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Numericon 

Table of Contents 

I. Ratio and Proportion 

II. Linear Equations 

III. Data, Statistics, and Probability 

IV. Geometry 

 

Numericon is a game-like math video series addressing Ratio & Proportion; Linear Equations; Data, 

Statistics, & Probability; and Geometry. Numericon motivates students to learn and apply math 

concepts while answering the age-old question, “How does this math apply to real life?” While each 

episode offers a satisfying beginning and conclusion that can be used as a stand-alone teaching tool, 

the complete narrative includes character development that underscores values such as teamwork, 

loyalty, trust, and responsibility to oneself and others. 

Numericon is a cinematic 26-episode science fiction adventure, filled with action-packed cliffhanger 

sequences. A highly diverse team of space mercenaries follows the instructions of their captain, the 

student, to solve increasingly complex standards-based math problems that will ultimately determine 

the fate of the universe.  

Each Numericon episode consists of three segments:  

 Challenge – The story begins and the team finds itself in a predicament that must be solved 

using math.  

 Counselor – Students can check with the counselor. She will offer hints and strategies to help 

complete the mission. 

 Resolution – Once the student has helped the crew to solve the math problem, the mission is 

completed and the episode concludes. The crew is one step closer to saving the universe.  

 
Supporting the Numericon Video Series – MatrixMath Instructional Guide 

 

The purpose of the MatrixMath Instructional Guide is to help teachers assist students in understanding 

the mathematics behind the problems posed in Numericon video episodes. 

The MatrixMath Instructional Guide defines the mathematical concepts needed in each episode. 

Guides include “Lesson Concepts” as well as classroom activities to further the students’ 

understanding. The guide discusses the key mathematics topics accompanied by examples and practice 

problems. It is suggested that the teacher plan each lesson using the information and activities 

presented in this guide to sequence the material for each topic.  

Before beginning work on a concept, students can view the Numericon video. The video will highlight 

a student’s understanding or lack of understanding of the concept, yet provide an impetus for learning 

and mastery. Following the “challenge,” students work in pairs, small groups, or as a class to cooperatively 
reach a solution. 
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Numericon Episodes and Mathematics Content 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Matrix Star Schools Project - This guide and other products produced by the Alliance for Distance 

Education in California under the title, MatrixMath, were developed as part of the national project, 

Matrix Learning, which was funded by the federal Matrix Star Schools grant. 
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Ratio and Proportion 

 

I. Introduction 

Why study ratio and proportion? 

II.  Number Lines and Rational Numbers  

Numericon Videos:  

 Episode: #1 “Into the Warp” 

 Episode: #2 “Ghost Ship” 

Lesson Concepts: 

 Locating fractions on a number line 

Common Core Standards: 

Number Lines and Rational Numbers 

 Grade Six - The Number System 

Apply and extend previous understandings of numbers to the system of rational  

Numbers. #6 

Rewriting Common Fractions 

 Grade Six -Ratios and Proportional Relationships 

Understand ratio concepts and use ratio reasoning to solve problems, #3 

 Grade Six – The Number System 

Apply and extend previous understandings of numbers to the system of rational  

Numbers, #6 

III.  Ratio  

Numericon Videos:  

 Episode: #3 “The Eye of Power” 

 Episode: #4 “The Deadly Chase” 

 Episode: #5 “The Gift of Destiny” 

 Episode: #6 “The Deal of Doom” 

Lesson Concepts: 

 Comparing two quantities 

o Writing ratios in simplest form 

o Ratios and rates 

 Part to Whole 

 Equivalent ratios 

 Graphing equivalent ratios 

o Writing fractions in lowest terms 

o Writing ratios in lowest terms 

o Ratios as decimals  

Common Core Standards:  

Comparing Two Quantities; Part to Whole; Equivalent Ratios 
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 Grade Six -Ratios and Proportional Relationships 

Understand ratio concepts and use ratio reasoning to solve problems, #3.  

Graphing Equivalent Ratios 

 Grade Six -Ratios and Proportional Relationships 

Understand ratio concepts and use ratio reasoning to solve problems, #1 and #3.  

 Grade Seven -Ratios and Proportional Relationships 

Analyze proportional relationships and use them to solve real-world and  

mathematical problems, #2. 

 

IV.  Proportion  

Numericon Videos:  

 Episode: #7 “Horrible Surprise” 

 Episode: #8 “Crash Landing” 

 Episode: #9 “Marooned!” 

Lesson Concepts: 

 Finding Missing Parts of Proportions: Cross Product Rule 

 Map Reading 

 Scale drawings (unit conversion) 

o Dilation 

Common Core Standards:  

Introduction to Proportion 

 Grade Seven -Ratios and Proportional Relationships 

Analyze proportional relationships and use them to solve real-world and  

mathematical problems, #2. 

Scale Drawings (Unit Conversions) 

 Grade Six -Ratios and Proportional Relationships 

Understand ratio concepts and use ratio reasoning to solve problems, #3.  

 Grade Seven -Ratios and Proportional Relationships 

Analyze proportional relationships and use them to solve real-world and  

mathematical problems, #2.Common Core Standards 

 

V.  Percents 

Numericon Videos:  

 Episode: #10 “The Underground” 

Lesson Concepts: 

 Percents, Fractions, Ratios 

 Solving Percent Problems with Vertical Number Lines 

Common Core Standards:  

 Grade Six -Ratios and Proportional Relationships 

Understand ratio concepts and use ratio reasoning to solve problems, #3.  

 Grade Seven -Ratios and Proportional Relationships 
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Analyze proportional relationships and use them to solve real-world and  

mathematical problems, #2. 

 

VI.  Rate  

Numericon Videos: 

 No episodes - Practice Problems 

Lesson Concepts: 

 Unit Rate and Unit Price 

Common Core Standards: 

 Grade Six – Ratios and Proportional Relationships 

Understand ratio concepts and use ratio reasoning to solve problems, #2 and #3. 

 Grade Seven - Ratios and Proportional Relationships 

Analyze proportional relationships and use them to solve real-world and mathematical 

problems, #1. 

 

VII.  Direct Variation  

Numericon Episodes:  

 No episodes - Practice Problems 

Lesson Concepts: 

 Using Proportion to Solve Direct Variation Problems 

Common Core Standards:  

 Grade Eight – Functions 

Use functions to model relationships between quantities, # 4 and #5. 

 

VIII.  Glossary 

English and Spanish mathematical terms with English explanations 

 

IX. Numericon Episode Titles/Problems/Answers 
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Numericon Episodes 1-10 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Why Study Ratio and Proportion? 

 

Ratio and proportion provides the underpinnings to understanding the rational numbers and their 

representations. Proportional reasoning is the foundation of a deeper understanding of equivalent ratios 

and their applications.  

 

Student understanding of ratio and proportion is essential for success in algebra and beyond. The 

connection among equivalent ratios, similar figures and the concept of slope is key to knowledge of 

linear functions. Additional applications of ratio and proportion occur in probability, trigonometry, and 

statistics and in other situations where linearity is involved. 

 

This unit on ratio and proportion will assist teachers in: 

 

• developing the concepts of ratios and equivalent ratios 

• showing how ratios are used in a proportion to represent equivalent quantities 

• exploring rates in different applications of proportions. 
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COMMON CORE STATE STANDARDS: MATHEMATICS 
 

Number Lines and Rational Numbers 

Grade Six - The Number System 

Apply and extend previous understandings of numbers to the system of rational numbers, #6. 

Rewriting Common Fractions 

Grade Six - Ratios and Proportional Relationships 

Understand ratio concepts and use ratio reasoning to solve problems, #3. 
Grade Six – The Number System 

Apply and extend previous understandings of numbers to the system of rational numbers, #6c. 

PRESENTING EXPLANATIONS 

 Help students through this lesson by using the information in this section. 
 The definition that follows might prove helpful to you. 
 The examples presented in the form of problems are invaluable to the students. Be sure the 

students understand the concepts before they proceed to independent practice. 

 You might want to ask students to restate the explanation once you have gone over it with them. 

Understanding Rational Numbers 

The study of ratio and proportion assumes an understanding of rational numbers. Rational 

numbers are a natural extension of the whole numbers and their additive inverses, i.e., integers. 

Let’s look at numbers and how we represent them. Numbers are first introduced to students by asking 

them to count things. Kindergartners count the days of the week by forming a correspondence between 

the counting numbers (1, 2, 3, …) and the days of the week (Sunday, Monday, Tuesday, etc.) The last 

day of the week, Saturday, corresponds with seven. There are seven days in the week. Instructors 

sometimes have a number line on the board and point to the numbers as students count. 

The number line should be a standard aid in all elementary and middle school mathematics classrooms. 
For consistency, let’s agree to always construct number lines with arrows to represent lines, not rays or 

line segments. The arrows, of course, indicate the line continues indefinitely in each direction. 

 
Relevant Numericon episodes: 

#1 “Into the Warp”  

#2 “Ghost Ship” 
 

MatrixMath Instructional Guide Number Line 
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When rewriting a fraction in decimal, recall that the process is actually calling for a fraction to be 

written in an equivalent form with a denominator as a power of ten. 

Symbolically: 

a   d where a and b represent the numerator and denominator and d represents the decimal. 


10n
 b 

This statement has some interesting implications. The only fractions that will result in a terminating 

decimal come from fractions whose denominator contains only factors of ten (10, 5, 2). A fraction with 

factor(s) other than 10, 5, and 2 will result in a repeating non-terminating form. 

Use your judgment to structure student practice with these skills. 

ASSESSING FOR UNDERSTANDING 

Assess for understanding by: 

 asking the student to solve a problem 

 asking the student to present an oral explanation of how s/he solved to problem 

 asking the student to present a written explanation of how s/he solved the problem 

 asking the student to answer the following question, either orally, by podcast, or in written 
form: 

What did you learn in this lesson? Describe at least two things you learned. 

Web Resources 

Google search on: number line and rational numbers. URL valid as of the date indicated. 
 

http://standards.nctm.org/document/chapter6/numb.htm (NCTM standards for Number and 

Operations, grades 6-8)  10/2013 

http://www.cde.ca.gov/re/pn/fd/documents/math-stnd.pdf  (California Content Standards for Public 

Schools, K-12) 10/2013 

http://www.csun.edu/~vcmth00m/practice.html (Practice problems and solutions for CA Standards, 

Grades 1 to Algebra) 10/2013 

http://www.iit.edu/~smile/ma8720.html  10/2013  

http://mathforum.org/dr.math/faq/faq.integers.html (discussion of integers, rational numbers and 
irrational numbers) 10/2013 

http://www.eduplace.com/math/mathsteps/7/a/index.html  10/2013 

http://www.themathpage.com/aReal/rational-numbers.htm (discussion about rational numbers) 
10/2013 

  

 

 

 

 

 

http://standards.nctm.org/document/chapter6/numb.htm
http://www.cde.ca.gov/re/pn/fd/documents/math-stnd.pdf
http://www.csun.edu/~vcmth00m/practice.html
http://www.iit.edu/~smile/ma8720.html
http://mathforum.org/dr.math/faq/faq.integers.html
http://www.eduplace.com/math/mathsteps/7/a/index.html
http://www.themathpage.com/aReal/rational-numbers.htm
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htp://www.math.uakron.edu/~dpstory/tutorial/mptii/lesson01.pdf#search=%22number%20line%20and  

%20rational%20numbers%22 (background information for instructors) 10/2013 

http://www.math.utah.edu/online/1010/numbers 10/2013 

http://www.math.utah.edu/online/1010/numbers (good summary of number systems, e.g., natural, 

integer, rational, etc.) 10/2013 

Number line partitioning: 

http://www.learner.org/channel/courses/learningmath/measurement/session2/part_a/numberline.html 
10/2013 

Partitioning—The missing link in building fraction knowledge and confidence by Dianne Siemon 

http://www.aamt.edu.au/members/vc2004/vc-siemon.pdf 10/2013 

How do you cut a given segment into any number of equal parts? Here’s a geometric construction that 
shows the procedure. 
http://jwilson.coe.uga.edu/Texts.Folder/SRR/SaRD.html 10/2013 

 

http://www.math.uakron.edu/~dpstory/tutorial/mptii/lesson01.pdf#search%3D%22number%20line%20and
http://www.math.utah.edu/online/1010/numbers
http://www.math.utah.edu/online/1010/numbers
http://www.learner.org/channel/courses/learningmath/measurement/session2/part_a/numberline.html
http://www.aamt.edu.au/members/vc2004/vc-siemon.pdf
http://jwilson.coe.uga.edu/Texts.Folder/SRR/SaRD.html
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Ratio 

COMMON CORE STATE STANDARDS:  MATHEMATICS 
 

Comparing Two Quantities; Part to Whole; Equivalent Ratios 

Grade Six - Ratios and Proportional Relationships 

Understand ratio concepts and use ratio reasoning to solve problems, #3. 

Graphing Equivalent Ratios 

Grade Six - Ratios and Proportional Relationships 
Understand ratio concepts and use ratio reasoning to solve problems, #1 and #3. 

Grade Seven - Ratios and Proportional Relationships 

Analyze proportional relationships and use them to solve real-world and mathematical 

problems, #2. 

PRESENTING EXPLANATIONS 

Help students through this lesson by using the information in this section. 

The definition that follows might prove helpful to you. 

The examples presented in the form of problems are invaluable to the students. Be sure the 

students understand the concepts before they proceed to independent practice. 

You might want to ask students to restate the explanation once you have gone over it with them. 









Comparing Two Quantities 

Definitions 

Ratio: a comparison of two quantities 

Factor: a number that divides another number with 0 as a remainder, e.g., 3 is a factor of 
12 because 3 divides into 12 with a zero remainder. Because 3 divides into 12 exactly 4 

times, 4 is also a factor of 12 

Common factors: if two numbers share a factor, it is called a common factor, e.g., 10 and 




15 both share the factor 5, so 5 is called a common factor of 10 and 15 

 
Relevant Numericon episodes: 

#3 “The Eye of Power”  

#4 “The Deadly Chase”  

#5 “The Gift of Destiny”  

#6 “The Deal of Doom”  
 

Ratio 
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Teacher Student Discussion 

What is a ratio? A ratio is a comparison of two quantities. 

Astrid’s class has twelve boys and eighteen girls. 

The ratio of boys to girls is 12 boys to 18 girls or 12 boys :18 girls. 

It is also written similar to a fraction: 12 boys/18 girls or 1  2 boys . 
18 girls 

(Emphasize to students that 12/18 and 
12 

are interchangeable ways to denote ratios.) 
18 

Let’s look at this question together, “What is the ratio of girls to boys?” 

How many girls are in the class?  18 How many boys?  12 

The ratio of girls to boys is 18 to 12. 

It can also be written 

18  girls:12 boys   and in fraction form:  18 girls/12 boys or   18 girls . 
12 boys 

Encourage students to write ratios in these different representations. This will develop facility with 

the various forms. 

PUTTING INTO PRACTICE 

Before using other sources to provide practice for the students, check for understanding by 
asking students to do the following problems. 

You may want to ask students to either orally state or write an explanation of how they did one 

of the problems. 





Practice 
 

Let’s practice what we know about ratios. 

A bag contains 8 red marbles, 6 green marbles. 

What is the ratio of green marbles to red marbles? 

Answer: 6 green to 8 red, 6 green:8 red, 6 green/8 red or 6 green 

8 red 

Another bag contains four blue marbles and eight red marbles. 

What is the ratio of blue marbles to red marbles? 

Answer:  4 blue to 8 red, 4 blue:8 red, 4 blue/8 red or   4 blue . 
8 red 

 
View Numericon episode 3 “The Eye of Power”  This episode asks students to enter the ratio 5 

to 7 in three different forms. 
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Ratios can be written in the form   to    or   :    

or similar to a fraction using the forward slash (/) or a horizontal bar (). 

Writing Ratios in Simplest Form 
 

At this point, students might ask why ratios are left in “unreduced” form. Good question. Ratios 

represent a comparison of two integers a and b (b ≠ 0). Sometimes it is desirable to leave a ratio in 

its original form. On other occasions we will want to write the ratio “in lowest terms.” 

Note 1 

Students may be misled when instructors use the term “reduce” when we really mean to rewrite the 

fraction or ratio in lowest terms or, more precisely, write the fraction or ratio such that the numerator 

and denominator have no common factors. 

“Reduce” might connote to students that they are making the fraction “smaller,” a very costly 

misconception. Ratios/fractions/rational numbers are difficult enough to understand without the 

addition of misleading language. 

Note 2 

As these lessons develop, be aware of students who are English Language Learners (ELL). Support 

their understanding of the language of mathematics by giving clear examples and definitions of new 

vocabulary and try to incorporate their native language-equivalent vocabulary in the discussions. 

Students will enthusiastically help in this endeavor. 

Teacher Student Discussion 

Remember from previous lessons that fractions can be rewritten so the numerator and denominator 
have no common factors. That’s big language to say that fractions or ratios can sometimes be written 

in lower or lowest terms. Here’s an example:  

 

The numerator and denominator are factored into prime factors (factors are all prime numbers). 

Cancellation of the common factors, 2 and 3, yields 2   . 
3 

Let’s see how this works with ratios. 

Astrid’s class has 12 boys and 18 girls. The ratio of boys to girls can be written four ways: 
12 boys 12 boys to 18 girls 12 boys:18 girls 12 boys/18 girls 
18 girls 

Let’s look at the last one, the common fraction form for a ratio. 

Can the ratio be written in lower terms? 
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The ratio 1  2 boys  can be written in lowest terms in a similar way to the example above. 
18 girls 

12 boys 2 boys 


18 girls 3 girls 

The RATIO of twelve boys to eighteen girls is the same RATIO as two boys to three girls. 

2 
So, the ratio of boys to girls can also be written as 2:3 2 to 3 2/3. 

3 

Be careful here. The ratio 2:3 is not saying there are only two boys and three girls in the class. It is 

saying that for every two boys, there are three girls. 

Practice 
 

Ask students to make up their own examples similar to the class problem. Have them write different 

ratios and rewrite them in lowest terms. Let students share their examples with the class or in small 

groups. Closely monitor their work to insure no misinterpretations or misconceptions creep in. 

Encourage the use of academic vocabulary as they practice. 

Let’s expand our problem: 
A bag contains 4 red socks, 2 green socks and 6 blue socks. The bag contains three different colors 

of objects. But, when we compare items, we will compare only two at a time. 

What is the ratio of green to red socks? One possible response is 2:4; another is 2/4. Show two other 

ways to express the ratio. 

Can the ratio 2:4 be rewritten so the two terms have no common factors? Do two and four have any 

common factors? Yes, two is a common factor. 

So, the ratio 2:4 can be rewritten 1:2.  Why?   How else can this ratio be written? 

Answer:  1 to 2, 1/2 and 
1 

. 
2 

What is the ratio of red socks to blue socks?  4:6, 4/6, etc. 

What is the ratio of green to blue socks?  2:6, 2/6, etc. 

Make up two other problems using the three quantities given. 

Ratios and Fractions 
 

What is a ratio? It is a comparison of two numbers. 

A ratio can be written and manipulated similar to fractions. 

What do you know about fractions? 

50 25 5 1 
  

100 50 10 2 1. They can be written in equivalent forms, for example. 
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Teacher Student Discussion 

Ratios compare two numbers. 

In the first section Astrid’s class has 12 boys and 18 girls. The ratio of boys to girls is 12 to 18. 

Written in fraction form, the ratio is expressed as   12 boys/18 girls  or 1  2 boys . 
18 girls 

The class has 12 boys and 18 girls.   What is the size of the whole class?  30 students. 

When we compare boys to girls we are comparing part of the class (boys) to another part of the 

class (girls). So the notation 12/18 is a comparison of two parts of a whole (the entire class). 

The comparison of girls to boys is 18:12. 

Write the ratio in three other forms. 

12 boys What is the ratio of boys to the whole class?  12 to 30, 12:30, 12/30, 
30 class members 

18 girls What is the ratio of girls to the whole class?  18 to 30, 18:30, 18/30 or 
30 class members 

Comparing boys to the whole class and girls to the whole class is an example of a part to whole 

ratio. 

Let’s look at another example. 

A cookie jar contains 25 cookies. Ten of the cookies are chocolate chip and the rest are sugar 
cookies. 

What is the ratio of chocolate chip cookies to all the cookies in the jar? 

10:25 is one answer. How else can this ratio be written? 

What is the ratio of sugar cookies to all the cookies in the jar? 

15/25 is one possible response. 

Both ratios represent a comparison of part of the set of cookies to the whole set, a part-to-whole 

comparison. 

What is the ratio of chocolate chip cookies to sugar cookies? 

10 to 15 is a possible answer 



This last question asks for a comparison of part of the set to another part; a part-to-part comparison. 

 









©Alliance for Distance Education in California and Ohio Board of Regents  
25 

     

MatrixMath Instructional Guide Ratio 

Practice 
 

At a basketball game 100 student and 35 adult tickets were sold. 

What is the ratio of student tickets to total tickets sold? 

What is the ratio of adult tickets to total tickets sold? 

What is the ratio of adult to student tickets sold? 

100:135 
35/135 

35 to 100 

The girl’s chorus at Central Middle School has 20 sopranos and 16 altos. 

20 What is the ratio of sopranos to altos? 
 

What is the ratio of altos to the whole chorus? 

16 

16:36 

Major league baseball teams typically have twenty-five players. Ten are usually pitchers and the 

rest are regular players. 

What is the ratio of pitchers to the whole team? 

What is the ratio of regular players to pitchers? 

10/25 

15/10 

Additional Practice 

Ask students to make up their own ratio questions in a Think, Pair Share activity. After students 
individually create their own ratio question have them pair with another student. Each students takes 

a turn asking the other student their question. Then have students assemble in larger groups to ask 

questions of other students. Questions can be prepared on 3x5 cards with the question on one side 

and the answer on the reverse side or students can ask questions verbally with responses written on 

paper or individual white boards. 

Equivalent Ratios 

Definitions 

Equivalent: in mathematics two numbers are equivalent if they are of the same value, 
equivalent numbers are equal 

Proper fraction: a fraction whose numerator is less than the denominator 

Improper fraction: a fraction whose numerator is equal to or greater than its denominator 

Mixed number: a number with a whole part and fraction part 









Teacher Student Discussion 

Juan says the ratio of girls to boys in his math class is 2:3.  Mykisha says the ratio of girls to boys in 

her class is 14:21. Is the ratio of girls to boys in the two classes the same? 

 
View Numericon episode 5 “The Gift of Destiny”   The map coordinates are 20/28 and 16/24. 

Enter these fractions in lowest terms. 
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fraction is rewritten (let’s not use the term reduced) in lowest terms, the numerator and denominator 
are divided by the largest common factor (greatest common factor, GCF). In this case, 16/24 would 

be rewritten as 2/3 since the largest common factor is 8 (and 8 divides into 16 two times and 24 three 

times). 

As long as we’re on this topic, there is confusion among students and some instructors as to the 

meaning of the terms “reduced” and “improper” when referring to how fractions are written. 

A fraction written in “lowest terms” is a fraction in which the numerator and denominator have no 

common factors. 

An “improper” fraction is a fraction whose numerator is greater than or equal to the denominator. 
5/2 is an example of an improper fraction. If an “improper” fraction is written such that numerator 

and denominator have no common factors, the fraction is written in lowest terms (reduced). An 

improper fraction can be written in “mixed” form, i.e. 5/2 is equivalent to 2 
1 
2 

or in typewriter-style, 2 1/2. 

A fraction can be written in lowest terms and still be improper. Frequently, answers to algebra 

problems are written in improper form for ease of use in further computations/substitutions. 

Ratios: Equivalent Ratios 
 

Given two ratios, how can you determine if they are equivalent? For example, is the ratio 4:5 

equivalent to 17:20? 

Another way to compare two ratios (or fractions) is to change them to equivalent fractions with 

common denominators. If their denominators are equal all that is required is to compare numerators. 

The “sense” of the numerators tells whether they are equal or which is largest. 

In the case of 4:5 and 17:20, rewrite them with common denominators. A common denominator for 

5 and 20 could be 100 but a more convenient choice is 20 since both 5 and 20 share 20 as a common 

multiple. 

Are the two ratios equivalent (equal)? No 4/5 is equivalent to 16/20. The second ratio is 17/20. They 

are not equivalent ratios. 17/20 is the greater of the two. 

To compare ratios, rewrite each ratio so that they have common denominators then compare 

numerators. If the numerators are equal the ratios are equivalent (equal). One ratio is greater or less 

than the other ratio in the same sense as the comparison of their numerators. Two ratios with the 

same denominator are equal, greater than, or less than the other in direct relation to the comparison 

of their numerators. 

There is a great temptation to show students the “cross multiply” algorithm at this point. We resist 
that urge because of the potential of misunderstanding and misapplication. Cross multiplication is a 

short cut for multiplying both sides of an equation by the lowest common denominator. Taught 

incorrectly, cross multiply or cross product can lead to serious errors when inequalities are 

introduced.  The cross-product method will be used when proportions are formally introduced. 
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At this point students need further practice determining whether ratios are equivalent. 

Practice 
 

Show whether each pair of ratios is equivalent. 

14:21 and 6:9 12:16 and 16:24 

Express the following as ratios in fraction form then rewrite them in lowest terms. 

a. 

b. 

c. 

d. 

e. 

f. 

3 to 12 

5 to 25 

6 to 30 

10 to 100 

9 to 21 

7 to 30 

Extended Ratios 
 

Teachers may want to discuss extended ratios, e.g., a bowl contains 18 red marbles, 20 blue marbles, 

and 14 yellow marbles? 

What is the ratio of red to blue to yellow marbles? 18:20:14 

Written in lowest terms: 9:10:7 

What is the ratio of red to blue marbles? What is the ratio of blue to yellow marbles? What is the 

ratio of blue and red marbles to yellow marbles? 

ASSESSING FOR UNDERSTANDING 

Assess for understanding by: 

asking the student to solve a problem 

asking the student to present an oral explanation of how s/he solved to problem 

asking the student to present a written explanation of how s/he solved the problem 

asking the student to answer the following question, either orally or in written form: 

 
What did you learn in this lesson? Describe at least two things you learned. 

Web Resources 

http://www.cimt.plymouth.ac.uk/projects/mepres/book8/bk8i7/bk8_7i1.htm   10/2013 

http://www.math.com/school/subject1/lessons/S1U2L1DP.html   10/2013 

 

 

http://www.cimt.plymouth.ac.uk/projects/mepres/book8/bk8i7/bk8_7i1.htm
http://www.math.com/school/subject1/lessons/S1U2L1DP.html
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Students can cut up the models and compare shares to determine which ratio is largest. 
Juan can run four laps around the track in six minutes, while Arcelia runs six laps in nine 

minutes. Who is the fastest runner? 

Rose got eight questions right out of eleven problems on a math test. James got fifteen out of 

eighteen correct on his math test. Who should receive the higher grade? 

The solutions are left up to the class. Allow students to share their methods with others. 

Writing Fractions in Lowest Terms 

Consider fraction 
150 

. It can be written in lower terms. 
300 

150 75  25 5  1 
   

300  150  50  10  2 

An interesting outcome is to graph each of those values on a number line 


0  .  1   

What did you notice? 

Equivalent fractions represent the same point on the number line. 

Since the fractions or ratios are equivalent to 1/2, they are all represented as the same point on 

the number line. 

Writing Ratios in Lowest Terms 
 

But as ratios an interesting relationship develops. 

150 adults 75 adults 25 adults 5 adults 1 adult 
   

300 students  150 students  50 students  10 students  2 students 

To graph these ratios, a coordinate axis is required to account for adults and students. Let’s 
create a graph with the adults represented on the vertical axis and the students represented on the 

horizontal axis. 
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Notice now that equivalent ratios graph as points in the coordinate plane and appear to align in a 

straight line. 

Ratios as Decimals 
 

Another way to think of these equivalent fractions/ratios is to rewrite them in decimal form. 

The equivalent forms of 150/300 are equal to 0.5.  Locate 0.5 on the number line. 

Consider: 

Let’s look at this relationship from a different view. Consider the equivalent fractions 1/2, 2/4, 

3/6, 4/8, … and assume they represent a general fraction y/x. 

If we consider each fraction as an ordered pair (2,1), (4,2), (6,3), (8,4)  . . . and graph each 

ordered pair. What do you observe? 
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7 

6 

5 

4 

3 

2 

1 

10 12 

Repeat this exploration using 2/3 as the starting ratio. Write five or six ratios equivalent to 2/3. 

Rewrite each ratio as an ordered pair and graph them on a set of coordinate axes. 

What do you observe about the graphs? 

Practice 
 

A box contains two kinds of donuts. There are four glazed donuts and eight chocolate donuts. 
What is the ratio of glazed donuts to chocolate donuts? Write the ratio in lowest terms. 

4/8 1/2 

What is the ratio of chocolate donuts to the whole box of donuts? Write the ratio in lowest terms. 

8:12 2:3 

In a recent basketball game, Jason made nine free throws. He missed 3. 

What is the ratio of free throws made to total attempts? Write the ratio in lowest terms. 

9 to 12 3 to 4 

3 Write the ratio in fraction form.   3/4   or 
4 

Challenge: Write this fraction in percent form. 75% 

Make up problems on your own to share with students or have the students make up their own 

problems. 

                            

                            

                            

                            

                            

                            

                            

                            

                            

                            

                            

                            

                            

                            

                            

      2    4    6    8          
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Web Resource 
 

Graphing Equivalent Ratios 

http://www.math.uga.edu/~sybilla/Grade6MathTasks/M6ATasks.html  10/2013 

PUTTING INTO PRACTICE 

Measuring Body Parts: An Exploration of Ratios 

This exploration will provide students an opportunity to see ratios in a real context. Students 

should work in groups to gather data. Each group then shares their findings with the whole class. 

If groups are given the same body parts to measure the comparison each groups’ findings would 

lead to interesting class discussions. More on this later. 

Objectives: To measure the length of specified parts of the body and form ratios based on those 

measurements. 

Procedures: 

1. 

2. 

3. 

4. 

Create groups of three or four students 

Each group will use a tape measure to complete a table of values 

Calculate the ratios specified in the table 

Present their findings to the whole class 

Sample Table: 

Measure each dimension using a tape measure. Space is provided to measure four individuals. 

1 2 3 4 

Thumb (T) 

Index Finger (I) 

Ratio (T:I) 

Arm Length (A) 

Leg Length (L) 

Ratio (A:L) 

Arm Span (A) 

Height (H) 

Ratio (A:H) 

No directions are given specifying units of measurement. Why? 

Feel free to allow students to choose their own “parts” to measure bearing in mind that middle 

school students do need some direction and guidance. 

 

http://www.math.uga.edu/~sybilla/Grade6MathTasks/M6ATasks.html
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Ball Bounce: Comparing Ratios 
 

Many sports use a ball. Soccer, baseball, basketball, golf, tennis, etc., all use a ball as the basis for 

a game. In this activity, students are going to drop different balls from different heights and 

measure the rebound height. 

Materials:  a meter stick or tape measure; balls of different types such as a tennis ball, handball, 

golf ball, rubber ball, baseball, basketball, etc. Obviously, a football or other “ball” that is not 

spherical would be inappropriate. 

Objectives: to establish a bounce ratio for each type of ball to determine which ball has the best 

rebound. 

Directions: 

1. Arrange students in groups of three: one student will be the recorder, one student will 

drop the ball, and one student will observe the rebound height. 

Give each group three different balls on which to conduct the experiment. 

Conduct the experiment and record the data. 

2. 

3. 

Bounce Height: 

1. 

2. 

Drop each ball from heights of .5m, .75m, 1m, 1.25. (50cm, 75cm, 100cm, 125 cm). 

Record the height of the rebound on the first bounce. A class discussion about how to 

measure the height of each bounce would be appropriate. Or, you could let each group 

make that decision and compare results for each group to see if the bounce ratio is 

affected by where the measurements are taken. 

Record the results in tables such as the one provided. 

Calculate the ratios and record them in the appropriate boxes 

3. 

4. 

What conclusions can be made based on the data and calculations? 

Ball Type: 
Height 

 

.5 meter/50 cm 

.75m/75cm 

1m/100cm 

1.25m/125cm 

Bounce 

1
st 

bounce: 

Bounce/Height 
 

Ratio: 

Ratio: 

Ratio: 

Ratio: 

1st
 

1
st

 

1st
 

bounce: 
bounce: 

bounce: 

Discussion 
How could students report their findings? The data in the table will be integer values but likely 

will not form “nice” ratios for convenient comparison. Suggestion: write all the ratios as percents 

or write them in decimal form. 
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Graph the Data: 

Drop Height (cm) 

100 

90 

80 

70 

60 

50 

40 

30 

20 

10 

Bounce Height (cm) 

Extensions: 
 

This activity could very easily extend by varying the starting heights for each type of ball and 

record the first, second, and third bounce heights. If a stopwatch is available, students could time 

each drop and rebound and graph the results (height vs. time). 

                               
                               
                               
                               
                               
                               
                               
                               
                               
                               
                               
                               
                               
                               
                               
                               
                               
                               
                               
                               
                               
                               
         1        2        3        4        5        6        7   
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Introduction to Proportion 

COMMON CORE STATE STANDARDS:  MATHEMATICS 

Introduction to Proportion 
Grade Seven - Ratios and Proportional Relationships 

Analyze proportional relationships and use them to solve real-world and mathematical problems, 

#2. 

Scale Drawings (Unit Conversions) 

Grade Six - Ratios and Proportional Relationships 

Understand ratio concepts and use ratio reasoning to solve problems, #3. 
Grade Seven - Ratios and Proportional Relationships 

Analyze proportional relationships and use them to solve real-world and mathematical problems, 

#2. 

PRESENTING EXPLANATIONS 













Help students through this lesson by using the information in this section. 

The definition that follows might prove helpful to you. 

The examples presented in the form of problems are invaluable to the students. 

Be sure the students understand the concepts before they proceed to independent practice. 

You might want to ask students to restate the explanation once you have gone over it with them. 

Definition:  A proportion is an equality of two ratios. 

Teacher Student Discussion 

From previous work we were asked to write ratios in lowest terms. For example, the ratio 6:10 or 

can be written in lower terms, because 6 and 10 share a common factor. 

6 

10 

 

 
View Numericon episode 7 “Horrible Surprise”. This episode shows two proportionate triangles. 
One triangle has sides of 3, 4, 6. The other has sides of 15 and 20. Students are asked to find the length 
of the third side. 

 

Relevant Numericon episodes: 

#7 “Horrible Surprise”  

#8 “Crash Landing”  

#9 “Marooned!“  

  

 

 

 

Proportion MatrixMath Instructional Guide 
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What is the common factor for 6 and 10?  6/10 becomes 3/5 when the common factor 2 is divided into 

both numerator and denominator. 

Let’s look at a few other examples. Write each of these ratios in lowest terms. 

 4 8 12 3:9 4 to 10 3/7 
6 16 28 

Discuss these examples with your students. Did they all agree on a “lowest” equivalent representation? 

If we look at any one of these examples, such as   6 , and equate it to an equivalent fraction 3/5 we get 
10 

 3 . This is a proportion: two ratios set equal to each other.  6 


10  5 

Let’s look at the other equivalent fractions. 

