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Figure 1.1 This image might be showing any number of things. It might be a whirlpool in a tank of water or perhaps a collage
of paint and shiny beads done for art class. Without knowing the size of the object in units we all recognize, such as meters or
inches, it is difficult to know what we’re looking at. In fact, this image shows the Whirlpool Galaxy (and its companion galaxy),
which is about 60,000 light-years in diameter (about 6 × 1017 km across). (credit: S. Beckwith (STScI) Hubble Heritage Team,
(STScI/AURA), ESA, NASA)
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Introduction
As noted in the figure caption, the chapter-opening image is of the Whirlpool Galaxy, which we examine in the first section
of this chapter. Galaxies are as immense as atoms are small, yet the same laws of physics describe both, along with all the
rest of nature—an indication of the underlying unity in the universe. The laws of physics are surprisingly few, implying an
underlying simplicity to nature’s apparent complexity. In this text, you learn about the laws of physics. Galaxies and atoms
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realize that physics plays a much larger role in your life than you first thought, no matter your life goals or career choice.

1.1 | The Scope and Scale of Physics

Learning Objectives

By the end of this section, you will be able to:

1.1.1 Describe the scope of physics.
1.1.2 Calculate the order of magnitude of a quantity.
1.1.3 Compare measurable length, mass, and timescales quantitatively.
1.1.4 Describe the relationships among models, theories, and laws.
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Physics is devoted to the understanding of all natural phenomena. In physics, we try to understand physical phenomena at all 
scales—from the world of subatomic particles to the entire universe. Despite the breadth of the subject, the various subfields 
of physics share a common core. The same basic training in physics will prepare you to work in any area of physics and the 
related areas of science and engineering. In this section, we investigate the scope of physics; the scales of length, mass, and 
time over which the laws of physics have been shown to be applicable; and the process by which science in general, and 
physics in particular, operates.

The Scope of Physics
Take another look at the chapter-opening image. The Whirlpool Galaxy contains billions of individual stars as well as huge 
clouds of gas and dust. Its companion galaxy is also visible to the right. This pair of galaxies lies a staggering billion
trillion miles (1.4 × 1021 mi) from our own galaxy (which is called the Milky Way). The stars and planets that make up
the Whirlpool Galaxy might seem to be the furthest thing from most people’s everyday lives, but the Whirlpool is a great 
starting point to think about the forces that hold the universe together. The forces that cause the Whirlpool Galaxy to act as 
it does are thought to be the same forces we contend with here on Earth, whether we are planning to send a rocket into space 
or simply planning to raise the walls for a new home. The gravity that causes the stars of the Whirlpool Galaxy to rotate and 
revolve is thought to be the same as what causes water to flow over hydroelectric dams here on Earth. When you look up 
at the stars, realize the forces out there are the same as the ones here on Earth. Through a study of physics, you may gain a 
greater understanding of the interconnectedness of everything we can see and know in this universe.

Think, now, about all the technological devices you use on a regular basis. Computers, smartphones, global positioning 
systems (GPSs), MP3 players, and satellite radio might come to mind. Then, think about the most exciting modern 
technologies you have heard about in the news, such as trains that levitate above tracks, “invisibility cloaks” that bend light 
around them, and microscopic robots that fight cancer cells in our bodies. All these groundbreaking advances, commonplace 
or unbelievable, rely on the principles of physics. Aside from playing a significant role in technology, professionals such 
as engineers, pilots, physicians, physical therapists, electricians, and computer programmers apply physics concepts in their 
daily work. For example, a pilot must understand how wind forces affect a flight path; a physical therapist must understand 
how the muscles in the body experience forces as they move and bend. As you will learn in this text, the principles of 
physics are propelling new, exciting technologies, and these principles are applied in a wide range of careers.

The underlying order of nature makes science in general, and physics in particular, interesting and enjoyable to study. For 
example, what do a bag of chips and a car battery have in common? Both contain energy that can be converted to other 
forms. The law of conservation of energy (which says that energy can change form but is never lost) ties together such 
topics as food calories, batteries, heat, light, and watch springs. Understanding this law makes it easier to learn about the 
various forms energy takes and how they relate to one another. Apparently unrelated topics are connected through broadly 
applicable physical laws, permitting an understanding beyond just the memorization of lists of facts.

Science consists of theories and laws that are the general truths of nature, as well as the body of knowledge they encompass. 
Scientists are continuously trying to expand this body of knowledge and to perfect the expression of the laws that describe 
it. Physics, which comes from the Greek phúsis, meaning “nature,” is concerned with describing the interactions of 
energy, matter, space, and time to uncover the fundamental mechanisms that underlie every phenomenon. This concern for 
describing the basic phenomena in nature essentially defines the scope of physics.

Physics aims to understand the world around us at the most basic level. It emphasizes the use of a small number of 
quantitative laws to do this, which can be useful to other fields pushing the performance boundaries of existing technologies. 
Consider a smartphone (Figure 1.2). Physics describes how electricity interacts with the various circuits inside the device.
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of the physics underlying these devices is required to shrink their size or increase their processing speed. Or, think about a
GPS. Physics describes the relationship between the speed of an object, the distance over which it travels, and the time it
takes to travel that distance. When you use a GPS in a vehicle, it relies on physics equations to determine the travel time
from one location to another.

