk|k(N
x
k = n) =

∑

p:|Ip|=n

Wp

k|k (27b)

Note that the predicted particle weights in (27a) are all equal to

P−1, see (14). In comparison, the standard PHD filter approx-

imates the cardinality distributions with a Poisson distribution

that – when a Gaussian mixture is used to approximate the

PHD intensity – has expected values
∑

i w
i
k|k−1 and

∑
i w

i
k|k.

The approximations (27) typically have much lower variance

than Poisson distributions – this is an attractive property since

the high Poisson variance causes the standard PHD filter to be

sensitive missed detections and clutter.

When the particle approximation of the posterior multi-

object density is transformed into an approximation of the

posterior PHD intensity, the only information in the posterior

cardinality distribution that is formally retained is the expected

value

N̂x
k|k =

∑

n≥0

nPk|k(N
x
k = n) (28)

However, by the interpretation taken here – the component

weights are probabilities of existence – an estimate of the

cardinality distribution can be computed using the component

weights wi
k|k in the reduced posterior PHD intensity (26).

Lastly, we note that through the use of the joint probabilistic

data association target trajectories can easily be obtained by

maintaining a history of data associations for each target

estimate.

IV. RESULTS

We compare the proposed approach to PHD measurement

update to the standard PHD measurement update using simu-

lated data. Both of the compared PHD filters use a Gaussian

mixture to approximate the PHD.

A. Simulation setup and performance evaluation

Position measurements were generated with probability of

detection pD = 0.75 and noise covariance matrix Rk = 102I2.

A nearly constant velocity motion model (white noise acceler-

ation [1]) was used with acceleration noise standard deviation

σa = 2 m/s2. The probability of survival was set to 0.98.

For mixture reduction we use τ = 10−5, for target extraction

we use threshold T = 0.5. For the data assocation, gating

probability PG = 0.99 was used.

For performance evaluation we compare the estimated car-

dinality and the optimal subpattern assignment metric (OSPA)

[15]. The OSPA is implemented using the Euclidean norm

with cut-off parameter c = 300 and p = 1. For further

details, please see [15]. For the cardinality, we compare two

cardinality estimates. The first is the sum of weights, and the

other is the number of extracted targets, i.e. the number of

Gaussian components for which wi
k|k > T . In addition to

this, for a simple scenario we also compare the approximate

MOP cardinality distributions (27) to the standard PHD filter’s

Poisson distribution.

B. Single measurement update example

In Figure 1 we show the benefits of the MOP-PHD filter,

compared to the standard PHD filter, for a single measurement

update step. The predicted PHD, Figure 1a, has two birth

components and four predicted components, all four with

high weights. There are seven detections, of which four are

located close to PHD components. Intuitively we can expect

the following:

• the weights corresponding to detected predicted estimates

should increase to 1 (or just below), since these estimates

already had a high weight and were detected;

• the weight corresponding to the not-detected predicted es-

timate should decrease conservatively, since there is fairly

high probability that there was just a missed detection;

• the weight of the detected birth estimate should increase

conservatively, since there is a chance that it was only a

clutter detection;

• the weight of the not-detected birth estimate should

decrease significantly.

Using the MOP measurement update, see Figure 1b, we see

that all expectations are met. Using the standard measurement

update, see Figure 1c, the weights of the detected predicted

1806



−15 −10 −5 0 5 10 15
−15

−10

−5

0

5

10

15

0.1

0.1

0.98

0.98
0.98

0.98

x

y

 

 

Meas

Birth
Pred.

(a) Predicted PHD and measurements

−15 −10 −5 0 5 10 15
−15

−10

−5

0

5

10

15

0.66

1

1
0.92

1

0.03

x

y

 

 

Post.
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Fig. 1. Comparison of MOP and standard update. (a): seven measurements (blue triangles) and a predicted PHD with two birth components (orange squares)

and four predicted components (orange circles). The ellipses show the covariances P
j

k|k−1
and the numbers are the weights w

j

k|k−1
. (b), (c): the PHD after

MOP measurement update and standard measurement update, respectively. (d) and (e) show the predicted and posterior cardinality distributions, respectively.

estimates have a positive bias of around 0.2, and the weight of

the not detected predicted estimate has dropped rather abruptly

to 0.25. The standard measurement update can only match

the MOP update in terms of the updated weights of the birth

components.

The predicted and posterior cardinality distributions are

shown in Figure 1d and Figure 1e. The expected values are

almost equal in both cases, about 4.1 (predicted) and 4.6
(updated), however the variance is considerably lower using

the MOP measurement update.

C. Multiple target scenario

A multiple target scenario was simulated with ten targets.

A birth PHD with two components was used. For each target

a birth time was randomly simulated, and the initial state

was sampled from the birth PHD. A nearly constant velocity

model was used to simulate the motion. The death times

were randomly sampled such that all ten targets existed at

the same time for at least a couple of time steps. Clutter was

simulated with Poisson rate 100, i.e. on average 100 clutter

measurements per time step. In each measurement update

P = 1000 multiobject particles were created.