8 1 12 3 4 2 
  16 2 28  7 6 3 

4  2 3 1 3 3 
 10  5 9 3 7 7 

Ask students if they notice anything about the numbers in these proportions.  Some students may have 

seen cross-multiplication or cross-product before.  It’s okay to let them talk about their previous 

experiences.  If at first no one sees the cross-product relationship, have them make up some equivalent 

fractions of their own.  Keep probing. 

Expect the students to think and not rely on the instructor for the answers. 

Cross Product Rule 

Let’s examine the proportion 
2   . The cross-product rule tells us that 4•5=10•2. 4 

10  5 

From the very start, insist that students write the cross-product in this order: top left times 

bottom right equals bottom left times top right. 

Students can understand why the cross-product rule works by understanding what is really happening. 

Cross-product is the result of multiplying both sides of the equation by the product of the denominators. 

The product of the denominators is 50. 

50  4  50 2 
i   i 

1  10  1  5 

Multiply both sides of the equation 4 2   
by 50. 50 4 50 2 

i   i 
10 1  5  1 

10  5 

5i4 10i2 
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Finding Missing Parts of Proportions (Cross-Product Rule) 

From the first step to the last step, it should be clear how the cross-product rule is applied. 

Putting Into Practice 

 Before using other sources to provide practice for the students, check for understanding 
by asking students to do the following problems. 

 You may want to ask students to either orally state or write an explanation of how they 

did one of the problems. 

Practice 
Here are some practice problems. Supplement these examples with ones of your own making or have 

students invent their own problems. 

Show that the following proportions are correct. 

15 5 2  12 65 13 
 39  13 5  30 100 20 

What if one of the numbers is missing? 

What if we asked for an equivalent fraction to 2    but had a numerator of 10. 
3 

What is the correct denominator? 

Let students ponder this for a few minutes. Could we use a proportion to answer the question? 
2  10 What number does n represent? 


3  n 

Before we apply the cross product rule, let’s apply logic and number sense to the problem. 

How big is n? 
1. The ratio on the left is comparing 2 to 3. And the ratio on the right is comparing 10 to an 

unknown number. Both ratios are equivalent. 

Since 3 is larger than 2, it seem logical that the missing number n must be larger than 10. 

Since 10 is five times larger than 2, we would expect the missing number to be five times larger 
than 3. 

2. 

3. 

This analysis technique can be applied to any proportion problem. 

One way to find the missing number is to use the cross-product rule: 

2•n = 3•10 

2•n = 30 

n = 15 

Is it true that 2 


1  0 ?  Yes. The value for n is 15. 
3   15 

Practice 

Use these problems for practice.  Invent more problems if students need more practice. 

2 6 n  4 n  2 7  21 
     5  n 100  5 12  3 n  36 

      

 

  

  

        

 









©Alliance for Distance Education in California and Ohio Board of Regents  
39 

     

MatrixMath Instructional Guide Proportion 

Geometry Applications of Proportions 

A common context for proportion problems is in the study of two-dimensional figures. 

Two rectilinear figures are similar if their corresponding angles are equal in measure and corresponding 

sides are proportional. 

For example, look at these two triangles. 

ABC FED. 

F 

A 
53° 

5 cm 53° 

3 cm 
15 cm 

9 cm 90° 37° 

B C 4 cm 

90° 37° 

E D 12 cm 

Are the measures of corresponding angles equal? 
 

Are corresponding sides proportional? 
 

The first is relatively easy to verify, while the latter is a bit more difficult. 

Let’s set up various proportions to determine if the sides are proportional. 

Does  3    4 ? What about   4   5 ? Finally, does  3   5 ? 
  12  15 9   12 9   15 

The triangles are similar because corresponding angles have the same measure and corresponding sides 

are proportional. 

Will students notice the commonality among the three ratios? 

They may not notice right away but, with the following examples, students should see that each of the 

ratios, when rewritten in lowest terms, is equivalent. [Scale factor could be introduced at this point but 

there is no rush.] 
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In contrast, here are two triangles that are not similar. 

Are corresponding angles of the same measure? Are corresponding sides proportional? 

A F 

45° 

5 cm 53° 
4 cm 

15 cm 
9 cm 45° 90° 

C B 4 cm 

90° 37° 

E D 12 cm 

Consider these triangles. Are they similar? 

74°  

124 cm 

72 cm 

74°  

62 cm 

36 cm 

70°  36°  70°  36°  

126 cm 
63 cm 

Yes, the triangles are similar, because corresponding angles have the same measure and corresponding 

sides are proportional.  Make sure students confirm the proportionality of the sides. 

Now comes the challenge. 

What if we are told that two figures are similar, but the length of one side is missing. 

Can the missing dimensions be determined? 
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Study this example. 

F 

A 
53° 

5 cm 53° 

3 cm 
10 cm 

6 cm 90° 37° 

C B n cm 

90° 37° 

E D 8 cm 

It is given that the figures are similar. Therefore, the corresponding angles have the same measure and 

corresponding sides are proportional. The measurement of one side of the first triangle is missing, 

however. 

What is the measure of the missing side? Set up a proportion that involves the missing side as one of 

3  6 

  the elements. For example: or 5  10 


n n  8 8 

3 6 
 3 i 8 6 i n Let’s solve the first proportion. 

n 8 

 24 = 6n 

 dividing by six on both sides of the equation (or multiplying by 1/6) yields 

4 = n 

 applying the symmetric property 
n = 4 

 The missing side is 4 cm in length 

Now try this one. HIG 
LJK 

4 cm G I J 
 

8 cm 5 cm 
n cm 

K 

L H 
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Practice 

Assume the figures are similar. Find the length of the side labeled n. The figures are not drawn to scale. 

6ft 3ft 

10 ft n ft 

8 in 6 in 

9 in 

n in 

2 in 10 ft 

5 in 

n ft 

n km 

12 ft 

7ft 

15 km 
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Key Mathematical Ideas in Grades 5-8 
Partial text from a presentation by H. Wu at NCTM conference in April of 2005. 

Congruence and Similarity 
There is no better illustration of the need of definitions than the case of “congruence” and “similarity”. 
The usual definition of congruence is same size and same shape, and that of similarity is same shape 

but not necessarily the same size. These sound very attractive until we try to use them explain in what 
way a photograph of a person is similar to the same photograph shrunk to half its size. Of course it is 

impossible. 

In the middle grades, it is eminently possible to teach congruence and similarity in the plane correctly 

and effectively. We begin with the concepts of rotation, translation, and reflection. These used to be 

difficult concepts to teach, but with the availability of transparencies and overhead projectors, students 

can get to know them via hands-on activities. A congruence is then defined to be a composition of 
rotations, translations and reflections. Such a definition is correct, and grade-level appropriate. 

Next, dilation. For simplicity, we define it using coordinates (but this is not necessary). A dilation with 

center at the origin O and scale factor r (r 6= 0) is a transformation of the plane that sends a point (a, b) 

to the point (ra, rb). So for instance, (0, 1) goes to (0, r), i.e., it changes the distance of every point from 

O by a factor of r. This concept is a Godsend in the teaching of mathematics, because I do not believe 

there is another opportunity quite like this for the instructor to both astound the students and teach 

substantive mathematics at the same time. 

For example, ask students how to shrink a wiggly curve to half the size, and most of them wouldn’t 

know where to begin. Now you just pick a random point and use that as your center O, and start 

shrinking a few well-chosen points on the curve to half the distance (relative to O) to get the rough 

contour of a new curve. By increasing the number of points, students get to see the emergence of the 

shrunken curve. They usually find this demonstration truly impressive. Once they buy into this concept 

of dilation, they are ready for the definition two figures to be similar if one figure is congruent to a 

dilated version of the other. Incidentally, this definition of similarity puts in evidence the dependence of 

the concept of similarity on the concept of congruence. One should not, therefore, try to introduce 

similarity ahead of congruence, as it is sometimes done. 

Certainly, this definition of similarity has much greater impact, and infinitely more mathematical 

substance than “same shape but not necessarily the same size”. 
(Reprinted by permission.) 
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Practice 

Mount Rushmore, in South Dakota, is a monument to four United States Presidents: George 
Washington, Thomas Jefferson, Theodore Roosevelt, and Abraham Lincoln. The heads of the famous 

presidents were carved in a 5,000 foot tall mountain. 

Each head is approximately 60 feet tall. 

In the picture, George Washington’s head is about 30 mm tall. His nose is about 8 mm in length. How 

long is Washington’s nose in the real sculpture? 

The height of George Washington’s face is about 60 feet. 

Washington’s face is about 25 mm high in the photograph and the distance between his eyes is about 10 

mm in the photograph. What is the distance between his eyes in the actual sculpture? 

Web Resources: Similar Figures 

http://www.math.com/school/subject1/lessons/S1U2L4GL.html  10/2013 

http://www.themathlab.com/Algebra/basics/blow%20'em%20up%20cartoons.htm  10/2013 

http://www.bbc.co.uk/schools/gcsebitesize/maths/shapeih/similarshapesrev2.shtml 10/2013 

 

http://www.math.com/school/subject1/lessons/S1U2L4GL.html
http://www.themathlab.com/Algebra/basics/blow%20%27em%20up%20cartoons.htm
http://www.bbc.co.uk/schools/gcsebitesize/maths/shapeih/similarshapesrev2.shtml
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Map Reading 

Definition 
A map is a simplified depiction of a space, a navigational aid that highlights relations between objects 

within that space. Most usually a map is a two-dimensional, geometrically accurate representation of a 

three-dimensional space. The science and art of map-making is cartography. Wikipedia 

Students may need significant help with this section. A good place to start is with a map of something 

familiar to them—a map of their own neighborhood. The maps of your local area can be created from 

http://maps.google.com/. Copyright issues prohibit displaying an actual map. 

Each student is given a map showing your school. They locate their house and measure the distance 
from home to school. Using the scale on the side, they can establish a proportion to determine how far 

their house is from school. 

Discussion items: 

 When you measure the distance from home to school, should the measurement be a straight-line 

distance? If not, how should the distance be represented? 

 What units should be used? 

 How is the scale on the left side of the map used in writing a proportion? 

The California map shown on the next page is available from a government source: 

http://www.nationalatlas.gov/ 10/2013 

 

 
View Numericon episode 8  “Crash Landing”.  Students are asked to use a proportion to find the 

actual distance on the ship from control room to power panel. 
 

 

http://maps.google.com/
http://www.nationalatlas.gov/
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On the map shown above, 2 cm represents approximately 125 miles. If the straight line distance 

between Sacramento and Los Angeles is about 6 cm, what is the straight line distance between the two 

cities? 

2 cm 6 cm 


125 miles  n miles The problem can be solved by using a proportion. 

2n 750 

n = 350 miles 

Answer: The distance between Sacramento and Los Angeles is 350 miles. 

Be sure to explain the units (miles and centimeters), so that students understand the answer is given in 
miles. 

Practice 
Acquire maps (Auto Club, National Geographic inserts, Atlas) and invent problems for students to 
explore. As an extension, ask students to select a map and create problems that they share with other 

students in the class. 
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Web Resources:  Maps 

http://www.enchantedlearning.com/geography/mapreading/  10/2013  

http://nationalatlas.gov/printable/reference.html#list 10/2013  

http://www.ga.gov.au/image_cache/GA7194.pdf 10/2013  

http://www.csun.edu/science/ref/maps/maps.html 10/2013 

Scale Drawings (Unit Conversions) 

Scale Drawings 
The picture below shows the front view of a house. The scale is 1in:72 in. 

What does this ratio mean? 

What is the height of the house? What is the width? What is the area of the front wall (including 

windows and doorway)? What is the area of the front profile of the roof section? 

Practice 
Create your own scale drawing of a house, car,  or any large subject and use a scale of your 

choice. Work with a partner if you wish. Be careful about choosing your scale. In the example 

above the ratio was 1:72. A 1:72 scale means that each inch in the picture represents 72 inches 

for the actual object (or 1 inch = 6 feet (72 inches) 

 
View Numericon episode 9  “Marooned!”  Students are asked to find the ratio of the area of the 

diagram to the circuit board. 
 

 

     

 

 

http://www.enchantedlearning.com/geography/mapreading/
http://nationalatlas.gov/printable/reference.html#list
http://www.ga.gov.au/image_cache/GA7194.pdf
http://www.ga.gov.au/image_cache/GA7194.pdf
http://www.csun.edu/science/ref/maps/maps.html
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Project 
Bring boxes of varying dimensions to class. Assign a box to each group. Have students measure 

the dimensions of their box. Calculate the area of each face of the box, total surface area, and 

volume of the box. 

Now, imagine constructing a box whose dimensions are double those of the measured box—a 
scale factor of 1:2. For example, if the original box had dimensions 4 inches by 6 inches by 10 

inches the new box would have dimensions 8 inches by 12 inches by 20 inches. 

What is the area of each face of the new box, total surface area, and volume? 

Practice 
Measure the dimensions of a classroom. Arrange students in groups of three to five students. 

Allow students to determine the units of measurement. After measuring the room’s dimensions, 

calculate the area of the floor, ceiling, and the four walls (including openings); calculate the 

volume of the room. 

Teacher Student Discussion 
Ask different groups to present their findings. Discuss the nature of their findings if different 

units of measurement were used (inches, feet, centimeters, meters, etc.).  Challenge the groups to 

covert their measurements to another unit (inches feet, centimeters meters, or Imperial 

Metric) 

Alternate Question: How many basketballs (ping pong balls, X Boxes, Hummers) would be 

needed to completely fill the classroom? 

Challenge Problem 

Show students the shark/helicopter photo at http://www.snopes.com/photos/animals/shark.asp 

Don’t let them in on the whole story, yet. Pose the questions: 
 

Is this a real photograph or a hoax? 

Could ratio and proportions help answer the question? 

If the picture is real, how long is the shark? 

Here are some facts and pictures that might help in the analysis: 
 

The great white shark (Carcharodon carcharias), also known as white pointer, white shark, or 

white death, is an exceptionally large lamniform shark found in coastal surface waters in all 

major oceans. Reaching lengths of about 6 meters (20 feet) and weighing almost 2,000 kilograms 

(4,000 pounds), the great white is the world's largest predatory fish. They are the only known 

surviving species of their genus, Carcharodon. 

http://www.iit.edu/~smile/ma8809.html (class activity) 10/2013 

http://www.iit.edu/~smile/ma9103.html  10/2013 

http://www.eduref.org/Virtual/Lessons/Mathematics/Geometry/GEO0003.html  10/2013 

 

http://www.snopes.com/photos/animals/shark.asp
http://www.iit.edu/~smile/ma8809.html
http://www.iit.edu/~smile/ma9103.html
http://www.eduref.org/Virtual/Lessons/Mathematics/Geometry/GEO0003.html
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Pose this problem to students: 

Given any figure in a plane, create another figure exactly twice the size of the first. In other 

words, we want to transform the first figure into a second figure with a scale factor of 1:2. 

Consider this shape: 

If the figure had been a simple triangle construct another triangle with scale factor (ratio of 

similarity) of 1:2. 

Try the triangle problem first.  Then begin working on constructing the curve exactly twice the 

length of the original. 

Ask students to share how they solved the problem. Challenge them to find more than one way to 

“double” the triangle. 

Now ask them to create a curve exactly twice the length of the first curve. The goal is to produce 

a curve exactly the same shape but twice the linear size as the first curve. 

Do not be tempted to simply tell students a way to solve the problem. Let them struggle. 
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This illustration provides a clue to one solution to constructing a triangle whose dimensions are 
twice a given triangle. 





Would the same process work with any shape? 

Is the location of the common end point for the rays important? 

Note: this drawing does represent a three-dimensional figure. 

Background: 
Transformations in geometry play an important role in the understanding of congruent and 
similar figures. For figures in a plane, there are four transformations. The first three (rotation, 

translation, and reflection) define congruency. Two figures in a plane are congruent if one figure 

can be made to coincide with a second figure through any finite number of rotations, translations, 

and reflections. 

If you are interested, here is a site with problems that explore the congruence transformations. 

http://www.teacherschoice.com.au/downloads/M1V_Transf_Shapes_Solids.pdf 10/2013 

Dilation 
The fourth transformation is dilation. 

Definition 
A dilation is a transformation that produces an image that is the same shape as the original, but is 

a different size.  The description of a dilation includes the scale factor and the center of the 

dilation. 

The dilation transformation defines what is meant by similar figures. 

 

http://www.teacherschoice.com.au/downloads/M1V_Transf_Shapes_Solids.pdf








©Alliance for Distance Education in California and Ohio Board of Regents  
51 

     

MatrixMath Instructional Guide Proportion 

Look at this figure. Construct another figure such that the two figures are in a 1:3 dilation (scale 
factor 1:3) 

The ratio of the sides of the two figures is 1:3. What is the ratio of their areas? How could you 
demonstrate the answer? 

Practice 
1.  Construct a figure similar to the given figure but half the linear dimensions. Instead of a ratio 

(dilation) of 1:2 as the problem above, the goal is to construct a second figure so the two are in a 

ratio of 2:1. 

The ratio of the sides in the two figures is 2:1. What is the ratio of their areas? 

2.  Have students create their own figures. Construct a second figure using a dilation of their own 

invention. 

Three Dimensional Objects 

What about three-dimensional objects? Look at the figure below 
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Practice 

Construct a “box” whose sides are three times longer. The original box and the constructed box 

will have a scale factor of 1:3. 

Supplies: Students will need a separate sheet of paper to copy the figure. Or, the instructor could 

supply a sample box and pose a similar question. Cardboard is readily available. Judgment needs 
to be exercised about use of cutting tools. 

1.   What is the relation of their surface areas? [What is surface area?] 

2.   What is the relation of their volumes? [Define volume] 

Practice 
Ask students to construct a three-dimensional object. Then, ask them to construct another three- 

dimensional object such that the scale factor is 1:2. 

1. 
2. 

3. 

4. 

Measure the lengths of the sides of both objects. 
Calculate the surface area of each side. 

Calculate the volume of each object. 

What do you observe? 

Thought Experiment 
A model of a statue of Chief Crazy Horse stands five feet tall. The actual sculpture will be 

carved on a mountain outcropping in South Dakota. The ratio between the model and actual 

carving is 1:100. 

1. 
2. 

3. 

How tall will the actual statue stand? 

Compare the surface area of the model and the actual statue. 

Compare the volume of the model to the volume of the actual statue. 

http://en.wikipedia.org/wiki/Image:Crazy_Horse_model.jpg#filehistory 

 

http://en.wikipedia.org/wiki/Image%3ACrazy_Horse_model.jpg#filehistory
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Project 

A retired Navy officer created a model of the aircraft carrier Midway. The model is one foot 

long. The scale factor he used was 1 ft:1000 ft. 

Use Wikipedia (http://en.wikipedia.org/wiki/USS_Midway_(CV-41) to find relevant data on ship 

dimensions before answering the following questions. 

1. 
2. 

3. 

How long is the actual ship? 

Compare the area of the landing deck in the model to the area of the actual ship. 

Compare the volume of the model to the volume of the actual ship. 

ASSESSING FOR UNDERSTANDING 

Assess for understanding by: 

asking the student to solve a problem 

asking the student to present an oral explanation of how s/he solved to problem 

asking the student to present a written explanation of how s/he solved the problem 

asking the student to answer the following question, either orally or in written 

form: 









  
                   What did you learn in this lesson? Describe at least two things you learned. 

 

 

http://en.wikipedia.org/wiki/USS_Midway_(CV-41)
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Web Resources 

Geometers SketchPad: Monge’s Theorem 

http://www.geom.uiuc.edu/education/math5337/monge/module-4.html 10/2013 

GSP Lab 
http://www.math.washington.edu/~king/coursedir/m444a00/lab/lab10/lab10.html 

10/2013 

Discussion of dilations using construction techniques and Geometers SketchPad 
http://www.math.washington.edu/~king/coursedir/m444a03/lab/lab05-dilationsv2.html 

10/2013 

Photo Credits 

Mt Rushmore photo: http://photo.itc.nps.gov/storage/images/moru/moru-Full.00004.html 

California Map: http://www.nationalatlas.gov 

USS Midway: with permission from Alan Amundsen 

Crazy Horse Monument: donated to public domain by Moverton: 

http://en.wikipedia.org/wiki/Image:Crazy_Horse_model.jpg#filehistory 









 

http://www.geom.uiuc.edu/education/math5337/monge/module-4.html
http://www.math.washington.edu/~king/coursedir/m444a00/lab/lab10/lab10.html
http://www.math.washington.edu/~king/coursedir/m444a03/lab/lab05-dilationsv2.html
http://photo.itc.nps.gov/storage/images/moru/moru-Full.00004.html
http://www.nationalatlas.gov/
http://en.wikipedia.org/wiki/Image%3ACrazy_Horse_model.jpg#filehistory
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Percents 

COMMON CORE STATE STANDARDS:  MATHEMATICS 
 

Grade Six - Ratios and Proportional Relationships 

Understand ratio concepts and use ratio reasoning to solve problems, #3. 

Grade Seven - Ratios and Proportional Relationships 

Analyze proportional relationships and use them to solve real-world and mathematical 

problems, #2. 

PRESENTING EXPLANATIONS 

Help students through this lesson by using the information in this section. 

The definition that follows might prove helpful to you. 

The examples presented in the form of problems are invaluable to the students.  Be sure 

the students understand the concepts before they proceed to independent practice. 

You might want to ask students to restate the explanation once you have gone over it with 
them. 









Definition 

Percent:  a ratio with denominator 100 

From Wu and Milgram: 
by definition a percent is a complex fraction whose denominator is 100. If the percent is 





x 
for some fraction x, then it is customary to call it x percent and denote it by x%. 

100 

Thus percents are simply a special kind of complex fraction, in the same way that finite 
decimals are a special kind of fraction. Percent is used frequently for expressing ratios 

and proportional relationships, as with the interest on a loan for a given time period. 

Percents, Fractions, Ratios 

75% means 75/100 or 75 to 100. Previous work revealed that ratios can be expressed in various 

forms; and so it is with percents. 

A percent can be expressed in decimal form. 75% means 75/100. But we know that 75/100 can 
be written in the form 0.75. 

 

 

View Numericon episode 10 “The Underground”  This episode asks students to find the exact 

distance to the scroll.  They know that 6 feet is 30% of the distance. 
 

 

Percents 
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A routine opening problem might ask students to write the ratio/fraction   3 in percent form. 
4 

Typically, students are taught to divide the denominator into the numerator converting the 

fraction to decimal form then move the decimal point two places to the left. Students memorize 

the procedure without knowing what the parts of the algorithm mean. 

If a percent is a complex fraction with denominator 100, let’s set up the problem that way. 

To change the fraction to a percent let’s equate the ratio 
3 

to a fraction with denominator 
3 

4 

100—in other words, let’s form a proportion. 

4 
3  n 


4  100 

To solve for n, use the cross product.  Be careful to write the cross-products in correct order. 

3•100 = 4•n 

300 = 4n 

75 = n 

 3 is 75/100 and written in percent form as 75%. 
4 

It is worth mentioning that 75/100 can be written as 0.75 in decimal form. 

Of course now the students can be given many problems practicing conversions from fraction to 

percent, decimal to percent, percent to fraction, percent to decimal, etc.  Make no mistake; 
students must have facility with these operations. Emphasis must continue on characterizing 

these representations as equivalent expressions of the same value—they represent the same point 

on the number line only in different forms. 

After reviewing the relationship among fractions, decimals, and percents give the students a few 

problems to assess where they are. Use the assessment to determine the level and depth of 

practice required. 

PUTTING INTO PRACTICE 

Before using other sources to provide practice for the students, check for understanding 

by asking students to do the following problems. 

You may want to ask students to either orally state or write an explanation of how they 

did one of the problems. 
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Practice 

1 2 1 3 

2 5 4 10 
Rewrite each fraction as a percent. 

3 2 5 5 

8 3 16 4 

Answers: 50% 
 

37.5% 

40% 

66 
2 % 

25% 
 

31.25% 

30% 
 

125% 
3 

Percent problems typically give students fits. Part of the difficulty is students don’t understand 

what percents mean and they do not have facility with fractions and decimals. 

A typical application of percents might look like these examples: 

Five is what percent of 20? 

25% of what number is 12? 

Find 20% of 45. 







Solving Percent Problems with Vertical Number Lines 

Here is a method for solving these types of problems that supports the definition of percents as 

ratios with denominator 100, organizes student thinking in a pedagogically sound manner, allows 

students to approximate the answer before performing the calculations, and is applicable in a 

wide variety of circumstances without resorting to “short-cuts” or mathematical “tricks.” 

Question:  16 is 40% of what number? 
 

We’re going to draw a schematic of this problem using two vertical number lines. They do not 

have to be drawn with great precision although some care needs to be taken. Draw two vertical 

line segments, one representing the percent portion of the problem and the second line segment 

representing the “numbers” in the problem. 

Percent 
 

0 

Problem 
 

0 

100 
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The key to understanding the problem is that 16 is 40% of some number. The unknown is the 

100% value. Let’s add to the picture. 

Percent 
 

0 

Problem 

0 

100 n 

On the percent scale locate 40%. First, though, locate 50% and 10% for reference. 

Percent 
 
0%  

Problem 
 

0 

10% 

50% 

100% n 
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Next, locate 40% on the percent line segment and its equal value, 16, on the other line. 

Percent 
 

0%  

Problem 

0 

10% 

16 40% 

50% 

100% n 

Let’s look closely at the schematic. Sixteen is 40% of some number. If 16 were 50% of the 

number the answer would be 32. Since 40% is less than 50%, 16 is less than half the number to 

be found. We know our answer must be more than 32. Now let’s set up the proportion needed to 

find n. It’s right in front of us. 

Percent Problem 

0%  0 

10% 

16 40% 

50% 

= 

100% n 
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40  16 


100  n 

40n 1600 

1600 
n 

40 

n 40 

Answer: Sixteen is 40% of 40. 

Now try one of the original problems. 

Five is what percent of 20? What is the unknown? The percent is unknown. It becomes n. 

The schematic will look like this: 

Percent Problem 

0%  0 

10% 

5 n 

50% 10 

= 

100% 20 

Since 20 is 100%, 50% must be 10. Since 5 is half of ten, the 5 must be 25% of 20. Done. 
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But let’s look at the proportion anyway. 

Percent Problem 

0%  0 

10% 

5 n 

50% 10 

= 

100% 20 

n 5 


100 20 

20n 500 

n 25 

The proportion is: 

Answer: Five is 25% of 20. 

Practice Problems 

1. Twelve is what percent of 25? 

2. What number is 20% of 45? 

3. Fifteen is 30% of what number? 

4. The number of students enrolled at the Wilfred Middle School has decreased from 900 
students to 828 students. What is the percent decrease? 

5. Last year the price of a Burger at John’s Burger Garden was $2.70. This year the price 

increased to $3.00. By what percent did the price increase? 
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Practice Problems (cont.) 

6. Miss Brown gives her class a test with 50 questions on it. It takes 90% correct or above to 
receive an A. What is the lowest score needed to earn an A grade? 

You bought a radio for $90. The radio had been marked down 20% from the original 

selling price. What was the original price? 

7. 

8. The regular price for Blue jeans is $30 a pair. A local store selling the jeans for 25% off. 
What is your savings? How much will the jeans cost? 

9. A car regularly priced at $27,000 is selling for $22,950. What percent of the original cost 

is the reduced price? 

Practice 

Ask students to look in local stores, newspapers, flyers for examples of percent problems. Bring 

them to class and determine if the calculations in the adds are correct. If no percents are given, 
calculate the percent savings or increase based on the advertised figures. 

ASSESSING FOR UNDERSTANDING 

Assess for understanding by: 

asking the student to solve a problem 

asking the student to present an oral explanation of how s/he solved to problem 

asking the student to present a written explanation of how s/he solved the problem 

asking the student to answer the following question, either orally or in written form: 

 
What did you learn in this lesson? Describe at least two things you learned. 









Web Resource   

http://www.iit.edu/~smile/ma9510.html 

 

 

http://www.iit.edu/~smile/ma9510.html
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Rate 

COMMON CORE STATE STANDARDS:  MATHEMATICS 
 

Grade Six – Ratios and Proportional Relationships 

Understand ratio concepts and use ratio reasoning to solve problems, #2 and #3. 

Grade Seven - Ratios and Proportional Relationships 

Analyze proportional relationships and use them to solve real-world and mathematical 

problems, #1. 

PRESENTING EXPLANATIONS 

Help students through this lesson by using the information in this section. 

The definition that follows might prove helpful to you. 

The examples presented in the form of problems are invaluable to the students. Be sure 

the students understand the concepts before they proceed to independent practice. 

You might want to ask students to restate the explanation once you have gone over it with 

them. 









Definition 

Rate: a ratio in which the units of the numerator and denominator are different 

Examples 

A ratio, such as 2   , is a rate when units are attached:  2 miles . 
3 3 hours 

The rate is a measure of change of one quantity compared to another quantity. 

In the example,  2 miles , each two miles of travel requires 3 hours of time. 
3 hours 

A graph of miles and hours would represent a change of distance versus time with a slope of 2/3. 

A car travels 200 miles while using 10 gallons of fuel. 

That relationship can be expressed as a ratio: 2  00 miles . 
10 gallons 

For each 200 miles, the car consumes 10 gallon of fuel. 

Unit Rate and Unit Price 

A unit rate compares a quantity to its unit of measure (denominator of 1). A unit price is a rate 

comparing the price of an item to its unit of measure. 

  

 

 

Rate 
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Problem – Unit Rate 
A car travels 150 miles in 3 hours. What is its average rate of travel? 

This question is asking for the average speed of the car for a 3 hour trip of 150 miles. 

Typically, the rate is calculated as miles per hour or miles divided by hours. In this case, the 

Average rate of travel is 1  50 miles . 
3 hours 

150 miles 50 miles or 50 mph. This is a unit rate since the denominator is 1.  50 miles per hour 
3 hours  1 hour 

 

Problem – Unit Price 

Five pounds of candy cost $12.50. What is the cost per pound? Cost per pound means to divide 
cost by the number of pounds. 

$12.50  $2.50 
 $2.50 per pound 

5 pounds  1 pound 

Problem – Unit Rate 

A car travels at an average rate of 60 miles per hour. At that rate, how long would it take for the 
car to travel 1200 miles? 

Here is one possible way to solve the problem. 
 

We know the units on the answer will be hours, so let’s simplify the calculation. 

60   1200 


1 n 

60n 1200 

1200 
n 

60 

n 20 

The trip will take 20 hours. 

PUTTING INTO PRACTICE 

Before using other sources to provide practice for the students, check for understanding 

by asking students to do the following problems. 

You may want to ask students to either orally state or write an explanation of how they 

did one of the problems. 
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Practice 

1. There are 52 teachers and 1456 students at Harrison Middle School. How many students 

are there per teacher? 

2. A family of 3 eats 6 boxes of cereal a month. What is the average monthly number of 
boxes that each person eats? 

3. A computer printer can print 6 pages per minute. How long will it take to print 90 pages? 

4. A family pays $900 per month rent on their apartment. Assuming an average month had 

30 days, how much does the family spend per day for rent? 

5. You folded 2000 programs for the school play in 4 hours.  What is the hourly rate at 
which you folded the programs? 

6. At a restaurant, there are 8 waiters and 90 guests.  What is the ratio of guests to waiters? 

ASSESSING FOR UNDERSTANDING 

Assess for understanding by: 

asking the student to solve a problem 

asking the student to present an oral explanation of how s/he solved the problem 

asking the student to present a written explanation of how s/he solved the problem 

asking the student to answer the following question, either orally or in written form: 

What did you learn in this lesson? Describe at least two things you learned. 









Web Resources 

http://www.algebralab.org/studyaids/studyaid.aspx?file=Algebra1_2-8.xml 

http://www.math.com/school/subject1/lessons/S1U2L3GL.html 

http://www.glencoe.com/sec/math/t_resources/keyconcepts/pdfs/kc_1001.pdf 

 

 

http://www.algebralab.org/studyaids/studyaid.aspx?file=Algebra1_2-8.xml
http://www.math.com/school/subject1/lessons/S1U2L3GL.html
http://www.math.com/school/subject1/lessons/S1U2L3GL.html
http://www.glencoe.com/sec/math/t_resources/keyconcepts/pdfs/kc_1001.pdf
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Direct Variation 

COMMON CORE STATE STANDARDS:  MATHEMATICS 
 

Grade Eight – Functions 

Use functions to model relationships between quantities, # 4 and #5. 

PRESENTING EXPLANATIONS 

Help students through this lesson by using the information in this section. 

The definition that follows might prove helpful to you. 

The examples presented in the form of problems are invaluable to the students. Be sure 

the students understand the concepts before they proceed to independent practice. 

You might want to ask students to restate the explanation once you have gone over it with 
them. 









Definition 

Direct Variation:  If two variables (such as x and y) change, so that their ratio is constant, the 

variables vary directly. 

Problem 

John earns $6 an hour mowing lawns in his neighborhood. How much will he earn if he works 2 

hours? 3hours? 5 hours? 

Fill in the table of values. 

Hours Worked 

Earnings 

1 2 3 4 5 6 

The completed table looks like this: 

Hours Worked 
Earnings in $ 

1 
6 

2 
12 

3 
18 

4 
24 

5 
30 

6 
36 

The amount John earns varies directly to the number of hours worked. The more hours John 

works the more he earns. The ratio of earnings to hours worked is 6:1. 

Direct Variation 
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Explanation 

Look at each pair of values as a ratio of earnings to hours worked. 
6:1 12:2 18:3 24:4 30:5 36:6 

What do you notice?  The values are proportional (equal in value) 

6 12 12 18 18 24 
etc.   

1 2 2 3 3 4 

Look at the table of values as values of x and y. 

x 

y 

1 

6 

2 

12 

3 

18 

4 

24 

5 

30 

6 

36 

A graph of these values looks like this: 

The ratio of y to x is 6/1, 12/2, 18/3 etc. Written in lowest terms, the ratio of y to x is 6 to 1. 
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y 6 


x  1 

Written as a proportion: 
1iy 6i x 

y 6x 

y 
k 

x 
Written in algebraic terms: 

y kx 

In this case of John’s earnings, the constant (k) of proportionality is 6. 

The entire study of ratio and proportion is embedded in the study of direct proportion and 

linear equations. 

Examples 
Some examples of direct variation: 
 

Circumference of a circle:  C = d or C 


d 

d 
50 Traveling at a constant rate of 50 mph: d = 50t   or 

t 

I Converting feet to inches: I = 12F or 12 
F 

PUTTING INTO PRACTICE 

Before using other sources to provide practice for the students, check for understanding 

by asking students to do the following problems. 

You may want to ask students to either orally state or write an explanation of how they 

did one of the problems. 





Practice 
Examine the table of values. 

x 

y 

2 

6 

4 

12 

6 

18 

8 

24 

10 

30 

12 

36 

Graph the ordered pairs. Do the two variables changes at a constant rate? What is that rate? Write 
an equation that shows direct variation. 
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y  3 Answer: The ratio of is 
x  1 

The equation relating y to x is: y = 3x 

Direct variation is most useful when changing units. 