Figure 1.2 The Apple iPhone is a common smartphone with a
GPS function. Physics describes the way that electricity flows
through the circuits of this device. Engineers use their
knowledge of physics to construct an iPhone with features that
consumers will enjoy. One specific feature of an iPhone is the
GPS function. A GPS uses physics equations to determine the
drive time between two locations on a map. (credit: Jane
Whitney)

Knowledge of physics is useful in everyday situations as well as in nonscientific professions. It can help you understand
how microwave ovens work, why metals should not be put into them, and why they might affect pacemakers. Physics allows
you to understand the hazards of radiation and to evaluate these hazards rationally and more easily. Physics also explains the
reason why a black car radiator helps remove heat in a car engine, and it explains why a white roof helps keep the inside of
a house cool. Similarly, the operation of a car’s ignition system as well as the transmission of electrical signals throughout
our body’s nervous system are much easier to understand when you think about them in terms of basic physics.

Physics is a key element of many important disciplines and contributes directly to others. Chemistry, for example—since
it deals with the interactions of atoms and molecules—has close ties to atomic and molecular physics. Most branches of
engineering are concerned with designing new technologies, processes, or structures within the constraints set by the laws
of physics. In architecture, physics is at the heart of structural stability and is involved in the acoustics, heating, lighting, and
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heat transfer within Earth. Some disciplines, such as biophysics and geophysics, are hybrids of physics and other disciplines.

Physics has many applications in the biological sciences. On the microscopic level, it helps describe the properties of
cells and their environments. On the macroscopic level, it explains the heat, work, and power associated with the human
body and its various organ systems. Physics is involved in medical diagnostics, such as radiographs, magnetic resonance
imaging, and ultrasonic blood flow measurements. Medical therapy sometimes involves physics directly; for example,
cancer radiotherapy uses ionizing radiation. Physics also explains sensory phenomena, such as how musical instruments
make sound, how the eye detects color, and how lasers transmit information.

It is not necessary to study all applications of physics formally. What is most useful is knowing the basic laws of physics
and developing skills in the analytical methods for applying them. The study of physics also can improve your problem-
solving skills. Furthermore, physics retains the most basic aspects of science, so it is used by all the sciences, and the study
of physics makes other sciences easier to understand.

The Scale of Physics
From the discussion so far, it should be clear that to accomplish your goals in any of the various fields within the natural
sciences and engineering, a thorough grounding in the laws of physics is necessary. The reason for this is simply that the
laws of physics govern everything in the observable universe at all measurable scales of length, mass, and time. Now, that
is easy enough to say, but to come to grips with what it really means, we need to get a little bit quantitative. So, before
surveying the various scales that physics allows us to explore, let’s first look at the concept of “order of magnitude,” which
we use to come to terms with the vast ranges of length, mass, and time that we consider in this text (Figure 1.3).
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Figure 1.3 (a) Using a scanning tunneling microscope, scientists can see the individual atoms (diameters around 10–10 m) that 
compose this sheet of gold. (b) Tiny phytoplankton swim among crystals of ice in the Antarctic Sea. They range from a few 
micrometers (1 μm is 10–6 m) to as much as 2 mm (1 mm is 10–2 m) in length. (c) These two colliding galaxies, known as NGC 
4676A (right) and NGC 4676B (left), are nicknamed “The Mice” because of the tail of gas emanating from each one. They are 
located 300 million light-years from Earth in the constellation Coma Berenices. Eventually, these two galaxies will merge into 
one. (credit a: modification of work by Erwinrossen; credit b: modification of work by Prof. Gordon T. Taylor, Stony Brook 
University; NOAA Corps Collections; credit c: modification of work by NASA, H. Ford (JHU), G. Illingworth (UCSC/LO), M. 
Clampin (STScI), G. Hartig (STScI), the ACS Science Team, and ESA)

Order of Magnitude
The order of magnitude of a number is the power of 10 that most closely approximates it. Thus, the order of magnitude 
refers to the scale (or size) of a value. Each power of 10 represents a different order of magnitude. For example,

101, 102, 103, and so forth, are all different orders of magnitude, as are 100 = 1, 10−1, 10−2, and 10−3. To find the
order of magnitude of a number, take the base-10 logarithm of the number and round it to the nearest integer, then the order 
of magnitude of the number is simply the resulting power of 10. For example, the order of magnitude of 800 is 103 because
log10 800 ≈ 2.903, which rounds to 3. Similarly, the order of magnitude of 450 is 103 because log10 450 ≈ 2.653,
which rounds to 3 as well. Thus, we say the numbers 800 and 450 are of the same order of magnitude: 103. However, the

order of magnitude of 250 is 102 because log10 250 ≈ 2.397, which rounds to 2.

An equivalent but quicker way to find the order of magnitude of a number is first to write it in scientific notation and then

check to see whether the first factor is greater than or less than 10 = 100.5 ≈ 3. The idea is that 10 = 100.5 is halfway

between 1 = 100 and 10 = 101 on a log base-10 scale. Thus, if the first factor is less than 10, then we round it down
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the other hand, if the first factor is greater than 10, then we round it up to 10 and the order of magnitude is one power of
10 higher than the power needed to write the number in scientific notation. For example, the number 800 can be written in
scientific notation as 8 × 102. Because 8 is bigger than 10 ≈ 3, we say the order of magnitude of 800 is 102 + 1 = 103.

The number 450 can be written as 4.5 × 102, so its order of magnitude is also 103 because 4.5 is greater than 3. However,

250 written in scientific notation is 2.5 × 102 and 2.5 is less than 3, so its order of magnitude is 102.

The order of magnitude of a number is designed to be a ballpark estimate for the scale (or size) of its value. It is simply a
way of rounding numbers consistently to the nearest power of 10. This makes doing rough mental math with very big and
very small numbers easier. For example, the diameter of a hydrogen atom is on the order of 10−10 m, whereas the diameter
of the Sun is on the order of 109 m, so it would take roughly 109 /10−10 = 1019 hydrogen atoms to stretch across the

diameter of the Sun. This is much easier to do in your head than using the more precise values of 1.06 × 10−10 m for a

hydrogen atom diameter and 1.39 × 109 m for the Sun’s diameter, to find that it would take 1.31 × 1019 hydrogen atoms
to stretch across the Sun’s diameter. In addition to being easier, the rough estimate is also nearly as informative as the precise
calculation.

