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Figure 1: Final-state diagrams for the logistic equation with different r values.

Beginner

1. (a) For r = 2.5, orbits approach a fixed point at 0.6.

(b) For r = 3.52, orbits approach a cycle of period four.

(c) For r = 3.6, orbits are aperiodic, ranging from approximately 0.35 to 0.9.

(d) For r = 3.63, orbits approach a cycle of period six.

(e) For r = 3.8, orbits are aperiodic, ranging from approximately 0.18 to 0.95.

The final-state diagrams are shown in Fig. 1.

2. (a) For r = 3.4 I do not observe SDIC.

(b) For r = 3.7. I observe SDIC.

(c) For r = 3.8. I observe SDIC.



Intermediate

1. (a) If r = 3.83 the logistic equation does not show the butterfly effect. What’s different
about this example is that the long-term behavior is periodic. Almost all initial condi-
tions will have the same long-term behavior; they will get pulled toward the attracting
period-three cycle. Small differences in the initial condition do not make a large dif-
ference in the long-term behavior of the orbit. Hence, we would say that it does not
have SDIC.

It can be the case, however, that two nearby initial conditions end up out of phase.
That is, the two orbits are both performing the same period-three cycle, however they
are not at the same point in the cycle at the same time. Nevertheless, we would still
say that the dynamical system does not have SDIC, since it is not the case that for
any ǫ and any initial condition x0, one can find a y0 within ǫ of x0 that eventually gets
a distance δ away from the orbit of x0. Some initial conditions go to one phase, some
to another. But those sets of initial conditions have well-defined boundaries. So there
are regions of initial conditions that are “safe”, in the sense that a small error in the
initial condition won’t lead to different long-term behavior.

Another thing that can be tricky about this example is that some initial conditions
take a long time to get pulled in to the period-three behavior. The period three cycle
is attracting, but its degree of attraction is fairly weak.

2. For a fair coin, all outcomes are equally likely. There are 24 possible outcomes if one tosses
four coins. So all particular sequences of four will have a probability of 1/24 = 1/16 =
0.0625.

3. For the logistic equation, all sequences of Ls and Rs are equally likely. There are 24 possible
sequences of four symbols. So all particular sequences of four will have a probability of
1/24 = 1/16 = 0.0625.

4. (a) I need to find an initial condition y0 that is within ǫ = 0.1 of x0 = 0.4 such that
eventually the two orbits are more than δ = 0.3 apart. Almost any y0 between 0.3 and
0.5 will meet these criteria. For example, if y0 = 0.39, the orbit of y0 and the orbit of
x0 are more than 0.3 apart at the sixth iterate. This is illustrated in Fig. 2.

(b) As above, almost any initial condition between 0.39 and 0.41 will meet the criteria.

(c) As above, almost any initial condition between 0.39 and 0.41 will meet the criteria.

5. The Lyapunov exponent of a dynamical system is given by λ = 0.8. We thus know that

D(t) ≈ D02
0.8t . (1)

We are told that the two initial conditions are 0.1 apart, so D0 = 0.1. After one iteration,
the orbits’ separation is:

D(2) ≈ (0.1)20.8×2 ≈ 0.303 . (2)
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And after five iterations, their separation is:

D(5) ≈ (0.1)20.8×5 ≈ 1.6 . (3)

6. If λ = −0.4, then the system does not have SDIC. The distance between the orbits will get
smaller over time. After one iteration:

D(2) ≈ (0.1)2−0.4×2 ≈ 0.0574 . (4)

And after five iterations, their separation is:

D(5) ≈ (0.1)2−0.4×5 ≈ 0.025 . (5)

Advanced

1. Programming Exercises: Answers will vary. I encourage students to share examples of
working code on the discussion forum.

2. Fixed Points and the Logistic Equation:

(a) We need to solve the fixed point equation f(x) = x for the logistic equation:

rx(1− x) = x . (6)

One solution is x = 0. To find any non-zero solutions, we then divide by x to obtain

r(1− x) = 1 . (7)

We then solve for x:

r − rx = 1 . (8)

−rx = 1− r . (9)

rx = r − 1 . (10)

x = (r − 1)/r . (11)

(12)

Thus, the fixed points for the logistic equation are:

x = 0 , and x =
r − 1

r
. (13)

(b) If r = 2.5, the above equations give fixed points at:

x = 0 , and x =
2.5− 1

2.5
= 0.6 . (14)

Using the program that iterates the logistic equation, I can verify that 0 and 0.6 are
fixed points. The fixed point at 0.6 is stable. Almost all orbits approach 0.6.
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(c) If r = 3.5, the non-zero fixed point is:

r =
r − 1

r
=

3.5− 1

3.5
≈ 0.71428 . (15)

The fixed point at approximately 0.71428 is unstable. So it is not attracting. Initial
conditions get pulled to a period-four attractor and not the repelling fixed point. If you
enter an initial condition of x = 0.71428, you will find that the orbit stays very near
the fixed point until around t = 20, at which point it gets pushed away and attracted
toward the stable cycle.

3. SDIC and the Doubling Function:

(a) For the doubling function f(x) = 2x, given initial conditions x0 and y0, we know that
x1 = f(x0) = 2x0, and similarly, y1 = 2y0. Thus

x1 − y1 = 2x0 − 2y0 = 2(x0 − y0) . (16)

(b) For the doubling function, xn = 2nx0. Thus,

xn − yn = 2nx0 − 2ny0 = 2n(x0 − y0) . (17)

To show that f has SDIC, I need to show that for any initial condition x0 and any
non-zero ǫ and non-zero δ, there is an initial condition y0 such that |x0 − y0| < ǫ and
there is an n such that |xn − yn| > δ.

For concreteness, let’s choose

y0 = x0 −
ǫ

2
. (18)

Then y0 is definitely within ǫ of x0. Then,

xn − yn = 2nx0 − 2n(x0 −
ǫ

x0

) = 2n
ǫ

2
. (19)

So xn − yn is growing exponentially so we will always be able to find an n such that
xn − yn > δ. Explicitly,

δ < 2n
ǫ

2
. (20)

Solving for n, one obtains:

n > ln
δ

ǫ
. (21)

The key point is that the difference between any two initial conditions grows exponen-
tially. Thus any two non-identical initial conditions, no matter how close they start
off, will eventually get δ apart, no matter what delta one chooses.

(c) Recall that the Lyapunov exponent is defined via:

D(t) ≈ D02
λt . (22)

Comparing to Eq. (17), and recalling that D0 = x0 − y0, one sees that λ = 1.
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Figure 2: Illustrating the solution to Intermediate question 4(a).5