Practice Problems 

A.  The statement 1 yard = 3 feet can be thought of in terms of direct variation. 

1 yard 5 yards 
Convert 5 yards to feet. 

3 feet n feet 

Since the units associated with n is feet, the units for n will be feet. 

Use the cross-product rule. 1•n = 3•5 

n = 15 

Five yards is equal to 15 feet. 

B.  3 feet are equivalent to 0.9144 meters. How many meters are equivalent to 13 feet? 

Solution: What are you trying to find? You are trying to find how many meters are equal to a 

known number of feet. 

Set up a proportion equating the quantities. 3 feet 13 feet 


0.9144 meters n meters 

Use the cross-product method to find n. 

Since we know the label for n is meters, we can stop writing the units and proceed to cross- 
 

multiply. 
 

3n = 13 • 0.9144 

3n = 11.8872 

n = 3.9624 meters 

Practice 

At this point students should practice converting between conventional units. The student 
textbook is a convenient source of problems, as well as the Internet. 
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Using Proportions to Solve Direct Variation Problems 

Here is a different type of direct variation problem. 
 

The problem is posed like this:   "a varies directly as b". 

If a = 4 when b = 12, find b when a = 10. 

A proportion is secret weapon to answering this question. If a varies directly as b, then the ratio 

of a 

to b  is a constant. 

4  10 
The proportion looks like this: 

12  b 

Use the cross-product rule to find b. 
 

The value of b is 30. 

ASSESSING FOR UNDERSTANDING 

Assess for understanding by: 

asking the student to solve a problem 

asking the student to present an oral explanation of how s/he solved to problem 

asking the student to present a written explanation of how s/he solved the problem 

asking the student to answer the following question, either orally or in written form: 

What did you learn in this lesson? Describe at least two things you learned. 









Web Resources 
Practice problems can be found at:  

http://www.learner.org/channel/workshops/algebra/workshop7/index.html 

http://www.mathwords.com/d/direct_variation.htm 

http://mathforum.org/library/drmath/sets/select/dm_direct_indirect.html 

http://www.freemathhelp.com/direct-variation.html 

http://www.keymath.com/DA/dynamic/direct_variation.html 

  

 

 

 

http://www.learner.org/channel/workshops/algebra/workshop7/index.html
http://www.mathwords.com/d/direct_variation.htm
http://www.mathwords.com/d/direct_variation.htm
http://mathforum.org/library/drmath/sets/select/dm_direct_indirect.html
http://mathforum.org/library/drmath/sets/select/dm_direct_indirect.html
http://www.freemathhelp.com/direct-variation.html
http://www.freemathhelp.com/direct-variation.html
http://www.keymath.com/DA/dynamic/direct_variation.html
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Application 

applicación 
a practical use of concept or theory; in mathematics an 
application is a real-world use of mathematical concept 

Approximately 

aproximadamente 

or approximation: to estimate or approach an exact value 
 

Average 

el promedio, 
promediar (v) 

arithmetic mean; the average of a sequence of numbers is 

found by adding the numbers and dividing by the number of 

numbers 

Calculate 

calcular, computar 
perform arithmetic operations (addition, subtraction, 

multiplication, division, taking a root) 

Centimeter 

centímetro 
a unit of length in the metric system; there are 100 centimeters 
in a meter 

Circular 

redondo, circular 

objects are circular if they are part of all of a circle 
 

Circumference 

la circunferencia 

the distance around a circle or circular object 
 

Compare 

comparar, 

compare (v) 

examine two or more objects to note similarities and 

differences; to compare two numbers is to determine if they 

are equal or if one is larger or smaller than the other 

Compute 

calcule (v) 

compute (v) 

calculate, simplify an arithmetic expression 
 

Constant 

constante 
a constant is a value in a problem that does not change; a 
constant is a fixed number 

Conversion 

conversión 

in ratios, a conversion is a process of changing units, e.g., 1 

foot = 12 inches 

Convert 

convertir, transformar 

change form, e.g., change a common fraction to a decimal 
 

Cross multiplication 
 

in a proportion, to multiply both sides of the proportion by the 

LCM of the denominators 

Cubic feet 

pies cúbicos 

a measurement of volume using feet as the linear measure of 

the object 

Decimal 

el decimal 

a number written in base ten 
 

Diameter 

el diámetro 

the length of a line segment that passes through the center of a 

circle connecting two points on the circle 

Digit 

dígito 

In the decimal system a digit is one of the numbers 0, 1, 2, 3, 

4, 5, 6, 7, 8, or 9 

Dilation 
 

A transformation that produces an image that is the same 
shape as the original but with a different size. 

Equality 

la igualdad 

equal, of the same size or value 
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Equivalency 

equivalencia 

the state of being equal 
 

Equivalent 

equivalente 

equal in value 
 

Estimate 

estimar 

an educated guess; an approximate calculation 
 

Factor factor 

factorizar (v) 

A factor is a multiplier, e.g., in the multiplication 2•4, both 

two and four are factors, the product of the multiplication is 8. 

Two and four are called "factors" of 8 

Factoring 

factorizando 

Factoring is the process of finding the factors of a number 
 

Fraction 

la fracción, quebrado 
 

A fraction is a number of the form a/b where a and b are 

integers and b cannot equal zero.  A fraction represents a 

portion of a whole. 

Graph 

la gráfica, representar 
graficamente (v) 

a representation of a algebraic or numeric expression or 

equation on a number line or coordinate axes 
 

Greatest common divisor 

el divisor máximo común 

the largest number that evenly divides two or more numbers 
 

Integer 

número entero (enteros) 

the whole numbers ( 0, 1, 2, 3, …) and their additive inverses 

(-1, -2, -3, …) 

Least common multiple 

mínimo común múltiplo 

the smallest number that is a multiple of two or more numbers 
 

Length 

la longitud 

the distance from one endpoint of a line segment to the other 

endpoint 

Measure 

la medida 

a unit or standard of quantifying the dimensions of objects 
 

Meter 

metro 
the basic unit of measure in the metric system; 1 meter =39.37 
inches or just 3.37 inches longer than a yard 

Mile 

milla 

a measurement of length in the Imperial system; one mile = 

5280 feet 

Mixed number 

número mixto 

a number that contains a whole and fractional part 
 

Model 

el modelo 

a representation of another object usually on a smaller scale 
 

Multiplication 

la multiplicación 
a mathematical operation symbolized as a x b, where a is to 
be added b times 

Negative number 

el número negativo 
a number whose value is less than zero; on a horizontal 

number line a negative number is placed to the left of zero 

Nonlinear (functions) 

funciones no lineal 

a function whose graph is not a straight line 
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Notation 

la notación 

a specific way of writing or organizing mathematical 

statements 

Number line 

línea numérica 
 

a line, typically drawn either horizontally or vertically, on 

which a numbered scale has been placed and each point on the 

line represents a real number 

Order 

el orden 

Typically order refers to arranging numbers by size 

(magnitude) usually from smallest to largest 

Percent 

por ciento 
A percent is a shortcut for writing a fraction whose 

denominator is 100 

Perimeter 

el perímetro 

the distance around a polygon (a flat figure whose sides are 

line segments) 

Place value 

el valor de posición 
 

Each digit in a number is given a place value in ascending 

powers of ten going from right to left. Each digit in a numbers 

has place value 10-times greater than the place value to its 

immediate right. 

Plotting numbers on a 

number line 

locating a point on a number line that corresponds to its 

numeric value 

Polygon 

polígono 

a flat figure whose sides are line segments 
 

Positive number 

el número positivo 

a number greater than zero 
 

Properties 

las propiedades 

a fundamental attribute of an object or system 

a comparison of ratios 

Proportion 

la proporción 

a comparison of ratios 
 

Rate 

índice/tasa 
a ratio in which the numerator and denominator have different 

units of measure 

Ratio 

razón, relación 

a comparison of two numbers, a division of two numbers 
 

Rational number 

el número racional 

a number of the form a/b where a and b are integers and b 

cannot be zero 

Rectangular 

el rectángulo 

a flat figure with four sides and angles of 90° 
 

Relative size 

el tamaño relativo 
a comparison of the size of two objects usually expressed as a 

ratio; scale factor 

Representation 

la representación 
a picture, word, equation used to characterize some object or 
thing 

Scale 

escala 

as on a map, representing proportional sizes 
 

Set 

el conjunto, una colección 

a collection of objects 
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Mathematics 

Dictionaries 

http://www.themathlab.com/dictionary/awords/awords.htm 
 

http://math.about.com/library/bla.htm 

http://www.didax.com/mathdictionary 

http://intermath.coe.uga.edu/dictnary/homepg.asp 

http://www.mathwords.com 

Spanish/English 

Math Dictionaries 

http://math2.org/math/spanish/eng-spa.htm 
 

http://www.math.com/tables/spanish/eng-spa.htm 

Similar 

similar 

Having the same shape with proportional sides and equal 

angles 

Slope 

pendiente 
 

a measure of the "steepness" of a line, a line with positive 

slope rises from left to right, a line with negative slope slants 

downward from left to right; rise over run 

Square inches 

pulgadas cuadradas 
a measurement of the space inside a flat object using inches as 
the unit of measurement of the outside edges 

Surface 

la superficie 

the outer face of a three-dimensional object 
 

Symbol 

el símbolo 

a letter, number, or other notation used to represent a quantity 

or object 

Table 

la tabla 

a rectangular arrangement of information or data 
 

Three dimensional object 

objeto tridimensional 

an object that has length, width and depth 
 

Unit 

la unidad 

a single thing; a standard of measurement (feet, inches, 

meters) 

Variation 

la variación 

something that changes in value or size 
 

Volume 

volumen 

a measure of space associated with a three-dimensional object 
 

Whole number 

número natural 

the set of numbers containing 0, 1, 2, 3, … 
 

MatrixMath Instructional Guide 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

http://www.themathlab.com/dictionary/awords/awords.htm
http://math.about.com/library/bla.htm
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Numericon Titles/ Problems/Answers 
Ratio and Proportion 

Episode 1 “Into the Warp”  

Problem: Calculate which letter on the number line best represents the value 4/5. 

Answer: C 

 

Episode 2 “Ghost Ship”  

Problem: Find the indicated decimal point on the number line. 

Answer: 2.4 

 

Episode 3 “The Eye of Power”  

Problem: Enter the ratio 5 to 7 in three different forms. 

Three answers: 5/7, 5 to 7, 5:7 

 

Episode 4 “Deadly Chase”  

Problem: You must first jump two light years. Then, you must jump three light years. Enter the ratio comparison of 

the first jump to the second jump. Then, enter the ratio comparison of the first jump to the total distance. 

Two answers: On the first screen, the answer can be 2/3 or 2 to 3 or 2:3. On the second screen, the answers can be 2/5 

or 2 to 5 or 2:5. 

 

Episode 5 “Gift of Destiny”  

Problem: The map coordinates are 20/28 and 16/24. Enter these fractions in lowest terms. 

Two answers: 5/7 and 2/3 

 

Episode 6 “Deal of Doom”  

Problem: Is 6/8 of a “galactic megacredit” equal to 28/48? If not, what should the second fraction be in order to make 

them equal? 

Answer: 36/48 

 

Episode 7 “Horrible Surprise”  

Problem: Two triangles are proportionate. One triangle has sides of 3, 4, and 6. The other triangle has sides of 15 and 

20. Enter the length of the third side. 

Answer: 30 

 

Episode 8 “Crash Landing”  

Problem: 4cm on the ship’s map equals 60 feet. The map has a distance of 24cm from the control room to the power 

panel. Use a proportion to find the actual distance on the ship from control room to power panel. 

Answer: 360 

 

Episode 9 “Marooned!” 

Problem: The diagram is 10cm x 15cm. The circuit board is 20cm x 30cm. Find the ratio of the areas of the diagram 

to the circuit board. 

Answer: ¼, or 1 to 4, or 1:4. 

 

Episode 10 “The Underground”  

Problem: Find the exact distance to the scroll. You know that 6 feet through the fusion beams is 30% of the distance. 

Calculate the total distance to the scroll. 

Answer: 20 
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Linear Equations 
 

I. Introduction   

Why linear equations? 

 

II.  Growth Patterns  

Numericon Videos:  

 Episode: # 11 “Spider Web” 

Lesson Concepts: 

 Tables of Values 

 Graphing Ordered Pairs 

 Describing Patterns 

Common Core Standards: 

 Grade Six -Ratios and Proportional Relationships 

Understand ratio concepts and use ratio reasoning to solve problems, #3. 

 Grade Six - Expressions and Equations 

Reason about and solve one-variable equations and inequalities, #5. 

 

III.  Single Variable  

Numericon Videos: 

 Episode: #12 “Transmission” 

Lesson Concepts: 

 The Equal Sign 

 Using Letters for Variables 

 Linear Equations of a Single Variable 

 Algebra Tiles 

 Coefficient Other Than One 

Common Core Standards: 

 Grade Six - Expressions and Equations 

Apply and extend previous understandings of arithmetic to algebraic expressions, 

#2.  

 Grade Seven - Expressions and Equations 

Use properties of operations to generate equivalent expressions, #1 and #2. 

 

IV.  Direct Variation / Slope  

Numericon Videos: 

 Episode: #13 “Prison Planet” 

Lesson Concepts: 

 Constant Rate of Change 

 Direct Variation 
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Linear Equations 

 

 Grade Six -Ratios and Proportional Relationships 

Understand ratio concepts and use ratio reasoning to solve problems, #3.  

Grade Seven -Ratios and Proportional Relationships 

Analyze proportional relationships and use them to solve real-world and mathematical 

problems, #2. 

 

V.  Simple Linear Relationships  

Numericon Videos: 

 Episode: #14 “Breakout” 

Lesson Concepts: 

 Algebraic Expressions 

 Distance, Time, and Rate 

Common Core Standards:  

 Grade Six - Expressions and Equations 

Apply and extend previous understandings of arithmetic to algebraic expressions 

#2 

Represent and analyze quantitative relationships between dependent an 

independent variables, #9. 

 

VI.  Multiple Representations  

Numericon Videos: 

 Episode: #15 “The Eternal Circle” 

Lesson Concepts: 

 Equations, Graphs, Table of Values 

 Negative Slope 

Common Core Standards: 

 Grade Six -Ratios and Proportional Relationships 

Understand ratio concepts and use ratio reasoning to solve problems, #3.  

 Grade Seven - Expressions and Equations 

Use properties of operations to generate equivalent expressions, #1. 

 

VII.  Slope / Intercept  

Numericon Videos: 

 Episode: #16 “Witness” 
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Linear Equations 

 

 

Lesson Concepts: 

 Determining the Y-Intercept from a Graph 

 Determining the Slope of a Line from the Graph 

 

 Finding Slope and Y-Intercept from a Graph 

 Graphical Point-Point Method 

 Writing a Linear Equation in y=mx+b Form 

 Functions 

Common Core Standards: 

 Grade Eight - Expressions and Equations 

Understand the connections between proportional relationships, lines, and linear 

equations, #5 & #6.  

 Grade Eight – Functions 

Define, evaluate, and compare functions, #3. 

 

VIII.  Glossary 

 English and Spanish mathematical terms with English explanations 
 

IX. Numericon Episode Titles/Problems/Answers 
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 Numericon Episodes 11 – 16 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Why Study Linear Equations? 
 

Many important mathematical concepts come together in the study of linear equations. They 

include the elementary topics of equality and variables and the application of number properties 

to solving equations. These properties are valid beyond linear equations, allowing students to 

solve increasingly challenging equations and to move beyond linear equations.  
 

In addition, the emphasis in this guide on multiple representations is essential not only to 

mathematics, but also to students’ different learning styles. In general, when students are able to 

understand how functions can be represented as tables, graphs, equations and verbally, they will 

be better able to understand mathematical relationships they encounter in the future. 
 

This unit on linear equations will assist teachers in: 

• representing linear relationships 

• defining slope as a common ratio 

• explaining how linear equations can be used to represent real life situations 

• identifying procedures for solving linear equations, including manipulatives and 

  properties of equations. 
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Growth Patterns 

COMMON CORE STATE STANDARDS: MATHEMATICS 
 

Grade Six - Ratios and Proportional Relationships 

Understand ratio concepts and use ratio reasoning to solve problems, #3. 

Grade Six - Expressions and Equations 

Reason about and solve one-variable equations and inequalities, #5. 

PRESENTING EXPLANATIONS 

Help students through this lesson by using the information in this section. 

The definitions that follow might prove helpful to you. 

The examples presented in the form of problems are invaluable to the students. Be sure the 

students understand the concepts before they proceed to independent practice. 

You might want to ask students to restate the explanation once you have gone over it with 
them. 









Definitions 

Discrete: A function is discrete when it is defined for isolated values. 

Continuous: A function is continuous when it is defined for uninterrupted values. 




************** 

Linear Equations are introduced to students by having them examine growth patterns. Students 

will explore various kinds of growth patterns including non-linear examples. Through the use of 
concrete examples students will learn to represent patterns by creating tables of values, graphing 

ordered pairs in a coordinate plane, describing the nature of the patterns both verbally and in 

writing, and ultimately, describing the growth pattern in the form of an equation. 

It is necessary to point out that growth patterns of the nature used here represent discrete sets of 

points when graphed. The importance of this distinction versus continuous sets of data will be 

discussed as necessary. 

 

 

View Numericon episode 11 “Spider Web”   This episode asks students to find the fiftieth 

entry in a sequence of numbers, given the first five numbers. 
 

Growth Patterns 
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Student Activity 1-A 

Let’s start by looking at a simple growth pattern. 

The figures below show the first five stages of a growth pattern. 

Stage 1 2 3 4 5 

Using, the first five stages of the pattern shown, how many squares would be in stage 10? In 

stage 50? In which place will exactly 75 squares appear? How do the number of squares change 
from stage to stage? 

Have students work on the problem individually for several minutes.  Then engage them in 
discussion. How will students go about answering these questions?  The first and most obvious 

way to find the number of squares in the 10th place is by sheer force:  Draw the 6th, 7th, 8th, 9th, 

and 10th stages of the pattern and count the squares in the last stage. 

But finding the number of squares in the 50th place is a more serious challenge. Encourage 

students to examine the development of the pattern more closely. How does each new element of 

the pattern change from the previous member? How does the pattern grow? What stays the 

same? Is there a relationship between the rows and columns that relates to where the pattern falls 

in the sequence? 

Some might say, for example, that stage five is made of four rows of three squares plus one more 

square, while stage four is made up of three rows of  three squares plus one more square. What 
would the composition of stage ten look like? 

Another student might organize the data into something that looks like a table of values: 

Stage 1 2 3 4 5 6 

# of squares 1 4 7 10 13 16 

  

   

   

   

   

  

   

   

   

  

   

   

  

   

 

 









©Alliance for Distance Education in California and Ohio Board of Regents  
82 

     

MatrixMath Instructional Guide Growth Patterns 

Alternately in t-table form: 

Examining the table, a student might observe that the number of squares is two less than three 

times the stage number. Does that observation help find the number of squares in the 10th stage? 

the 50th stage?  the nth stage (n for any stage). 

Is it likely that a student might even suggest graphing these values as ordered pairs? Not likely 

but let the students continue to think about patterns and how they grow and the relationships 

between stage number and the number of squares. 

Encourage students to describe orally how the sequence advances. Can they describe how to find 
the number of squares for a stage in which sheer counting would be difficult? 

This graph presents an opportunity to begin a 

discussion of slope.  Use these questions to 

facilitate a discussion. 

How does the graph change from point to 

point? 

How many squares over and up are needed to 
get to each succeeding point? 

Is there a pattern? 

Look at the lowest point (1,1) and at the point 

(4,10).  What is the change in the x direction? 

Are there other patterns? 

After exploring this first example, move on to some other growth patterns. 

Stage # of squares 

1 1 

2 4 

3 7 

4 10 

5 13 

6 16 
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Student Activity 1-B 

Remind students to utilize what they learned in the previous activity as they consider these 

sequences. What will the tenth and fiftieth stage of these sequences look like? How many 

squares (triangles, circles, etc.) will be contained in the 10th and 50th stage? 

Below is an arrangement of toothpicks. The design starts with three toothpicks arranged as a 

triangle. Each succeeding stage is created using additional toothpicks. 

Describe how many toothpicks would be used to form the tenth and fiftieth stage of this 
sequence. 

Stage 1 2 3 4 

3 5 7 9 

Student Activity 1-C 
This pattern is formed using toothpicks. Each succeeding stage is formed by adding toothpicks 

to the previous figure. 

How many toothpicks will be used to form the tenth and fiftieth stages of the pattern?  In which 
place will 17 squares appear? 

Stage 1 2 3 4 

4 8 12 16 

Student Activity 1-D (Optional problem) 

This pattern is formed using toothpicks.  Each succeeding figure is formed by adding toothpicks 
to the previous figure.  How many toothpicks will be used to form the tenth and fiftieth figure of 

thee pattern?  Which figure will use 66 toothpicks? 

Stage 1 2 3 4 
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Student Activity 1-E 

This growing pattern involves building a “staircase” figure of squares. 

Each stage of the pattern adds another “step” to the staircase. Describe how the pattern grows. 

How many squares will be used to construct the tenth and fiftieth staircases? 

In which place will 68 squares be used? (This is the first example of a non-linear relationship.) 

Stage 1 2 3 4 

Student Activity 1-F 

Examine the sequence of triangles. 

How many triangles will be needed to make the twentieth stage? the fortieth? In which place will 
169 triangles appear? 

Stage 1 2 3 4 
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Student Activity 1-G 

Here’s another growing pattern. 

In each figure, determine the number of outside square sides showing. 

How many square sides will show in the fifteenth stage of this sequence? In which place will 74 

square faces show? 

Student Project 

Ask students to make up their own growing patterns using toothpicks, algebra tiles and color 
tiles, pattern blocks, colored cubes, or any other available resource. 

Extension 
Graph the data points for problems 1B – 1G. 

Ask students to explore how each point of the graph is located compared to the “previous” point. 

What patterns can the students identify in this analysis? How much did the y value changes 

compared to the x value?  Do the points appear to fall on a line? 

ASSESSING FOR  UNDERSTANDING 

Assess for understanding by: 

asking the student to solve a growth pattern problem 

asking the student to present an oral explanation of how s/he solved the problem 

asking the student to present a written explanation of how s/he solved the problem 

asking the student to answer the following question, either orally or in written form: 









What did you learn in this lesson? Describe at least two things you learned. 
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Web Resources 

http://illuminations.nctm.org/LessonDetail.aspx?ID=L144 

http://illuminations.nctm.org/LessonDetail.aspx?ID=L305 

http://www.learner.org/channel/courses/teachingmath/gradesk_2/session_04/section_03_e.html 

http://math.rice.edu/~lanius/Lessons/Patterns/rect.html 

http://www.mathsisfun.com/numberpatterns.html 

http://www2.edc.org/mathpartners/pdfs/6-8%20Patterns%20and%20Functions.pdf 

 

http://illuminations.nctm.org/LessonDetail.aspx?ID=L144
http://illuminations.nctm.org/LessonDetail.aspx?ID=L305
http://www.learner.org/channel/courses/teachingmath/gradesk_2/session_04/section_03_e.html
http://math.rice.edu/~lanius/Lessons/Patterns/rect.html
http://www.mathsisfun.com/numberpatterns.html
http://www2.edc.org/mathpartners/pdfs/6-8%20Patterns%20and%20Functions.pdf








©Alliance for Distance Education in California and Ohio Board of Regents  
87 

     

MatrixMath Instructional Guide 

Single Variables 

COMMON CORE STATE STANDARDS: MATHEMATICS 
 

Grade Six - Expressions and Equations 

Apply and extend previous understandings of arithmetic to algebraic expressions, #2. 
Grade Seven - Expressions and Equations 

Use properties of operations to generate equivalent expressions, #1 and #2. 

PRESENTING EXPLANATIONS 

 Help students through this lesson by using the information in this section. 

 The definition that follows might prove helpful to you. 

 The examples presented in the form of problems are invaluable to the students. Be sure the students 

understand the concepts before they proceed to independent practice. 

 You might want to ask students to restate the explanation once you have gone over it with them. 

************** 

Definition 
Variable: a letter or symbol that represents a value or values. 
Equal sign: a symbol between two mathematical statements having the same value 
Equation:  a mathematical statement in which two expressions are equal to one another 

Coefficient: a constant that multiplies a variable 

The Equal Sign 
Throughout their mathematics education, middle school students have worked with simple equations. 
However, students’ interpretation of the meaning of the equal sign (=) may be ambiguous, if not down 
right incorrect. Several studies of elementary students indicate that many think the equal sign means to 

find the answer as in: 

Example 1 5 + 6 =    

They believe the equal sign is a signal to “work the problem” or “do something.” 
In fact, it has been reported that given a problem such as 

Example 2 5 + 6 =    + 3 

a preponderance of students fill in the blank with the number 11. Furthermore, many students believe 

 
Relevant Numericon episode: #12 “Transmission”  

 

 

 

Single Variables 
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there is only one answer to Example 1 and that is, of course, 11.  Few students think to write something 

like 10 +1 as a response or 7 + 4 or the commutation of the addition 6 + 5. 

For further evidence of why students might be confused on the use of the = sign, look no further than a 

calculator keyboard. 

Survey your students understanding by using these student problems. 

Student Pre-Activity 
Find the missing number(s). 

1. 
 

2. 
 

3. 
 

4. 
 

5. 

8 + 7 =    

13 + 15 =    

7 + 13 =   + 15 

  = 6 + 13 

5 + 9 =   + 2 

Answers: 

1. 15, but also any set of numbers equivalent to 15 e.g., 14 + 1, 3•5, 17 + -2, etc. 

Discuss these and other possibilities with students. 
 

28 and other possibilities as in problem 1. 
 

5 and other combinations equivalent to 5. Discuss why 20 is not a correct 

answer. 
 

19 and other equivalent responses. 
 

12 and other equivalent responses. Again, discuss why 14 is not a correct response. 

2. 
 

3. 

4. 
 

5. 

Using Letters for Variables 

A further source of difficulty for students is the use of letters for variables. The five problems above 

could have been presented this way: 

1. 
 

2. 
 

3. 
 

4. 
 

5. 

8 + 7 = x 
 

13 + 15 = a 
 

7 + 13 = x + 15 
 

m = 6 + 13 
 

5 + 9 = y + 2 

Students easily understand that letters stand for a missing number. Some confusion may occur, 
however, with the use of “x” in problems 1 and 3. The “x” in problem 1 has no relation to the value of 
“x” in problem 3. Understanding that a variable varies and does not have a fixed value is crucial to 

student understanding of algebra. 
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In an article in The Mathematics Teacher, authors Kaye Stacey and Mollie MacGregor (“Ideas about 

Symbolism that Students Bring to Algebra”, February 1997) identify four causes of student mis- 
understanding: 

 Students’ interpretation of algebraic symbolism is based on other experiences that are not 

helpful. 

 The use of letters in algebra is not the same as their use in other contexts. 

 The grammatical rules of algebra are not the same as ordinary language. 

 Algebra cannot say a lot of things that students want to say. 

The last statement deserves some comment. Students may have experienced difficulty in section 1 
trying to translate the data in their tables of values into an explicit equation relating input to output. 
Translating a simple instruction such as “start with a number and add 3 to get the next number” is not 

easily translated into an algebraic statement. In section 1, students could extend the pattern with relative 

ease, create a table of values and graph the results. However, the ultimate step of writing an explicit 

closed form equation likely proved to be a major challenge. 

Multiplication Symbols 
A final comment relates to the syntax for algebraic multiplication. Students are accustomed to seeing 

multiplication indicated with the x symbol as in 5 x 6 or the raised dot • as in 5•6. With the introduction 
of variables it becomes obvious that the product of 6 and x cannot be written 6xx. It could be written 
6•x but common convention is to use 6x to represent the product. So what’s the problem? (Recall that 
with Roman numerals the notation CX represents the sum of 100 and 10 or 110, while XC represents 
100 – 10 or 90.)  Might a student interpret 6x to mean 6 less than x rather than a product?  How would 

they interpret the not common notation x6? While this type of misinterpretation is not common, it is 

worth keeping in mind as the exploration of linear equations develops in this and subsequent sections. 

Linear Equations of a Single Variable 
 

This section will focus on Linear Equations of a single variable.  Linear equations are equations in 

which variables are raised to the first degree only, that is, variables will be to the first power only. 

Single variable linear equations are equations of one variable.  Examples of single variable linear 

equations include: 

1. 
 

2. 
 

3. 
 

4. 
 

5. 
 

6. 
 

7. 

x + 4 = 9 
 

5 - y = 12 
 

2x = 7 
 

5h – 4 = 20h 

a + 2a = 23 

.5w + 3 = 8 
 

4 = 3 – 2c + 8 

In each problem there exists one and only one number that will make the statement true. 

How will students explore the meaning of these equations and find a value for the variable to make the 

statement true? 
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(Teacher note:  Some single variable equations are identities, i.e. true for all values. 

Examples: x + 0 = x or 2x + 3x = 5x) 

Methods for Solving Linear Equations 
 

Let’s start with a simple equation. Find a value for y to make the equation y + 5 = 12. Four methods 

for solving single variable linear equations will be discussed. However, the focus of instruction will 

use Algebra Tiles and Undo methods. 

Method 1 Cover Up 

Cover up the missing number x and ask the question: What number added to 5 is equal to 12? 
7 + 5 = 12 

Method 2 Undo 

Five is added to some number and the result is 12. How do you “undo” addition of five? If five is added 

to some number how do you undo the addition? By using subtraction (or additive inverse). Subtract 5 

from 12. 

Method 3 Algebra Tiles 

Represent the equation with tiles.  The goal is to find x, isolate the x on one side of the equal sign. 

Figure 1 

Remove five counters from the left side of Figure 1.  And to maintain equality, remove five counters 

from the right side of the equation. 

Figure 2 shows the result 

Web Resource 

Algebra tiles Java applet: http://nlvm.usu.edu/en/nav/category_g_4_t_2.html 

 
View Numericon episode 12 “Transmission” This episode’s problem: When we subtract three from 

six times the secret number, the result is ninety-nine. What is the secret number? 
 

 

http://nlvm.usu.edu/en/nav/category_g_4_t_2.html
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Method 4 Balance Beam (Scale) 

Most students have a natural sense of equality when visualizing a balance beam. 

The problem illustrated in Figure 3 models x + 5 = 9. 

Figure 3 

To find the value of x, first remove five counters from the left 

side of the balance beam (Figure 4) 

Figure 4 

To restore equality (balance) remove an equal number of 
counters from the right side (Figure 5). 

Figure 5 

Web Resource 

Balance beam Java applet: http://nlvm.usu.edu/en/nav/category_g_4_t_2.html 

 

 

 

 

http://nlvm.usu.edu/en/nav/category_g_4_t_2.html
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What method is best? 

Which of these methods should the instructor use? Which method best develops conceptual and 
procedural competence? Some argue the balance beam (scale) more accurately models the concept as 
an equality of quantities (balance).  Instructors understand their students and know best which model 

will appeal to their students. 

One consideration, of course, is availability of materials. The “cover up” (or cups and tiles) and undo 
methods require no extraordinary preparation.  Algebra tiles can be constructed using online templates 

but will require some additional preparation time.  Balance beams can be acquired from commercial 

sources (that means $$$$) or can be constructed using a ruler with paper clips for weights. 

If students have Internet access, both algebra tiles and balance beams (scales) are available as Java 

applets.  Those sources are noted above. 

The Meaning of an Equation 
Here is an opening activity to reintroduce students to the meaning of an equation.  This exercise can be 

conducted as an individual exercise, small group or whole class discussion. As with all student 

activities in this  section, you may modify problems and supplement with additional activities as 

needed. 

Student Activity 2-A 

For problems 1-5 determine if the statement is true or false. 

1. 
 

2. 
 

3. 
 

4. 
 

5. 

5 + 9 = 14 
 

12 = 4 + 3 + 6 
 

3•5 = 10 + 5 
 

4 + 2•5= 2•15 
 

9 – 3 = 2 + 4 

Fill in the blanks with numbers that would make the equation true. 

6. 
 

7. 
 

8. 
 

9. 
 

10. 

   +    =   •   

   +    =    +    (no numbers the same) 

  ÷   =    

  +   +   =   –    

6 + 8 = 8 +    

Find the hidden numbers. 

11. 
 

12. 
 

13. 
 

14. 
 

15. 

∆ + 5 = 19 
 

5 + 5 = 2•∆ 
 

4•∆ + 2 = 22 
 

∆ +  = 4+9 (∆ and  are not equal) 
 

Write five different equations that have 18 as an answer. 
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Cover-Up Method 

Students can practice the cover-up method with this next activity. Cover-up describes exactly what 
students are to do: cover-up the unknown. 

Cover up the missing number then ask what number should go in its place to make the statement true. 

Students can use a guess-and-check system to narrow in on the solution. 

For example, to find the value of y in the equation y – 4 = 12, the students “cover-up” the unknown, y, 

and are asked:  What number minus 4 is equal to 12?  Is y bigger or smaller than 12? By how much? 

Student Activity 2-B 

Solve each problem using the Cover-Up method. 

1. 
 

2. 
 

3. 
 

4. 
 

5. 

y + 8 = 17 
 

15 = m – 7 
 

2•x + 5 = 11 
 

11•a = 66 
 

3(x + 4) = 36 (What do you cover-up first?) 

Bonus Problem: 

Algebra Tiles & Undo Methods 
Single variable linear equations can be modeled nicely using algebra tiles. 

Consider the problem n + 4 = 7. Figure 6 shows a model using algebra tiles. 

The long tile represents the variable n. The four squares represent the addition of 4 units and the seven 

squares represent the right side of the equation. 

Algebra Tiles Algebraic Symbolism 

UNDO 

n + 4 = 7 

Figure 6 
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n + 4 = 4 + 3 

Figure 7 

n + 4 = 4 + 3 
-4 = -4 

n = 3 

Figure 8 

Demonstrate the use of algebra tiles to students. Don’t reveal the Undo symbolism until students are 

comfortable solving problem using only tiles. 

Student Activity 2-C:  The Missing Number 

Use Algebra Tiles to find the missing number. Draw a picture to represent your tiles and each step used 

to find the solution. 

1. a + 3 = 8 

2. 11 = x + 5 

3. 2 + m = 13 

4. 10 = 5 + p 

5. t + 8 = 11 

6. Invent a problem that cannot be easily solved using your algebra tiles. 

This activity clearly demonstrates the limitation of Algebra Tiles. A problem like m+13=45 is 

impractical. But that’s the point. Soon students will tire of counting out counter pieces when they can 

see an “easier” ways to work the problem. The evolution from manipulative to algebraic procedure(s) is 

the goal of these activities. 

But another more prickly problem is hiding in this first activity. The numbers and operations were 

carefully chosen. Subtraction was avoided as well as solutions involving negative integers. And, it was 

no accident that “fractions” were excluded as well. 

Negative integers can be handled with algebra tiles providing the numbers do not get too large or too 

small (to accommodate the number of available counters). By design, algebra tiles cannot be easily 

used to model problems involving non-integer values. 
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Algebra Tiles 

Problem: Using algebra tiles, find x when x – 4 = 7. 