Known Ranges of Length, Mass, and Time
The vastness of the universe and the breadth over which physics applies are illustrated by the wide range of examples of
known lengths, masses, and times (given as orders of magnitude) in Figure 1.4. Examining this table will give you a
feeling for the range of possible topics in physics and numerical values. A good way to appreciate the vastness of the ranges
of values in Figure 1.4 is to try to answer some simple comparative questions, such as the following:

• How many hydrogen atoms does it take to stretch across the diameter of the Sun?
(Answer: 109 m/10–10 m = 1019 hydrogen atoms)

• How many protons are there in a bacterium?
(Answer: 10–15 kg/10–27 kg = 1012 protons)

• How many floating-point operations can a supercomputer do in 1 day?
(Answer: 105 s/10–17 s = 1022 floating-point operations)

In studying Figure 1.4, take some time to come up with similar questions that interest you and then try answering them.
Doing this can breathe some life into almost any table of numbers.
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Figure 1.4 Caption: This table shows the orders of magnitude of length, mass, and time.

Visit this site (http://www.openstaxcollege.org/l/21scaleuniv) to explore interactively the vast range of
length scales in our universe. Scroll down and up the scale to view hundreds of organisms and objects, and click
on the individual objects to learn more about each one.
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Building Models
How did we come to know the laws governing natural phenomena? What we refer to as the laws of nature are concise 
descriptions of the universe around us. They are human statements of the underlying laws or rules that all natural processes 
follow. Such laws are intrinsic to the universe; humans did not create them and cannot change them. We can only discover 
and understand them. Their discovery is a very human endeavor, with all the elements of mystery, imagination, struggle, 
triumph, and disappointment inherent in any creative effort (Figure 1.5). The cornerstone of discovering natural laws is 
observation; scientists must describe the universe as it is, not as we imagine it to be.

  

http://www.openstaxcollege.org/l/21scaleuniv


SAMPLE CHAPTERS 
NOT FINAL DRAFT

Figure 1.5 (a) Enrico Fermi (1901–1954) was born in Italy. On accepting the Nobel Prize in
Stockholm in 1938 for his work on artificial radioactivity produced by neutrons, he took his
family to America rather than return home to the government in power at the time. He became an
American citizen and was a leading participant in the Manhattan Project. (b) Marie Curie
(1867–1934) sacrificed monetary assets to help finance her early research and damaged her
physical well-being with radiation exposure. She is the only person to win Nobel prizes in both
physics and chemistry. One of her daughters also won a Nobel Prize. (credit a: United States
Department of Energy)

A model is a representation of something that is often too difficult (or impossible) to display directly. Although a model
is justified by experimental tests, it is only accurate in describing certain aspects of a physical system. An example is the
Bohr model of single-electron atoms, in which the electron is pictured as orbiting the nucleus, analogous to the way planets
orbit the Sun (Figure 1.6). We cannot observe electron orbits directly, but the mental image helps explain some of the
observations we can make, such as the emission of light from hot gases (atomic spectra). However, other observations
show that the picture in the Bohr model is not really what atoms look like. The model is “wrong,” but is still useful for
some purposes. Physicists use models for a variety of purposes. For example, models can help physicists analyze a scenario
and perform a calculation or models can be used to represent a situation in the form of a computer simulation. Ultimately,
however, the results of these calculations and simulations need to be double-checked by other means—namely, observation
and experimentation.
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Figure 1.6 What is a model? The Bohr model of a single-electron atom
shows the electron orbiting the nucleus in one of several possible circular
orbits. Like all models, it captures some, but not all, aspects of the
physical system.
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The word theory means something different to scientists than what is often meant when the word is used in everyday 
conversation. In particular, to a scientist a theory is not the same as a “guess” or an “idea” or even a “hypothesis.” The 
phrase “it’s just a theory” seems meaningless and silly to scientists because science is founded on the notion of theories. To 
a scientist, a theory is a testable explanation for patterns in nature supported by scientific evidence and verified multiple 
times by various groups of researchers. Some theories include models to help visualize phenomena whereas others do not. 
Newton’s theory of gravity, for example, does not require a model or mental image, because we can observe the objects 
directly with our own senses. The kinetic theory of gases, on the other hand, is a model in which a gas is viewed as being 
composed of atoms and molecules. Atoms and molecules are too small to be observed directly with our senses—thus, we 
picture them mentally to understand what the instruments tell us about the behavior of gases. Although models are meant 
only to describe certain aspects of a physical system accurately, a theory should describe all aspects of any system that falls 
within its domain of applicability. In particular, any experimentally testable implication of a theory should be verified. If an 
experiment ever shows an implication of a theory to be false, then the theory is either thrown out or modified suitably (for 
example, by limiting its domain of applicability).

A law uses concise language to describe a generalized pattern in nature supported by scientific evidence and repeated 
experiments. Often, a law can be expressed in the form of a single mathematical equation. Laws and theories are similar 
in that they are both scientific statements that result from a tested hypothesis and are supported by scientific evidence. 
However, the designation law is usually reserved for a concise and very general statement that describes phenomena in 
nature, such as the law that energy is conserved during any process, or Newton’s second law of motion, which relates force 
(F), mass (m), and acceleration (a) by the simple equation F = ma. A theory, in contrast, is a less concise statement of 
observed behavior. For example, the theory of evolution and the theory of relativity cannot be expressed concisely enough to 
be considered laws. The biggest difference between a law and a theory is that a theory is much more complex and dynamic. 
A law describes a single action whereas a theory explains an entire group of related phenomena. Less broadly applicable 
statements are usually called principles (such as Pascal’s principle, which is applicable only in fluids), but the distinction 
between laws and principles often is not made carefully.

