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Abstract

Topological methods are emerging as a new set of tools for the
analysis of large genomic datasets. They are mathematically
grounded methods that extract information from the geometric
structure of data. In the last few years, applications to evolutionary biology, cancer genomics, and the analysis of complex
diseases have uncovered significant biological results, highlighting their utility for fulfilling some of the current analytic
needs of genomics. In this review, the state of the art in the
application of topological methods to genomics is summarized,
and some of the present limitations and possible future
developments are reviewed.
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Introduction
Since the advent of next-generation high-throughput
sequencing in the past decade [1e3], there has been an
explosion of available genomic data, accelerating research
in most areas of biology. Simultaneously, the nature and
size of these data are posing challenges to traditional
computational methods, which are largely based on clustering and combinatorics. In some cases, the nature of
existing data is not suited to current approaches (for
instance, the continuous nature of cell differentiation is
not suited to clustering methods); in others, its size makes
the analysis infeasible with current computing resources.
New computational approaches are needed in systems
biology to address these challenges.
Topological data analysis (TDA) [4e7] has recently
emerged as a framework for extracting information from
the geometric structure of data. TDA encompasses a
www.sciencedirect.com

number of computationally fast methods particularly
tailored to the analysis of continuous data structures. In
recent years, TDA has proven useful in several biological
contexts, including the study of horizontal evolution
[8,9], cancer genomics [10,11], complex diseases [12,13],
disease spreading [14], chromatin folding [15], and gene
expression [16,17]. In this note, the main rationale
behind some of the applications of this emerging field to
genomics is reviewed. For a more technical introduction
to TDA (not necessarily in the context of genomics), the
reader may also consider [4e7].

The notion of phase space
In the last century, the development of modern
physics has been partially driven by the incorporation
of a few key concepts. A phase space is the spatial
representation of all possible states of a dynamical
system, where each point uniquely identifies a state.
This simple but powerful idea emerged in the second
half of the 19th century [18], during the golden era of
differential geometry, and it is at the core of modern
classical, quantum, and statistical mechanics. The
trajectory that a dynamical system describes in the
phase space as it evolves with time contains rich information about the system. For instance, by looking at
the shape of the trajectories that a pendulum describes in its phase space, we can infer the existence of
different dynamical regimes, or the ratio between the
length of the pendulum and the acceleration of gravity
(Figure 1).
Physical systems like the pendulum are usually defined
in terms of a set of mathematical equations which
determine their time evolution. The phase space of the
system can be derived from these defining equations
with absolute precision. Biological systems, such as
living cells or organisms, are in this respect very
different from most physical systems. They contain a
vast number of interrelated degrees of freedom that
behave very differently from each other (consider, for
instance, the protein levels of a cell). The behavior of a
biological system in general cannot be described in
terms of a simple set of equations, and it is often unclear
what the “right” variables to characterize the system are.
Additionally, biological systems are intrinsically noisy.
Thus, the idea of phase space has been traditionally of
very limited use in biology.
In the last decade, however, biological sciences have
experienced a major technological revolution with the
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Figure 1

of two samples (for instance, as measured by the correlation of their mRNA levels). Samples could be as
diverse as single cells from a cellular differentiation
process or disease progression, or tumors from a crosssectional cancer study. Another example, discussed
below, is genetic phase spaces. Each point in these
spaces represents the genetic sequence of a sample and
distances between points indicate genetic distances.
Trajectories in a genetic phase space are the result of
evolutionary processes and contain a great deal of information about those processes.

Topology, topological data analysis, and
persistent homology

The phase space of a simple pendulum without friction. The phase
space of a simple pendulum is a two-dimensional cylinder, where the
periodic coordinate corresponds to the angle (q) of the pendulum with
respect to the vertical, and the longitudinal coordinate to its angular velocity (v). Each point in this space specifies a unique combination of the
position and velocity and uniquely determines the subsequent evolution.
For small angular velocities, the pendulum oscillates back and forth
around the equilibrium point. For large velocities, the pendulum describes
a circular motion. These two regimes are represented by qualitatively
different trajectories in the phase space which cannot be continuously
deformed into each other (in mathematical terms, they are homotopically
inequivalent). By just looking at the shape of the trajectories in the phase
space, we can extract information about a dynamical system. The dynamics of the simple pendulum is fully described by a differential equation
depending on the length of the pendulum (l) and the acceleration of
gravity (g). In biological systems the mathematical equations describing
trajectories in the phase space are usually unknown, but current technologies allow to reconstruct trajectories from high-throughput
measurements.