Recall that subtraction can be written as an addition e.g., rewrite the equation as x + (-4) = 7. 

The algebra tile equivalent is to show the - 4 using red counters, while positive values will continue to 

be represented with blue counters (any two colors may be used but red typically denotes negative 

units). 

Here’s the solution: 

x – 4  = 7 
x+ (-4)  =  7 

Figure 9 

x+ (-4) + 4 = 7 + 4 

Figure 10 

x = 11 

Figure 11 

Students can work these problems individually, in small groups or whole class. The instructor should 

model several of these type problems before expecting students attempt the activity. After sufficient 

practice give students Activity 2-D and ask them to record their answers as in the above examples. 

Student Activity 2- D 

1. 
 

2. 
 

3. 
 

4. 
 

5. 

a – 3 = 5 
 

12 = y – 6 
 

y – 7 = -3 
 

-5 = m – 2 
 

v + 8 = 3 
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Definition 

Coefficient: a constant that multiplies a variable. 

Coefficient Other Than One 

What happens when the coefficient of the unknown is other than 1?  Find the value of x that make this 

equation true: 2x + 3 = 13. 

Here’s the model: 

2x + 3 = 13 

Figure 12 

2x + 3 = 10 + 3 

2x = 10 

Figure 13 

x = 5 

Figure 14 

These problems will be limited to integer arithmetic, because of the obvious limitations of algebra tiles. 

Once students master these introductory examples, the instructor should supplement with additional 

problems using numbers other than integers and of greater magnitude. 
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Student Activity 2-E:  Coefficient Other Than One 

Use algebra tiles to solve these equations. 

1. 
 

2. 
 

3. 
 

4. 
 

5. 

3m = 9 
 

4y + 3 = 11 
 

13 = 7y – 1 
 

5n – 3 = 7 
 

14 = 3c + 2 

Variables on Both Sides of the Equal Sign 
 

Finally, what if the unknown occurs on both sides of the equation? 

Solve for x: 3x + 2 = x + 12 

3x + 2 = x + 12 

Figure 15 

3x + 2 = x + 12 
 

-x = -x 
 

2x + 2 = 12 

Figure 16 

2x + 2 = 12 
 

-2 = -2 
 

2x = 10 

Figure 17 
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x  =  5 

Figure 18 

Student Activity 2-F:  Variables on Both Sides of the Equal Sign 
 

Use algebra tiles to solve these equations. 

1. 
 

2. 
 

3. 
 

4. 
 

5. 

4y – 2 = 3y + 4 
 

4m + 3 = 5m + 2 
 

5v + 3 = v + 11 
 

2k – 3 = k + 5 
 

r + 13 = 5 + 3r 

More Practice 

Students will require far more practice than the problem supplied here. Instructors can use any first year 
algebra book is a good source as well. 

Google “Algebra work sheets” to find online resources. One site 

(http://www.math.com/students/worksheet/algebra_sp.htm) creates one and two step equations plus 
other options. 

Have students make up problems, work in small groups, challenge other groups to solve their equations. 

Have students select an equation from Activity 2F and write a story problem to match it. Here your 
experience as the instructor can help your students by creative use of their strengths and interests. 

ASSESSING FOR UNDERSTANDING 

Assess for understanding by: 

 asking the student to solve a problem 

 asking the student to present an oral explanation of how s/he solved to problem 

 asking the student to present a written explanation of how s/he solved the problem 

 asking the student to answer the following question, either orally or in written form: 

What did you learn in this lesson? Describe at least two things 

 

 

 

http://www.math.com/students/worksheet/algebra_sp.htm)
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Web Resources 

Algebra tiles template 

http://www.teachervision.fen.com/algebra/printable/6192.html 

Algebra manipulatives: comparison and history 

http://www.picciotto.org/math-ed/manipulatives/alg-manip.html 

Balance Scales applet 

http://nlvm.usu.edu/en/nav/frames_asid_201_g_4_t_2.html?open=instructions 

Pan Balance-Numbers (allows students to enter their own number sentences to see if the equation 
balances) 

http://illuminations.nctm.org/ActivityDetail.aspx?ID=26 

Teaching with Algebra Tiles 
http://plato.acadiau.ca/courses/educ/reid/Virtual-manipulatives/tiles/tiles.html 

 

http://www.teachervision.fen.com/algebra/printable/6192.html
http://www.picciotto.org/math-ed/manipulatives/alg-manip.html
http://nlvm.usu.edu/en/nav/frames_asid_201_g_4_t_2.html?open=instructions
http://illuminations.nctm.org/ActivityDetail.aspx?ID=26
http://plato.acadiau.ca/courses/educ/reid/Virtual-manipulatives/tiles/tiles.html
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Direct Variation / Slope 

COMMON CORE STATE STANDARDS: MATHEMATICS 
 

Grade Six - Ratios and Proportional Relationships 

Understand ratio concepts and use ratio reasoning to solve problems, #3. 

Grade Seven - Ratios and Proportional Relationships 

Analyze proportional relationships and use them to solve real-world and mathematical 

problems, #2. 

PRESENTING EXPLANATIONS 

Help students through this lesson by using the information in this section. 

The definition that follows might prove helpful to you. 

The examples presented in the form of problems are invaluable to the students. Be sure the 

students understand the concepts before they proceed to independent practice. 

You might want to ask students to restate the explanation once you have gone over it with 

them. 









************** 

Definition 

Direct variation is the most basic of linear relationships.  When two variables quantities change 
at a constant rate, the relationship between these two variables is called direct variation.  The 

constant rate of change is called the constant of variation. It is also the slope, but students don’t 

need to know that right now. 

The formula for direct variation is y = kx where k is the constant of variation. Solving for k: 

Let’s look at some real-world examples. 

 

 

View Numericon episode 13 “Prison Planet”  This episode asks students to solve a rate 

problem involving time and distance. 
 

Direct Variation / Slope 
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The distance-rate-time relationship is a typical example of direct variation.  Distance is equal to 
rate times time.  d = rt 

When given a specific rate (speed), distance is directly related to the time traveled. Assume a 

vehicle’s rate is 60 miles/hour then d = 60t. How far will the vehicle travel in 1 hour? 2 hours? 5 

hours? A table of values illustrates this concept. 

The constant rate is 60 miles/hour (k). At time zero the distance is also zero. A key characteristic 

of direct variation is that a graph of the relationship passes through the origin (0,0). 

Other examples of direct variation include: 

• Pay = rate of pay x  hours worked, 
• Meters = 0.9144 x yards 

• Spring force = spring constant x stretch of the spring 

• Circumference of a circle =  constant (π) x the diameter of the circle. 

What examples can you think of? 

Students can begin their understanding of direct variation with a simple experiment and data- 
gathering activity. 

Student Activity 3-A Inches to Centimeters 

Tom needs to change a measurement of 150 inches to centimeters.  The problem is he doesn’t 
know how to change inches to centimeters.  He does have a meter stick that has both inches and 

centimeters labeled.  Let’s make some measurements to help Tom understand how to change 

inches to centimeters. 

Tools: a meter stick labeled in inches and centimeters 

Procedures: Lay out the meter stick.  Read the number of centimeters opposite each suggested 
inch mark.  Figure 1 illustrates a measurement at 12 inches. Fill in the table below. 

Figure 1 

 

Time (hours) 0 1 2 3 4 5 6 

Distance (miles) 0 60 120 180 240 300 360 
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3-A1 

Use the tools to complete the chart.  Use the chart below along with your measurement for 

centimeters.  Then calculate the ratio of centimeters to inches. Round your answer to hundredths 

place. 

3-A2 

With the information gathered in this experiment, help Tom determine the number of centimeters 

in 50 inches. 

Constant Rate of Change 

This experiment leads to a discussion of the meaning of constant rate of change.  The conversion 

from inches to centimeters is performed by a multiplication of inches by 2.54, yielding the 

equivalent measurement in centimeters. 

After a thorough discussion of this relationship, ask students to write or verbalize the re- 

lationship. They should come up with something like “multiply inches by 2.54 to get the amount 

of centimeters.”  The instructor should prompt students to write this as the amount of an 

equation. Let them work on this. 

The desired result should be built on this schematic: 
 

# Centimeters =    • # inches 

# Centimeters = 2.54 • # inches 
 

1 Cm = 2.54 in 

Student Activity 3-B Graphing Results 

Use the data in the table for Activity A to graph the results. 

What do you observe about the graph? 
 

If you extend the line connecting the points, where would the line cross the horizontal axis? the 
vertical axis? 

Inches (in) 12 20 24 30 36 

Centimeters (cm) 30.5 50.8 61 76.2 91.8 

Inches (in) 12 20 24 30 36 

Centimeters (cm) 30.5     

cm / in 30.5/12=2.54     

Inches (in) 12 20 24 30 36 

Centimeters (cm) 30.5     
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Activity B can be assigned as a independent activity, small group, or whole class activity.  The 

instructor could also use a Think, Pair, Share activity. Students will need to plan ahead so their 

data points will fit on a normal page.  Scaling of the graph by single units will prove problematic. 

A possible solution is shown on the next page in Figure 2. 

A line has been drawn to show the data appears to fall on a single line and that line, when 
extended, passes through the origin.  Discuss the significance of this with the students. 

Discuss with students how the 

centimeters change as inches change. 

For example, as inches change from 

12 to 20, centimeters change from 

30.5 to 50.8.  Show the ratio of 

centimeters to inches. 

Try any two points in the table: what 

is the ratio of centimeters to inches? 

Figure 2 

Student Activity 3-C Shadow Measurement 

Here is a third activity demonstrating the characteristics of direct variation.  The instructor can 
use the data supplied here or have the students conduct the experiment as a hands-on activity. 

At a particular time of the day a one foot tall stick casts a shadow of 5.5 inches. 

Figure 3 

At the same time, a stick two feet tall casts a shadow of 10 inches.  Sticks of longer lengths were 

measured. The results are tabulated. 

The ratio of shadow length to stick height is calculated. 
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Units of measure become an issue.  Should the units be left in mixed form (feet and inches), 

converted to all inches, or rewritten in terms of feet?  This should be a point of discussion with 

students. 

There is no single “correct” method.  In this case, the option to convert measurements to inches 

and then calculate the ratio of length to height is exercised.  The calculations are rounded to hun- 
dredths place. 

A graph of stick height to shadow length is provided. Units of measurement are inches. 

Repeat the discussion from activity 
3-B relating the ratio of L to H. 

The equation relating the height of the stick to shadow length can be written L = 0.46H, where L 
is the length of the shadow and H is the height of the stick.  Recall that this relation is for a 

specific time of the day at a specific point on the earth.  The “formula” is not a generalized rule 

for shadow lengths. 

Once the relationship between shadow length and height is known, it is possible to make 

predictions relating to other situations. If the shadow of a nearby tree measures 102 inches it is 
possible to calculate the tree’s height. If Juan is 67 inches tall, the length of his shadow can be 

calculated. If Selma casts a shadow of 34 inches, her height can be determined. Students can 

contribute many suggestions to extend this activity. 

The instructor may use the data in the table above or have students collect data as a group or 
class activity. 

 

Stick height (H) 
 

1 foot 
(12 in) 

2 feet 
(24 in) 

3 feet 
(36 in) 

4 feet 
48 in) 

5 feet 
(60 in) 

6 feet 
(72 in) 

Shadow Length (L) 5.5 in 11 in 16.5 in 22 in 27.5 in 33 in 

L / H 0.46 0.46 0.46 0.46 0.46 0.46 
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Student Activity 3-D More Shadow Measurement 

Tools:  four to six sticks of know length or tape measure of at least five feet in length. 

Procedure:  On a sunny day place sticks in a sunny area and measure the length of the shadow of 

each stick.  Different times of the day will produce shadows of different lengths. 
shows the use of a 12 inch ruler as an example. 

This picture 

Figure 5 

Record your measurements in the table. 

On grid paper graph the results of your measurements. Place stick height (H) along the 

horizontal axis and shadow length (L) on the vertical axis. 

What do you observe about the graph? What is the ratio of change of L to change of H? 

Write a formula relating shadow length to height. L =    • H 

At the same time of the day how tall is a tree that casts a shadow of 12 feet? 

At the same time of day how tall is a flag pole if it casts a shadow 23 feet? 

Direct Variation 

Activities A, B, and C are examples of direct variation.  Review with students the finding in 
these investigations.  In each case the equation (formula) relating the data was of the form y = kx 

where y and x represent the changing quantities (variables) and k represents the common ratio 

among the data. 

Stick height (H) 
 

      

Shadow Length (L) 
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The common ratio is also called the slope of the line, or just slope.  The slope of a line is found 

by taking any two points on the line and forming the ratio of the change of y values to the change 

of x values. 

In algebra notation, this says that given any two points (x1, y1) and (x2, y2), 

the slope of the line is given by 

It probably isn’t a good idea to force this equation on the students.  The abstract notion of slope 

can wait.  What’s important is that they relate slope to a ratio of vertical change to horizontal 

change (the familiar rise over run definition). 

As students proceed through this section the use of the word slope can be introduce where the 

instructor feels is appropriate.  By the completion of the activities in Section 3, however, students 

should have a feel for what slope is, i.e. that slope relates to the “steepness” of a line.  (Students 

should be reminded that slopes of two lines can only be compared when their scale is the same.) 

Direct variation commonly occurs in our daily lives. Some examples include distance, rate, and 

time relationships.  Distance is equal to the product of rate and time. 

D = rt 

Hourly rate of pay translates into a direct variation equation: pay is equal to hourly rate times 

hours worked. 

P = rt 

If the rate of pay is $6 per hour and a person works for 5 hours the pay will be $30. 
30 = 6 • 5   The common ratio is $6 per hour. 

Student Activity 3-E Y and X Relationship 

It is know that a certain value y increases six times faster that another value x. 

between y  and x can be written y = 6x. 

The relationship 

Complete this table of values for this relationship. 

Use the data to create a graph. 

Repeat this exercise for the relationship y = 2 x. 

x 0 1 3  7  

y    30  56 
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Challenge: 
Invent your own direct variation relationship, create a table of values and graph the results. 

Activity E can be extended or modified at the instructor’s will.  For example, the constant of 
variation could be changed to show non-integer values.  The choices for x or y could include 

non-integer values as well.  Because of the real-world nature of the sample problems, negative 

values for x are not used.  Similarly, the constant of variation is always positive.  But the 

textbook definition of direct variation only requires the value of k not be zero (actually, k could 

be zero but the relationship y = 0 • x wouldn’t be very interesting or useful). 

What would the graph look like in the relationship y = -2x compared to y = 2x? 

At this point, the instructor could extend this lesson to include anything of the form y = kx  in 

anticipation of the next section, where this form will be more formally discussed, including the 

concept of slope.  The constant of variation is, of course, the slope of the linear equation with 

y-intercept zero. 

ASSESSING FOR UNDERSTANDING 

Assess for understanding by: 

asking the student to solve a direct variation problem 

asking the student to present an oral explanation of how s/he solved to problem 

asking the student to present a written explanation of how s/he solved the problem 

asking the student to answer the following question, either orally or in written form: 









What did you learn in this lesson? Describe at least two things you learned. 

Web Resources 

Dr. Math and the Math Forum: links to discussions 
http://mathforum.org/library/drmath/sets/select/dm_direct_indirect.html 

Insights into Algebra: overview of direct variation 

http://www.learner.org/channel/workshops/algebra/workshop7/index.html 

Sparknotes: variation 
http://www.sparknotes.com/math/algebra1/variation/section1.html 

 

 

http://mathforum.org/library/drmath/sets/select/dm_direct_indirect.html
http://www.learner.org/channel/workshops/algebra/workshop7/index.html
http://www.sparknotes.com/math/algebra1/variation/section1.html
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Simple Linear Relationships 

COMMON CORE STATE STANDARDS: MATHEMATICS 
 

Grade Six - Expressions and Equations 

Apply and extend previous understandings of arithmetic to algebraic expressions, #2 
Represent and analyze quantitative relationships between dependent and independent variables, 

#9. 

PRESENTING EXPLANATIONS 

 Help students through this lesson by using the information in this section. 

 The definition that follows might prove helpful to you. 

 The examples presented in the form of problems are invaluable to the students. Be sure the students 

understand the concepts before they proceed to independent practice. 

 You might want to ask students to restate the explanation once you have gone over it with them. 

************** 

Definition 

Slope: the slope of a line is the change in the vertical coordinates/the change in the horizontal 

coordinates of any two points on the line. 

This chapter of Linear Equations focused on direct variation.  Direct variation is described by a linear 

equation of the form y = kx where k represents the constant of variation. The quantity k is the rate of 

change of variable y with relation to x. The constant of variation k is the slope of the line.  Direct 

variation is a linear relation which passes through the origin, the intersection of the x- and y-axes at the 

point with coordinates (0,0).  Let’s review and extend some of the concepts of direct variation using 

activities 4A-C. 

Student Activity 4-A 
 

Given the equation y = 3x complete the table below and graph the ordered pairs. 

Add some more points to the graph by completing this table of values and graph the points on the same 

graph. 

x 1/2 3.5 -1 -2 6.5 -3.5 

y       

x 0 1 2 3 4 5 

y       

 
View Numericon episode 14 “Breakout” This episode asks students to solve a distance, rate, time 

problem when given a rate and distance. 
 

Simple Linear Relationships 

 









©Alliance for Distance Education in California and Ohio Board of Regents  
109 

     

MatrixMath Instructional Guide 
 

Student Activity 4-B 

Examine the graph. Then, fill in the missing values in the table. 

Simple Linear Relationships 

10 

8 

6 

4 

2 

-2 

-4 

-6 

-8 

-10 

Based on the graph and the information from the table of values, complete the statement: 

y =   x.  What is the slope of the line? 

Student Activity 4-C 

Study the pattern then complete the table of values. 

1 
 




2 
 








3 
 












4 
 
















Graph the ordered pairs then complete the statement below. 

The number of dots (y) in each Stage (x) can be predicted using this equation:  y =   x 

A characteristic of direct variation is that all equations describing direct variation pass through the 
origin (0,0). But what happens when the graph of a line does not pass through the origin? What if you 
slide the y=2x up so the point that used to pass through the origin now passes through the point (0,1)? 

Whatever the new equation is, it no longer describes a direct variation relation. 

stage x 1 2 3 4 5 6 

# of dots  y       

x 0 1 2 3 -1 -3 

y       

                    
                    
                    
                    
                    
                    
                    
                    
                    
                    
                    

0    -5          5      
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Of course, by transforming the equations to intersect the axes at points other than the origin, the notion 

of a y-intercept and an x-intercept is introduced.  The y-intercept is the point at which the graph of a 

linear equation intersects the y-axis.  Likewise, the x-intercept is the point at which a linear equation 

intersects the x-axis. This concept of x- and y-intercepts generalizes to the graphs of all relations and 

functions.  In the case of direct variation, there is a y-intercept—the intercept is zero. 

Student Activity 4-D 
Marco leaves his house traveling east at a rate of three miles per hour. How far will he travel in one 
hour? In two hours? In three hours? Complete the table of values below and graph the relation. Label 

the horizontal axis “x hours” and the vertical axis “y miles”. 

How far from home is Marco after 8 hours? 

How far from home is Marco after one hour and a half? 

Student Activity 4-E 
Marco is off on another walking trip, but this time he starts his trip one mile from his house. He travels 

at the same three miles per hour and walks away from his house. How far from his house will he be 
after one hour of walking? After two hours? After three hours? 

Complete the table below and graph the results. 

How far from home is Marco after 8 hours? 

x (hours) 0 1 2 3 4 

y (miles) 1     

x (hours) 0 1 2 3 4 

y (miles) 1     
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How far from home is Marco after two and one-half hours? 

Simple Linear Relationships 

Compare your tables from Activity D and Activity E. Discuss with other class members the similarities 

and differences between the two tables. 

Write an equation describing the relationship between x and y. 

In this section, you will need to monitor students as they work on Activity D and E.  In both cases a 

think-pair-share activity is a good way to start student thinking. 

After students complete the table of values, the students should be given graph paper to facilitate 
making their graph.   Before students begin to graph, a discussion about how to label the axes of the 

graph is appropriate, as well as what scale to use for the x- and y- axes. 

Students have computed values at specific times and then located those ordered pairs on the graph. 
Without making a big deal of this, it is appropriate to connect the points on the graph with a line, since 

the data in these examples is continuous data.  In the cases where the data represent objects (blocks, 

triangles, toothpicks, i.e. discrete data), a line can be passed through the points to show they line up, but 

there needs to be a clear understanding that the line does not represent points in the solution set. 

The equation for Activity D is  y = 3x; the equation for Activity E is  y = 3x + 1.  It is entirely 

appropriate to discuss the differences between these two equations and to identify the addition of one in 

the second equation as a y-intercept. Students can explore the meaning of the term “y-intercept:” but as 

some point they need a clear definition. The y-intercept is the point at which the graph of an equation 
crosses the y-axis. The first equation can be rewritten as y=3x + 0 to emphasize the equation passes 

through the origin since the y-intercept is zero. 

Student Activity 4-F 

You know that two variables x and y are related by the equation y = 4x+3. 

Complete the table of values and the graph the results. 

What is the slope of the line? What is the y-intercept? 

Student Activity 4-G 
You know that two variables x and y are related by this equation: y = 1/2x + 3 
 

Complete the table of values and the graph the results. 

What is the slope of the line? What is the y-intercept? 

x 0 1 2 6 3 -2 -4 

y        

x 0 1 2 5 3 1/2 -2 -4 

y        
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Student Activity 4-H 
Work in groups of three or four. Invent two linear equations of your own making. Create a table of 

values and draw a graph. Identify the slope and y-intercept for each equation. 

ASSESSING FOR UNDERSTANDING 

Assess for understanding by: 

 asking the student to solve a linear relationships problem 

 asking the student to present an oral explanation of how s/he solved to problem 

 asking the student to present a written explanation of how s/he solved the problem 

 asking the student to answer the following question, either orally or in written form: 
 

What did you learn in this lesson? Describe at least two things you learned. 

Web Resources 
The Math Forum @Drexel: Line and Slope 

http://mathforum.org/cgraph/cslope/index.html 

Slope and Y-intercept Discovery Activity (uses TI-83 graphing calculator) 

http://faculty.kutztown.edu/schaeffe/CalcActivities/Vallone_GC.pdf 

Synopsis of the meaning of slope and y-intercept 
http://www.math.com/school/subject2/lessons/S2U4L2GL.html 

Wikipedia definition of y-intercept 

http://en.wikipedia.org/wiki/Y-intercept 

The meaning of slope and y-intercept in the context of work problems 

http://www.purplemath.com/modules/slopyint.htm 

y-intercept java applet keeps slope constant while varying the y-intercept 

http://www.vivante.it/com@net/geogebra_bua/lineyint.html 

Allows changes to slope and/or y-intercept 

http://www.vivante.it/com@net/geogebra_bua/lineafun.html 

 

 

http://mathforum.org/cgraph/cslope/index.html
http://faculty.kutztown.edu/schaeffe/CalcActivities/Vallone_GC.pdf
http://www.math.com/school/subject2/lessons/S2U4L2GL.html
http://en.wikipedia.org/wiki/Y-intercept
http://www.purplemath.com/modules/slopyint.htm
http://www.vivante.it/com%40net/geogebra_bua/lineyint.html
http://www.vivante.it/com%40net/geogebra_bua/lineafun.html
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Multiple Representations 
 
COMMON CORE STATE STANDARDS: MATHEMATICS 
 

Grade Six - Ratios and Proportional Relationships 
Understand ratio concepts and use ratio reasoning to solve problems, #3. 

Grade Seven - Expressions and Equations 

Use properties of operations to generate equivalent expressions, #1. 

PRESENTING EXPLANATIONS 

 Help students through this lesson by using the information in this section. 

 The examples presented in the form of problems are invaluable to the students. Be sure the students 

understand the concepts before they proceed to independent practice. 

 You might want to ask students to restate the explanation once you have gone over it with them. 

************** 

Definition 
Calorie: a unit of energy. One calorie is the amount of energy used to raise one kilogram of 

water 1° C. 

This section continues exploration of linear equations with a focus on multiple representations 
(equations, graphs, table of values). Previous sections explored linear equations in the context of 

geometric patterns, single variable equations, direct variation, as simple linear equations with y- 
intercept other than zero. In the case of linear equations of two variables, students have created tables of 

values and graphed the equations. 

Students need sufficient practice with linear equations to feel comfortable. The following activities will 
provide different practice situations. Instructors should feel free to expand/modify these activities to 
meet the needs of their individual students. 

Student Activity 5-A 

Marina is starting an exercise program. She plans to use the school’s exercise bicycle to start. 

She knows that a moderate speed on the bike will burn about five calories for each minute she 

exercises. That means the total calories burned (C) is equal to five times the number of minutes (m) she 

exercises. 

 
View Numericon episode 15 “The Eternal Circle” This episode asks students to examine a table of 

values and find a missing output for a given input. 
 

Multiple Representations 
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Write an equation to express the relationship between calories burned and minutes of exercise. 

Complete the table. Choose your own values for the three empty boxes in the minutes row. 

Graph the relation between minutes of exercise and calories burned. 

If Marina wants to burn 400 calories during her exercise period, how many minutes does she need to 

bicycle? 

Before beginning this activity make sure students: 
 

a.   know what they are to do.  Ask them: What is the activity asking you to do? 
 

b.   understand the meaning of calories.  See the definition on page 1 of this section. 

The potential energy in foods is measured in Calories (kilocalories). 

Students may modify the table by incrementing the minutes in ten or twenty minute intervals.  They 

may wish to extend the table out to include more minutes of exercise. 

When they create their graph, it is desirable to have the independent variable (minutes of exercise) 

along the horizontal axis and the calories on the vertical axis. 

There should be some discussion about what scale(s) to use.  It is hoped students realize that the 

vertical and horizontal axes do not have to use the same scale. 

graph paper and not draw the axes/scale free hand. 

Always have students use standard 

The equation could be written C=5m. 

 

Minutes of 

exercise (m) 

 

0 
 

10 
 

20 
 

60 
 

90 
 

120 
   

 
Calories (C) 
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Let’s illustrate two methods for finding how long it takes to burn 400 calories. 

One is to use the graph. Essentially, the question is asking where the graph of the equation C=5m and 

C=400 intersect. 

Examine the graph: 

Where does the line y = 400 intersect the line C= 5m? 

Of course, the second method is to rewrite the equation C=5m. How many minutes does it take to burn 

400 calories?  Solve this equation: 400=5m.  The students will find the answer to be 80 minutes. 

Would they want to write 80 minutes in the more common form 1hr 20 min? 

The problem can be modified or extended to include other activities. A good source for data on caloric 

consumption for can be found at http://www.nutristrategy.com/activitylist.htm 

The caloric figures are given in calories burned per hour. For example, aerobic exercises burn about 

400-500 calories per hour; boxing 700-1000, football ~500, running 450-1000, and soccer 400-800. 

These can all be converted to calories per minute by dividing by 60. 

For additional practice, the instructor could give each group of students a different activity (in calories 

burned per minute) and have each of them determine how long it would take to burn 400 calories (or 

any predetermined amount) and compare activities. 

Student Activity 5-B 

Marina’s friend Valerie is starting an exercise program as well. She walks to the local 

recreation center (which burns about 200 calories) before she starts her exercise. At the 

center she plays ping-pong, which burns about 3 calories per minute. 

Create a table of values then draw a graph. 

Write an equation showing the relationship between calories and minutes of exercise. 

 

 

http://www.nutristrategy.com/activitylist.htm
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How long will it take for Valerie to burn 400 calories (including her walk to the Recreation 

Center). 

Activity B involves a starting point (y-intercept) other than zero. The slope of the equation is 3. The 
equation will be C = 2m+200. 

Again, start activity B with think-pair-share followed by a class discussion. 

If activity B is a little too much of a challenge, work some more with the students using the first 

problem as a model. 

Student Activity 5-C 

Using the information from problems A and B, predict how long it will take for Marina to 

catch up to Valerie in total calories burned. 

This problem will be a challenge. No, this is not leading to solving systems of equations but the intent 

is stretch students to thinking how these equations might used in more advanced mathematics courses. 

Activities A, B, and C are constrained to integer values for the slope and y-intercept. The 

instructor can up the ante a bit by substituting non-integer values if not for the y-intercept 

certainly for the slope. 

In the case of Activity A and B, the values were rounded for computational simplicity. The values 

could have been a bit more challenging if instead of 5 calories per minute it had been 4.8 and instead of 

3 calories per minute 3.1 was used. 

Any of the values referenced in the web site cited earlier are given in calories per hour.  When divided 

by 60 few will yield nice integer values. It is the instructors’ choice as to how to present them to their 

students. It is highly encouraged that students work with not such “nice” numbers as presented in 

Activity A and B. 

Generalizing Linear Equations 
 

Students are not quite ready for the y=mx+b version of a linear equation; that’s for the next section. 

But they are ready to generalize the concept of how linear equations are written and can understand that 

regardless of the choice of variables (a and b, or x and y or C and m) linear equations always graph as a 

line in the case of continuous data or fall on a line is the case of discrete data. 

The equation in Activity A was C=5m and for Activity B, it was C=3m+200. Write those equations 
where the students can see them. 

Then, write the equations y=5x and y=3x+200 and ask the students if the graphs of the two equations 

would look the same or different.  Set this up so both sets of equations use the same values in their table 

of values. 

Minutes of 

exercise (m) 

 

0 
 

10 
      

 
Calories (c) 
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Then write the equations s=5t and s=3t+200. What would the graphs of these two 
equations look like? What are the respective slopes of the equations? What are the y-intercepts? 

There isn’t a big Ah Ha here. In fact there should be a gentle sigh from students signifying  that it’s 

no big deal—the choice of letters for the variable doesn’t make any difference to what the graph looks 

like.  What matters is the slope of the line and its y-intercept. 

Negative Slope 
 

Thus far there has been no discussion of negative slope. What is the meaning of a negative slope? 

Positive slope represents an increasing function as the independent variable increases. A negative slope 

indicates a decreasing function as the independent variable increases. 

Student Activity 5-D 
Brian has $24. He spends $2 each day for lunch. If he spends his money only on lunch, how many days 

can he buy lunch before he runs out of money? After which day will he have $10 remaining? 

Complete the table of values on the next page and graph the results. 

more columns if needed. 

Then answer the questions. Add 

The completed graph and table of values is shown below. 

When does Brian run out of money?  The graph indicates he drops to zero dollars on the 12th day. After 

which day does he have $10 left?  (On day seven he has $10 remaining.) 

 

  

 

 

Day 
 

0 
 

1 
 

2 
 

3 
 

4 
 

5 
   

 
Amount 

 
$24 

        

 

•









©Alliance for Distance Education in California and Ohio Board of Regents  
118 

     

MatrixMath Instructional Guide Multiple Representations 

Discuss with the students that this is really a graph of discrete (distinct) points and not the graph of a 
line. Why? Further, the graph is confined to non-negative values. Why? 

Without getting too deep into the algebra of this problem, the instructor is aware that the domain and 

range of this function is confined to the first quadrant.  The graph will still be referred to as a “line” but 

with the understanding that because of the nature of the problem discussion is limited to quadrant I. 

Let’s examine key elements of this problem. This activity could be best conducted as a whole class 

activity. Student engagement in Activity E is crucial. 

Student Activity 5-E 

1. 
 

2. 
 

3. 
 

4. 

Look at your graph and table of values for Activity D. Connect the points with a line. 
 

What is the y-intercept? 

What is the slope of the line? 

Write an equation for the line. 

When discussing slope with students remind them of the definition.  Slope is the ratio of the change of y 

over the change of x.  Have students choose any two points on the graph and create the “triangle” 

representing the change of y and the change of x (sometimes denoted by Δy and Δx).  Note the graph 

below. 

No matter which two point are chosen, the ratio of the change of y to the change of x is always 

-2/1 or -2.  The slope of the line is -2. 

How does this value relate to the statement that Brian spends $2 per day (a rate?) on lunch. 

The y-intercept is 24. The equation of the line is y = -2x + 24. 

 

 









©Alliance for Distance Education in California and Ohio Board of Regents  
119 

     

MatrixMath Instructional Guide Multiple Representations 

Student Activity 5-F 

For each equation identify the slope and y-intercept. Graph the equation. Use a table of values if you 
wish. 

1. y = -3x + 12 
 

2. y = -4x + 10 
 

3. y = -x + 6 
 

4. y = =3/2 x + 6 
 

5. y = =2x – 5 

Challenge Problem 
 

Harold read about a really great diet program that guarantees he will loose 10 pounds every week while 

on the diet. Harold weighs 195 pounds. 

If Harold starts the diet, how many weeks will it take before he drops below 160 pounds? 

When will he drop below 100 pounds? 

Write an equation that relates the number of weeks on the diet and Harold’s weight.  Hint: what is the 

slope and y-intercept? 

If Harold stays on this diet, when will he completely disappear? Discuss this with your class. 

Student Activity 5-G 
 

Graph each equation. Identify the slope and y-intercept in each case. Label the horizontal and vertical 

axes. 

1. y = 4x + 2 
 

2. y = 5x + 20 
 

3. s = 1.5t + 4 
 

4. s = 1.5t – 4 
 

5. m = 2.5n + 12 
 

6. C = 1/2 R + 4 

Challenge: 2y = 6x + 10 

Activity G provides more practice graphing linear equations.  Students may use any 

method they want (table of values, y-intercept/slope). Be sure they label the axes appropriately. 
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ASSESSING FOR UNDERSTANDING 

Assess for understanding by: 

 asking the student to solve a linear equation verbal problem 

 asking the student to present an oral explanation of how s/he solved to problem 

 asking the student to present a written explanation of how s/he solved the problem 

 asking the student to answer the following question, either orally or in written form: 

What did you learn in this lesson? Describe at least two things you learned. 
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Slope Intercept 

COMMON CORE STATE STANDARDS: MATHEMATICS 
 

Grade Eight - Expressions and Equations 

Understand the connections between proportional relationships, lines, and linear equations, 
#5 & #6. 

Grade Eight – Functions 

Define, evaluate, and compare functions, #3. 

PRESENTING EXPLANATIONS 

Help students through this lesson by using the information in this section. 

The examples presented in the form of problems are invaluable to the students. Be sure the 

students understand the concepts before they proceed to independent practice. 

You might want to ask students to restate the explanation once you have gone over it with 

them. 







************** 

The previous section concluded with students graphing equations of the form y=mx+b.  They 

were asked to identify the slope and y-intercept of each equation. 

Students should understand that the form y=mx+b is a model for a linear equation.  The choice of 

variables, in this case x and y is arbitrary.  Any two letters can be used to create a linear equation, 

e.g.,  s = mt + b,  r = ms + a, etc. 

Activities A-C continue this exploration.  The goal is for students to begin generalizing about the 
significance of slope and y-intercept. 

Student Activity 6-A 
Graph the four equations on the same set of coordinate axes. 
 

1. y = 3x 
 

2. y = 3x + 1 
 

3. y = 3x + 2 
 

4. y = 3x + 3 

 
View Numericon episode 16 “Witness”  This episode asks students to determine the equation of 

a line in y = mx+ b form when given its graph. 
 