The models, theories, and laws we devise sometimes imply the existence of objects or phenomena that are as yet 
unobserved. These predictions are remarkable triumphs and tributes to the power of science. It is the underlying order in 
the universe that enables scientists to make such spectacular predictions. However, if experimentation does not verify our 
predictions, then the theory or law is wrong, no matter how elegant or convenient it is. Laws can never be known with 
absolute certainty because it is impossible to perform every imaginable experiment to confirm a law for every possible 
scenario. Physicists operate under the assumption that all scientific laws and theories are valid until a counterexample is
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be modified or overthrown completely.

The study of science in general, and physics in particular, is an adventure much like the exploration of an uncharted ocean.
Discoveries are made; models, theories, and laws are formulated; and the beauty of the physical universe is made more
sublime for the insights gained.

1.2 | Units and Standards

Learning Objectives

By the end of this section, you will be able to:

1.2.1 Describe how SI base units are defined.
1.2.2 Describe how derived units are created from base units.
1.2.3 Express quantities given in SI units using metric prefixes.

As we saw previously, the range of objects and phenomena studied in physics is immense. From the incredibly short lifetime
of a nucleus to the age of Earth, from the tiny sizes of subnuclear particles to the vast distance to the edges of the known
universe, from the force exerted by a jumping flea to the force between Earth and the Sun, there are enough factors of 10
to challenge the imagination of even the most experienced scientist. Giving numerical values for physical quantities and
equations for physical principles allows us to understand nature much more deeply than qualitative descriptions alone. To
comprehend these vast ranges, we must also have accepted units in which to express them. We shall find that even in the
potentially mundane discussion of meters, kilograms, and seconds, a profound simplicity of nature appears: all physical
quantities can be expressed as combinations of only seven base physical quantities.

We define a physical quantity either by specifying how it is measured or by stating how it is calculated from other
measurements. For example, we might define distance and time by specifying methods for measuring them, such as using
a meter stick and a stopwatch. Then, we could define average speed by stating that it is calculated as the total distance
traveled divided by time of travel.

Measurements of physical quantities are expressed in terms of units, which are standardized values. For example, the length
of a race, which is a physical quantity, can be expressed in units of meters (for sprinters) or kilometers (for distance runners).
Without standardized units, it would be extremely difficult for scientists to express and compare measured values in a
meaningful way (Figure 1.7).

Figure 1.7 Distances given in unknown units are maddeningly
useless.

Two major systems of units are used in the world: SI units (for the French Système International d’Unités), also known
as the metric system, and English units (also known as the customary or imperial system). English units were historically
used in nations once ruled by the British Empire and are still widely used in the United States. English units may also be
referred to as the foot–pound–second (fps) system, as opposed to the centimeter–gram–second (cgs) system. You may also
encounter the term SAE units, named after the Society of Automotive Engineers. Products such as fasteners and automotive
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wrenches.

Virtually every other country in the world (except the United States) now uses SI units as the standard. The metric system
is also the standard system agreed on by scientists and mathematicians.

SI Units: Base and Derived Units
In any system of units, the units for some physical quantities must be defined through a measurement process. These are
called the base quantities for that system and their units are the system’s base units. All other physical quantities can
then be expressed as algebraic combinations of the base quantities. Each of these physical quantities is then known as a
derived quantity and each unit is called a derived unit. The choice of base quantities is somewhat arbitrary, as long as they
are independent of each other and all other quantities can be derived from them. Typically, the goal is to choose physical
quantities that can be measured accurately to a high precision as the base quantities. The reason for this is simple. Since the
derived units can be expressed as algebraic combinations of the base units, they can only be as accurate and precise as the
base units from which they are derived.

Based on such considerations, the International Standards Organization recommends using seven base quantities, which
form the International System of Quantities (ISQ). These are the base quantities used to define the SI base units. Table 1.1
lists these seven ISQ base quantities and the corresponding SI base units.

ISQ Base Quantity SI Base Unit

Length meter (m)

Mass kilogram (kg)

Time second (s)

Electrical current ampere (A)

Thermodynamic temperature kelvin (K)

Amount of substance mole (mol)

Luminous intensity candela (cd)

Table 1.1 ISQ Base Quantities and Their SI Units

You are probably already familiar with some derived quantities that can be formed from the base quantities in Table 1.1.
For example, the geometric concept of area is always calculated as the product of two lengths. Thus, area is a derived
quantity that can be expressed in terms of SI base units using square meters (m × m = m2). Similarly, volume is a derived

quantity that can be expressed in cubic meters (m3). Speed is length per time; so in terms of SI base units, we could
measure it in meters per second (m/s). Volume mass density (or just density) is mass per volume, which is expressed in
terms of SI base units such as kilograms per cubic meter (kg/m3). Angles can also be thought of as derived quantities
because they can be defined as the ratio of the arc length subtended by two radii of a circle to the radius of the circle. This
is how the radian is defined. Depending on your background and interests, you may be able to come up with other derived
quantities, such as the mass flow rate (kg/s) or volume flow rate (m3/s) of a fluid, electric charge (A · s), mass flux density

[kg/(m2 · s)], and so on. We will see many more examples throughout this text. For now, the point is that every physical

quantity can be derived from the seven base quantities in Table 1.1, and the units of every physical quantity can be derived
from the seven SI base units.

For the most part, we use SI units in this text. Non-SI units are used in a few applications in which they are in very common
use, such as the measurement of temperature in degrees Celsius (°C), the measurement of fluid volume in liters (L), and
the measurement of energies of elementary particles in electron-volts (eV). Whenever non-SI units are discussed, they are
tied to SI units through conversions. For example, 1 L is 10−3 m3.