advent of next-generation high-throughput sequencing
[1e3]. Determining the DNA sequence of an organism
or measuring the mRNA, methylation, or protein levels
of a sample are now accessible tasks to most laboratories.
Remarkably, the most recent advances permit some of
these measurements with single cell resolution [19e
21], for thousands of cells simultaneously. The relevance of these high-throughput measurements is twofold. First, they provide a set of natural variables to
partially characterize the state of a cell, tissue, or organism. Second, although a description in terms of a set
of mathematical equations is not available, by using
these techniques we can effectively sample points from
the phase space of the system. If enough points are
sampled, we can partially reconstruct the structure of
the phase space of the biological system, gaining a rich
understanding of the underlying molecular processes
(Figure 1). A simple example can be found in transcription phase spaces. Each point in these spaces corresponds to a unique configuration of mRNA levels of a
sample, with the distance between two points indicating
the degree of similarity between the expression profiles
Current Opinion in Systems Biology 2017, 1:95–101

The previous paragraph outlines the importance of understanding the structure of the phase space. Topology
[22,23], a mathematical field developed in the last two
centuries, provides the necessary tools for that purpose.
Topology studies topological features of spaces: namely,
properties preserved under continuous deformations of
the space, like the number of connected components,
loops, or holes. To that end, in algebraic approaches to
topology [24] it is a common practice to replace the
original space by a simpler one, known as a simplicial
complex, containing the same topological features as the
original space (Figure 2a). A simplicial complex is a
generalization of a network that, apart from nodes and
edges, contains triangles, tetrahedrons and higher
dimensional polytopes. These shapes are known as
simplices. The robust mathematical properties of simplicial complexes allow for the implementation of algebraic
operations to identify and classify the topological features of the space. These can be arranged in mathematical structures known as homology groups (Figure 2b).
The kth homology group of a space classifies inequivalent
(in the sense of being impossible to continuously deform
one into another) (kþ1)-dimensional voids of the space.
Hence, elements of the 0th homology group are
connected pieces of the space (clusters), elements of the
1st homology group are loops, elements of the 2nd homology group are 3-dimensional cavities, etc (Figure 2b).
Motivated by the recent explosion of available data,
topological data analysis [4e7] has emerged in the last
few years as a branch of applied topology. It aims to infer
the topological features of a space when only a finite set
of points (and a notion of distance between them) is
given (Figure 2c). Persistent homology [25,26], a tool from
TDA, assigns simplicial complexes to these data, from
which the topological features of the underlying space
can be inferred. As there is an infinite number of topological spaces compatible with a finite set of points,
persistent homology structures this spectrum of possibilities by introducing a notion of scale (ε). A VietorisRips filtration is a widely-used construction in persistent
homology that produces simplicial complexes by taking
balls of radius ε centered on the data points (Figure 2c).
www.sciencedirect.com

Topological methods for genomics Cámara

Figure 2

Topology, persistent homology, and barcodes. (a) A simplicial complex
is a simplified representation of the original space with the same topological features. It is a generalization of a network which, apart from nodes
and edges, contains higher dimensional polytopes such as triangles and
tetrahedrons. (b) An empty torus consists of one connected component,
two independent loops (marked in red), and a two-dimensional void. The
dimensions of its 0th, 1st, and 2nd homology groups are respectively 1, 2,
and 1. (c) In a Vietoris-Rips filtration a simplicial complex is built from the
data at each scale ε by considering the intersection of balls of radii ε
centered at the points. Points whose balls intersect are connected in the
simplicial complex. Persistent homology groups track how the topological
features associated to the simplicial complexes change with the scale ε.
(d) Barcodes are a suitable representation of persistent homology groups,
where each interval indicates the range of ε for which a given topological
feature is associated to the data. In this figure, the 0th and 1st persistent
homology groups are represented in the barcode.

If two balls intersect, the points at the center of the balls
are connected by an edge in the simplicial complex. If
three balls have all pairwise intersections, they are
connected by a triangle, etc. In this way, there is a
simplicial complex (and a set of topological features)
associated to the data at each value ε. Tracking how
homology groups change with ε provides a summary of
the topological features of the data.
A convenient representation of persistent homology is
provided by barcodes [27] (Figure 2d). Barcodes are collections of intervals, where each interval represents the
range of ε for which a particular topological feature (for
instance, a loop) is compatible with the data. Given a
finite set of points sampled from an unknown phase space,
we can use persistent homology to infer the topological
features of the space and represent them as a barcode.