Slope Intercept 
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What is different among the four graphs? What is the same? 
 

Write a sentence or two describing what you observe about these equations. 

Student Activity 6-B 

Graph the six equations on the same set of coordinate axes. 
 

1. y = 1x 
 

2. y = 2x 
 

3. y = 3x 
 

4. y = 4x 
 

5. y = 1/2 x 
 

6. y = 1/4 x 

What is different among the graphs? What is the same? 
 

Write a sentence or two describing what you observe about equations. 

Student Activity 6-C 

Graph the six equations on the same set of coordinate axes. 
 

1. y = -1x 
 

2. y = -2x 
 

3. y = -3x 
 

4. y =- 4x 
 

5. y =- 1/2 x 
 

6. y = -1/4 x 

What is different among the graphs? What is the same? 
 

Write a sentence or two describing what you observe about equations. 

Now, let’s put these concepts together. 

How do you determine the equation of a line given its graph? What do you need to know to write 
the equation of a line? 

If we know the slope and y-intercept, the equation can be created. 

Given a graph of a line, the easiest value to find (or estimate) is the y-intercept. 

The y-intercept is the point at which the graph crosses the y-axis. 

 









©Alliance for Distance Education in California and Ohio Board of Regents  
123 

     

MatrixMath Instructional Guide Slope Intercept 

Determining the Y-Intercept from a Graph 

1. What is the y-intercept of line 1? 

2. What is the y-intercept of line 2? 

3. What is the y-intercept of line 3? 

4. What is the y-intercept of line 4? 

Answers: 

-5 
 

3 
 

-1 
 

0 

You may want to ask students to estimate the slope of each line. The answer might be as simple 

as deciding if the line has a positive or negative slope. 

Student Activity 6-D 

Estimate the y-intercept of 
each of the numbered lines. 

Decide whether the slope of 

each line is positive, negative, 

or neither. 
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Determining the Slope of a Line from the Graph 

Determining the slope of a line from a graph is conceptually simple but, in practice, requires 

some care. 

The slope of a line is a ratio that represents rise over run. This phrase is a short cut reminder that 

slope describes the change in the y direction divided by the change in the x direction. A positive 

slope represents a line that increases or goes up as the x values increase. A negative slope 

represents a line that decreases or tilts downward as the x values increase. 

To determine the slope (or at least attain a close estimate) examine the graph of the line 

and look for two points where the graph appears to pass through grid points. Consider 

this graph: 

The graph appears to pass through the points (0,2), (1,6), (2,10), (3,14). 

With certainty, if the line is extended there are more grid points through which the line appears 
to pass.  Any pair of points will work.  The pair (0,2) an (2,10) will be chosen. 

The blue lines represent the rise 

and run for the line. 

Determine the rise by noting the 

y-values from the first point to the 

second point increased from 2 to 

10.  The rise, therefore, is 8. 

The run is determined by noting 

that the x value changed from 0 

to 2.  The run is 2. 

Slope is rise over run or 8/2 

which, when written in lowest 

terms, yields a slope of 4/1 or 4. 
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Model this procedure with students until they feel sufficiently comfortable to try 
problems on their own. Activity E can be used for individual, group, or whole class practice. 

Student Activity 6-E (for individual, group, or whole class practice) 
 

Determine the slope of each line. Write the slope as a fraction in lowest terms. 

1. 2. 

3. 4. 
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5. 6. 

Finding Slope and Y-Intercept from a Graph 

Now it’s time to put it all together. Given the graph of a line, determine its equation. 

If the slope and y-intercept can be determined, it is a simple process to write the equation. 

Student Activity 6-F 

For each of the three graphs, determine the equation of each line. 

1. 2.   
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3. 

The usual caution should be exercised. 

three problems presented here. 

Students will need more additional practice than the 

Instructors can find numerous additional practice in standard first year algebra books. 

Students can make up problems of their own, provide the solutions, and then challenge other 

students with their problems. These activities can be conducted as individual, small group, or 

whole class activities. 

Graphical Point-Point Method (Optional) 

Given two points, how can you find the equation of the line passing through those points? 

For example, given the points (1,1) and (3,5), find the equation of the line passing through the 
points. 

First, it would help to have a picture of the situation.  Graph the points and connect them with a 

line. 
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From the graph, determine the slope and y-intercept. 

The y-intercept appears to be -1. 

The slope is determined by dividing the change in the 

y-value divided by the change of x. In this case, the 

change of y is 4 (5-1) and the change of x is 2 (3-1). 

The slope is 4/2.  Written in lowest terms, the slope is 
2/1 or just 2. 

Based on our observation, the equation of the line is 

y = 2x + (-1)  or  y = 2x-1. 

Student Activity 6-G 

Find the equation of the line passing through each pair of points in the graph above. 
 

1. (1,2) and (5,7) 
 

2. (0,3) and (6,8) 
 

3. (-3,2) and (1,5) 
 

4. (1,2) and (-3, 5) 

Writing a Linear Equation in y = mx + b Form 

The form of a linear equation that has been explored in this section is known as the Slope- 

Intercept form. This form is particularly handy when the goal is to graph the equation. 

Other forms of linear equations lend themselves to other kinds of analysis. 

This section places focus on the slope-intercept form of linear equations. But such equations 

are not always presented in that style. 

For example, 5x + 2y = 8 is a linear equation. 

Graphing such an equation would be a burden, because it is not obvious what the slope or y- 

intercept is.  Creating a table of values would be equally clumsy. 

The solution is to rearrange the equation by solving for y.  With y one side and everything 

else on the other side, it will be simple to find the slope and y-intercept. 

The example noted above is a good place to start. 
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Given 5x + 2y = 8, rewrite the equation in y=mx+b form. 

Solution: Solve the equation for y.   5x + 2y = 8 
 

a. Move the “x” term to the other side of the equation.   2y = -5x + 8 

b. Divide both sides of the equation by 2.   y = -5/2 x + 4 

The slope is -5/2 and the y-intercept is 4. 

Key concept:  isolate the y term on one side of the equation and move everything else to the 
other side. Remember, is doesn’t matter whether the final form is y = mx +b  or  mx + b = y. 

Student Activity 6-H 

Find the slope and y-intercept of each equation by transforming the equation, so that y is isolated 
 

on one side of the equation.  Graph the equation (optional). 

1. 
 

2. 
 

3. 
 

4. 
 

5. 
 

6. 

2x + 3y = 9 
 

x + y = 4 
 

-2x + y = 3 
 

4x + y = -2 
 

x = 2y =4 
 

2x + y = 3x - 6 

Functions (Optional discussion) 

Thus far, the discussion of linear equations has avoided the F-word, function. Most students 

and many middle school teachers are unsure what a function is and how it differs from other 

algebraic statements. 

Linear equations of two variables (usually x and y) are also linear functions, because for each 
value of x, there is a unique value of y. 

The slope intercept form has been the focus of the last few sections. The x term is the 

independent variable (choose values for x) and the y term is the dependent variable (calculate a y 

value based on the selected x value). 

Algebraically, it is stated that y is a function of x, written  y = f(x). 

This notation causes difficulty for students because the statement appears to say y is equal to f 

TIMES x.  Clumsy as the notation is, a mathematical statement that is written as y = f(x) always 

means function.  We say y is a function of x when reading the equation. 
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Other forms include: 

y=g(x) 

d=f(t) 

P=f(C) 

used to distinguish a second function from the first 

distance is a function of time 

profit is a function of price. 

A function is a relationship in which one variable (output) is dependent on the value of another 

variable (input) and for each input value there is only one output value. 

Essentially, the notation for a linear equation such as y = 3x - 2 can be written as f(x) = 3x - 2. 

Both notations mean the same thing; both graph as a line with slope 3 and y-intercept -2. 

Typically, linear equations written in function form will be explicitly written in slope-intercept 
form such as f(x) = 3x - 2. 

While linear functions might be written using the “y” variable as in 2x + y = 2.5 it is unlikely 

this equation would ever be written 2x + f(x) = 2.5.  The equation isn’t wrong; it’s not common 

form. 

Instructors can introduce function notation to students as an option. Explain the notation as 

discussed above.  Students can try the following activity as a class activity or in small groups. 

Student Activity 6-I 
State the slope and y-intercept for each equation.  Then, draw its graph. 
 

1 f(x) = 3x - 5 
 

2. f(x) = -2x +3 
 

3. f(x) = 1/2 x +1 
 

4. g(x) = 4x +3 
 

5. h(x) = 3/2 x - 2 

ASSESSING FOR UNDERSTANDING 

Assess for understanding by: 

asking the student to solve a slope intercept problem 

asking the student to present an oral explanation of how s/he solved to problem 

asking the student to present a written explanation of how s/he solved the problem 

asking the student to answer the following question, either orally or in written form: 

What did you learn in this lesson? Describe at least two things you learned. 
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squares(x
2
, y

2
) of the variables 

number. 

Term Definition 

algebra 

álgebra 

n. generalized arithmetic 
 

algebra tiles 
 

azulejos de álgebra 
 

n. manipulatives composed of small squares, rectangles and large 
squares to represent unit values(numbers), variables(x,y), and 

 

balance 
 

balanza 
 

n. a scale 
 

calorie 
 

caloría 

n. the amount of heat required to raise one kilogram of water one 

degree Celsius. 

coefficient 
 

coeficiente 
 

n. a constant that multiplies a variable 
 

constant of variation 
 

constante de variación 

n. the constant ratio relating two variables in a direct variation 
 

continuous 
 

continua 

adj. A function is continuous when it is defined for uninterrupted 

values. 

cover-up method 
 

método de 

encubrimiento 

n. a method of solving simple equations by covering over the 

unknown (variable) and determining the value of the missing 
 

dependent variable 
 

variable dependiente 

n. an unknown whose value is dependent on the value of another 

variable. 

direct variation 
 

variación directa 

n. a relationship between two variables in which the values are 

related by a constant ratio. 

discrete 
 

discreto 

adj.  A function is discrete when it is defined for isolated values. 
 

equation 
 

ecuación 

n. a mathematical sentence that includes an equal sign; a 

mathematical statement that sets two statements equal to one another. 

function 
 

función 

n. a matching of values from two sets in which members of the first 

set are matched with only one member of the second set. 

function notation 
 

notación de función 

n. a function in which y is dependent on the value of x is written as y 

= f(x), read "y is a function of x." 
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graph 
 

gráfico 

n. a pictorial device that displays as discrete or continuous points 

the input and output values of a mathematical relation or function. 

growth pattern 

growing pattern 
 

patrón de crecimiento 

n. a set of numbers or objects that increase from one stage to the 

next. 
 

independent variable 
 

variable independiente 

n. a variable that is the chosen variable used to calculate the value of 

another variable. 

input 
 

entrada 

n. a value to be entered into an equation. 
 

java applet 
 

n. a program written in the Java language that can be displayed in an 

html page. 

linear equation 
 

ecuación lineale 

n. an equation that contains unknowns (variables) of the first degree 
only; an equation whose graph is a line or whose values lie on a line. 

manipulative 
 

munipulador 

n. a concrete object used to represent abstract concepts or values. 
 

negative slope 
 

pendiente negativo 

n. a negative slope represents a decreasing value as the input values 
increase 

ordered pair 
 

par ordenado 

n. a point located in the coordinate plane in which the first element is 

the x value and the second element is the y value. 

origin 
 

origen 

n. on a graph, the point where the axes intersect. 
 

output 
 

salida 

n. a value that is the result after an input value is entered in an 

equation. 

positive slope 
 

pendiente positivo 

n. a positive slope represents an increasing value as the input value 

increases. 

rise over run 
 

lugar más de plazo 

n. a hint to help remember that slope represents a change in the y 

value divided by a change in the x value. 

scale (balance) 
 

escala 

n. a device for weighing or comparing quantities 
 

single variable 
 

variable único 

n. an algebraic statement that contains one unknown or variable. 
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slope 
 

pendiente 

n. a rate of change of one variable compared to another variable. 
 

table of values 
 

n. in mathematics, a chart that shows input values in one row 

or column and output values in an adjacent row or column. 

undo method 
 

método deshecho 

n. a method for solving an equation in which one reverses the order 

of operations from the original equation. 

variable 
 

variable 

n. a letter or symbol that represents a value or values 
 

x-axis  eje x 
 

y-axis  eje y 

n. the x-axis is usually the horizontal axis and the y-axis is the 

vertical axis for a coordinate system. 

x-intercept 
 

x-intercepción 

n. the point at which the x value is zero, the point where the graph 

crosses the x-axis. 

y-intercept 
 

y-intercepción 

n. the point at which the y value is zero, the point where the graph 
crosses the y-axis. 
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Numericon Titles/ Problems/Answers 
Linear Equations 

 

 

Episode 11 “Spider Web”  

Problem: From the first five numbers in this sequence, the crew needs to know what the fiftieth entry would be: 5, 

8, 11, 14, 17… 

Answer: 152 

 

Episode 12 “Transmission”  

Problem: When we subtract three from six times the secret number, the result is ninety-nine. What is the secret 

number? 

Answer: 17 

 

Episode 13 “Prison Planet”  

Problem: A spaceship takes two hours to travel six astronomical units. How long will it take to travel 87 

astronomical units? 

Answer: 29 hours 

 

Episode 14 “Break Out”  

Problem: An electronic lock’s code is related to an equation, y=4x-3. You must find the correct y values for x=3, 8, 

12. Find the values.  

Answer: 9, 29, 45 

 

Episode 15 “The Eternal Circle”  

Problem: Given the values below, find the position at time zero. 

Input  0       8    10      12     14 

Output ___  84  102    120   138 

Answer: 12 

 

Episode 16 “Witness!”  

Problem: Given the graph of a line, write the equation of the line. 

Answer: y=2x-6 
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Data, Statistics & Probability 

 

I. Introduction  

Why study data, statistics, and probability? 

 

II.  Fair/Unfair Games  

Numericon Videos: 

 Episode: #17 “Planet of Secrets” 

Lesson Concepts: 

 What is a fair game? 

 What is an unfair game? 

 Review of elementary probability 

 Analyzing odd/even problems 

Common Core Standards: 

 Grade Six - Statistics and Probability 

Develop an understanding of statistical variability, #2 

Summarize and describe distributions, #5.  

 Grade Seven, Statistics and Probability 

Investigate chance processes and develop, use, and evaluate probability models, #7. 

 

III.  Which Graph? Part 1  

Numericon Videos: 

 Episode: #18 “Star Hack” 

Lesson Concepts: 

 Bar Graph/Histogram 

 Line Graph 

 Scatter Plot 

 Pie Chart 

Common Core Standards: 

 Grade Six - Statistics and Probability  

Develop an understanding of statistical variability, #2 and #3. 

Summarize and describe distributions, 5.  

 

IV.  Which Graph? Part 2  

Numericon Videos: 

 Episode: #19 “Galaxy Crash” 

Lesson Concepts: 

 Decreasing temperature of water 

 Price of gasoline 

 Student height 

 Hours of daylight 
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Common Core Standards: 

 Grade Six - Statistics and Probability  

Develop an understanding of statistical variability, #2 and #3. 

Summarize and describe distributions, 5.  

 

V.  Five Point Summary  

Numericon Videos: 

 Episode: #20 “Brainjacked!” 

Lesson Concepts: 

 Box and Whisker Plots 

Common Core Standards: 

 Grade Six - Statistics and Probability  

Develop an understanding of statistical variability, #2 and #3. 

Summarize and describe distributions, 4.  

 

VI.  Analysis of Two-Variable Data  

Numericon Videos: 

 Episode: #21 “Warp to Danger” 

Lesson Concepts: 

 Using a Scatter Plot 

 Line of Best Fit 

Common Core Standards: 

 Grade Six - Statistics and Probability 

Develop understanding of statistical variability, #3; Summarize and describe 

distributions, #4 

 Grade Six -Ratios and Proportional Relationships 

Understand ratio concepts and use ratio reasoning to solve problems, #1 and 3.  

 Grade Seven -Ratios and Proportional Relationships 

Analyze proportional relationships and use them to solve real-world and mathematical 

problems, #2.  

 

VII.  Sampling  

Numericon Videos: 

 Episode: #22 “Planet Break!” 

Lesson Concepts: 

 Student Survey/Study 

Common Core Standards: 

 Grade Six - Statistics and Probability  

Summarize and describe distributions, #4.  

 Grade Seven - Statistics and Probability 

Use random sampling to draw inferences about a population, #1 and 2 

 Draw informal comparative inferences about two populations, #3 and 4. 
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VIII.  Glossary 

English and Spanish mathematical terms with English explanations 

 

IX. Numericon Episode Titles/Problems/Answers 
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Episodes 18 - 22 
 

 

 

 

 

 

 

 

 

 

 

 

Why Study Data, Statistics and Probability? 
 

The availability of numerical information in the form of raw data, graphs, and probability is 

pervasive in our society. Claims based on data are used to sell products, convince people to 

make political choices, and promote other selections that impact their lives and health. Data 

carries no meaning until it can be organized in a way that helps us make sense of it. Our young 

people need to have the mathematical tools to deal with information that appears in the form of 

data, as well as to learn methods of depicting data and performing statistical calculations. 

Beyond that, they need to be able to use these tools to recognize which claims are valid, and 

why. For example, knowing the importance of random selection to conclusions made by 

sampling is key to interpreting polls and studies. The use of scatter plots to identify possible 

correlations between two data sets is an essential skill for middle school students.  
 

Many are confused about probability, and because of this confusion can be misled. Students 

need to have many hands-on experiences to help them distinguish between predicting a 

particular outcome, as compared to what is most likely to happen over a large number of 

outcomes. Having ways to systematically list the possible outcomes in a probability experiment 

aids students’ understanding of outcomes, especially those that seem to be counter-intuitive. In 

order to be an informed and contributing citizen of the 21st century our students should 

understand and be able to apply knowledge of data, statistics, and probability. 
 

This unit on data, statistics and probability will assist teachers in: 

• representing one- and two-variable data graphically 

• defining theoretical probability 

• explaining constraints on making decisions and drawing conclusions based on 

  sampling 

• identifying procedures for creating a sample space for theoretical probability.
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Fair / Unfair Games 

COMMON CORE STATE STANDARDS: MATHEMATICS 
 

Grade Six - Statistics and Probability 

Develop an understanding of statistical variability, #2 

Summarize and describe distributions, #5. 

Grade Seven, Statistics and Probability 

Investigate chance processes and develop, use, and evaluate probability models, #7. 

PRESENTING EXPLANATIONS 

Help students through this lesson by using the information in this section. 

The examples presented in the form of problems are invaluable to the students. Be sure 

the students understand the concepts before they proceed to independent practice. 

You might want to ask students to restate the explanation once you have gone over it with 

them. 







This section examines the fairness or unfairness of games.  Students will conduct experiments, 

record data, and examine the probabilities of outcomes. Students bring their own sense of game 

“fairness” through past experience, although that experience may have led them to some 

incorrect conclusions. 

What is a fair game? 
In a probability sense, a fair game is one in which each player has the same chance of winning. 

An example of a fair game is a coin toss.  If person A wins when the coin lands on heads and 

person B wins if the coin lands on tails, each has a 50% (or 1/2 or 1:2) chance of winning.  They 
have the same chance of winning. 

What about a game with three players and a six-sided die?  If player A wins with a roll of 1 or 4, 

player B wins on a roll of 2 or 5, and player C wins on a roll of 3 or 6, the game is fair because 
each player has the same chance at winning (1/3 or 1:3 or 33 1/3%). 

What is an unfair game? 

An unfair game is a game in which each player does not have the same chance of winning. 
Revisiting the coin toss game, if player A wins on a toss of heads and player B wins on a toss of 

 

 

View Numericon episode 17 “Planet of Secrets” This episode asks students to determine if a 

game in involving spinners is fair or unfair. 
 

Fair / Unfair Games 
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tails, and player C wins on neither head nor tails, the game is not fair. 

50% chance of winning, while Players C’s chances of winning is 0%. 

not have the same chance of winning. 

Players A and B have a 

Players A, B, and C do 

Using a six-sided die, if player A wins on a roll of odd prime numbers, player B wins on a roll of 

even numbers, and player C wins on a roll of 1, the game is not fair.  Player A wins with two 

numbers (3, 5), player B wins on three numbers (2, 4, 6), and player C wins on a roll of 1 only. 

Player A has a 50% (1/2) chance of winning, player B has a 33 1/3% (1/3) chance of winning, 

and player C has a 16 2/3% (1/6) chance of winning. 

Note: the sum of players’ chances is always 1 or 100%, whether the game is fair or unfair. 

The student activities focus on a number of probability experiments to determine and predict if a 

game is fair or not.  They will organize the data in a grid, analyze the data, and make 

observations and conjectures about the fairness of the game. 

Discussion 

Discuss with the students the concept of fairness.  What do they think is a fair game?  What is an 

unfair game? 

Before they start an activity, discuss the rules of the game.  Ask students if they think the game 

will prove to be a fair or unfair game.  Hand out the data sheet and discuss how it is organized. 

This is a good time to review the meaning of trial, outcome, and any terms they see on the sheet 

that they do not understand. 

As they begin the activity, circulate around the room to insure students are off to a good start. 

Activity 1 

Students should work in pairs for this activity.  Each team is given a pair of dice. They are to 

take turns throwing the dice.  For each throw add the outcome of each die.  If the sum is even, 

one point is awarded to participant A.  If the sum is odd, one point is awarded to participant B. 

Record the outcomes on Data Sheet Activity 1.  Conduct the experiment 

with at least twenty throws of the dice. 

Is this a fair game?  Why or why not?  Students should examine how many outcomes are 
possible; how many of those outcomes are even and how many are odd. 

Activity 2 
Repeat Activity 1, but this time compute the difference of the two dice (take the positive value 

only) and again award one point to participant A, if the difference is even, and one point to 

participant B, if the difference is odd. Record the outcomes on Data Sheet Activity 2. 

 

Is this a fair game? Why or why not? 
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Activity 3 

Repeat again as in the above activities, but this time find the product of the two dice. Record the 

outcomes on Data Sheet Activity 3. 

Is this game fair? Why or why not? 

Analysis 

Students will readily see which games are fair and which games are unfair.  The “why” 
requires more effort.  Students will find that more even numbers occur in a some of the 

games.  In activity 3, for example, why do even numbers occur more frequently than odd 

numbers? 

Let students explore these games and encourage them to think about the kinds of 

outcomes that can occur, given operations with the two dice. 

Activity 4 

This is a repeat of Activities 1-3 using spinners instead of dice.  Use a paper clip as the spinner 

and a pencil or pen to hold it at the center of each circle. Spin the paper clip and record the 

results.  Add the results for each circle.  Record the results using on Data Sheet Activity 4, 

 

1 2 

3 

3 

One point is awarded to participant A, if the results are even, and one point to participant B, if 

the results are odd.  Repeat for at least 20 rounds. 

Is this a fair game?  Why or why not?  Students should examine how many outcomes are 
possible; how many of those outcomes are even and how many are odd. 

Activity 5 & 6 

Repeat using difference for activity 5 and product for activity 6. Record the outcomes on Data 

Sheet Activity 5 and Data Sheet Activity 6. 

 

 
 
 

1 
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Extensions/Alternate Problems 

Activities 1-3 could be done using three dies instead of two.  Appropriate changes would need to 
be made to the data sheets.  Activities 4-6 could be changed by dividing the circle into more or 

fewer sectors and by changing the size of the sectors. Instructors may want to vary these 

activities to meet the needs of individual students. 

Project 

Challenge students to invent their own games using dice, spinners, or other means to create 

games.  Create teams of two to four team members.  Challenge them to invent at least two 

games; at lease one fair game and one an unfair game. 

Have teams share their games.  Challenge them to decide if another team’s game is fair or unfair 

and explain their reasoning for deciding fairness and unfairness of each game. 

Extension 
Download the activity Explorations with Chance from NCTM Illumination. The URL is 

http://illuminations.nctm.org/LessonDetail.aspx?id=L290   A complete lesson plan with work 

sheets and handouts is provided. 

Web Resources 
 

http://www.learnnc.org/lessons/BonnieBoaz2112003902 

http://illuminations.nctm.org/lessons/9-12/explorations/ExplorationsWithChance-AS-IsItFair.pdf 

http://www.thirteen.org/edonline/nttidb/lessons/ma/gamema.html 

Review of Elementary Probability 

The instructor may want to review basic probability with the students, who first encounter 

elementary probability in the upper elementary grades and middle school. 

Mathematicians call each activity in this lesson an experiment.  An experiment is a process that 

can be repeated many times and produces varying outcomes (results).  Each trial (throw of a die, 

spin of a spinner) is termed an event. 

In the case of a six-sided die, the possible outcomes are 1, 2, 3, 4, 5, 6.  The possible outcomes of 

rolling an even number are 2, 4, 6.  What is the probability of rolling an odd number? 

 

http://illuminations.nctm.org/LessonDetail.aspx?id=L290
http://www.learnnc.org/lessons/BonnieBoaz2112003902
http://illuminations.nctm.org/lessons/9-12/explorations/ExplorationsWithChance-AS-IsItFair.pdf
http://illuminations.nctm.org/lessons/9-12/explorations/ExplorationsWithChance-AS-IsItFair.pdf
http://www.thirteen.org/edonline/nttidb/lessons/ma/gamema.html
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Probability of an Event: 

If all outcomes are equally likely then 

P(E) =  number of favorable outcomes 

number of total outcomes 

Since there are a total of six possible outcomes and three of the outcomes are even numbers, the 

probability of rolling a six-sided die and producing an even number is 

P(even number) =  3 

6 

What is the probability of rolling a number less than six?  Since a six-sided die has five number 

less than six, the probability of rolling a number less than six is 

P(number less than six) = 5 

6 

What is the probability of rolling a seven?  Since the only outcomes are the whole numbers 1-6, 

a seven cannot be rolled using just one six-sided die. 

P(7) = 0 
6 

Note: The probability of any outcome is described by the inequality: 

0 ≤ P(E) ≤ 1 

Analyzing Odd/Even Problems 
 

Experimental data (empirical) generated in Activities 1-6 provide a finite set of outcomes.  As 

the number of trials increase, the closer the empirical data approaches the theoretical probability. 

When a pair of dice is rolled, each die can reveal either an odd or even number. Activity one, for 

example, asked participants to roll a pair of dice, sum the results, and award a point depending 

on whether the sum was odd or even. 

Recall that the sum of two odd numbers is always even; the sum of two even numbers is always 

even; and the sum of an odd number and an even number is odd.  Let’s use a tree diagram to 

visualize this problem. 
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Outcome of Roll of Two Dice 

Since the outcomes are equally distributed between even and odd, the probability of the sum of 

two dies being even or odd is exactly the same. 

A roll of two dice is equally likely to sum to an odd or even number. 

A similar analysis could be applied to activities 2-6. 

Challenge Problem 

List all the possible outcomes when tossing four coins. How many of the outcomes have exactly 
two heads and two tails? What is the probability of tossing exactly two heads/two tails? 

ASSESSING FOR UNDERSTANDING 

Assess for understanding by: 

asking the student to analyze a game to determine whether it is fair; 

asking the student to present an oral explanation of how s/he solved the problem; 

asking the student to present a written explanation of how s/he solved the problem; 

asking the student to answer the following question, either orally or in written form: 

What did you learn in this lesson? Describe at least two things you learned. 
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Data Sheet Activity 1 

Winner:     

Trial 
 

Die 1 

Outcome 

Die 2 

Outcome 

Sum 
 

1    

2    

3    

4    

5    

6    

7    

8    

9    

10    

11    

12    

13    

14    

15    

16    

17    

18    

19    

20    

    
# of evens = 

 
# of odds = 
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Data Sheet Activity 2 

Winner:    

Trial 
 

Die 1 

Outcome 

Die 2 

Outcome 

Difference 
 

1    

2    

3    

4    

5    

6    

7    

8    

9    

10    

11    

12    

13    

14    

15    

16    

17    

18    

19    

20    

    
# of evens = 

 
# of odds = 
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Data Sheet Activity 3 

Winner:    

Trial 
 

Die 1 

Outcome 

Die 2 

Outcome 

Product 
 

1    

2    

3    

4    

5    

6    

7    

8    

9    

10    

11    

12    

13    

14    

15    

16    

17    

18    

19    

20    

   # of evens = 

 
# of odds = 
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Data Sheet Activity 4 

1 
2 1 

3 

3 

Winner    

Trial 
 

Spinner 1 

Outcome 

Spinner 2 

Outcome 

Sum 
 

1    

2    

3    

4    

5    

6    

7    

8    

9    

10    

11    

12    

13    

14    

15    

16    

17    

18    

19    

20    

    
# of evens = 

 
# of odds = 
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Data Sheet Activity 5 

1 
2 1 

3 

3 

Winner    

Trial 
 

Spinner 1 

Outcome 

Spinner 2 

Outcome 

Difference 
 

1    

2    

3    

4    

5    

6    

7    

8    

9    

10    

11    

12    

13    

14    

15    

16    

17    

18    

19    

20    

    
# of evens = 

 
# of odds = 
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Data Sheet Activity 6 

1 
2 1 

3 

3 

Winner    

Trial 
 

Spinner 1 

Outcome 

Spinner 2 

Outcome 

Product 
 

1    

2    

3    

4    

5    

6    

7    

8    

9    

10    

11    

12    

13    

14    

15    

16    

17    

18    

19    

20    

    
# of evens = 

 
# of odds = 
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Which Graph?  Part 1 

COMMON CORE STATE STANDARDS: MATHEMATICS 
 

Grade Six - Statistics and Probability 

Develop an understanding of statistical variability, #2 and #3. 

Summarize and describe distributions, 5. 

PRESENTING EXPLANATIONS 

Help students through this lesson by using the information in this section. 

The examples presented in the form of problems are invaluable to the students. Be sure the students 

understand the concepts before they proceed to independent practice. 

You might want to ask students to restate the explanation once you have gone over it with them. 







Analysis of data depends on data collection.  Data are collected based on a question or questions for 
which information can be obtained.  Organization of such data should be directly connected to the 

nature of the question.  Generally, data are classified as either categorical or numerical. Categorical data 

are data that can be subdivided into groups.  Numerical data are data that can be placed on a numerical 
scale. 

Graphs and charts are a pictorial way of displaying and communicating data. Some graph forms are 
more effective at communicating information than others. For example, circle graphs (pie charts) are 

appropriate for showing parts of a whole (commonly used for percent displays), while bar graphs are 

considered more effective at displaying categorical data (survey of favorite colors). There are no hard 

and fast rules however. 

The focus of this and the subsequent section is to provide students the opportunity to collect and 

organize data.  They will discuss which graph forms best tell the story represented in the data. 

Activity 1 

As a class project, count the number of pockets in each person’s clothes.  Decide how to organize the 

information and create a graph or picture to summarize your findings. 

Here is sample data from a class organized by number students and the number of pockets. 

 
View Numericon episode 18 “Star Hack” This episode asks students to determine which graph style 

best displays a set of data: bar/histogram, scatter plot, or pie chart/circle graph. 
 

Which Graph? Part 1 
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Students may have previous experience organizing data and creating graphs. A discussion with 

students about how to describe these data will provide guidance about their prior knowledge. 

Data can be organized in a chart such as the one show above.  Graphs of the information can be 
generated by hand.  But, so much more can be explored using technology.  Graphs can be created using 

hand-held calculators.  Most classrooms have access to a desktop or laptop computer with Excel or 

some other spreadsheet program already installed. 

In this instructional guide, Excel will be the program of choice (the instructor may substitute any 

equivalent application.)  Instructions for creating Excel graphs follow. 

Open Excel.  Enter the top two lines in the first two cells. Enter the data, one datum in each cell. 

The data will look like this: 

 

Number of Pockets 
 

Number of Students 
 

No pockets 3 

One pocket 1 

Two pockets 5 

Three pockets 3 

Four pockets 6 

Five pockets 8 

Six pockets 2 

Seven pockets 1 

Eight pockets 0 

 









©Alliance for Distance Education in California and Ohio Board of Regents  
153 

     

Now the power of Excel comes forward.  Excel can graph data in a variety of forms: circle/pie charts, 

bar graphs, column graphs, histograms, scatter plots, and others. 

To create the chart below, select the data to be graphed. 

MatrixMath Instructional Guide Which Graph?  Part 1 

Click on the Insert pull down menu and select Chart. In this case, select Column.  (Note: Excel offers 

many different types of charts. Other types will be used later in this Section.)  Click Next. Click Next 

again.  Enter the chart title, x-axis label, and y-axis label then click Next. Select As Object in Sheet 1, 

then click Finish. The result is shown below. 

Let’s look at an alternate graph (chart form). This time, select Pie and follow the instructions. The 

result is shown on the next page. 
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The pie chart can display sectors with no values, percent values, or data. Pie charts/circle graphs are 

best used for displaying parts of a whole (e.g., percent), rather than survey data. 

Try some of the other chart forms. Does the graph present the “story” of how many pockets in student 
clothing? Why or why not? 

Below is a final example–a line graph.  The graph accurately displays the data, but the connected lines 

suggest “continuous” data.  The data are discrete, not continuous.  Students should understand that the 

data should be displayed as distinct points and not connected. 

Caution:  Do not attempt to use Excel with students until you have practiced each operation. You 

do not have to be an expert to use Excel, but you do need to practice. 
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Alternate Activities 

Have students survey other students to select their favorite color. Limit the number of choices 
to four to six choices (e.g., red, green, blue, yellow). 

Have students survey other students about the number of children in their family. 

Which graph/chart most accurately displays the information? 







Activity 2 

Students conduct a survey of people’s favorite ice cream flavor. 

They may conduct the survey within the class or take the assignment outside the classroom. Limit the 
number of flavors to no more than eight, including a category for other. 

A sample survey is shown on the next page. 

Convert the data to show what percent preferred each flavor. 

Insert formula 
 

=sum(B2:B7) 
 

in cell B9 

The command sums the values in cells B2 through B7. Next, calculate the percent. 
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Insert formula 
 

=B2/B9 
 

in cell C2. 

In cell C3, insert the formula =B3/B9.  These instructions tell Excel to divide the cells in column B by 

the sum shown in cell B9.  Next, convert the decimal values into a percent. Highlight the cells, as 

shown below. 

Then, select the Format pulldown menu in the menu bar and select cells. As shown below, select 

Percentage.  In the cell for Decimal places, select zero. 
whole number values. 

The cells are converted to percents rounded to 

The result is on the next page. 
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Now, create a circle/pie graph.  The graph is to include the column with the ice cream names and the 
percent, but not the raw numbers.  First, use the mouse to select the column of names. Then, hold down 
the Command key (Control on PCs) and drag the mouse over the percent column. The name column 
and percent column are now highlighted. 

Create the chart by selecting Insert, Chart, then selecting Pie. Click Next twice and enter a title for the 
graph and click Finish. The graph should look like the one below. 

The graph clearly shows that the favorite flavor is vanilla.  Next favorite is chocolate, followed by 
strawberry. It would be helpful to show each sector’s percent.  To do that, go to Chart, select Chart 

Options.  Select Data Labels and click on Show Percent.  The result is shown below.  This is a much 

improved display. 