Check out a comprehensive source of information on SI units (http://www.openstaxcollege.org/l/
21SIUnits) at the National Institute of Standards and Technology (NIST) Reference on Constants, Units, and
Uncertainty.
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The initial chapters in this textbook are concerned with mechanics, fluids, and waves. In these subjects all pertinent physical
quantities can be expressed in terms of the base units of length, mass, and time. Therefore, we now turn to a discussion of
these three base units, leaving discussion of the others until they are needed later.

The Second
The SI unit for time, the second (abbreviated s), has a long history. For many years it was defined as 1/86,400 of a mean
solar day. More recently, a new standard was adopted to gain greater accuracy and to define the second in terms of a
nonvarying or constant physical phenomenon (because the solar day is getting longer as a result of the very gradual slowing
of Earth’s rotation). Cesium atoms can be made to vibrate in a very steady way, and these vibrations can be readily observed
and counted. In 1967, the second was redefined as the time required for 9,192,631,770 of these vibrations to occur (Figure
1.8). Note that this may seem like more precision than you would ever need, but it isn’t—GPSs rely on the precision of
atomic clocks to be able to give you turn-by-turn directions on the surface of Earth, far from the satellites broadcasting their
location.

Figure 1.8 An atomic clock such as this one uses the vibrations of cesium atoms to keep time
to a precision of better than a microsecond per year. The fundamental unit of time, the second, is
based on such clocks. This image looks down from the top of an atomic fountain nearly 30 feet
tall. (credit: Steve Jurvetson)

The Meter
The SI unit for length is the meter (abbreviated m); its definition has also changed over time to become more precise. The
meter was first defined in 1791 as 1/10,000,000 of the distance from the equator to the North Pole. This measurement was
improved in 1889 by redefining the meter to be the distance between two engraved lines on a platinum–iridium bar now
kept near Paris. By 1960, it had become possible to define the meter even more accurately in terms of the wavelength of
light, so it was again redefined as 1,650,763.73 wavelengths of orange light emitted by krypton atoms. In 1983, the meter
was given its current definition (in part for greater accuracy) as the distance light travels in a vacuum in 1/299,792,458 of a
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meter will change if the speed of light is someday measured with greater accuracy.

Figure 1.9 The meter is defined to be the distance light travels in 1/299,792,458 of a second in a vacuum. Distance
traveled is speed multiplied by time.

The Kilogram
The SI unit for mass is the kilogram (abbreviated kg); it is defined to be the mass of a platinum–iridium cylinder
kept with the old meter standard at the International Bureau of Weights and Measures near Paris. Exact replicas of the
standard kilogram are also kept at the U.S. National Institute of Standards and Technology (NIST), located in Gaithersburg,
Maryland, outside of Washington, DC, and at other locations around the world. Scientists at NIST are currently investigating
two complementary methods of redefining the kilogram (see Figure 1.10). The determination of all other masses can be
traced ultimately to a comparison with the standard mass.

There is currently an effort to redefine the SI unit of mass in terms of more fundamental processes by 2018. You
can explore the history of mass standards and the contenders in the quest to devise a new one at the website
(http://www.openstaxcollege.org/l/21redefkilo) of the Physical Measurement Laboratory.
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Figure 1.10 Redefining the SI unit of mass. Complementary methods are being investigated for use in an upcoming 
redefinition of the SI unit of mass. (a) The U.S. National Institute of Standards and Technology’s watt balance is a machine that 
balances the weight of a test mass against the current and voltage (the “watt”) produced by a strong system of magnets. (b) The 
International Avogadro Project is working to redefine the kilogram based on the dimensions, mass, and other known properties of 
a silicon sphere. (credit a and credit b: National Institute of Standards and Technology)

Metric Prefixes
SI units are part of the metric system, which is convenient for scientific and engineering calculations because the units are 
categorized by factors of 10. Table 1.2 lists the metric prefixes and symbols used to denote various factors of 10 in SI units. 
For example, a centimeter is one-hundredth of a meter (in symbols, 1 cm = 10–2 m) and a kilometer is a thousand meters (1
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s), and a terameter is a trillion meters (1 Tm = 1012 m).

Prefix Symbol Meaning Prefix Symbol Meaning

yotta- Y 1024 yocto- y 10–24

zetta- Z 1021 zepto- z 10–21

exa- E 1018 atto- a 10–18

peta- P 1015 femto- f 10–15

tera- T 1012 pico- p 10–12

giga- G 109 nano- n 10–9

mega- M 106 micro- μ 10–6

kilo- k 103 milli- m 10–3

hecto- h 102 centi- c 10–2

deka- da 101 deci- d 10–1

Table 1.2 Metric Prefixes for Powers of 10 and Their Symbols

The only rule when using metric prefixes is that you cannot “double them up.” For example, if you have measurements in
petameters (1 Pm = 1015 m), it is not proper to talk about megagigameters, although 106 × 109 = 1015. In practice, the
only time this becomes a bit confusing is when discussing masses. As we have seen, the base SI unit of mass is the kilogram
(kg), but metric prefixes need to be applied to the gram (g), because we are not allowed to “double-up” prefixes. Thus, a
thousand kilograms (103 kg) is written as a megagram (1 Mg) since

103 kg = 103 × 103 g = 106 g = 1 Mg.

Incidentally, 103 kg is also called a metric ton, abbreviated t. This is one of the units outside the SI system considered
acceptable for use with SI units.