The scenario was simulated 250 times, the Monte Carlo

results are shown in Figure 2. For the three performance

measures we show Monte Carlo median, as well as uncertainty

regions given by the 10th and 90th percentiles. The OSPA is

significantly smaller using the MOP update, which is largely

an effect of the higher robustness to missed detections. Using

the standard measurement update, a missed detection typically

leads to a cardinality error.

For the sum of weights, the positive bias and sensitivity to

missed detections appear to average out for the standard PHD

filter, and the median results are more or less identical for the

two filters. Notice that the uncertainty region is much smaller

using the MOP update.

In contrast to the sum of weights, the number of extracted

targets show a significant difference between the two filters.

Using the MOP update, the cardinality errors are typically due

to the filter being slow at “killing” target estimates after the

true targets have indeed disappeared from the surveillance

area. In contrast, the standard PHD filter show considerable

error when there are many targets.

The differences that can be observed here are a manifes-

tation of the improved cardinality model: randomly sampling

the existence of predicted estimates in a multiobject particle

representation is much more accurate than modeling the car-

dinality distribution with a Poisson distribution.

D. Target trajectory estimation

A scenario with two targets was simulated, where the

trajectories cross about halfway through the simulation. True

trajectories and estimates are shown in Figure 3, where we

have marked the time steps for which the same measurements

fall inside both estimates’ data association gates. Using the
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Fig. 2. Results from a scenario with ten targets. (a) shows the true target tracks. (b) shows the OSPA metric, (c) shows the sum of weights, and (d) shows
the number of extracted targets. Solid lines are Monte Carlo median, dashed lines of the same color show the 10th and 90th percentiles. The results using
the MOP update are clearly better than the results using the standard update.

JPDA measurement update the proposed filter can correctly

estimate both trajectories.

V. DISCUSSION

In this section we discuss the MOP-PHD filter in relation to

other multiple target tracking filters, and we also discuss the

computational complexity.

A Bernoulli RFS is a single target tracking filter that is

defined by the parameters (r, p(x)), representing the prob-

ability of existence and a spatial distribution, respectively.

In multi-Bernoulli filters the set of targets is modeled as

a union of Bernoulli RFSs, and the multi-Bernoulli RFS is

defined by a parameter set {(ri, pi(x))}i. In the filters, the

probabilities of existence and the spatial distributions are

recursively updated. The interpretation of the PHD intensity

weights as probabilities of existence makes the MOP-PHD

filter rather similar to multi-Bernoulli filters. The multiobject

particles δ(X,Xp) can actually be seen as special cases of

multi-Bernoulli densities where cardinality and existence is

assumed known. In other words, the cardinality distribution is

P (n) = 1 if n = |Xp| and zero otherwise, and all Bernoulli

existence probabilities are exactly one. In both the predicted

and posterior particle approximation of the multiobject density,

the Gaussian distributions are (typically) included in more than

one particle. It then follows that the relative frequency of each

Gaussian can be taken as an estimate of the probability of

existence.

To obtain target trajectory estimates labeled RFSs can be

used in the multi-Bernoulli framework, see [12]. In the pro-

posed filter target trajectory estimates are given by the use of

the JPDA state update. An important topic for future work is

further theoretical analysis of the proposed update, along with

a thorough comparison to other multiple target tracking filters,
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Fig. 3. Results from trajectory estimation, x-position (top) and y-position
(bottom) shown over time. The true trajectories are shown in gray, the
estimates are shown in blue and orange. The time steps inbetween which
both estimates are associated to the same measurements are indicated by the
black dashed lines.

e.g. multi-Bernoulli filters.

Implementation of the MOP-PHD filter is simple using the

well known Gaussian mixture PHD prediction [16], sampling

from a uniform distribution, and the JPDA update. For a

predicted PHD with J components, the larger J is, the more

multiobject particles are needed to obtain an accurate ap-

proximation of the predicted multiobject density. There are

2J possible ways to construct unique multiobject particles,

and for smaller J it is possible to exhaustively enumerate

all possibilities, however for larger J this is infeasible. One

alternative is to limit the possibilities by considering only the

more probable ones, as indicated by the weights. Similar ideas

are proposed for the measurement update in the labeled multi-

Bernoulli (LMB) filter [12].

Another idea that can be utilized here is state space par-

titioning, i.e. the grouping of estimates and measurements

into distinct subsets that are approximately statistically in-

dependent. The updates are then performed separately on

each group. This idea has been used successfully to alleviate

computational complexity in point target tracking, e.g. in the

LMB filter [12], and in extended target tracking using a PHD

filter [14].

VI. CONCLUSIONS AND FUTURE WORK

In this paper we proposed a new update that can be used to

estimate the PHD intensity. The new update has three main in-

gredients: particle approximation of the predicted multiobject

density by sampling from the predicted PHD; update of each

particle using the multiobject measurement pdf and JPDA filter

association probabilities; and approximation of the posterior

PHD using the measurement-updated particle approximation

of the multiobject density. Simulation studies showed that

the proposed filter significantly outperforms the standard PHD

filter, especially in terms of the estimated cardinality.