Project 

You are to roll a pair of dice (or other regular solid).  You will record the sum for each roll and record 
the frequency for each possible outcome.  Then, graph the results.  Students may use regular numbered 

cubes, tetrahedrons, or octahedrons.  (Regular solids with more sides are available but the magnitude of 

the outcomes becomes unmanageable.) 
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1. Have students determine the number of possible outcomes on a throw of two solids by creating a 
table, such as the one shown for solids with six faces. 

Roll 

1 

2 

3 

4 

5 

6 

1 

2 

3 

4 

5 

6 

7 

2 

3 

4 

5 

6 

7 

8 

3 

4 

5 

6 

7 

8 

9 

4 

5 

6 

7 

8 

9 

10 

5 

6 

7 

8 

9 

10 

11 

6 

7 

8 

9 

10 

11 

12 

a.) How many possible outcomes are there? 
 

b.) How many ways to roll a 2?, 3?, 4?, etc. 
 

c.) What is the theoretical probability of rolling each of the possible outcomes? 

2. Conduct an experiment by rolling the dice (or other solids) at least 50 times, recording each outcome. 

Enter the data in an Excel document and create a graph. 

3. Discuss what the graph reveals about the most likely and least likely outcomes. 

Web Resources 
 

Excel Chart Help: 

http://peltiertech.com/Excel/ChartsHowTo/Charting101.html 

Graphing Tutorials and Discussions 
 

http://www.fedstats.gov/ 
 

http://www.ncsu.edu/labwrite/res/gh/gh-graphtype.htm. 

Web Resources:  Graphing Tutorials and Discussions (cont.) 
 

http://nces.ed.gov/nceskids/createagraph/default.aspx 

ASSESSING FOR  UNDERSTANDING 

Assess for understanding by: 

asking the student to devise a reasonable graph for a categorical data set; 

asking the student to present an oral explanation of how s/he solved the problem 

asking the student to present a written explanation of how s/he solved the problem 

asking the student to answer the following question, either orally or in written form: 

What did you learn in this lesson? Describe at least two things you learned. 

 

http://peltiertech.com/Excel/ChartsHowTo/Charting101.html
http://www.fedstats.gov/
http://www.ncsu.edu/labwrite/res/gh/gh-graphtype.htm
http://nces.ed.gov/nceskids/createagraph/default.aspx
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COMMON CORE STATE STANDARDS: MATHEMATICS 
 

Grade Six - Statistics and Probability 

Develop an understanding of statistical variability, #2 and #3. 
Summarize and describe distributions, 5. 

PRESENTING EXPLANATIONS 

Help students through this lesson by using the information in this section. 

The examples presented in the form of problems are invaluable to the students. Be sure 

the students understand the concepts before they proceed to independent practice. 

You might want to ask students to restate the explanation once you have gone over it with 
them. 







************** 

In the previous section the focus was on categorical data.  These data typically are best 
represented in circle/pie charts or bar graphs. This section will focus on collection of continuous 
data and types of graphs that best display the results. 

To do the first activity students will need a thermometer and stop watch (or watch with a second 
hand). Collection and organization of data is critical to this activity. The instructor can direct 

students how to record information or allow them to explore how best to proceed. 

Activity 1 
You are going to collect information about how fast a glass of hot water cools. Fill a tall glass or 
cup with hot water from a tap.  Using a thermometer, collect data on the change of the 

temperature of the water over time.  Record your data on lined paper. 

 
Relevant Numericon episode: 19 “Galaxy Crash” 

 

Which Graph? Part 2 
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The setup: 

Equipment: 

straight sided container. 

thermometer accurate to the nearest degree 

recording sheet 







For the first twenty minutes take temperature readings every two minutes beginning at time zero 
(0). From twenty minutes to sixty minutes recordings are taken every five minutes. It is not 

necessary to record for an entire hour although the more data collected the more complete the 

analysis. 

It is important to report the room temperature of the room. Why? 

See the sample data set on the next page. 
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Sample data set: 

Time (h:mm) 
0:00 
0:02 

0:04 

0:06 

0:08 
0:10 

0:12 

0:14 

0:16 
0:18 

0:20 

0:25 

0:30 
0:35 

0:40 

0:45 

0:50 
1:00 

1:10 

1:20 

1:30 
1:40 

1:50 

2:00 

°Fahrenheit 
118 
115 

113 

112 

110 
108 

106 

105 

104 
104 

103 

101 

101 
98 

96 

95 

93 
91 

89 

87 

85 
83 

82 

81 

Room Temperature: 72 °F 

Does the interval between readings matter? Can the temperature be measured in degrees 

Celsius?  Discuss these options with students. 

The difference between data collected in this activity and activities in the previous section is that 
this data is continuous.  The temperature exists across the sampling time period; data is sampled 
at arbitrary intervals.  Such intervals can themselves vary.  Actual temperature of the water is 

constantly decreasing over the period of the experiment.  The data is sampled discretely, but the 

temperature changes continuously. 

A scatter plot of the data shows 

a pattern of the decreasing 

temperature of the water over time. 
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1. How does temperature change over time? Will the temperature continue to fall indefinitely or 

will it level off? Discuss. 

2. If the hot glass of water is placed in a refrigerator will the temperature drop at the same rate? 

Discuss. 

3. If the container (not glass) is filled with boiling water how will the data change? 

Alternate Activity 
The data below shows the price of gasoline in the United States from 1997 to September of 2007. 

There is too much information for students to enter in Excel. The instructor can cull the data by 

selecting samples from the series, i.e., January and July figures for the years 1997 to 2007. The 

data can be treated as continuous. 

Year 

1997 

1998 

1999 

2000 

2001 

2002 

2003 

2004 

2005 

2006 

2007 

Jan 

1.318 

1.186 

1.031 

1.356 

1.525 

1.209 

1.557 

1.635 

1.866 

2.359 

2.321 

Feb 

1.312 

1.137 

1.014 

1.422 

1.538 

1.210 

1.686 

1.715 

1.960 

2.354 

2.333 

Mar 

1.293 

1.097 

1.048 

1.594 

1.503 

1.324 

1.791 

1.809 

2.107 

2.444 

2.639 

Apr 

1.288 

1.106 

1.232 

1.561 

1.617 

1.493 

1.704 

1.875 

2.325 

2.801 

2.909 

May 

1.284 

1.146 

1.233 

1.552 

1.812 

1.508 

1.587 

2.050 

2.257 

2.993 

3.176 

Jun 

1.286 

1.148 

1.204 

1.666 

1.731 

1.489 

1.558 

2.083 

2.218 

2.963 

3.100 

Jul 

1.263 

1.134 

1.244 

1.642 

1.565 

1.496 

1.567 

1.982 

2.357 

3.046 

3.013 

Aug 

1.310 

1.108 

1.309 

1.559 

1.509 

1.508 

1.671 

1.941 

2.548 

3.033 

2.833 

Sep 

1.334 

1.091 

1.334 

1.635 

1.609 

1.507 

1.771 

1.934 

2.969 

2.637 

2.839 

Oct 

1.300 

1.099 

1.329 

1.613 

1.442 

1.535 

1.646 

2.072 

2.830 

2.319 

Nov 

1.271 

1.086 

1.319 

1.608 

1.324 

1.534 

1.578 

2.053 

2.387 

2.287 

Dec 

1.236 

1.046 

1.353 

1.544 

1.200 

1.477 

1.538 

1.926 

2.230 

2.380 

This line graph illustrates the general trend of gasoline prices over a ten-year period. 

Data Source: http://data.bls.gov/PDQ/servlet/SurveyOutputServlet 

On the next page, see what the data looks like when limited to the January and July values for 
each of the years from 1997 to 2007.  (Hint: Before entering data in the spread sheet, format one 

column as a date column and the second column as a money column.  Excel sometimes interprets 

ordinary data as a date or some other data form.) 

 

http://data.bls.gov/PDQ/servlet/SurveyOutputServlet
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What conclusions can be made from the graph? Place a line over the graph that best illustrates 

the change in gasoline prices.  Based on the trends shown in the graph, what will be the 
approximate cost of gasoline in 2010? 

Activity 2 
This activity involves collecting data about fellow students. They will collect data about student 

height.  Create a data sheet with a column for student identifier (name, initials, or label of any 

type) and a column to record height. 

Discuss with students how to measure height and what units could be used (inches, centimeters, 

meters). 

Below is a sample data set. 

Students can graph the data using graph paper or Excel. In either case, the data might look better 

if it is listed in ascending order (use Data>Sort) and graphed accordingly. 

 

 

View Numericon episode 19 “Galaxy Crash” This episode asks students to examine a set of 

data and determine which is larger: the median or the mean. 
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Using the sorted data, have students determine the minimum and maximum values. The 
maximum value is the smallest measured height. The maximum value of the data set is the 

highest measured height. In the sample set, the minimum value is 58 inches and the maximum 

height is 72 inches. 

Next, determine the average for the data set. The average, or mean, is calculated by adding all 

the height values and dividing by the number of data. 

In the sample, sum all the heights and divide by 11 (the number of measured heights). The 
average of sample data is 63.9090...which will round to 63.9 when expresses to the nearest 

tenth. 
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Finally, determine the median value (the middle value). The median is found by writing the data 

in order from least to greatest. The median is the middle score of the arrangement. 

The median is 63. 
For an even number of data points, the median is the average of the two middle scores. 

On the next page is a summary of findings. 

Excel can perform these calculations using built-in formulas. The formulas shown below were 
entered in the cells (without quotation marks) for each calculation. Notice the cell references 

(E3, E13) tell Excel which numeric cells to use in the calculations. 

Minimum 58” = min(E3:E13)” 
 

Maximum 72” = max(E3:E13) 

Mean/Average 63.9” = average(E3:E13)” 

Median 63” = median(E3:E13)” 

Range 14” = E13-E3” 

The cell for mean was modified to show the decimal value to the nearest tenth. Format cell by 

going to Format>Cells>Number>Number and change decimal places to one. These calculations 

will be used in the Five-point Summary chapter. 

Extension/Alternate Activity 
Collect height data for two different grade levels, e.g., 6th and 7th grades. Have one group of 
students collect data for one of the grade levels and another group collect data for a different 

grade level. Another variation is to collect data for boys and girls separately. Each group will 

conduct the same analysis of results. 
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In all cases, the instructor can elect to use Excel to assist students with graphing and calculations 

or opt to graph data using graph paper and perform calculations by hand. 

Compare the data and graphs from the two related sets of data. 
1. What is similar between the two sets? 

2. What is different between the two sets? 

As an alternate activity, students collect data on shoe size. Perform the same analysis as the 

height problem. Data can be collected by grade, gender, or both. 

Note:  These activities are designed to provide data sets for the Two Variables chapter.  It is 
important to measure the same property (e.g., height, shoe size) on two different populations 

(boys/girls, 6th/7th grade).  Each group of data should contain at least ten data points, preferably 

more. 

Hours of Daylight 

The table in Activity 3 shows the number of hours and minutes of daylight in Los Angeles for an 

entire year. The data is available at http://aa.usno.navy.mil/data/docs/Dur_OneYear.php. 

Activity 3 
You are to determine the minimum, maximum, average, and median number of hours : minutes 

of sunlight for Los Angeles. 

This is a lot of data.  To make the information more manageable, limit the data sample to the first 

day of the month (or any day of choice).  Create a table and graph the data. 

minimum, maximum, average, and median. 

Then find the 

See the next page. 

 

http://aa.usno.navy.mil/data/docs/Dur_OneYear.php
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Graph the data and calculate the minimum, maximum, average, median, and range. 

The results are shown on the next page. 
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Minutes of Sunlight for Los Angeles 

If all the data had been used, how would the graph change? What would happen to the 

minimum, maximum mean, median and range? 
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Web Resources 

Data sets are from Key Curriculum Press. Much of the data is quite out of date. 
http://www.keypress.com/x2814.xml 

More data sets and again, many are dated. 

http://mathforum.org/workshops/sum96/data.collections/datalibrary/data.set6.html 

Census Bureau data sets 

http://mathforum.org/workshops/sum96/data.collections/datalibrary/data.set6.html 

ASSESSING FOR UNDERSTANDING 
Assess for understanding by: 

asking the student to devise a reasonable graph for a numerical data set; 

asking the student to present an oral explanation of how s/he solved the problem; 

asking the student to present a written explanation of how s/he solved the problem; 

asking the student to answer the following question, either orally or in written form: 

What did you learn in this lesson? Describe at least two things you learned. 

 

http://www.keypress.com/x2814.xml
http://mathforum.org/workshops/sum96/data.collections/datalibrary/data.set6.html
http://mathforum.org/workshops/sum96/data.collections/datalibrary/data.set6.html
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Five-Point Summary 

COMMON CORE STATE STANDARDS: MATHEMATICS 
 

Grade 6 Statistics and Probability 

Develop an understanding of statistical variability, #2 and #3. 

Summarize and describe distributions, #4. 

PRESENTING EXPLANATIONS 

 Help students through this lesson by using the information in this section. 

 The examples presented in the form of problems are invaluable to the students. Be sure the 

students understand the concepts before they proceed to independent practice. 

 You might want to ask students to restate the explanation, once you have gone over it with 

them. 

The five-point summary, typically shown in a box-and-whisker plot (or box plot), provides a succinct 

picture of a set of data.  The five summary points consist of the minimum and maximum values, the 

median, and what are called the first and third Quartile points (definition to follow). 

Recall the survey of student height in the chapter titled Which Graph Part 2. Below is sample data from 
such a survey. 

Examining the data sorted from least to greatest, the minimum is 58. The maximum is 72. The median 
is the middle value.  In this case, there are eleven data points.  The median is the sixth data point, 63. 
 

The first and third quartile points are respectively, the median points for the lower half of the data and 
the upper half of the data. Since the median is 63, separate the data there. 

 
View Numericon episode 20 “Brainjacked!” This episode asks students to examine a box & whiskers 
plot to determine the replacement time for a navigation system. 

 

Five-Point Summary 
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The lower half of data consists of the values 58, 60, 61, 61, 62.  The median of these values is 61. 

Sixty-one is the first quartile value (Q1). 
 

The data points for the upper half consist of 65, 66, 67, 68, 72. The median of these data is 67. Sixty- 
seven in the third quartile value (Q3). 
 

Not to be forgotten, the second quartile point (Q2) is, in fact, the median for the whole data set, 63. On 

a scale, place vertical bars at Q1, the median (Q2), and Q3. 

Make a box using Q1 and Q3 as sides of the box. 

This box represents 50% of the data, with the intermediate bar representing the median. Now, enter the 

“whiskers” by placing a vertical bar at the minimum and maximum values and connecting the bars to 
the rectangle. 

Look at the results. It is quite clear the data is skewed right. The median rests to the left of the 
numerical center of the data, indicating that the maximum value is “pulling” the results to the right. 
 

Examine the data again, but this time, remove the point that seems to be skewing the data, the “outlier.” 

The modified data in ascending order is 58, 60, 61, 61, 62, 63, 65, 66, 67, 68. There are ten data points. 

The median is between the 5th 
and 6

th 
values.  The median is the average of those values: (62 + 63) / 2 = 

62.5. 
 

Q1 or the first quartile is median of 58, 60, 61, 62.  Q1 is equal to (60 + 61 / 2 = 60.5. 

The value of Q3 (by a similar calculation) is 66.7. The minimum value remains 58, but the maximum 
value of the box plot is now 68. 

The outlier is indicated by the open circle. 
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Important Note:  The method shown here for creating a box plot is the simplest method and the one 

most commonly used with middle school students. Be aware that there are other methods. 
 

The box plot was developed by John Tukey in 1977. His criteria for the “whiskers” is different from 
the one used in these examples. 
 

One common variation is to calculate the interquartile range (IQR), which is defined to be Q3 - Q1. 
Then multiply the IQR by 1.5.  To find the left whisker, calculate Q1 - 1.5*IQR.  Find the first data 

point that fits within that range and place the whisker there.  The right whisker is found by calculating 

Q3+1.5*IQR and finding the last data point that fits with that range and place the whisker there. Any 
data points outside the whiskers are indicated by an open circle or asterisk. 
 

This technique will not be used in this section as it is beyond the scope of middle school mathematics 

standards. 
 

Students will need explicit instruction to learn how to create a box-and-whisker plot.  Guide them 

through the process slowly.  Use the student height data collected in the chapter titled Which Graph? 

Part 2. 

Activity 1 

Create a box-and-whisker plot of the student height data collected in the chapter titled Which Graph? 
Part 2. 

Use these steps to guide students in constructing the box plot. 

Arrange the data in order from smallest to largest. 

1. Find the median (middle value, also known as Q2). If there are an even number of data points, 
find the average of the middle two. 

Excluding the median, find the middle value of the lower and upper halves of the data. These 

values are, respectively, Q1 and Q3. 
Using a scale as shown in the example above, create a box using Q1 and Q3 as the left and right 
sides (vertical segment) of the box and locate the median (Q2) with a vertical segment at the 
appropriate location inside the box. 
Place a vertical segment corresponding to the minimum value of the data set at its proportional 

position to the left of the box. Place a vertical segment to the right of the box identifying the 
maximum value. 
Connect the minimum and maximum values to the left and right edges of the box, as shown in 
the example. 

2. 

3. 

4. 

5. 

Students will need practice with different kinds and sizes of data sets to gain confidence in making box 

plots. If a data set contains outliers, have the students create the plot using the outlier and then creating 

a second box plot excluding the outlier. Have them compare the plots. Which plot best describes the 

data? 
 

Activity 2 

Students collect data on student heights.  They have collected some data in the chapter titled Which 
Graph? Part 2 and used that data for the previous exercise.  They can use that data for this activity. 

They need data for two groups: either male/female or 6
th

/7
th 

grades or 7
th

/8
th 

grades. The purpose is to 

compare data from the two groups.  To make the comparison meaningful, they will need at least fifteen 

measurements for each group. 
 

Create box-and-whisker plots of the two sets of data.  Compare and contrast the two plots. 
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Alternate Activity 

Students are not limited to collecting data on student height. Allow them to exercise some choice on 
what data to collect. But exercise care. It would not be recommended to collect data on students’ 
weight, for example.  Consider such measurements as shoe size, arm length, hat size or diameter of the 

head.  Avoid measurements that might prove embarrassing to some students. 

A source of data and lessons is at 

http://www.math.uncc.edu/~droyster/courses/spring00/maed3103/Box_Plots.htm. Several data sets are 
provided along with suggestions on how to use them. Some of the activities include use of a graphing 

calculator.  A calculator is not necessary; analysis can be done by hand or Excel. 

An interesting project can be found at http://illuminations.nctm.org/LessonDetail.aspx?id=L539 where 

students are asked to count the number of letters in states’ names and create graphs/box-and-whisker 

plots.  A complete lesson plan is available at the website. 

Web Resources 

http://en.wikipedia.org/wiki/Box_plot 
 

http://davidmlane.com/hyperstat/A37797.html 

http://www.shodor.org/interactivate/activities/boxplot/ 

http://www.itl.nist.gov/div898/handbook/eda/section3/boxplot.htm 

http://www.netmba.com/statistics/plot/box/ 

http://cnx.org/content/m10215/latest/ 

http://mathworld.wolfram.com/Box-and-WhiskerPlot.html 

http://mathforum.org/library/drmath/view/52188.html 

ASSESSING FOR UNDERSTANDING 
Assess for understanding by: 

asking the student to draw a box-and-whisker plot for a given data set; 
asking the student to present an oral explanation of how s/he solved the problem; asking the student 

to present a written explanation of how s/he solved the problem; asking the student to answer the 

following question, either orally or in written form. 

What did you learn in this lesson? Describe at least two things you learned. 

 

http://www.math.uncc.edu/~droyster/courses/spring00/maed3103/Box_Plots.htm
http://illuminations.nctm.org/LessonDetail.aspx?id=L539
http://en.wikipedia.org/wiki/Box_plot
http://davidmlane.com/hyperstat/A37797.html
http://davidmlane.com/hyperstat/A37797.html
http://www.shodor.org/interactivate/activities/boxplot/
http://www.shodor.org/interactivate/activities/boxplot/
http://www.itl.nist.gov/div898/handbook/eda/section3/boxplot.htm
http://www.itl.nist.gov/div898/handbook/eda/section3/boxplot.htm
http://www.netmba.com/statistics/plot/box/
http://www.netmba.com/statistics/plot/box/
http://cnx.org/content/m10215/latest/
http://cnx.org/content/m10215/latest/
http://mathworld.wolfram.com/Box-and-WhiskerPlot.html
http://mathforum.org/library/drmath/view/52188.html
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Analysis of Two-Variable Data 

COMMON CORE STATE STANDARDS: MATHEMATICS 
 

Grade Six Statistics and Probability 

Develop an understanding of statistical variability, #3. 

Summarize and describe distributions, #4. 
Grade Six  Ratios and Proportional Relationships 

Understand ratio concepts and use ratio reasoning to solve problems, #1 and #3. 

Grade Seven  Ratios and Proportional Relationships 

Analyze proportional relationships and use them to solve real-world and mathematical 

problems, #2. 

PRESENTING EXPLANATIONS 

 Help students through this lesson by using the information in this section. 

 The examples presented in the form of problems are invaluable to the students. Be sure the 

students understand the concepts before they proceed to independent practice. 

 You might want to ask students to restate the explanation once you have gone over it with them. 

The box plot is a good tool for comparing the same measurement on different populations, e.g., height 
of boys/girls. foot length of 6th/7th graders. In this section, data measuring different attributes are 

compared to determine if there is a relationship between the variables. 

Activity1 

Collect data to compare a person’s height and their arm span.  Measure each person’s height and the 

arm span (finger tip of one hand to finger tip of other hand when the arms are outstretched). 

Create a graph of the paired data using arm span for the x-coordinate and height for the y-coordinate. 

What do you observe? 

On the next page is sample data showing measurements in inches of arm span and height. Is there are 
relationship between arm span and height? Do taller people have a greater arm span? 

 
RELEVANT NUMERICON EPISODE: #21 “Warp to Danger 

 

Two-Variable Data 
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Examining the data, it is obvious that there is some relationship between arm span and height. Arm 

span and height are about the same length. Longer arm spans seem to pair with greater height. 

Using a Scatter Plot 
The use of a scatter plot will help identify the strength of the relationship. This can be accomplished 

either by plotting the data on graph paper or with the help of Excel. In either case, the choice of scales 
for the x- and y-axis is important. 

Ask students to discuss how they would plot this data. What would you use for the lower and upper 
values for the x-axis? What numbers would you use for the lower and upper values for the y-axis? 

What increments would make sense to use along the axes? The Excel graph on the next page uses a 
range of 50-90 Inches for the x-axis and a range of 50-80 inches for the y-axis.  The x-axis uses 

increments of 10 inches, while the y-axis uses increments of 5 inches. 

 
View Numericon episode 21 “Warp to Danger” This episode asks students to examine a scatter plot 

and determine what relationships the plot reveals. 
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Is there a relationship between arm span and height? The mathematical term for relationship is 

correlation. The degree of correlation relates how well two variables are proportional to each other. 

The higher the correlation between two variables the more “linear” the data, i.e., the data appear to lie 

on a single line. A positive correlation between two variables is seen on a line of positive slope; a 

negative correlation between two variables is seen on a line of negative slope. 

Look at the scatter plots below. 

From: http://syque.com/quality_tools/toolbook/Scatter/how.htm 

 

http://syque.com/quality_tools/toolbook/Scatter/how.htm
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The four scatter plots progress from the first plot showing no correlation to the fourth plot indicating a 

perfect correlation.  Look at the plot of our data. Which of the four sample plots above most closely 

resemble the sample data? 

The third plot is very similar to our sample data. The data show a high degree of correlation. It is 
possible to place a line over the data to summarize the relationship.  Such a line is called a “a line of 

best fit.” 

Finding the Line of Best Fit 

The line is placed by line of sight, so that the values tend to fall on both sides of the line and to 

minimize the distance of all points from the line. (Exact placement of the line is not critical in this 

exercise. Students will learn more precise techniques in later course work.) 

Students should recognize the positive relationship between arm span and height. The taller the 

individual, the long the arm span. Let them discuss what they see in the graph and allow them to come 
up with their own conclusions. 

Extension Activity 

To extend this problem, have students determine the equation of the line passing through the data. A 
simple method for doing this follows.  It was first seen in the MatrixMath Linear Equations 

instructional guide. 

1.  Choose two points which appear to lie on the “line of best fit.” One point appears to be the point 
(63,63) and another point is (72,71). 
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Recall that one form of a linear equation is y = mx + b, where m is the slope of the line and b is the y- 

intercept (the point where the graph crosses the y-axis). 

2. Graph the two points on a coordinate axis and form a triangle as shown above. 
or observation, the slope (m) of the line is 8/9. 

By calculation 

3. Extend the line to intercept the y-axis and note that the y-intercept (b) is approximately 7. 

4. The equation of the line of best fit is y = 8/9x +7 

With this equation, it is possible to predict, with a reasonable degree of accuracy, someone’s height 

knowing his or her arm span.  How accurate is this prediction?  What are the limitations of the line of 

best fit?  What is the significance of the y-intercept? 

Within the range of the data for arm span (50-80 inches), the equation provides a very good prediction 
for height. Predictions within the range of the data are called interpolation. Predictions made outside 
the range of data, called extrapolation, is less reliable.  Predictions for height given an arm span greater 

than 80 inches become less reliable as arm span increases. 

Obviously, limits to human arm span and height place an upper cap on the usability of the line of best 

fit.  Likewise, the equation is less accurate as predictions are made for arm spans below the range.  In 

the extreme, consider the y-intercept.  For an arm span of zero inches, the equation predicts a height of 

7 inches.  Obviously, the line of best fit is inaccurate at arm spans near zero. 

It should be concluded that the line of best fit is most accurate within the range of measured data and 

becomes less accurate the further the deviance from that range. 
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Activity 2 

Collect data comparing two sets of measurements. Graph the two paired sets of data. What do you 
observe? 

Suggested topics for data collection: 

 Thumb length vs. index finger length 

 Height from the chin to the top of the head vs. height from chin to tip of the nose 

 Height vs. stride length 
 
Students can graph the data by hand or use Excel. Concepts from the MatrixMath Linear Equations 

instructional guide are reinforced, if students find the equation of a best fit line for data that appear to 
have a correlation. 

Additional data sets are downloadable from the resources given at the end of this section. Edited data 

sets are available at http://idisk.mac.com/alan_amundsen-Public/. 

Web Resources 
 

Data set including linear data. 

http://seattlecentral.edu/qelp/Data.html 

Data sets from Australia downloadable in Excel format 

http://abs.gov.au/websitedbs/D3310116.NSF/85255e31005a1918852556c2005508d8/5f6c35fe3f0abefa 

ca256cac008260f2!OpenDocument 

More data sources 

http://lib.stat.cmu.edu/DASL/alltopics.html 

ASSESSING FOR UNDERSTANDING 

Assess for understanding by: 
 

asking the student to draw and find the equation for a best fit line of a set of two-variable data; 
 

asking the student to present an oral explanation of how s/he solved the problem; asking the 

student to present a written explanation of how s/he solved the problem; asking the student to 

answer the following question, either orally or in written form: 

  
 

What did you learn in this lesson? Describe at least two things you learned. 

 

http://idisk.mac.com/alan_amundsen-Public/
http://seattlecentral.edu/qelp/Data.html
http://abs.gov.au/websitedbs/D3310116.NSF/85255e31005a1918852556c2005508d8/5f6c35fe3f0abefa
http://lib.stat.cmu.edu/DASL/alltopics.html
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Sampling 

COMMON CORE STATE STANDARDS: MATHEMATICS 
 

Grade 6 Statistics and Probability 
Summarize and describe distributions, #4. 

Grade 7  Statistics and Probability 

Use random samples to draw inferences about a population, #1 and #2. 

Draw informal comparative inferences about two populations, #3 and #4. 

PRESENTING EXPLANATIONS 

 Help students through this lesson by using the information in this section. 

 The examples presented in the form of problems are invaluable to the students. Be sure the 

students understand the concepts before they proceed to independent practice. 

 You might want to ask students to restate the explanation once you have gone over it with them. 

In this final section, students will conduct a large-scale survey/study that will span the entire school 
and/or local neighborhood.  To conduct such a survey/study, students will need to carefully craft their 

survey methods and survey questions.  They will need to determine how to conduct their survey, since 

it will not be possible to survey the entire target population.  They will analyze the data and produce a 

report (written, oral, podcast, or other).  The outcome of their work could be presented in class as a 

whole-class activity or delivered to a wider community. 

Student objective 

You are to research a question of importance to you, your school, and your community.  You are to 

conduct a survey to determine attitudes and opinions of the focus group. Your instructor will provide 
guidance on how to formulate your questions and how to go about surveying the intended population. 

Note:  As the instructor, you may not want to present the above description to the students.  Without 

some careful guidance and preparation by you, the students could be intimidated by the scope of this 

project.  Guidelines and a sequence of steps to assist students are provided below. 

Step One: Determine a Topic for Study 

The selection of the study topic is crucial to student buy in and follow through.  They should select a 

topic of interest to them and the general student population.  The following suggestions are given in the 

spirit of generating student discussion.  They could select one of these topics, but wide latitude should 

be given to their selection (within school policy and good judgment). Students should not select a topic 

that could embarrass fellow students or invade student or family privacy.  The instructor needs to 

exercise good judgment to steer students away for such topics. 

 
View Numericon episode 22 “Planet Break!” This episode asks students to determine the number of 
objects selected in a random sample of 100 objects. 

 

Sampling 
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Topics to initiate discussion for survey: 

 Favorite foods (cafeteria selections?) 

 Theme for an afterschool dance 

 School/Public opinions on a topic of local interest (building of a park, public transportation) 

 Opinion poll of a local or national election 

 Favorite amusement park 

 Opinion poll of Oscar-nominated movies/actors 

Questions should be framed in such a way that they can be easily quantified or categorized. 
If the instructor has any doubt as to the appropriateness of the survey topic or specific survey issues, 

such items should be vetted with local school administration. 

Step Two: What Types of Questions 

The topic of the survey dictates the nature of the survey questions. 

For example, if the survey question involves favorite foods ( school cafeteria, fast food, home-cooked 
meal, etc), the survey could be open-ended (in which case the respondents lists their favorites) or the 

survey could present a choice of five to eight items from the which the respondents select their favorite. 

If the survey is asking people’s choice for a political office, then a list of candidates’ names are given 
and the respondents indicate their choice [or ranking of choices]. 

Step Three: Determine Sampling Method 
Who do you include in the survey? 

The survey population should span the entire school or neighborhood (depending on the nature of the 

survey). A survey of ALL the affected parties, called a census, is not practical. 

Some method of sampling the population needs to be employed. Sampling methods are classified as 
probability or nonprobability. 

A probability method utilizes some selection process in which each member of the affected population 
has a non-zero change of being selected.  These methods include random sampling, systematic 

sampling, stratified sampling, and cluster sampling. 

Nonprobability sampling is a nonrandom process of selecting survey participants. This method 

includes convenience sampling, judgment sampling, and quota sampling. 

The instructor may wish to limit discussion of sampling types, rather than introduce all the different 
methods. A brief description of each method is provided. 
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PROBABILITY SAMPLING 
 

Random Sampling. Members of the sampling population are randomly selected. Each member has the 

same probability of being chosen. 

Systematic Sampling. After determining the size of the population and the size of the sample, every 
Nth member of the group is selected for sampling. This method is as good as random sampling, pro- 

viding there is no selective ordering or arrangement of the population as a whole. 

Stratified Sampling. The population is subdivided in to two or more groups and each group is 
surveyed using random or systematic sampling. For example, a survey of students in school might 

require dividing the population by grade level; then conducting the survey within each grade level. 

Cluster Sampling. As differentiated from stratified sampling, in cluster sampling the population is 

subdivided into groups and selected groups are sampled. 

NONPROBABILITY SAMPLING 
 

Convenience Sampling. Convenience sampling involves selecting participants based on their will- 
ingness to participate or selecting participants for the surveyor’s convenience. An example of 
convenience sampling is to stand in one place and survey people as they pass by. The choice of location 

and self-filtering of those willing to be surveyed may introduce significant bias in the survey. 

Judgment Sampling. Subjects selected for sampling are selected based on judgment. For example, a 
sample of eight graders might be done by selecting a single eighth grade class and sampling all the 
students in that class. The selection of subjects is liable to bias of the conductor of the survey. If the 

surveyor selects only their friends or members of their social group, the survey outcome could be 
significantly biased. 

Quota Sampling. This is the nonprobability form of stratified sampling. The population is subdivided 

into groups and each group is sampled using convenience or judgment sampling. 

Note to Instructor 

Students need to understand the difference between probability and nonprobability sampling 

techniques.  They should understand the significance of bias that might be introduced in their 

survey results, if their sampling techniques are not carefully controlled. Discussion of these 

various sampling methods provides a good opportunity for students to expand their 
understanding of surveys and public opinion polls. 

Students should identify the target population for their study and select a sampling method. 

Step Four: Conduct the Survey 

Students develop their survey question(s).  They determine which survey method to use.  They now 

need to go into the field and conduct their survey.  If the survey involves conducting the survey outside 

the school grounds, be sure parents are informed and have granted permission for their child to 

participate. 

Give students firm time limits in which to complete the survey component of the study. 

 









©Alliance for Distance Education in California and Ohio Board of Regents  
184 

     

MatrixMath Instructional Guide Sampling 

Step Five: Analyze the Data 

Survey information is collated and analyzed, as shown in previous sections.  Where appropriate, data 

should be compiled in a table and graphed.  The type of graph will depend on the nature of the data, as 

discussed in previous sections. 

What does the data show?  Is there a relationship among the data points?  What is the overall “story” 

contained in the data?  Did the data answer the question(s) posed in the original study design? 

Step Six: Prepare a Report 
Challenge the students to prepare a summary report of their findings.  This summary can be in the form 

of a written report, podcast, graphic presentation, oral report, or a combination of any or all of these. 

The report should be presented to the class. If appropriate, the report could be presented to other 
classes at school, a community forum, or to a local organizing committee whose interests relate to the 

survey. 

Follow-up. A secondary study might be needed, if the original study reveals areas needing clarification. 
The purpose here is not to beat a dead horse, but to allow students to pursue their interests. 

Probability Activities Online 
http://math.about.com/gi/dynamic/offsite.htm?zi=1/XJ/Ya&sdn=math&cdn=education&tm=8&f=10&t 

t=14&bt=0&bts=0&zu=http%3A//www- 
math.bgsu.edu/%7Ealbert/m115/probability/list_activities.html 

Topics include: What is a probability? the relative frequency view; the subjective view 
 

Measuring probabilities by means of a calibration experiment 
 

Interpreting odds 
 

Listing all possible outcomes (the sample space) 

Basic probability rules 

Equally likely outcomes 
 

Constructing a probability table by listing outcomes. 

Constructing a probability table by simulation 

Probabilities of “or” and “not” events. 