As we see in the next section, metric systems have the advantage that conversions of units involve only powers of 10. There
are 100 cm in 1 m, 1000 m in 1 km, and so on. In nonmetric systems, such as the English system of units, the relationships
are not as simple—there are 12 in. in 1 ft, 5280 ft in 1 mi, and so on.

Another advantage of metric systems is that the same unit can be used over extremely large ranges of values simply by
scaling it with an appropriate metric prefix. The prefix is chosen by the order of magnitude of physical quantities commonly
found in the task at hand. For example, distances in meters are suitable in construction, whereas distances in kilometers are
appropriate for air travel, and nanometers are convenient in optical design. With the metric system there is no need to invent
new units for particular applications. Instead, we rescale the units with which we are already familiar.

Example 1.1

Using Metric Prefixes

Restate the mass 1.93 × 1013 kg using a metric prefix such that the resulting numerical value is bigger than one

but less than 1000.

Strategy

Since we are not allowed to “double-up” prefixes, we first need to restate the mass in grams by replacing the
prefix symbol k with a factor of 103 (see Table 1.2). Then, we should see which two prefixes in Table 1.2 are
closest to the resulting power of 10 when the number is written in scientific notation. We use whichever of these
two prefixes gives us a number between one and 1000.

Solution

Replacing the k in kilogram with a factor of 103, we find that
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1.93 × 1013 kg = 1.93 × 1013 × 103 g = 1.93 × 1016 g.

From Table 1.2, we see that 1016 is between “peta-” (1015) and “exa-” (1018). If we use the “peta-” prefix, then
we find that 1.93 × 1016 g = 1.93 × 101 P g, since 16 = 1 + 15. Alternatively, if we use the “exa-” prefix we

find that 1.93 × 1016 g = 1.93 × 10−2 Eg, since 16 = −2 + 18. Because the problem asks for the numerical

value between one and 1000, we use the “peta-” prefix and the answer is 19.3 Pg.

Significance

It is easy to make silly arithmetic errors when switching from one prefix to another, so it is always a good idea to 
check that our final answer matches the number we started with. An easy way to do this is to put both numbers in 
scientific notation and count powers of 10, including the ones hidden in prefixes. If we did not make a mistake,

the powers of 10 should match up. In this problem, we started with 1.93 × 1013 kg, so we have 13 + 3 = 16

powers of 10. Our final answer in scientific notation is 1.93 × 101 Pg, so we have 1 + 15 = 16 powers of 10. So,
everything checks out.

If this mass arose from a calculation, we would also want to check to determine whether a mass this large makes 
any sense in the context of the problem. For this, ... might be helpful.

Check Your Understanding Restate 4.79 × 105 kg using a metric prefix such that the resulting number

is bigger than one but less than 1000.

1.3 | Unit Conversion

Learning Objectives

By the end of this section, you will be able to:

1.3.1 Use conversion factors to express the value of a given quantity in different units.

It is often necessary to convert from one unit to another. For example, if you are reading a European cookbook, some 
quantities may be expressed in units of liters and you need to convert them to cups. Or perhaps you are reading walking 
directions from one location to another and you are interested in how many miles you will be walking. In this case, you may 
need to convert units of feet or meters to miles.

Let’s consider a simple example of how to convert units. Suppose we want to convert 80 m to kilometers. The first thing 
to do is to list the units you have and the units to which you want to convert. In this case, we have units in meters and we 
want to convert to kilometers. Next, we need to determine a conversion factor relating meters to kilometers. A conversion 
factor is a ratio that expresses how many of one unit are equal to another unit. For example, there are 12 in. in 1 ft, 1609 
m in 1 mi, 100 cm in 1 m, 60 s in 1 min, and so on. Refer to ... for a more complete list of conversion factors. In this case, 
we know that there are 1000 m in 1 km. Now we can set up our unit conversion. We write the units we have and then 
multiply them by the conversion factor so the units cancel out, as shown:

80 m × 1 km
1000 m = 0.080 km.

Note that the unwanted meter unit cancels, leaving only the desired kilometer unit. You can use this method to convert
between any type of unit. Now, the conversion of 80 m to kilometers is simply the use of a metric prefix, as we saw in the
preceding section, so we can get the same answer just as easily by noting that

80 m = 8.0 × 101 m = 8.0 × 10−2 km = 0.080 km,
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since “kilo-” means 103 (see...) and 1 = −2 + 3. However, using conversion factors is handy when converting between 
units that are not metric or when converting between derived units, as the following examples illustrate.

Example 1.2

Converting Nonmetric Units to Metric

The distance from the university to home is 10 mi and it usually takes 20 min to drive this distance. Calculate the
average speed in meters per second (m/s). (Note: Average speed is distance traveled divided by time of travel.)

Strategy

First we calculate the average speed using the given units, then we can get the average speed into the desired
units by picking the correct conversion factors and multiplying by them. The correct conversion factors are those
that cancel the unwanted units and leave the desired units in their place. In this case, we want to convert miles to
meters, so we need to know the fact that there are 1609 m in 1 mi. We also want to convert minutes to seconds,
so we use the conversion of 60 s in 1 min.

Solution

1. Calculate average speed. Average speed is distance traveled divided by time of travel. (Take this definition
as a given for now. Average speed and other motion concepts are covered in later chapters.) In equation
form,

Average speed = Distance
Time .

2. Substitute the given values for distance and time:

Average speed = 10 mi
20 min = 0.50 mi

min.

3. Convert miles per minute to meters per second by multiplying by the conversion factor that cancels miles
and leave meters, and also by the conversion factor that cancels minutes and leave seconds:

0.50 mile
min

× 1609 m
1 mile

× 1 min
60 s = (0.50)(1609)

60 m/s = 13 m/s.