Topology of evolution
Based on these ideas, applications of persistent homology to evolutionary biology have emerged in the last
www.sciencedirect.com
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three years [8,9,28e30]. Consider an organism that
evolves exclusively through the acquisition of point
mutations (vertical evolution). Assuming homoplasies are
infrequent, the genetic distance between samples can
only increase with time. In systems like this, trajectories
in the genetic phase space cannot form loops. This
intuition was formalized in a theorem by Chan et al., in
2013 [8] showing that in vertically evolving systems the
first persistent homology group of a sample of genetic
sequences vanishes. Thus, the evolutionary relationships in such systems can always be represented as
phylogenetic trees.
There is a large body of evidence, however, that most
organisms also evolve non-vertically through reticulate
evolution. Recombination [31], reassortment [32], and
lateral gene transfer [33] are examples of pervasive
reticulate processes that cannot be captured by treelike representations. Inferring the frequency and scale
of such processes from a sample of genetic sequences
has proven to be technically challenging. It follows
from the theorem mentioned above that the first
persistent homology group gives information about the
number and scale of reticulate events required to
explain a sample of sequences. That observation was
exploited in [8] to identify reassortments in the
genome of the avian influenza virus and recurrent
cosegregation patterns. Remarkably, they pointed out
that multiple reassortments, like the triple reassortment of the H7N9 avian influenza [34], produce higher
dimensional voids in the genetic phase space, which
can be detected using higher persistent homology
groups. An important aspect of the TDA approach, also
emphasized in [30], is that it provides information on
the genetic scale of the reassortment. For instance,
reassortments involving the same hemagglutinin (HA)
subtype occur at a smaller scale than reassortments
involving multiple HA subtypes, and both are suitably
captured by persistent homology (Figure 3a). These are
clear examples of topological structure demonstrating
different biological processes.
These results on viruses suggest that persistent homology can be also used to study other forms of reticulate evolution, such as homologous recombination in
eukaryotes. Recently, statistical estimators of the
recombination rate were developed using persistent
homology [9]. Compared to standard linkage-based estimators, TDA can deal with larger number of SNPs and
genomes without incurring excessive computational
costs. Application of these estimators to phased genotype data of 647 human individuals has led to highresolution, genome-wide maps of human recombination (Figure 3b). These maps have uncovered novel
associations with human recombination, such as the
enrichment for recombination sites at the binding sites
of specific transcription factors, and are a promising
resource for population studies.
Current Opinion in Systems Biology 2017, 1:95–101
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Figure 3

The topology of evolution. (a) Persistence diagram computed from an avian influenza dataset. The distributions of birth and death times (the positions of
the two end points of each interval in the barcode) are shown. Their bimodality indicates two scales of topological structure, corresponding to intrasubtype (involving one HA subtype) and inter-subtype (involving multiple HA subtypes) viral reassortments. Figure adapted from [30] with permission of
the authors. (b) Position-dependent recombination rate for a region in human chromosome 1, according to the topological maps of human recombination
developed in [9]. Peaks correspond to recombination hotspots. Map based on 89 individuals from the British and Scotland (GBR) population sequenced
by 1000 Genomes Project [47].

From high to low number of dimensions
We note from the above examples that biological systems generally have an enormous number of degrees of
freedom, and therefore the dimensionality of their
phase spaces is very large, even when restricted to
specific measurements like genetic sequences or mRNA
levels. For instance, the dimensionality of a genetic
phase space is approximately given by the number of
segregating characters (SNPs, indels, etc). The sensitivity of persistent homology to detect topological features rapidly decreases with the sparseness of the data
[35] and, therefore, with the dimensionality of the
phase space. To keep statistical power under control,
suitable algorithms for dimensional reduction are
required. Furthermore, apart from the list of topological
features and scales provided by persistent homology,
information on how those features relate to one another
is sometimes also required.
An important consideration when reducing a phase
space is that most information resides in its local
structure. When a physical or biological system evolves,
it moves locally in its phase space. Suitable dimensional
reduction algorithms should therefore preserve local
relationships. Widely-used algorithms, like principal
component analysis, independent component analysis,
or multidimensional scaling, fail to do so (Fig. 4a). Two
points close to each other in a representation obtained
by any of these algorithms are not necessarily close in
the original space. Hence, although in practice these
algorithms often work well, in many situations they can
produce severely distorted representations. A more
suitable approach is the Mapper algorithm [36]. Mapper
builds upon any given dimensional reduction algorithm,
Current Opinion in Systems Biology 2017, 1:95–101

and produces a low-dimensional simplicial complex
representation of the data which preserves locality. To
that end, the projection obtained by a dimensional
reduction algorithm is covered with overlapping bins,
and clustering of the data within each bin is performed
in the original high-dimensional space (Figure 4b). A
low-dimensional simplicial complex representation of
the data is then constructed by assigning a node to each
cluster. Clusters that share one or more points are
connected in the simplicial complex. Local relationships
in the low-dimensional simplicial complex thus correspond to local relationships in the high-dimensional
space, preserving much of the local structure.