An average value of a probability distribution 
 

Understanding a two-way table of probabilities 
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Web Resources 
 

Sampling 
 

Descriptions of sampling methods. 

http://www.statpac.com/surveys/sampling.htm 

Wikipedia definition of sampling 

http://en.wikipedia.org/wiki/Sampling_(statistics) 

Thirty-six slides discussing sampling techniques 
http://www.wadsworth.com/psychology_d/templates/student_resources/workshops/res_methd/sampling 

/sampling_01.html 

Probability 

Dr. Math topics in probability 

http://mathforum.org/library/drmath/sets/mid_probability.html 

Introduction to probability 

http://jwilson.coe.uga.edu/EMT668/EMAT6680.Folders/Dickerson/probability/titled.html 

Works sheets for probability and many other math topics 
http://edhelper.com/middle_school_math.htm 

Java applets for many math topics, Good simulations for probability 
http://www.shodor.org/interactivate/activities/ 

Probability activities 

http://www-math.bgsu.edu/~albert/m115/probability/list_activities.html 

Conditional probability 

http://www.mathgoodies.com/lessons/vol6/conditional.html 

ASSESSING FOR UNDERSTANDING 
Assess for understanding by: 

asking the student to write and conduct a survey and analyze the results; 

asking the student to present an oral explanation of how s/he solved the problem; asking the student to 

present a written explanation of how s/he solved the problem; asking the student to answer the 

following question, either orally or in written form. 

  

What did you learn in this lesson? Describe at least two things you learned. 

 

http://www.statpac.com/surveys/sampling.htm
http://en.wikipedia.org/wiki/Sampling_(statistics)
http://www.wadsworth.com/psychology_d/templates/student_resources/workshops/res_methd/sampling
http://mathforum.org/library/drmath/sets/mid_probability.html
http://jwilson.coe.uga.edu/EMT668/EMAT6680.Folders/Dickerson/probability/titled.html
http://edhelper.com/middle_school_math.htm
http://www.shodor.org/interactivate/activities/
http://www-math.bgsu.edu/~albert/m115/probability/list_activities.html
http://www.mathgoodies.com/lessons/vol6/conditional.html
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Term Definition 

average 

promedio 
 

The average of a set of numbers is the sum of the numbers in the set 

divided by the number of items in the set. It is also called the 

arithmetic mean. 

box-and-whisker plot 

diagrama de caja y 

bigotes 
 

A way of visually displaying the minimum value, upper and lower 

quartiles, median and maximum value of a data set. 
 

categorical data 

datos categóricos 
 

Data that can be subdivided into categories or groups 
 

correlation 

correlación 
 

The relationship between two sets of data. If one set increases as the 

other set increases, the correlation is positive. 
 

datum 

dato 
 

A single value. Data consists of more than one value. 
 

die 

dado 
 

A single cube or other regular polyhedron. The plural is dice. 
 

event 

evento 
 

A set of possible outcomes in a probability experiment. 
 

experimental probability 

probabilidad 

experimental 
 

The ratio of the number of favorable outcomes to the number of 

total outcomes in an experiment. 
 

fair game 

juego justo 
 

One where each player has the same mathematical chance of 

winning 
 

five point summary 

resumen de cinco puntos 

The 5 statistical points for a given set of data are sometimes written 

in this order: minimum, Quartile 1, Median, Quartile 3, maximum 

increment 

incremento 
 

The value represented between equal markings on a number line 
 

line of “best fit” 

linea del major ajuste 
 

A straight line that best represents the data on a scatter plot. 

Technology may be needed for the most accurate version. 
 

maximum 

máximo 
 

The greatest value in a data set 
 

MatrixMath Instructional Guide 
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mean 

media 
 

An average 
 

median 

mediana 
 

The middle (actual or calculated) of a set of data points that are 

ordered from least to greatest 
 

minimum 

mínimo 
 

The least value in a data set 
 

non-probability 

sampling 
 

Choosing a sample from a population in a way that does not insure 

randomness. 
 

numerical data 

datos numéricos 
 

Data that can be placed on a numerical scale 
 

outcome 

resultado 
 

One possible result in a probability experiment. The set of all 

outcomes is an event. 
 

probability 

probabilidad 
 

The ratio of the number of favorable outcomes to the number of 

total outcomes 
 

probability sampling 

muestreo probabilístico 
 

Choosing a sample from a population in such a way that each 

member of the population has an equal chance to be chosen. 
 

range 

rango 
 

The difference between the greatest and least values in a data set 
 

sample 

muestra 
 

A subgroup of the population on which a study or experiment is 

being done 
 

scatter plot 

diagrama de puntos 
 

A graph of points used to determine whether there is a correlation 

between two sets of data. 
 

survey 

encuesta 

Information gathered from a representative sample of a population 

to discern information about the population as a whole. 

spreadsheet 

hoja de cálculo 
 

A computerized matrix display each position of which is a cell. Data 

from many such programs can be analyzed and graphed 

electronically. 

theoretical probability 

probabilidad teórica 
 

When all outcomes of an experiment are equally likely, the 

probability of that event is the ratio of favorable outcomes to the 

number of possible outcomes. 

unfair game 

juego injusto 
 

One where each player does not have the same mathematical chance 

of winning 
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Numericon Titles/ Problems/Answers 
Data, Statistic and Probability 

 

 

Episode 17 “Planet of Secrets”  

Problem: Imagine playing a game in which you spin two spinners twenty times. Spin both spinners and add the results 

each time. To win the game, after twenty spins you need to have more odd answers than even. The question to unlock 

the projector is: Is this a fair game? Or is the game rigged against you? 

Answer: A. Fair Game: odd and even sums equally likely  

 

Episode 18 “Star Hack”  

Problem: Given the density of eight planets, these data need to be graphed. What kind of graph should you use? 

Answer: A. Bar/Histogram 

 

Episode 19 “Galaxy Crash”  

Problem: Examine this series of numbers. Which is larger: the median or the mean? 

Answer: D. The mean, 64.9, is larger than the median, 63.  

 

Episode 20 “Brainjacked”  

Problem: This box plot represents the number of days before the failure of your ship’s engine. You routinely service 

the engine between the median failure rate tie and the third quartile point. What is the very last day you can service 

the engine? 

Answer: D. 180  

 

Episode 21 “Warp to Danger”  

Problem: You are shown a graph of height versus arm length of an alien life form. What conclusion can you form 

from the data? 

Answer: D. The longer the arms, the taller the alien.  

 

Episode 22 “Planet Break!”  

Problem: The Eye of Power is asking you to take a random sample of the patriarch’s fleet. The fleet consists of 100 

warships. If you number the ships 1 to 100 and randomly select 20 of them, how many ships above 80 would be 

expected in the random sample? 

Answer: 4 
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Geometry 

 

I. Introduction  

Why study geometry? 

 

II.  The Shortest Path Problem  

Numericon Videos: 

 Episode: #23 “Electric Dreams” 

Lesson Concepts: 

 Create Scale Drawings 

 Find the Shortest Distance 

Common Core Standards: 

 Grade Seven – Geometry 

Draw, construct and describe geometrical figures and describe the relationships  

between them, #1. 

 

III.  Geometric Construction and Drawing  

Numericon Videos:  

 No Episodes - Practice Problems and Activities 

Lesson Concepts: 

 Draw Geometric Shapes with Given Conditions 

Common Core Standards: 

 Grade Seven – Geometry 

Draw, construct and describe geometrical figures and describe the relationship  

between them, #2. 

 

IV.  Area and Volume  

Numericon Videos: 

 Episode: #24 “Sentinel of the Dragon” 

Lesson Concepts: 

 Linear measurement  

 Area 

 Area of a Circle 

 Volume 

 Volume of a Cylinder  

 Surface Area of a Cylinder 

Common Core Standards: 

 Grade Six – Geometry 

Solve real-world and mathematical problems involving area, surface area, and  

volume, #1. 
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V.  Tilting the Plane: Tessellation  

Numericon Videos: 

 No Episodes – Practice Problems and Activities 

Lesson Concepts: 

 Tessellations 

 Pentominoes 

Common Core Standards: 

 Grade Six – Geometry 

Solve real-world and mathematical problems involving area, surface area, and 

volume, #3. 

 

VI.  The Pythagorean Theorem  

Numericon Videos: 

 Episode: #25 “Lair of Darkness” 

Lesson Concepts: 

 Geometric Proof 

 Algebraic Proof 

 Pythagorean Theorem - Find the Missing Length 

Common Core Standards:  

 Grade Eight – Geometry 

Understand and apply the Pythagorean Theorem. 

 Grade Seven – Geometry 

Draw, construct and describe geometrical figures and describe the relationships  

between them, #1. 

 

VII.  Similar Figures  

Numericon Videos: 

 Episode: #26 “Out of the Warp” 

Lesson Concepts: 

 Transformation of Figures 

Common Core Standards: 

 Grade Seven – Geometry 

Draw, construct and describe geometrical figures and describe the relationships  

between them, #1. 

 

VIII.  Glossary 

English and Spanish mathematical terms with English explanations 

 

IX. Numericon Episode Titles/Problems/Answers 
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Geometry 

Episodes 22 – 26 

 
 

Why Study Geometry? 
 

Geometry is the study of shape and size in our physical world. It unites the world of numbers with 

the physical world. Geometry has been studied formally for over 2500 years and the Pythagorean 

theorem originated at least 4000 years ago. At the middle school level, conclusions about 

geometric shapes and relationships are informal, yet they are necessary building blocks that 

prepare students for the more formal treatment used in the college preparatory curriculum. 

Through the study of Geometry, students learn deductive logic, precision of definitions, and the 

importance of clear and accurate descriptions of mathematical objects.  
 

Having hands-on activities where students use the tools of geometry can be very motivating, 

especially to students whose preferred learning style is visual or kinesthetic. In this Guide, topics 

sometimes considered enrichment are used as lead-ins to selected traditional topics and to provide 

connections to the real world.  
 

Analytic topics such as congruence, similarity, and the Pythagorean theorem are included as are 

basic transformations and measurements of length, angle, area, and volume. 
 

This unit on geometry will assist teachers in: 

• representing similar and congruent figures 

• defining transformations and tessellations 

• explaining the Pythagorean theorem and its applications 

• identifying procedures for performing standard constructions and finding area, perimeter, 

and volume of standard geometric figures 
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The Shortest Path Problem 

COMMON CORE STATE STANDARDS: MATHEMATICS 
 

Grade Seven – Geometry 

Draw, construct and describe geometrical figures and describe the relationships between 
them, #1. 

PRESENTING EXPLANATIONS 

Help students through this lesson by using the information in this section. 

The examples presented in the form of problems are invaluable to the students. Be sure 

the students understand the concepts before they proceed to independent practice. 

You might want to ask students to restate the explanation once you have gone over it with 

them. 
************** 







This section begins the exploration of geometry with a classic problem reputed to be over 2000 

years old. The problem provides an opportunity for students to renew their interest in Geometry 

with a fun activity that may carry a surprise or two. 

Materials Needed 

Centimeter paper 

Metric ruler 

Protractor 

The Problem 

You are on a camping trip. While out collecting firewood, you notice your tent is on fire. You 

have a bucket with you. You are 600 feet from a stream. Your plan is to run to the stream, fill 

the bucket with water, then run quickly to the tent, which is 300 feet from the stream, to 

extinguish the fire. At what point along the river should you run to fill your bucket such that 

the total distance traveled is the least (minimum distance)?  The distance along the river is 

1200 feet. The picture on the next page will help visualize the problem. 

 
Relevant Numericon episode:  #23 “Electric Dreams” 

 
 

Shortest Path 
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Using a ruler and centimeter paper, make a scale drawing of the problem (1 cm = 100 ft). 

This problem provides an opportunity to introduce important geometric concepts and terms in a 

fun and informal way.  First task is to create a scale drawing to simplify the problem. Use 

centimeter graph paper (see reference in the Resources section at the end of this section). 

Students will need to discuss how to make a scale drawing. It is suggested that they use 1cm to 

represent 100 feet. Given the measurements in the problem, what distances on centimeter paper 

represent each of the distances in the problem? 

To simplify the scene, name your location with the letter A, the location of the tent as D and 

nearest points along river as B and C. A point is customarily named using capital letters. In a 

broken line or polygon we start with A and proceed in alphabetic order. The distance between 

two points, such as the distance from A to B is written AB = 600 feet. The distance from the tent 

to the river, point D to point C is written DC = 300 feet. The distance along the river between 

you and the tent, from B to C is written BC = 1200 feet. Students may have some familiarity 

with naming geometric objects from previous class work. When the object of discussion is the 

distance between two points, e.g., the length of the segment from A to B, it is written AB. If the 

object of discussion is the red line segment connecting A to B, it is written AB . This notation 

includes the points A and B and all the points in between. Notice AB is drawn perpendicular 

(90° angle) to BC and is drawn perpendicular to BC . The shortest distance from a point to a DC 

line is a line segment from the point perpendicular to the line. Why? 
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Let’s restate the problem in geometric terms. You are at point A. Your tent is at point D. You 

need to find a path to a point along segment BC where you fill the bucket with water then go to 

point D to put out the tent fire. Here is a sample path. 

Where along the path from B to C should you go to make the distance from A to P to D is the 

least? 

Some students will suggest that it doesn’t matter where you go on BC because the distance will 

be the same. Other students will suggest the shortest distance from A to P to D is to go directly to 

B then to D or traverse across to C first then to D. 

To find the shortest path (assuming not all paths are equal in distance) ask the students to make 

some measurements. Imagine the point P to be move along starting at point B. Start with point P 

at B. Measure the distance from A to P and the distance from P to D. We’ll abbreviate this 

operation as AP + PD. Record the result in a chart like the one below. Next, move P successively 

from B to C so that BP = 100 ft, 200 ft, 300 ft up to 1200 ft (at point C). Record the 

measurements in the chart. 
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In each case use a protractor to measure angles 1 and 2 as shown here. 

Angle 1 is the angle of approach (to the river) and is called the angle of approach. Angle 2 is the 
 

called the angle of leaving. It is encouraged that students use the correct terms since these are the 

terms they will encounter in later mathematics and science courses. Students will undoubtedly 

need some instruction on the proper alignment and reading of a protractor. Students are often 

unsure which scale to use. If students estimate the size of an angle before measuring it, i.e., acute 

and obtuse angles, the use of the correct scale is simplified. 
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Student Activity 
 

The Problem 

You are on a camping trip. While out collecting firewood, you notice your tent is on fire. You 

have a bucket with you. You are 600 feet from a stream. Your plan is to run to the stream, fill 

the bucket with water, then run quickly to the tent which is300 feet from the stream to 

extinguish the fire. At what point along the river should you run to fill your bucket such that 

the total distance traveled is the least (minimum distance)?  The distance along the river is 

1200 feet. The picture below will help visualize the problem. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Make a scale drawing of the river problem using centimeter paper or dot paper. Label the points 

and distances.   Complete the chart. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Which path represents the shortest path? What observations can you make about the relationship 

between angle of incidence and angle of reflection? 

 
The chart will reveal that the various paths are of different length. The shortest path occurs when 

the angle of incidence is equal to the angle of reflection. 
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Let’s return to the original problem. Is there an analytical way to find the shortest path regardless 

of the dimensions? 

An often-quoted rule of geometry states: “The shortest distance between two points is a straight 

line [segment].”  Recall our original problem required a trip to the river before returning to the 

tent. Is there a way to make the trip a “straight line” path? Yes and that path relies on using the 

concept of a reflection. If you look in a mirror, your image appears as far “behind” the mirror as 

your distance from the mirror. The closer an object is to a mirror the closer the image appears 

“behind” the mirror. 

 

Extension 
 
 

You are at a lake. You are on the beach at point A and your friend is on a raft in the lake. You 

want to run to the shore and swim to the raft to join your friend. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

1. What path would you take to take to make the distance from A to the Raft the least? 
 
 

2. What path would you take to make the distance you swim the least? 
 
 

3. What path would you take to make the distance you run on the beach the least? 
 
 

4. How do these questions relate to the River problem? 
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In the “river problem” the task is to take a straight line path to some point on the river then a 

straight line path to the tent such that the total distance is a minimum. 

Look at a diagram of the problem again. 

A “straight line” path can be established by reflecting point D across the line DC. 

The reflection of point D across line BC is a point D’ such that the distance from D to line BC is 

equal to the distance from D* to line BC and the line joining D and D’ is perpendicular (90°) to 

line BC. 

Draw the line segment ADintersecting line BC at point P.  Verify that the distance ADis 

the 

same distance AP + PD. Verification of distances can be determined either by direct 

measurement or using the scale drawing and counting grid lines. 

Page 7 
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Verify that the angle of approach is equal to angle of leaving. 

The river problem required a path to one straight segment (the river) then a path to the target (the 

tent). One reflection of the target point helped locate the point on the line segment yielding the 

shortest path. What if the problem required a path to two different segments? How many 

reflections would be needed? 

Activity 2 

Imagine this image to represent a pool table. Find a path so that the cue ball strikes two cushions 

before striking the cue ball. 
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Here is one possible solution. Step one, reflect the cue ball and object ball as shown. 

Step two; create line segments as shown. Check that the angle of incidence and angle of 

reflection are the same at each reflection point. 

 

Activity 3 
 

Invent your own story and problem that requires finding a shortest path from some starting point 

to a finishing point (the finish point could be the starting point). Share your story/problem with 

other class members. 
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Note to instructor:  The problem posed in episode 23 is a culminating exercise for students 

to show what they have learned from the experiences in this chapter. See the addendum on 

the next three pages. 

Web Resources 

Template for Centimeter Paper 
http://www.etacuisenaire.com/pdf/gridpaper.pdf 

http://www.teachervision.fen.com/tv/printables/scottforesman/Math_6_TTT_17.pdf 
 

Angle of Incidence and angle of Reflection 

http://mathforum.org/pow/solu13.html 

 
View Numericon episode 23 “Electric Dreams.” 

This episode asks students to find the shortest path from their ship to the asteroid belt to the comet 

debris trail to Planet X. 

 

http://www.etacuisenaire.com/pdf/gridpaper.pdf
http://www.teachervision.fen.com/tv/printables/scottforesman/Math_6_TTT_17.pdf
http://mathforum.org/pow/solu13.html
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Numericon Episode 23 Addendum 

For Students:  Restatement of the Shortest Path Problem 

The question: 
What are the first two steps to finding the shortest path from Your Ship to the Asteroid Belt to the 

Comet Debris Field to Planet X? 

Comet Debris Trail 

Point B: Planet X 

Point A: Your Ship 

A 

Asteroid Belt 

Shortest Path Addendum 
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For Instructors:  Possible Solutions to the Shortest Path Problem 

Answer choices: 
 

A.  Draw a segment straight down from Point A perpendicular to the Asteroid Belt then draw 

a line segment across and perpendicular to the Comet Debris Trail then draw a segment to 

Point B. 

B. Reflect Points A and B across the Comet Debris Trail. 
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For Instructors:  Possible Solutions (cont.) 

C. Reflect Point A across the Asteroid Belt and Point B across the Comet Debris Trail. 

Comet Debris Trail 

Reflection of B 

I 
B: Planet X 

mAIH = 65.19° 

B:  Planet  XIComet  Debris  T=r6ai5l .19° 

A: Your Ship 

A 

H 
Asteroid Belt 

mIHA = 54.89° 

mA:  Your  ShipHAsteroid  =Be5lt4.89° 

Reflection of A 

D. Go from Point A to any point on the Asteroid Belt; then go to any point on the Comet 
Debris Train; then go to Planet. 

Correct answer: C 
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Geometric Construction and Drawing 

COMMON CORE STATE STANDARDS: MATHEMATICS 
 

Grade Seven – Geometry 

Draw, construct and describe geometrical figures and describe the relationship between them, #2. 

PRESENTING EXPLANATIONS 

 Help students through this lesson by using the information in this section. 

 The examples presented in the form of problems are invaluable to the students. Be sure the students 

understand the concepts before they proceed to independent practice. 

 You might want to ask students to restate the explanation once you have gone over it with them. 

************** 

Classical geometry constructions use a straight edge (no distance markings) and a compass. The straight edge is 

for creating line segments and the compass is used to create circles and arcs. In the beginning we will follow 

these restrictions but relax them later on. This section is intended to appeal to students’ interest in visual 

activities and the creation of interesting shapes and drawings. 

The instruments to be used are straight edge and compass. Most teachers have rulers, not straight edges. Have 

students disregard the markings on the ruler and use the ruler only for drawing line segments. Compasses 
present a problem for some teachers and in some school environments. Some compasses are hinged devices 

with one side holding a pencil or pen and the other side with a sharp tip as in the picture on the left. Many 

schools will not permit these sharp instruments. Fortunately, there are many non-pointed devices available. The 

illustration on the right shows some that are available though educational suppliers. 

The first activity is open ended in that it has students use the construction tools to create a design. 

Activity 1 

Using only a straight edge (ruler without any scales) and a compass, create a drawing/shape of your own 

design. You may only draw straight line segments or circles/arcs. No free-hand drawing is allowed. Share 

your drawing(s) with your classmates. 

Geometric Construction & Drawing 
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Students may need help using a compass. The instructor may need to demonstrate how to set and spin the 
compass, concentrating on maintaining a fixed distance between point and pencil tip. Expect students to spend 

significant time learning to use the instruments. Encourage their creativity in designing and constructing 

different shapes. Quality time spent in this activity will pay significant dividends in subsequent activities. 

There are several basic constructions students need to be able to perform. The instructor should demonstrate 

these constructions and/or show this online resource. 

The first basic construction (Activity 2) shows how to copy a line segment. View the demonstration at 

http://www.mathopenref.com/constcopysegment.html.  Then, demonstrate it to the students. They should 

practice copying several line segments of varying lengths. 

The second construction (Activity 3) is very versatile: constructing a perpendicular bisector of a segment. 

See the demonstration at http://www.mathopenref.com/constbisectline.html. 

Constructing an angle bisector is the third basic construction (Activity 4). See the demonstration at 

http://www.mathopenref.com/constbisectangle.html. 

Activity 4 

Draw a triangle. Bisect each of the three angles. What do you observe?  Draw another triangle with one 

obtuse angle (more than 90° and less than 180°). Bisect the three angles. What do you observe? Repeat the 

exercise but start with a right triangle. What do you observe? 

 

Activity 3 

Draw a circle. Draw a segment through the center intersecting the circle at two points. What is the name of 

this special segment? Draw the perpendicular bisector of this segment. What different figures can you draw 

using this construction? Share these with your classmates. 

Activity 2 

Draw a circle. 
 

 
Keeping your compass at the same setting, choose any point on the circle and draw an arc 

with the radius of the circle.  Then, repeat this until you return to the starting point. 
 

 
How many points are marked around the circle? If you connected them, what kind of figure would you get? 

If you connect alternate points, what kinds of figures can you draw? 
 

 
Draw another circle and invent some other shapes and figures. Share your drawing with your classmates. 

http://www.mathopenref.com/constcopysegment.html
http://www.mathopenref.com/constbisectline.html
http://www.mathopenref.com/constbisectangle.html
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The instructor can point out that the intersection of the angle bisectors locate the center of the in-circle, a circle 

that touches each of the three sides of the triangle in a single point. The angle bisectors of a triangle always 

intersect inside the triangle. 

In contrast, the perpendicular bisectors of the three sides intersect inside, on, or outside the triangle for acute, 

right, and obtuse triangles, respectively. The intersection of the perpendicular bisectors locates the center of a 

circle that intersects the vertices of the triangle. This circle is the circumscribed circle of the triangle. 

This activity can be extended to include quadrilaterals, pentagons, hexagons, etc. 

In this section, the construction of parallel lines has not been included, but the instructor is certainly 

encouraged to extend this section to include that construction as well as other constructions, if time and interest 

permits. 

This section concludes with a look at optical illusions. The instructor can find examples of optical illusions on 

the Internet by searching on optical illusions. Print them in a larger size than provided in this activity.  Ask 

students to conduct their own search for optical illusions and share their findings with the other students. 

Activity 7 

a.  Construct a right triangle. Using a protractor, measure the three angles of the triangle (one angle is known 

to be 90° since it is a right triangle. What do you observe about the measures? 
 

 
b.  Using only a straight edge (ruler without measurement) and a compass, construct two line segments that 

are the same length. With this knowledge, construct a triangle with two equal sides (an isosceles triangle). 

Use your protractor to measure the three angles of your isosceles triangle. What do you observe? 
 

 
c. Draw any triangle with sides of different lengths. Measure the three angles. What do you observe? 

Activity 6 

Draw a triangle. Find the midpoint of each side.  Draw a segment from each midpoint to the opposite vertex 

of the triangle. In a triangle, the segment from the midpoint to the opposite vertex is called a median. What 

do you observe about the medians of a triangle? 
 

 
Use a piece of cardboard or heavy card stock and repeat this exercise. Cut out the triangle. Punch the point of 

a pencil into the cardboard at the point where the medians intersect. What do you observe? 

Activity 5 

Draw any triangle and construct the perpendicular bisectors of each side. What do you observe? Draw a 

different triangle (right, acute, or obtuse) and repeat the construction. What do you observe? 
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Activity 8 

These pictures are optical illusions. They show relationships that appear distorted or inaccurate. 

tools (compass, straight edge, or protractor) to analyze each picture. 

Use your 

Examine the three figures above. Are the lines parallel? 

In the figure on the left below, are the two inner circles the same size or is one larger? 

In the figure on the right below, is one segment longer than the other or the same size? 

 









©Alliance for Distance Education in California and Ohio Board of Regents  
209 

     

MatrixMath Instructional Guide Geometric Construction & Drawing 

Examine each of the figures below and on the next page. Is there anything wrong or puzzling? What is the 

illusion? 

Write a statement about each figure describing what you “see.” 
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Web Resources 

Excellent animated demonstrations of geometric constructions. Each animation can be played step-by-step or 

as continuous action. http://www.mathopenref.com/tocs/constructionstoc.html 

Directions for creating compass and straight edge constructions. 

http://whistleralley.com/construction/reference.htm 

Constructions using a compass only. http://www.cut-the-knot.org/do_you_know/compass.shtml 

Background information for teacher and advanced students on the nature and rules of Euclidean construction. 

http://www.geometer.org/mathcircles/construct.pdf 

Page 6 

 

http://www.mathopenref.com/tocs/constructionstoc.html
http://whistleralley.com/construction/reference.htm
http://www.cut-the-knot.org/do_you_know/compass.shtml
http://www.geometer.org/mathcircles/construct.pdf
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Area and Volume 

COMMON CORE STATE STANDARDS:  MATHEMATICS  
 

Grade Six – Geometry 
 

Solve real-world and mathematical problems involving area, surface area, and volume, #1.  

PRESENTING EXPLANATIONS 

Help students through this lesson by using the information in this section. 

The examples presented in the form of problems are invaluable to the students. Be sure the students 

understand the concepts before they proceed to independent practice. 

You might want to ask students to restate the explanation once you have gone over it with them. 







The relationship between measurement and geometry converge when the topics of area and volume arise. 

The concepts of area and volume relate properties of geometric shapes (two and three dimensions) to a 

measurement (square and cubic units). Typically, the study of area and volume reduces to the study of 

formulas quantifying the “size” of various two- and three-dimensional figures. 

The National Association of Educational Progress (NAEP) results indicate that students have a poor 

understanding of the formulas for area and volume  (and perimeter), frequently using perimeter formulas to 

calculate area or area formulas to calculate volume. This confusion has resulted in an overemphasis on 

formulas while neglecting conceptual understanding. Most mathematicians and mathematics educators now 

agree that procedural competence and conceptual understanding are necessary and coequal elements to 

becoming mathematically competent. 

Linear Measurement 
Before introducing students to area, a basic review of linear measure may be beneficial. Line segments are 

measured by use of a standard measuring device—a ruler (scaled in metric or Imperial). If students need 

practice measuring segments, use activity 1. 

 

 

Relevant Numericon episode:  #24  “Sentinel of the Dragon” 
 

Area and Volume 
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Area 
 

What is area? Ask students what they think area is. A frequent answer is area is “length times width.” Length 
times width is not a definition, it is a formula. 

Here are some common definitions of area: 

The area of a figure is the measure of a region enclosed by that figure; 

The amount of surface contained in a figure; 

The size a surface takes up; 

The number of square units that covers a shape of figure; 

The measure of space bounded by a 2-dimensional object. 

A ruler measures the 1-dimensional length of a line segment. To measure area, a standard square unit is used. 

A square of 1 cm on each side represent 

m
2 

= 

1 cm 

A square with sides 1 inch represents 1 square inch or 1in
2
. 

1 

  

s 1 square centimeter or 1 cm
2
. 

 

1 c 
 

   

   

 
 
 
 

1 in 

 

 

in
2  

= 
 

  

Activity 1 
Students are to work individually or in small groups. Give each group a standard ruler calibrated in either 

metric or Imperial or both. Each individual or group is to draw five line segments of different lengths on a 

single sheet of paper. On a separate paper, they are to record the length of each line segment measured as 

accurately as the ruler permits (tenths of a centimeter of appropriate fraction of an inch). Individuals or 

groups exchange their drawings and measure the segments and compare their results. 

Discuss any differences in measurements. Did some groups use metric measurement and others use Imperial? 

The instructor may wish to add additional activities, if students need more practice. Students could measure 

the length and width of the classroom, distance from the classroom to the main office, or some other 

appropriate location. Depending on the distance(s) to be measured, a discussion of appropriate units and tools 

of measurement would be helpful, i.e. inches/centimeters versus feet/yards/meters and a foot long ruler vs. a 

meter stick vs. a measuring tape. 
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How many one inch squares can be placed in a square three inches on each side? 

The area of a square three inches on a side is nine square inches (9 in
2
) because nine one inch squares exactly 

cover the square. 

For the next activity, download a dot graph paper and duplicate enough copies for class use. Use the URL 

provided: http://incompetech.com/graphpaper/squaredots 

(Settings: Centimeter, 8.5x11, border 1.0 cm, dot weight 3.0 pts, grid color black) 

Instructor note: For this activity, students could cut out a series of 1 cm squares from dot paper copies on a 

contrasting color paper. Those squares are used to perform the “covering” task called for in Activity 2. 

It is tempting to summarize how to find the area of a square by introducing the formula A=s
2 

where A is area 

and s is the length of a side of the square. However, this formula can be folded into the more unifying 

formula for the area of a parallelogram: A=bh where A is area, b is the base and h is height (a dimension 

perpendicular to the base). 

Using a transparency of dot paper, demonstrate for students how to model the area of a rectangle. Draw a 

rectangle of base 5 and height 3. Ask the students how they could determine the area of the rectangle. Create 

several additional rectangles to continue the group exploration of area of rectangles (e.g., 23, 42, 15). 

Activity 2 

Using the dot paper supplied by your instructor, draw a square 2 cm on a side. How many 1 cm square are 

needed to fill/cover the 2 cm square’s interior? What is the area of a square 2 cm. on a side? 

 
Using the dot paper, draw a square 4 cm on a side. How many 1 cm square are needed to fill/cover the 4 cm 

square’s interior? What is the area of a square 4 cm. on a side? 

 
Using the dot paper, draw a square 5 cm on a side. How many 1 cm square are needed to fill/cover the 5 cm 

square’s interior? What is the area of a square 5 cm. on a side? 

 
Without using dot paper, predict the area of a square 8 cm on a side. 

Without using dot paper, predict the area of a square 11 inches on a side. 

Without using dot paper, predict the area of a square 6 km on a side. 

 

 

http://incompetech.com/graphpaper/squaredots








©Alliance for Distance Education in California and Ohio Board of Regents  
214 

     

MatrixMath Instructional Guide Area and Volume 

 

  

 

Activity 3 
Using 1 cm dot paper, draw a rectangle with base 4 cm and height 3 cm. How many 1 cm squares are 

needed to cover/fill the rectangle? What is the area of the rectangle? 

Draw a rectangle of base 3 cm and height 6 cm. What is the area of the rectangle? How many 1cm 

squares are needed to cover the area of a 36 cm rectangle? 

Without drawing the figure, what is the area of a rectangle whose base is 12 cm and height is 7 

cm?  

What is the area of a rectangle with base 25 km and height 13 km? 
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Students can cut out centimeter squares and fit them inside the figures, or attempt to cut the parallelograms 

such as to form a new figure–a rectangle, to determine area. Ask different student groups to share their 

method with the whole class. 

Now, let’s explore finding the area of a triangle. Some students may know that a triangle is a “half rectangle.” 

Let students explore how to find the areas of the following figures. 

Allow students to discuss how they found the areas of the triangles. Let them generalize the notion that a 
triangle is just half a parallelogram, hence the formula for triangle area. 

To this point, students only need to use two formulas for solving area problems: 

A = b h 
 

and 
 

A = ½ b h 

for parallelograms 

for triangles 

Now, let’s put this together and find the areas of nonstandard shapes by decomposing them into squares, 
rectangles, parallelograms, and triangles. 

Activity 5 
Copy each figure onto 1 cm dot paper. Find he area of each triangle. 
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Area of a Circle 
 

A circle is a set of points equidistant from a given point called the center. The center is not part of the circle. 

The distance from the center to any point on the circle is a radius. A segment from a point on the circle 

through the center to the opposite side of the circle is a diameter. A diameter equals two radii (d=2r). 

The distance around the circle is called the circumference. The common ratio between the circumference and 

the diameter is the irrational number π (the Greek letter Pi). The value of π is approximately 3.14 (accuracy to 

hundredths place is more than adequate for the purposes of this section). 

Students can approximate the value of π by using string to find the distance around circles of various 

diameters (can lids, round trash baskets, DVDs, etc.) and then measuring the diameter of each object. 
Dividing the circumference by the diameter will yield a value of between 3.10 and 3.18. The more care taken 

with measurements, the more accurate the approximation of π. This is a good activity if students have not 

previously done this experiment. 

Activity 6 
Copy the figures to dot paper and find their areas. 
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Many students can recite the formula for the area of a circle: Area is equal to pi times the radius squared (A = 

πr
2
). Typically, students are given the formula without explanation or justification and then shown how it is 

put to use. 

While a formal proof for the area of a circle requires some calculus, students can be given a sense of the 

argument using a geometric motivation. 

Start with a circle divided into sectors (like pieces of pie). 

The distance around the circle (circumference) is π times diameter (πd). Since d=2r, the equation for 
circumference can be written C = 2πr. 

Next, “unzip” the circle interlacing the sectors as shown: 

The new shape resembles a parallelogram. The distance across the base is half the circumference or πr. The 

length of the slanted side is r. Now imagine cutting the circle into more sectors. Notice how the assembled 
parallelogram more closely resembles a rectangle. 

Now, further imagine cutting the circle into millions of sectors. The parallelogram becomes closer and closer 

to a rectangle as the number of sectors increase. The base of the “rectangle” is πr and the height is r. The area 

of the “rectangle” is πr
2
. 

 
If the number of sectors becomes arbitrarily large, the parallelogram becomes a rectangle and its area IS πr

2
. 

It can be argued that the area of a circle must be A= πr
2
. 
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Activity 7 

The distance around a circle, called the circumference, is C = 2πr. 

Let π = 3.14. Find the missing value. 

The area of a circle is A = πr
2
. 

1. If r = 5 inches, then A =    

2. If r = 12 cm, then A =    

If A = 50.24 m
2
, then r =    3. 