Significance

Check the answer in the following ways:

1. Be sure the units in the unit conversion cancel correctly. If the unit conversion factor was written upside
down, the units do not cancel correctly in the equation. We see the “miles” in the numerator in 0.50
mi/min cancels the “mile” in the denominator in the first conversion factor. Also, the “min” in the
denominator in 0.50 mi/min cancels the “min” in the numerator in the second conversion factor.

2. Check that the units of the final answer are the desired units. The problem asked us to solve for average
speed in units of meters per second and, after the cancellations, the only units left are a meter (m) in the
numerator and a second (s) in the denominator, so we have indeed obtained these units.

Check Your Understanding Light travels about 9 Pm in a year. Given that a year is about 3 × 107 s,
what is the speed of light in meters per second?

Example 1.3

Converting between Metric Units

The density of iron is 7.86 g/cm3 under standard conditions. Convert this to kg/m3.

Strategy
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We need to convert grams to kilograms and cubic centimeters to cubic meters. The conversion factors we need are
1 kg = 103 g and 1 cm = 10−2 m. However, we are dealing with cubic centimeters (cm3 = cm × cm × cm),
so we have to use the second conversion factor three times (that is, we need to cube it). The idea is still to multiply
by the conversion factors in such a way that they cancel the units we want to get rid of and introduce the units we
want to keep.

Solution

7.86
g

cm 3 × kg
103 g

× ⎛⎝ cm
10−2 m

⎞
⎠

3
= 7.86

(103)(10−6)
kg/m3 = 7.86 × 103 kg/m3

Significance

Remember, it’s always important to check the answer.

1. Be sure to cancel the units in the unit conversion correctly. We see that the gram (“g”) in the numerator in 
7.86 g/cm3 cancels the “g” in the denominator in the first conversion factor. Also, the three factors of “cm” in 
the denominator in 7.86 g/cm3 cancel with the three factors of “cm” in the numerator that we get by cubing the 
second conversion factor.

2. Check that the units of the final answer are the desired units. The problem asked for us to convert to 
kilograms per cubic meter. After the cancellations just described, we see the only units we have left are “kg” in 
the numerator and three factors of “m” in the denominator (that is, one factor of “m” cubed, or “m3”). 
Therefore, the units on the final answer are correct.

1.3 Check Your Understanding We know from ... that the diameter of Earth is on the order of 107 m, so 
the order of magnitude of its surface area is 1014 m2. What is that in square kilometers (that is, km2)? (Try 
doing this both by converting 107 m to km and then squaring it and then by converting 1014 m2 directly to 
square kilometers. You should get the same answer both ways.) 

Unit conversions may not seem very interesting, but not doing them can be costly. One famous example of this situation was
seen with the Mars Climate Orbiter. This probe was launched by NASA on December 11, 1998. On September 23, 1999,
while attempting to guide the probe into its planned orbit around Mars, NASA lost contact with it. Subsequent investigations
showed a piece of software called SM_FORCES (or “small forces”) was recording thruster performance data in the English
units of pound-seconds (lb-s). However, other pieces of software that used these values for course corrections expected them
to be recorded in the SI units of newton-seconds (N-s), as dictated in the software interface protocols. This error caused the
probe to follow a very different trajectory from what NASA thought it was following, which most likely caused the probe
either to burn up in the Martian atmosphere or to shoot out into space. This failure to pay attention to unit conversions cost
hundreds of millions of dollars, not to mention all the time invested by the scientists and engineers who worked on the
project.

Check Your Understanding Given that 1 lb (pound) is 4.45 N, were the numbers being output by
SM_FORCES too big or too small?

1.4 | Dimensional Analysis

Learning Objectives

By the end of this section, you will be able to:

1.4.1 Find the dimensions of a mathematical expression involving physical quantities.
1.4.2 Determine whether an equation involving physical quantities is dimensionally consistent.
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of symbols) representing the base quantities. Table 1.3 lists the base quantities and the symbols used for their dimension.
For example, a measurement of length is said to have dimension L or L1, a measurement of mass has dimension M or
M1, and a measurement of time has dimension T or T1. Like units, dimensions obey the rules of algebra. Thus, area is
the product of two lengths and so has dimension L2, or length squared. Similarly, volume is the product of three lengths
and has dimension L3, or length cubed. Speed has dimension length over time, L/T or LT–1. Volumetric mass density has
dimension M/L3 or ML–3, or mass over length cubed. In general, the dimension of any physical quantity can be written as
LaMbTc Id ΘeN f Jg for some powers a, b, c, d, e, f , and g. We can write the dimensions of a length in this form with

a = 1 and the remaining six powers all set equal to zero: L1 = L1 M0 T0 I0 Θ0 N0 J0. Any quantity with a dimension that

can be written so that all seven powers are zero (that is, its dimension is L0 M0 T0 I0 Θ0 N0 J0 ) is called dimensionless
(or sometimes “of dimension 1,” because anything raised to the zero power is one). Physicists often call dimensionless
quantities pure numbers.

Base Quantity Symbol for Dimension

Length L

Mass M

Time T

Current I

Thermodynamic temperature Θ

Amount of substance N

Luminous intensity J

Table 1.3 Base Quantities and Their Dimensions

Physicists often use square brackets around the symbol for a physical quantity to represent the dimensions of that quantity.
For example, if r is the radius of a cylinder and h is its height, then we write [r] = L and [h] = L to indicate the
dimensions of the radius and height are both those of length, or L. Similarly, if we use the symbol A for the surface area of
a cylinder and V for its volume, then [A] = L2 and [V] = L3. If we use the symbol m for the mass of the cylinder and ρ

for the density of the material from which the cylinder is made, then [m] = M and [ρ] = ML−3.

