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1. Show that, if we modify the definition of Turing machine to have in-
finitely many states, then in this new model some functions are com-
putable which are not computable by ordinary Turing machines.

2. Prove that there is no algorithm to automate mathematical theorem-
proving. That is, there is no algorithm which, when given a mathe-
matical statement S as input (in some formal mathematical language,
such as first-order logic), in a finite number of steps will output a proof
of S or a proof that S is false.

3. Let Σ be a finite alphabet (such as {0, 1}); let Σ∗ denote the set of all
finite-length strings with characters from this alphabet. A “decision
problem” is a problem to decide whether any given string x ∈ Σ∗

has some property; we can model such a problem as a subset L ⊆ Σ∗

(“L” for “language,” a term inherited from Chomsky’s hierarchy). For
example, we might use strings to encode graphs, and the problem of
deciding whether a graph is connected can be modeled as the set of
all strings in Σ∗ that encode connected graphs. Modify the proof that
the halting problem is uncomputable to show the following: For any
given collection of languages {L1, L2, L3, . . . } (regardless of whether
this collection is finite or infinite), it is uncomputable to decide, given
a Turing machine M , whether M correctly decides some language in
this list. That is, there is no Turing machine A that always halts,
and such that A(M) says yes if there is some i such that M correctly
decides Li, and says no otherwise.

4. Suppose we modify our definition of Turing machine so that it can solve
the halting problem, in the following way. In addition to its states and
tapes, it has one additional state, which we call the “oracle” state,
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and one additional tape, which we call the “oracle tape.” When the
machine is in the oracle state, then (magically), it replaces what is
underneath its tape head on the first tape with a 0 if the string on
the oracle tape encodes a Turing machine that halts, and replaces it
with a 1 if the string on the oracle tape encodes a Turing machine
that doesn’t halt. Let us call this modified kind of Turing machine a
“Halting-oracle Turing machine.” Let the “double-halting” problem
be the problem to decide, given a Halting-oracle Turing machine M
and an input x, when M halts on input x. Modify the proof that
the halting problem is uncomputable to show that there is no Halting-
oracle Turing machine that always halts on any input and correctly
decides the double-halting problem.

5. (After Lecture 3) Which is more significant and why: improving an
algorithm from 2n to n100, or improving an algorithm from n5 to n2?

6. (After Lecture 4-1) Use merge-sort to sort the following list into alpha-
betical order [“Hello”, “world”, “this”, “is”, “a”, “simple”, “example”,
“of”, “using”, “merge-sort.”]. Count how many comparisons you make
along the way.

7. (After Lecture 4-2) Consider the Knapsack problem: an instance of
this problem consists of a backpack weight limit `, a list of objects,
and for each object x its weight wx and its “value” vx. The goal is
to find the subset S of the objects of maximum value

∑
x∈S vx such

that their total weight
∑

x∈S wx does not exceed the weight limit `.
Consider the following greedy algorithm for this problem: Keep track
of how much available weight is in the backpack (that is, ` minus
the weight of all objects chosen so far). At each stage, remove from
consideration any objects that will no longer fit, and from among the
objects that will fit, choose the one of largest value. Give an example
to show that this greedy algorithm does not always find the optimum.

8. (After Lecture 5-1) CNFSAT is a special case of CircuitSAT, in which
we only consider Boolean circuits of the following form: C1 ∧ ...∧Cm

(∧ = AND), where each Ci is an OR (denoted ∨) of variables and
their negations (denoted xi,¬xi). Each Ci is called a “clause” of the
formula. If each clause is an OR of at most k variables (or their
negations), it is called an instance of k-SAT. For example, the following
is a valid instance of 3-SAT:

(x1 ∨¬(x2)∨x3)∧(¬(x1)∨x4 ∨x5)∧(x2 ∨¬(x3)∨x5).
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Show that 2-SAT can be solved in polynomial time, but 3-SAT is NP-
complete.

9. (After Lecture 5-2) Show that 3-coloring is NP-complete.

10. (After Lecture 7-1) Download and play around with a SAT solver, such
as those listed here or in the SAT competition. Pick a problem you’re
interested in, encode it in SAT, and use one of these solvers to solve
it.

11. (After Lecture 7-3) Construct an example graph and a sequence of
edges chosen by the 2-approximation algorithm for minimum vertex
cover given in the video such that the vertex cover output by the
algorithm is exactly twice as large as the smallest one.
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