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Rich-get-Richer Models

● Procedure for growing a network.
● At each step, make one new node
● With probability p, link to an existing node 

at random.
● With probability 1-p, link to a node with 

probability proportional to that node's 
current number of in-links.
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Rich-get-Richer Models

● Popular nodes are favored and become 
more popular.

● As the network grows, fraction of nodes 
with k in-links is a power law:



David P. Feldman Introduction to Fractals and Scaling http://www.complexityexplorer.org

Rich-get-Richer Models

● Also known as: preferential attachment, 
preferential growth, Matthew effect.

● These models have a long and 
interesting history.

● Likely describe (part of) what gives rise to 
a number of power laws.



David P. Feldman Introduction to Fractals and Scaling http://www.complexityexplorer.org

Combinations of Exponentials

● Let x grow exponentially: 
● Suppose the ages T are exponentially 

distributed: 
● Then the distribution of X is a power law:

Likely a plausible explanation for many 
power laws.
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Log-normal Distributions

● Arises if positive random variables are 
multiplied together.

● If x is log-normally distributed, y=ln(x) is 
normally distributed.

● If y is normally distributed, x=ey is log-normally 
distributed.
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A Multiplicative Process
● Let                                         where the 

epsilons are random variables.
● Then, taking the log of both sides:

● Thus, by the central limit theorem, log(xt) is 
normally distributed.

● So xt is log-normally distributed.
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A Multiplicative Process with 
Threshold 

● Modify the multiplicative process so that there 
is a lower threshold.

● Then xt cannot get arbitrarily close to zero.

● And xt is power-law distributed.

● So power laws and log normal distributions 
are closely linked.

● Both arise from multiplicative processes.
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Optimization
Power laws also arise from optimization.

1. Distribution networks. Tradeoff between 
minimizing number of “hops” and total length.

2. Highly Optimized Tolerance. Engineer systems 
to tolerate random failure (lightning) but 
otherwise be optimal.

3. Minimize cost per unit information as a way to 
explain word frequency.

A very different way of thinking about power 
laws than probabilistic  models.
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Phase Transitions
● At a critical point of a continuous phase transition, 

many system properties are power laws.
● Example: average cluster size for percolation.
● Exponents are universal, belonging to one of a 

small handful of universality classes.
● A powerful theory (renormalization group) 

explains why this is so.
● Theory of phase transitions is a beautiful and 

successful theory.
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Phase Transitions?
● However, in my opinion, phase transitions 

likely lie behind very few of the power laws 
observed in complex systems.

● A phase transition is an unusual situation, 
requiring a parameter to be at or near a very 
specific value.

● Other mechanisms for power law generation 
are more generic and apply for a range of 
parameter values.
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There are many 
different ways 
of generating 
power laws.  
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So....
● Power laws are interesting: long-tailed, scale 

free.
● Power laws are unusual, but not that unusual.
● (And many empirical power laws may well be 

log normal or something else.)
● Knowing that something is power-law 

distributed does not imply that any particular 
mechanism generated it. 
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