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Counting Boxes
Let N(s) = number of boxes of side s needed 
to cover an object.

Or
● Alternative notation:                 are often used 

instead of s.
● D is the box-counting dimension
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Log-Log Plots

Equivalently (take log of both sides):

This is the equation of a line: y = mx + b, where

y = log(N(s)), x = log(x), m = -D, b = log(c).
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Log-Log Plots
● If we plot log(N(s)) vs. log(s), we expect a 

straight line:

However, it's not always this simple...
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Log-Log Plots: Complications

1. The linear equation does not hold for large 
box size s.

2. For small s, the shape may no longer be self-
similar, and/or we may run out of data.

3. The equation                                              is 
not true for everything. It is only true if the 
object is self-similar across scales. So a non-
self-simialr shape will not have a linear log-log 
box-counting plot.
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Problems with Small s
● In natural fractals, scaling does not continue 
forever:

Eventually branching stops and object looks two 
dimensional.
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Problems with Small s
● Once one point is in each box, making boxes 

smaller will not increase N(s).
● The picture here is that these are exact (x,y) 

coordinates that take up no space.
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Log-Log Plots in Reality
● So in practice we often see a log-log plot that is 

linear over a somewhat ambiguous middle region.

This poses 

challenges for 

estimating the 

slope D.  

Fig source: http://www.mathworks.com/matlabcentral/fileexchange/13063-boxcount/content/boxcount/html/demo.html
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Different Dimensions
● There are a handful of different dimensions 

(box-counting, self-similarity, Hausdorf, and 
others).

● All involve looking at how an object 
behaves when the scale of analysis is 
changed.

● These dimensions give the same number 
for most cases of interest.
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Dimensions

● Dimensions have nice, well-understood 
mathematical properties.

● See, e.g., Falconer, Kenneth. Fractal geometry: 
mathematical foundations and applications. 
John Wiley & Sons, 2004.

● Dimensions are topologically invariant---are 
unchanged if shape is stretched.
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Scaling

● If  

Or, equivalently,

for a wide range of s, then we say that the 
object exhibits scaling

● If it exists, the dimension is telling us that 
something stays the same as the scale is 
changed.
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