If A = 254.34 ft
2
, then r =    4. 

5. If C = 37.68 mm, then A =    

6. Find the area of the shaded portion of th 

5 cm 20 cm 

7. The picture below shows a circle inscribed in a square. Find the area of the shaded section. The sides 

of the square are12 inches each. 

8. Make up a problem similar to problems 6 and 7 above. Use your imagination. Share your   problem 

with other members of your 

  

 
 
 
 
 
 
 
 
 
 
 
 

class. 
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Volume 
 

The relationship between volume formulas and those of plane figures leads to similar confusion for students. 

Too often, the emphasis is for students to memorize formulas without an understanding of what volume 

represents. 

Volume is defined as: 

the amount of space occupied by a solid object; 
 

a measure of space or capacity; 
 

a measure of the number of cubic units needed to fill the space inside an object; 
 

a measure of the amount of space contained within a three-dimensional object. 


 


 


 



Students have a notion of volume already, although perhaps not as precise as needed. Previous discussions 
about length and area measure one- and two-dimensional objects. One-dimensional measurement quantifies 

length, usually measured in metric or Imperial units. If needed, review some of those standard units with the 

students. 

Two-dimensional measurements quantify area in units-squared. Area quantifies how much it takes to cover a 
given surface. 

Three-dimensional measurements quantify how much space is inside a 3-D object, such as a box or cube. As 

a demonstration, show students different size boxes and ask them to rank them in terms of how much each 
could hold. They know larger boxes contain more space than smaller boxes. 

Which box has the largest volume? Make a guess how many of the smaller boxes would be used to fill the 
larger box. 
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The view above shows the smaller box inside the opened larger box. 

Activity 8 

Your assignment is to find the volume of this box by determining how many standard cubes can 

fit inside. 

The Box Cubes 

Examine this image. 

How many cubes fit along the length of the box? 
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In this image, how many cubes fit along the width of the box? 

How many cubes would be needed to fill the bottom of the box? 

How many cubes high is the box? 

How many cubes will be needed to completely occupy the box? 

The volume of the box is    cubes. 

Instructor notes:  If you have access to unifix cubes, dice, or any cube sets, these exercises can be extended to 

include different size boxes giving students more experience dealing with volume. 

The next activity requires students to transfer measurements to dot paper, cut out the shape, and form it into a 

box (technically a parallelopiped). They may need assistance, in the form a demonstration, to properly 
assemble the solid. 
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Activity 11 
Find the volume of each solid. 

Remember, volume is equal to the area of the base times the height. 

6 mm 
6 km 

5 mm 
6 km 

13 mm 

6 km 

 
Activity 10 

Find the surface area of the box in Activity 9. 
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Volume of a Cylinder 
 

A cylinder is a three dimensional figure, two ends of which are parallel circles. A cylindrical volume 

is traced when a rectangle is rotated about on edge of the rectangle. 

 

  

  

 

 

Area and Volume 
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Surface Area of a Cylinder 
 

The surface area of a cylinder is found in a similar fashion to the surface area of a prism. First, find 

the area of the top and bottom then find the area of the side of the cylinder. At first glance students 

might not see how to find the area of side of a cylinder. A demonstration might help. 

Start with a can that has a paper label. 

Measure the diameter of the top and the height of the can. 

The surface area of the can is equal to the sum of the areas of the top and the bottom and the surface 

around the face of the can. The area of the top or bottom doubled will give the area for both top and 
bottom. Use 3.14 for the value of π. 

The bottom/base of the can measures 6.4 cm across. Therefore the radius of the base is 3.2 cm. 

The area of the bottom is 3.14 x (3.2 cm)
2 

or 32.15 cm
2
. The top has the same area, so the total area of 

the top and bottom is 64.15 cm
2
. Hold on to that result. 
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What about the side of the cylinder? Actually, the side is the label on the can. Unzip the label. What 
geometric shape is the label? 

op found by multiplying π times the diameter of the top (or bottom). 

area of the rectangle is 3.14 x 6.4 cm times 9.6 cm 

or 192.92 cm
2
. 

plus 192.92 cm
2  

or 257.07 cm
2
. 

for all cylinders is found in a simil 

agon.”  This episode asks students to calculate the 

cylinder. 

 
 
 

Examine the label more carefully. 

simply the circumference of the t 
 

 
 
 

Its height is 9.6 cm. What is the length of the label? The length is 
 

 

 
 
 
 
 
 
 
 
 
 
 
 

The area of the re 

circumference of 
 

 
 

The total surface 

 
The surface area 

 

  

 

Circumference of 
 

 
ctangle (the label) is equal to base 

the top; the height is 9.6 cm. The 
 

 
 

area of the cylinder is 64.15 cm
2

 

 

 

top/bottom = πd 
 

 
times height. The base is equal to the 

 
 
 
 
 
 
 

ar fashion. 
 

 
View Numericon 

surface area of a 
 

 
episode 24 “Sentinel of the Dr 
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Tilting the Plane: 
Tessellations 

COMMON CORE STATE STANDARDS:  MATHEMATICS  
 

Grade Six – Geometry 

Solve real-world and mathematical problems involving area, surface area, and 

volume, #3. 

PRESENTING EXPLANATIONS 

 Help students through this lesson by using the information in this section. 
 The examples presented in the form of problems are invaluable to the students. Be sure the 

students understand the concepts before they proceed to independent practice. 

 You might want to ask students to restate the explanation once you have gone over it with them. 

 
************** 

A tiling is the placement of flat geometric shapes in such a way that there are no gaps or overlaps. The 

most common shapes used for tiling are rectangles (hard wood floors) and squares (ceramic or 

linoleum). But other shapes are possible. The requirement for a tiling is that there be no overlaps and no 

gaps. 

When the shape is repeated over and over again the tiling is called a tessellation. A dictionary 

definition describes a tessellation as a pattern of squares or other shapes to form a mosaic. In 

mathematics, a tessellation is formed from repeated use of one or more shapes to completely cover a 

plane without gaps or overlaps. 

Below are examples of a tiling or tessellation. 

 

Tessellations 
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Here’s another example. Start with a simple parallelogram. Cut out a triangular section on one side and 

attach it to the opposite side. This results in an interesting tiling pattern. 

Tessellations can become quite complicated involving plane shapes of many sides. 

The pattern above is not a shape one might choose for a kitchen floor, but it does tile the plane when 

repeated indefinitely. 

So, why study tessellations? Where’s the math? In this section, students will explore properties of 
polygons, including the names of polygons and properties of their angle measures. 

Geometry is the study of points, lines, planes, and space. In the typical high school geometry course, 

these terms are left undefined (thus avoiding circular definitions). 

Any two points define a line; points that fall on the same line are called collinear points. 

Three non-collinear points determine a plane; four non-coplanar points determine space. 

The shortest distance between two points is measured by the line segment connecting those two points. 

Any other path connecting those two points will be of greater length. The distance from A to B is less 

than the distance from A to C to B. The measurement j is less than the measurement of k plus l. 
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The triangle inequality theorem states that the length of any side of a triangle is less than the sum of 

the other two sides. Triangles constitute the basic building blocks for all polygons. All polygons can be 

decomposed into a finite number of non-overlapping triangles. 

How much of this discussion do students need to know? They likely need all of it, but not in one huge 

dose. Use your judgment. Introduce terms and concepts as students proceed in their explorations. 

Introduce students to the term polygon. A polygon is a closed plane figure whose sides are consecutive 
line segments (sides) where each segment intersects exactly two other segments. 

Students best understand what a polygon is by showing examples. These five figures are polygons. 

These figures are not polygons. Why? 
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If students need practice distinguishing polygons from non-polygons, ask them to draw examples of 

each. Then share the examples in a group or whole class discussion. 

Probe students’ comments to insure they have the distinction clearly understood. What is the least 

number of sides a polygon can have? 

A Regular Polygon is a polygon with equal sides and angles. Show students examples of regular 

polygons. 

The names of polygons (regular or not) may be familiar to students. 

Which of these regular polygons tile the plane? 

Number of Sides Name 

3 
 

Triangle 
 

4 
 

Quadrilateral 

Trapezoid 

Parallelogram 

Rhombus 

Square 
 

5 
 

Pentagon 
 

6 
 

Hexagon 
 

7 
 

Heptagon 
 

8 
 

Octagon 
 

9 
 

Nonagon 
 

10 
 

Decagon 
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Students may discover they need to cut out more triangles than pentagons or octagons. 
The only regular polygons that tile the plane are the triangle, square, and hexagon. Why? 

 

Extension to Activity 1 

Use a protractor to measure the angles of each of the regular polygons. Is there a relationship between 

the angle measures and whether a shape tiles the plane? 
 

 
Activity 1 

Which regular polygons will tile the plane? Cut out several copies of each of the regular polygons 
provided and determine which will tile (tessellate) the plane. 

 
Triangle  Square  Pentagon 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Hexagon Heptagon Octagon 
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This next activity challenges students to invent a shape that will tile the plane. There is no specification 
as to the number of sides. To stimulate student interest, show various examples of some nonstandard 

tessellations. 

Examples can be found at these URLs. Of course, probably the most famous inventor of tessellation is 

the world-renowned artist, M. C.  Escher. 

http://www.mcescher.com/Gallery/gallery-symmetry.htm 

http://www.geom.uiuc.edu/~demo5337/Group4/Tsslatns.html 

http://mathpuzzle.com/Tessel.htm 

http://mathcentral.uregina.ca/RR/database/RR.09.96/archamb1.html 

Tessellations with Parallelograms 

Here is one way to produce a tessellation using parallelograms as the starting image. 

Start with a generic parallelogram. 

Cut a triangular section out of one side and attach it to the opposite side. 

Cut out multiple copies of this shape. It will tessellate the plane. 

 
Activity 2 
What non-regular polygons will tile the plane? 

 
For example, can you create a pentagon that will tile the plane? Can you find a four-sided figure (not a 

square) that will tile the plane? Is there a triangle (not equilateral) that will tile the plane? 

 
Measure each of the interior angles of each set of shapes. Do the size of the angles play any part in 

determining if the figure will tile the plane? Share your results with other class members. 

 
What conclusions can you form? 

 

 

http://www.mcescher.com/Gallery/gallery-symmetry.htm
http://www.geom.uiuc.edu/~demo5337/Group4/Tsslatns.html
http://www.geom.uiuc.edu/~demo5337/Group4/Tsslatns.html
http://mathpuzzle.com/Tessel.htm
http://mathpuzzle.com/Tessel.htm
http://mathcentral.uregina.ca/RR/database/RR.09.96/archamb1.html
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Here is another variation. 

This technique can be demonstrated to students very easily. Stack four pieces of construction paper. Cut 

a triangular section out of the four stacked pieces of paper and tape the triangle section to the opposite 
side. Arrange the new shapes to demonstrate the tessellation. 

 
Activity 3 

Create a shape of your own design that tiles the plane. You may use any of the previously explored 

shapes as a starting point or invent a completely new design of your own. Create as many different 

tessellations as you want and share them with your classmates. 
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A final activity involves the use of pentominoes. Pentomino pieces consist of all the ways in 
which five squares can be arranged with entire edges matching. Here are the twelve pentomino 

pieces, identified by the letters of the alphabet they resemble. 

These can be cut out after tracing the shapes onto dot paper. A challenge is to use all of the pieces, 

without any overlaps, to form a rectangle. The pieces can be moved in any of the three transformations: 

rotation, translation, and reflection. 

The possibilities are 

6 x 10 

5 x 12 

4 x 15 

3 x 20 

While there are several thousand different ways of forming a rectangle using just these twelve shapes, 

the solution is surprisingly challenging. 

Here are some solutions. 

6 x 10 3 x 20 5 x 12 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

     Activity 4 

     Copy the twelve pentominoes shapes onto dot paper and cut them out. Use the twelve 

     pentominoes to form a rectangle. 
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The Pythagorean Theorem 

COMMON CORE STATE STANDARDS: MATHEMATICS 
 

Grade Eight – Geometry 

Understand and apply the Pythagorean Theorem. 

PRESENTING EXPLANATIONS 

 Help students through this lesson by using the information in this section. 
 The examples presented in the form of problems are invaluable to the students. Be sure the 

students understand the concepts before they proceed to independent practice. 

 You might want to ask students to restate the explanation once you have gone over it with them. 

************** 

In this section, students will explore and use a property of right triangles known as the Pythagorean 

Theorem or the Theorem of Pythagoras. The theorem is named for Pythagoras of Samos who lived in 

the fifth century BC. He was a mathematician, scientist, and mystic. 

The theorem to which Pythagoras’ name is attached was known to several much older civilizations. The 

ancient Babylonians knew of the theorem as documented in a clay tablet dating from 1900 BC. The 

Egyptians used the theorem to form right angles (actually, they used the converse of the Pythagorean 

Theorem—more on that later) to lay out foundations for buildings and other structures. 

The Chinese used and proved the theorem as far back as 1000 BC. A diagram similar to this Chinese 

artifact will be used to demonstrate the Pythagorean Theorem. 

 
Relevant Numericon episode: #25 “Lair of Darkness”  

 

Pythagorean Theorem 
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Before introducing the theorem, some background content is useful. A triangle is a polygon with three 

sides and three angles. In any triangle, the sum of the angles is 180°. From the triangle inequality, it is 

know that the sum of any two sides exceeds the length of the third side. 

There are several classifications of angles. An angle of 90° is a right angle.  An angle of less than 90 is 

an acute angle. An angle greater than 90° but less than 180° is an obtuse angle. An angle of 180° is a 

straight angle. Angles greater than 180° but less than 360° are reflex angles. Reflex angles will not 

enter this discussion. 

Triangles are classified by the length of their sides and the size of their angles. 

 A triangle with no sides equal is called a scalene triangle. 
 

 A triangle with at least two equal sides is an isosceles triangle. 
 

 A triangle with three equal sides is an equilateral triangle. 

(An equilateral triangle is also an isosceles triangle.) 
 

 A triangle with all three angles less than 90° is called an acute triangle. 
 

 A triangle with one 90° angle is a right triangle. 
 

 A triangle with one angle greater than 90° but less than 180° is an obtuse triangle. 

Why can’t a triangle have more than one right or obtuse angle? 

The right triangle carries some of its own unique vocabulary and notation. The right angle in usually 

signaled by a small square at its vertex. (See the figure on the left below.) The two sides forming the 
right angle are called legs and their lengths are noted with the letters a and b. The longest side, the side 
opposite the right angle, is called the hypotenuse. The length of the hypotenuse is labeled c. (See the 

figure on the right below.) 

The first activity allows students to explore right triangles and begin to think about the relationship 

among the sides. The right triangles can be formed using centimeter dot paper. The missing side can be 

found using a centimeter ruler. The diagrams provide guidance for the first two triangles. Students can 

use dot paper, graph paper, or geoboards to illustrate these examples 
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The Pythagorean Theorem 

In a right triangle with legs a and b and hypotenuse c, then a
2 + b2 = c2. 

This theorem is used to find missing sides of a right triangle. The hypothesis of the theorem is that the 

triangle is known to be a right triangle therefore a
2 

+ b
2 

= c
2
.  The Pythagorean Theorem is not used to 

prove a triangle is a right triangle. 

 
Activity 1 
Draw a right triangle with sides of the given lengths. What is the length of the third side? 

Triangle 1: legs of length 3 and 4 

 
 

3 
 
 
 
 

4 
 

 
Triangle 2: legs of length 6 and 8 

 
 
 
 
 
 

6 
 
 
 
 
 

8 

Triangle 3: Draw a right triangle with legs of length 5 and 12. 

Triangle 1: The length of the sides are 3 4    
 

Triangle 2: The length of the sides are 6 8    

Triangle 3: The length of the sides are 5 12    

 

Is there a relationship between the length of the legs and the third side (the hypotenuse)? 

 
Discuss this with your group and other classmates. 
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Use your answers from Activity 1 to verify that a
2 

+ b
2 

= c
2
. For example, in triangle 1 you found that 

Geometric “Proof” 
The diagrams below provide a geometric argument to support the theorem. Start with a square with an 

embedded square whose vertices lie on the larger square. 

There are four right triangles surrounding the inscribed square. Label the lengths of the legs of one of 

the triangles a, b, and c. 

 
Activity 2 

 

the missing side had length 5. Does 3
2 

+ 4
2 

= 5
2
? 

Perform the same check for triangle 2 and triangle 3. 
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The area of the gray square is c
2. 

Now slide the lower right triangle across the square to rest against the upper left triangle. 

Next, slide the lower left triangle to the right. 
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Recall that the gray area is still equal to c
2
. 

Finally, slide the upper right triangle down to touch the bottom triangle. 

What is the area of the two gray squares? 
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The area of the square in the lower left is a2 while the area of the larger gray square is b2. But the gray 
area also has area c2. 

= 

Therefore then a
2 

+ b
2 

= c
2
. 

The instructor can show this demonstration during a whole class discussion or students can make the 

four triangles and large square and explore the demonstration on their own. 
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Algebraic “Proof” 
Here is an algebraic/geometric interpretation of the Pythagorean Theorem. The algebra may be 
beyond the scope of most middle school students but is presented here for those instructors who 
feel their students can follow the process. Start with a square inscribed in another square and 
the given labeled dimensions. 

What is the area of the large square? 

One way to find the area is to find the product of the length and width of the large square. Its length is 
a + b and width also a + b. The area will be the product of (a + b) • (a + b). 

to non-algebra students? Let’s use a multiplication matrix. 

How is this demonstrated 

The product of  (a + b)• (a + b) = a
2 +a•b + a•b + b2. 

 

This simplifies to (a + b)• (a + b) = a2 +2a•b + b2. 
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Next, find the area by computing the area of each of the pieces of the large triangle: four right triangles 

and one interior square. 

The area of the inner square is c
2. The area of one triangle is ½ ab. 

The area of the large square is the sum of the inner square and four triangles: 

c
2  

+ ½ ab + ½ ab + ½ ab +½ ab. 
 

c2  + 2ab 
This simplifies to 

This representation of the area must be equal to the first calculation. 

a2 +2a•b + b2
 

 

a
2 

+2a•b + b
2
 

 

a2 + b2
 

= c2  + 2ab 
 

= c
2  

+ 2ab 
 

= c2
 

Not all students will follow this rather complicated and long argument. It is up to the instructor as to 

the value of showing it to all students. Mathematics educators are challenged, however, to provide 
powerful mathematics to students. This proof certainly qualifies as powerful. 

The Converse of the Pythagorean Theorem 

In a triangle with sides a and b and c and a2 + b2 = c2, then the triangle is a right triangle. 

This version of the theorem is used to prove a triangle is a right triangle. Will students mix up these two 

theorems? Yes. Will they fail to understand the significant, but to them subtle, difference between the 
two statements? Yes. 

Discuss with students the meaning of the two statements. a2 + b2 = c2 is true if the triangle is a right 

triangle, and if a2 + b2 = c2 is true then the triangle is a right triangle. The usual classroom practice is to 
now give students a series of right triangles and have them calculate the missing side, either leg or 

hypotenuse. That practice won’t be neglected here either, but some caution needs to be exercised. 

Students should not be given an interminable set of triangles (or rectangles, squares) to find the missing 
side(s). A mix of practice and practical applications is the goal. Secondly, it should be noted that the 

examples given thus far yield convenient whole number solutions. That isn’t the real world. 

For example, how will students handle a problem like this? 
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Given the right triangle above with legs each 3 cm. What is the length of the hypotenuse? 

The solution is found using 32 + 32 = c2. With some manipulation it is found that c2 = 18. 

What is the value of c? The question is: what number times itself is 18? Some students will quickly 

answer 9, but 9 times 9 is not 18. Think again. It can’t be 4, because four times four is sixteen. It can’t 

be five, because five time five (or 52) is 25. Eighteen is between 16 and 25. The answer must be 
between four and five. 

Students may be familiar with square root notation (). The answer can, of course, can be written 

and simplified to 3  . Writing radicals in simplest form is a daunting task even in a high school 

algebra class. For purposes of simplicity have students write the answer as 

rational equivalent is desired. 

and use a calculator if a 

In the next set of activities, the instructor may need to discuss problem-solving strategies with students 

before expecting them to work independently or in small groups. Additional problems similar to these 

can be found in high school geometry texts and many middle school texts. 

Next, students will examine questions that apply the Pythagorean Theorem to “real world” situations. 

Activity 3 

 
Use the Pythagorean theorem to find the missing length. 

 

Copy the figures onto centimeter dot paper and use a ruler to measure the missing length. Is your 

measured value approximately the same as the calculated value? 
 

18 

2 

18 
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Next, students will apply the Converse of the Pythagorean Theorem to determine whether triangles are 

right triangles. 

triangles are right triangles. If in a triangle with sides a, b, c, and a2 + b2 = c2, then the triangle is a right 

 

Activity 5 
 

You will use the converse (a backwards version) of the Pythagorean Theorem to determine if the given 

triangle. 

Which of these triangles are right triangles? Do not make a decision based on what the drawing looks 
like. Remember the section on optical illusions–what objects look like is not necessarily what they 

actually are. 
 

Activity 4 

For each problem, make a drawing matching the description. 

 
1.   A baseball diamond is a square ninety feet on a side. What is the distance from home plate to 

second base? Write your answer correct to the nearest tenth of a foot. 

 
2.  An airplane flies 15 miles due north; then turns due east and flies 20 miles. To the nearest 

tenth of a mile, how far is the airplane from the starting point? 

 
3.  A large screen television has a screen that measures 43 inches wide and 24 inches tall. What is 

the distance from the top left corner to the bottom right corner? (When stores advertise the 
size of a television it is the distance from corner to corner that is used.) 

 
4.  A ladder is leaned against the side of a building. The ladder is 16 feet long and the foot of the 

ladder is 4 feet from the base of the building. How high up the wall does the ladder reach? 
Write your answer to the nearest tenth of a foot. 
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ty 6 

d in a house. The door jam is found to be 36 inches wide and 77 
inches high with a diagonal measurement of 85 inches. Is the opening for the door square? 

2. A parallelo 
rectangle? Don’t trust the picture. 

3. Marie built a table. The width of the tabletop is 18 inches and the length is 36 inches. The 
diagonal (one corner to the opposite corner) is 41 inches. Is this table square? 

 
Finally, students will solve problems that apply the converse. 

 

  

 
1.  A door is to be installe 

  

    

  

 









©Alliance for Distance Education in California and Ohio Board of Regents  
248 

     

MatrixMath Instructional Guide Pythagorean Theorem 

Web Resources 

http://en.wikipedia.org/wiki/Pythagorean_theorem 

http://www.cut-the-knot.org/pythagoras/index.shtml 

http://www.halexandria.org/dward096.htm 

http://www.learner.org/channel/courses/learningmath/geometry/session6/index.html 

http://www-groups.dcs.st-and.ac.uk/~history/HistTopics/Babylonian_Pythagoras.html 

http://books.google.com/books?hl=en&id=qBHQux4nSBAC&dq=pythagorean+theorem&printsec=fro 

ntcover&source=web&ots=3vlU_qfxyv&sig=y2_dzG2IpmFTIl0iZXwyq2VZfkg 

 

 

View Numericon episode 25 “Lair of Darkness.” This episode asks students to calculate a distance 

using the Pythagorean Theorem. 
 

 

http://en.wikipedia.org/wiki/Pythagorean_theorem
http://www.cut-the-knot.org/pythagoras/index.shtml
http://www.halexandria.org/dward096.htm
http://www.learner.org/channel/courses/learningmath/geometry/session6/index.html
http://www-groups.dcs.st-and.ac.uk/~history/HistTopics/Babylonian_Pythagoras.html
http://books.google.com/books?hl=en&amp;id=qBHQux4nSBAC&amp;dq=pythagorean%2Btheorem&amp;printsec=fro
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Similar Figures 

COMMON CORE STATE STANDARDS:  MATHEMATICS 
 

Grade Seven – Geometry 

Draw, construct and describe geometrical figures and describe the relationships between 

them, #1. 

PRESENTING EXPLANATIONS 

Help students through this lesson by using the information in this section. 

The examples presented in the form of problems are invaluable to the students. Be sure 

the students understand the concepts before they proceed to independent practice. 

You might want to ask students to restate the explanation once you have gone over it with 
them. 







************** 

Similar figures have the same shape, but not necessarily the same size. 

Similar figures display the following characteristics: 

Corresponding sides are proportional. 
 

Corresponding angles are equal in measure. 


 



(For completeness: figures containing curved boundaries have corresponding curves proportional 

in arc length, and the radii of curved parts are equal.) 

An example of two similar triangles is on the following page. 

 

 

Relevant Numericon episode:  #26  “Out of the Warp”  
 

Similar Figures 
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It is clear that the sides are proportional and corresponding angles are equal: 

A = D = 53° 

B = E = 90° 

C = F = 37° 

be described as figures that can be h a finite 

involves moving a figure in a verti n or a 

o. 

The black hexagon can be made to coincide with the green hexagon by a translation to the right 

ion preserves both size and shape of figures. 

 

 

View Numericon episode 26 “Out of the Warp.”  This episode asks students to find a missing 

side using the proportionality property of similar figures. 

 

 

 

ons: translation, reflection, rotation, 
 

 

 

 
 

Similar figures can also 

number of transformati 

 
Translation of a figure 

combination of the tw 
 

 

 
 

made to coincide throug 

and dilation. 

 
cal or horizontal directio 
 

       

   

f 
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A reflection is a mirror image of one geometric figure across a line of symmetry. 

The blue irregular hexagon will coincide with the red figure by reflecting the blue figure across 

the black line. One figure is the mirror image of the other. Reflection preserves both size and 

shape of figures. 

Rotation transformation spins a figure about a center. Imagine a figure on the edge of a circle. If 

the figure is moved about the circumference of the circle, the movement is a rotation. 

If the blue hexagon is rotated 90° counter clockwise about the center of rotation, it would 

coincide with the green hexagon. If the blue hexagon is rotated 90° counter clockwise, it would 

coincide with the red hexagon. 

Notice that a 180° rotation results in the same figure as a reflection across a line of symmetry 

passing through the point of rotation. All rotations have clockwise rotations that generate 

equivalent results. Again, rotation preserves angle measure and the length of sides. 

The transformation of figures through translation, reflection and rotation preserve angle size and 

length of segments. Figures that can be made to coincide through any finite number of 

translations, reflections, and rotations are said to be congruent () figures. Congruent figures are 
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figures that are the same shape and size. Recall that similar figures require only that they be the 
same shape. 

Dilation is a transformation that changes that magnifies or reduces the size of figures but 

preserves angle measures. 

The dilation is in the ratio of 3:1. Measuring corresponding sides of the blue and red figures will 
verify this ratio. Using a protractor, it is possible to verify that the angles have been preserved. 

The figures are similar, because corresponding angles are equal and sides proportional.  (It is 

understood that to create the figure above, the blue hexagon has been dilated in a ratio of 3:1 and 

translated to the right to illustrate the figures side-by-side.) 

The dilation is “traceable” by connecting corresponding vertices with a ray. In the drawing 

below, each vertex in the blue hexagon is drawn through the corresponding vertex in the red 
hexagon and extended. Notice they intersect in a common point. 

To reiterate, similar figures are figures that can be made to coincide through a finite number of 

transformations: translation, reflection, rotation, and dilation. Similar figures have the same 
shape and proportional dimensions. 

Students can be show the four transformations either in whole class discussion or in small group 

instruction. The use of those transformations can be illustrated in this first activity. 
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The instructor will need to assemble a series of various shapes. Two such collections are shown 

below. 

The collection on the left has many different sizes of triangles and quadrilaterals, some of which 

are similar. The collection on the right contains a wider variety of figures most of which are 

similar and some are congruent. The types of collections can be purchased from the usual 

educational supply houses, cut out using an Ellison die cut machine, or cut from construction 

paper. 

Before turning students loose on these shape assortments, the instructor should involve the class 
in a discussion of how they will determine if two shapes are similar. Demonstrate how to 

ty 1 

des and angles to verify if they are similar or not. To report on your findings, draw a 

of the different shapes you find and label any measurements you make. Write any 

ions you create and show how they are all equal to each other. 

a sample sort. 

aller rectangles are congruent and the larger are also congruent. This can be confirmed by 

ing each pair, so that the rectangles coincide. 

 
measure the corresponding angles. Measure the corresponding sides and show that the sides are 

proportional by setting up a proportion and showing the proportions are equal. 
 

Activi 
 

Using t 

their si 

sketch 

proport 
 

 
 

Here is 
 

 
 
 
 
 
 
 
 
 
 
 
 
 

The sm 

translat 
 

 

 

  

 
he shape collection provided, sort the shapes into those that appear to be similar. Measure 
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Are the small rectangles similar to the larger rectangles? They certainly appear so. Measurements 

of the corresponding sides, however, confirm they are not. 

The lengths of the corresponding sides are: 

Large rectangle: 14.5 cm x 6.3 cm 

Small rectangle: 8.9 cm x 5.1 cm 





Ratios of corresponding sides 

14.5 
2.3 

6.3 

8.9 

5.1 
1.7

 

The ratios of the corresponding sides are not equal. The rectangles are not similar. 

Often, the properties of similar figures are used in cases in which it is known the figures are 

similar. The object is to find some missing dimension or angle using the properties of similar 

figures. 

The example shown below should be shared with students. They worked similar problems in the 
Ratio and Proportion guide, which is part of this MatrixMath series. 

Find the value of x in the pair of triangles if it is known the triangles are similar. 

A proportion can be established: 

6 11 
15 x 

6x = 165 
x = 27.5 

Answer:  The length of the missing side is 27.5 cm. 
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Activity 2 
 

Read each question and find the missing value(s) by writing a proportion and solving that 

proportion. 

 
Jason looks in a mirror and sees the reflection of the top of a building. He knows the distances as 

labeled in the picture. 

 
 

 

To the nearest foot, how tall is the building? 

 
If each floor of the building is 10’ tall, how many stories tall is the building? 
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Term Definition 

acute angle 

ángulo agudo 
 

an angle with degree measure less than 90º 
 

angle bisector 

bisectriz del ángulo 
 

a ray that divides an angle into two equal angles 
 

angle of approach 

ángulo de enfoque 

angle between a ray incident to a surface and the surface 
 

angle of leaving 

ángulo de salida 

angle at which a ray leaves a surface and the surface 
 

area 

área 
 

the measure of the surface of an object 
 

bisect 

bisecar 

to divide an object into two equal parts 
 

circle 

círculo 

a set of points equidistance from a given point called the center 
 

circumference 

circunferencia 

the perimeter of a circle 
 

circumscribed circle 

círculo circunscrito 

a circle that contains the vertices of a triangle 
 

collinear points 

puntos colineales 

points that are contained in the same line 
 

congruent figures 

figuras congruentes 
plane or space figures whose corresponding sides are congruent and 
whose corresponding angles are congruent 

diameter 

diámetro 

a segment that passes through the center of a circle and has 

endpoints on the circumference 

dilation 
dilatación 

a transformation that preserves shape but not size 
 

distance 

distancia 

the distance between two points is the length of the line 

segment between them 

in-circle (inscribed circle) 

círculo inscrito 

a circle that touches exactly one point on each side of a triangle 
 

line segment 

segmento de linea 

the set of two points and all the points between them 
 

median 

mediana 

In a triangle, a median is a line segment connecting a vertex to the 

midpoint of the opposite side of the triangle. 
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midpoint 

punto medio 

the point on a line segment that divides it into two equal 

segments 

obtuse angle 

ángulo obtuso 

an angles whose measure is between 90º and 180º 
 

optical illusions 

ilusiones ópticas 

visually perceived images that differ from objective reality 
 

pentomino 

pentaminó 

an arrangement of 5 unit squares, each of which has at least one edge in 

common with another 

perimeter 

perímetro 

the distance around a figure 
 

perpendicular bisector of a 
line segment 

bisectriz perpendicular 

a line perpendicular to the segment at its midpoint 
 

pi (π) 

pi 

an irrational number that is the ratio of the circumference of a circle to 

its diameter 

polygon 

polígano 

a closed plan figure formed by line segments that intersect 

only at their endpoints 

quadrilateral 

cuadrilátero 
 

a polygon with four sides; quadrilaterals with special characteristics 
have names that denote those characteristics, i. e., square, rectangle, 

rhombus, trapezoid, parallelogram 

radius 

radio 
a line segment that joins the center of a circle to a point on 
the circle 

reflection 

reflejo 
 

The image of a point reflected though a line is the same 

distance from the line as the point. Images of figures reflected in this 
way are congruent to the original figure. 

regular polygon 

polígano regular 

a polygon all of whose sides and angles are congruent 
 

right angle 
ángulo recto 

an angle whose measure is 90º 
 

rotation 

rotación 
 

a transformation that turns all points in a figure around a given point 

called the center of rotation; the rotated figure is 
congruent to the original figure 

scale drawing 

dibujo a la escala 
 

an enlarged or reduced  drawing that is mathematically 

similar to the actual object; the ratio of the distance in the drawing to 

the corresponding actual distance is the scale of the drawing. 

similar figures 

figuras similares 
plane or space figures whose corresponding sides are proportional and 
whose corresponding angles are congruent 

surface area 

área de superfície 
 

the sum of the areas of all the faces of a polyhedron 
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tangent 

tangente 
 

Two figures are tangent if they have exactly one point in common; in a 

circle a tangent line is perpendicular to the radius drawn to the common 

point 

tessellation 

teselación 

a tiling of the plane by a collection of figures that fill the plane  with no 

overlaps and no gaps 

transformation 

transformación 

an operation that changes the position or size of a figure 
 

translation 

traslación 
 

an operation that moves all points in a figure to a new 

position using the same rule; a translated figure is congruent 

to the original figure 

triangle 
triángulo 

 

a polygon with three sides; triangle can be classified by angles as acute, 
right, or obtuse; triangles can be classified by the number of congruent 

sides as scalene, isosceles, or equilateral 

volume 

volumen 

a three-dimensional measurement giving the amount of space contained 

within an object 
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Numericon Titles / Problems / Answers 

Geometry 

 

Episode 23 “Electric Dreams”  

Problem: Your ship is at Point A. Shah Khan’s home is at Planet X, Point B. To stock up on fuel, you 

need to collect elements from an asteroid belt and a comet debris trail. What are the first two steps to 

finding the shortest path from your ship to the asteroid belt to the comet debris trail to Planet X? 

Answer: C. Reflect Point A across the asteroid belt and Point B across the comet debris trail. 

 

Episode 24 “Sentinel of the Dragon”  

Problem: A cylinder has a uniform thickness of 4 meters and a diameter of 30 meters. Using pi = 3.14, 

what is the approximate surface area of the cylinder? 

Answer: B. Between 1500 and 2000 square meters. 

 

Episode 25 “Lair of Darkness”  

Problem: You know that CE plus ED equals 50. CA is 15 and DB is 25. You also know that CE + ED 

represents the shortest path from C to the line AB to point D. What is the distance from A to B? 

Answer: D. Greater than 25 

 

Episode 26 “Out of the Warp”  

Problem: You imagine a problem that relates a large figure to a smaller scale model. Given the known 

dimensions, find the height of the larger figure. 

Answer: C. Between 25 and 30 meters 

 

 

 

 

 

 

 

 

 

 