Future work include more testing of the filter, using both

simulated and real world data, as well as further theoretical

analysis of the MOP-PHD filter. An analysis of the computa-

tional complexity in comparison to other filters will also be

performed.

ACKNOWLEDGMENT

This research was supported by the Naval Postgraduate

School, via ONR N00244-14-1-0033, and by ONR directly

via N00014-13-1-0231; Y. Bar-Shalom is also supported by

ARO W991NF-10-1-0369.

REFERENCES

[1] Y. Bar-Shalom, X. Rong-Li, and T. Kirubarajan, Estimation with Appli-

cations to Tracking and Navigation. New York, NY, USA: John Wiley
& Sons, 2001.

[2] Y. Bar-Shalom, P. K. Willett, and X. Tian, Tracking and Data Fusion:

A Handbook of Algorithms. YBS Publishing, 2011.
[3] M. Beard, B. Vo, B.-N. Vo, and S. Arulampalam, “A partially uniform

target birth model for gaussian mixture phd/cphd filtering,” IEEE Trans-

actions on Aerospace and Electronic Systems, vol. 49, no. 4, pp. 2835–
2844, Oct. 2013.

[4] S. Blackman and R. Popoli, Design and Analysis of Modern Tracking

Systems. Norwood, MA, USA: Artech House, 1999.
[5] D. Fränken, M. Schmidt, and M. Ulmke, “’Spooky Action at a Dis-

tance‘ in the Cardinalized Probability Hypothesis Density Filter,” IEEE

Transactions on Aerospace and Electronic Systems, vol. 45, no. 4, pp.
1657–1664, Oct. 2009.

[6] Q. Le and L. Kaplan, “Probability Hypothesis Density-Based Multitar-
get Tracking for Proximity Sensor Networks,” IEEE Transactions on

Aerospace and Electronic Systems, vol. 49, no. 3, pp. 1476–1496, Jul.
2013.

[7] R. Mahler, Statistical Multisource-Multitarget Information Fusion. Nor-
wood, MA, USA: Artech House, 2007.

[8] ——, Advances in Multisource-Multitarget Information Fusion. Nor-
wood, MA, USA: Artech House, 2014.

[9] ——, “Multitarget Bayes filtering via first-order multi target moments,”
IEEE Transactions on Aerospace and Electronic Systems, vol. 39, no. 4,
pp. 1152–1178, Oct. 2003.

[10] ——, “PHD filters of higher order in target number,” IEEE Transactions

on Aerospace and Electronic Systems, vol. 43, no. 4, pp. 1523–1543,
Oct. 2007.

[11] K. Panta, D. Clark, and B.-N. Vo, “Data association and track man-
agement for the Gaussian mixture probability hypothesis density filter,”
IEEE Transactions on Aerospace and Electronic Systems, vol. 45, no. 3,
pp. 1003–1016, Jul. 2009.

[12] S. Reuter, B.-T. Vo, B.-N. Vo, and K. Dietmayer, “The Labeled Multi-
Bernoulli Filter,” IEEE Transactions on Signal Processing, vol. 62,
no. 12, pp. 3246–3260, Jul. 2014.

[13] B. Ristic, D. Clark, B.-N. Vo, and B.-T. Vo, “Adaptive target birth
intensity for PHD and CPHD filters,” IEEE Transactions on Aerospace

and Electronic Systems, vol. 48, no. 2, pp. 1656–1668, Apr. 2012.
[14] A. Scheel, K. Granström, D. Meissner, S. Reuter, and K. Dietmayer,

“Tracking and Data Segmentation Using a GGIW Filter with Mixture
Clustering,” in Proceedings of the International Conference on Informa-

tion Fusion, Salamanca, Spain, Jul. 2014.
[15] D. Schuhmacher, B.-T. Vo, and B.-N. Vo, “A consistent metric for

performance evaluation of multi-object filters,” IEEE Transactions on

Signal Processing, vol. 56, no. 8, pp. 3447–3457, Aug. 2008.
[16] B.-N. Vo and W.-K. Ma, “The Gaussian mixture probability hypothesis

density filter,” IEEE Transactions on Signal Processing, vol. 54, no. 11,
pp. 4091–4104, Nov. 2006.

[17] B.-T. Vo and B.-N. Vo, “Labeled random finite sets and multi-object
conjugate priors,” IEEE Transactions on Signal Processing, vol. 61,
no. 13, pp. 3460–3475, Apr. 2013.

[18] B.-T. Vo, B.-N. Vo, R. Hoseinnezhad, and R. Mahler, “Robust multi-
bernoulli filtering,” IEEE Journal of Selected Topics in Signal Process-

ing, Special Issue on Multi-target Tracking, vol. 7, no. 3, pp. 399–409,
Jun. 2013.

1809