Topologies of cancer and disease
progression
The Mapper algorithm is very useful in cases where an
explicit representation of the phase space is needed. Such
situations arise often in genomics, for instance, in large
cross-sectional cancer studies. To define suitable targeted
therapies, patients within a cancer type can be stratified
in subtypes based on their expression, methylation, genetic, and other phenotypic profiles [37]. These classification schemes are usually based on clustering patients
according to their profiles. In practice, however, boundaries between different subtypes are often diffuse, with
many patients presenting characteristics of two or
more subtypes. A more comprehensive approach requires
taking into account the continuous nature of the
phenotypic phase space. To that end, Nicolau and collaborators [10] considered the transcription phase space
of breast cancer tumors, using expression data of 295
tumors [38]. They performed a 1-dimensional projection
that quantifies the deviation of the expression profile of
www.sciencedirect.com
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Figure 4

Dimensional reduction of phase spaces. (a) Commonly used algorithms for dimensional reduction produce low-dimensional representations which fail
to preserve local relationships of the original space. Points close to each other in these representations are not necessarily close in the original space. In
this figure a twisted circular trajectory in three dimensions (left) has been reduced to two dimensions using multidimensional scaling (MDS) (center), and
the topological method Mapper (right). MDS leads to additional loops which are not present in the original space. To the contrary, Mapper preserves the
topological features of the original space. (b) The Mapper algorithm [36] builds upon any given dimensional reduction algorithm and produces a lowdimensional simplicial complex representation of the data where local relationships of the original space are preserved. In this example a 2-dimensional
projection of a twisted linear trajectory in 3-dimensions (left) produces a “loop” that is not present in the original space. The Mapper algorithm builds on top
of this projection by covering the plane with overlapping patches and clustering in the original space the points that lie within each patch. The procedure is
illustrated here with four patches (center). Points in each cluster are represented with the same color, and clusters are numbered from 1 to 8. In the lowdimensional Mapper representation, a node is assigned to each cluster. Node sizes are proportional to the number of points in the cluster. If two clusters
intersect, the corresponding nodes are connected by an edge. The resulting simplicial complex representation (right) has the same topology than the
original high-dimensional linear trajectory, with no loops. (c) Mapper representation of the RNA-seq data of 768 breast invasive carcinoma tumors from
The Cancer Genome Atlas (TCGA) [48], labelled according to expression levels of C9ORF116. Basal, HER2, and luminal tumor subtypes are indicated.
The group of ER+-patients identified in [10], with excellent survival and high expression levels of C9ORF116 and DNALI1, is encircled in red. Representation built using the implementation of Mapper by Ayasdi Inc, based on a two-dimensional nearest-neighbor graph projection and correlation distance
between expression profiles.

www.sciencedirect.com
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the tumor from that of the normal tissue, and used
Mapper to build a low-dimensional simplicial complex
representation of the phase space. Using this representation, they identified a previously unreported group of
estrogen receptor positive (ERþ) tumors with excellent
prognosis and distinctive molecular signatures
(Figure 4c). These results show the power of using
explicit representations of the phase space in cases where
its continuous nature is essential to the problem.
Similar Mapper reductions of transcription phase spaces
have also been recently used to track disease progression,
in this case exploiting topological features belonging to
the first homology group. Using blood mRNA expression
data of mice infected with the malaria parasite Plasmodium
chabaudi, Torres et al. [39] reconstructed the circular
trajectories that mice describe in the transcription phase
space when going from a healthy state, to a sick state, and
back to a healthy state. Similar trajectories were obtained
when considering data from humans infected with malaria. These representations may serve to obtain a better
understanding of disease progression, and the effect of
stage-specific differences in the subsequent evolution.

Conclusions
TDA is a new and developing field. Its applications shown
here demonstrate the value of topological methods in
situations where phase space features can be readily
interpreted. Its successful application to other biological
systems will largely depend on the ability to interpret
topological features of phase spaces meaningfully. Future
formal developments in TDA may facilitate this process.
There is a pressing need for the introduction of statistical
tests capable of assessing the significance of a topological
feature or comparing multiple topological representations
(for instance, across biological replicates, genotypic and
phenotypic spaces, etc.). Although some efforts in this
direction have been initiated for persistent homology
[40e42], there are yet no general results for the representations produced by Mapper. In addition, a general
framework for combining different types of genomic information is still missing. This is particularly important in
cancer applications, where heterogeneity originates from
a combination of genetic and epigenetic factors.
The current TDA repertoire includes other tools apart
from persistent homology and Mapper which may
potentially be useful in genomic applications. Zigzag
[43,44] and multidimensional [45] persistence are, for
instance, promising methods for the analysis of temporal
genomic data. Recent advances in dimensional reduction leveraging the modularity of topologically stratified
spaces [46] will probably result in valuable tools for the
analysis of genomic data. In summary, a rich interplay
between formal developments and new applications is
expected in upcoming years, which may place TDA in
the standard toolbox of computational biology.
Current Opinion in Systems Biology 2017, 1:95–101
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