The importance of the concept of dimension arises from the fact that any mathematical equation relating physical quantities
must be dimensionally consistent, which means the equation must obey the following rules:

• Every term in an expression must have the same dimensions; it does not make sense to add or subtract quantities of
differing dimension (think of the old saying: “You can’t add apples and oranges”). In particular, the expressions on
each side of the equality in an equation must have the same dimensions.

• The arguments of any of the standard mathematical functions such as trigonometric functions (such as sine and
cosine), logarithms, or exponential functions that appear in the equation must be dimensionless. These functions
require pure numbers as inputs and give pure numbers as outputs.

If either of these rules is violated, an equation is not dimensionally consistent and cannot possibly be a correct statement
of physical law. This simple fact can be used to check for typos or algebra mistakes, to help remember the various laws of
physics, and even to suggest the form that new laws of physics might take. This last use of dimensions is beyond the scope
of this text, but is something you will undoubtedly learn later in your academic career.

Example 1.4

Using Dimensions to Remember an Equation

Suppose we need the formula for the area of a circle for some computation. Like many people who learned
geometry too long ago to recall with any certainty, two expressions may pop into our mind when we think of

Chapter 1 | Units and Measurement 21



SAMPLE CHAPTERS 
NOT FINAL DRAFT

1.5

circles: πr2 and 2πr. One expression is the circumference of a circle of radius r and the other is its area. But
which is which?

Strategy

One natural strategy is to look it up, but this could take time to find information from a reputable source. Besides,
even if we think the source is reputable, we shouldn’t trust everything we read. It is nice to have a way to double-
check just by thinking about it. Also, we might be in a situation in which we cannot look things up (such as during
a test). Thus, the strategy is to find the dimensions of both expressions by making use of the fact that dimensions
follow the rules of algebra. If either expression does not have the same dimensions as area, then it cannot possibly
be the correct equation for the area of a circle.

Solution

We know the dimension of area is L2. Now, the dimension of the expression πr2 is

[πr2] = [π] · [r]2 = 1 · L2 = L2,

since the constant π is a pure number and the radius r is a length. Therefore, πr2 has the dimension of area.
Similarly, the dimension of the expression 2πr is

[2πr] = [2] · [π] · [r] = 1 · 1 · L = L,

since the constants 2 and π are both dimensionless and the radius r is a length. We see that 2πr has the
dimension of length, which means it cannot possibly be an area.

We rule out 2πr because it is not dimensionally consistent with being an area. We see that πr2 is dimensionally

consistent with being an area, so if we have to choose between these two expressions, πr2 is the one to choose.

Significance

This may seem like kind of a silly example, but the ideas are very general. As long as we know the dimensions
of the individual physical quantities that appear in an equation, we can check to see whether the equation is
dimensionally consistent. On the other hand, knowing that true equations are dimensionally consistent, we can
match expressions from our imperfect memories to the quantities for which they might be expressions. Doing this
will not help us remember dimensionless factors that appear in the equations (for example, if you had accidentally
conflated the two expressions from the example into 2πr2, then dimensional analysis is no help), but it does
help us remember the correct basic form of equations.

Check Your Understanding Suppose we want the formula for the volume of a sphere. The two
expressions commonly mentioned in elementary discussions of spheres are 4πr2 and 4πr3 /3. One is the
volume of a sphere of radius r and the other is its surface area. Which one is the volume?
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Checking Equations for Dimensional Consistency

Consider the physical quantities s, v, a, and t with dimensions [s] = L, [v] = LT−1, [a] = LT−2,
and [t] = T. Determine whether each of the following equations is dimensionally consistent: (a)

s = vt + 0.5at2; (b) s = vt2 + 0.5at; and (c) v = sin(at2 /s).

Strategy

By the definition of dimensional consistency, we need to check that each term in a given equation has the same
dimensions as the other terms in that equation and that the arguments of any standard mathematical functions are
dimensionless.

Solution

a. There are no trigonometric, logarithmic, or exponential functions to worry about in this equation, so we
need only look at the dimensions of each term appearing in the equation. There are three terms, one in the
left expression and two in the expression on the right, so we look at each in turn:

[s] = L
[vt] = [v] · [t] = LT−1 · T = LT0 = L
[0.5at2] = [a] · [t]2 = LT−2 · T2 = LT0 = L.

All three terms have the same dimension, so this equation is dimensionally consistent.

b. Again, there are no trigonometric, exponential, or logarithmic functions, so we only need to look at the
dimensions of each of the three terms appearing in the equation:

[s] = L
[vt2] = [v] · [t]2 = LT−1 · T2 = LT
[at] = [a] · [t] = LT−2 · T = LT−1.

None of the three terms has the same dimension as any other, so this is about as far from being
dimensionally consistent as you can get. The technical term for an equation like this is nonsense.

c. This equation has a trigonometric function in it, so first we should check that the argument of the sine
function is dimensionless:

⎡
⎣at

2
s
⎤
⎦ = [a] · [t]2

[s] = LT−2 · T2

L = L
L = 1.

The argument is dimensionless. So far, so good. Now we need to check the dimensions of each of the two
terms (that is, the left expression and the right expression) in the equation:

[v] = LT−1

⎡
⎣sin⎛⎝at

2
s
⎞
⎠
⎤
⎦ = 1.

The two terms have different dimensions—meaning, the equation is not dimensionally consistent. This equation
is another example of “nonsense.”

Significance

If we are trusting people, these types of dimensional checks might seem unnecessary. But, rest assured, any
textbook on a quantitative subject such as physics (including this one) almost certainly contains some equations
with typos. Checking equations routinely by dimensional analysis save us the embarrassment of using an incorrect
equation. Also, checking the dimensions of an equation we obtain through algebraic manipulation is a great way
to make sure we did not make a mistake (or to spot a mistake, if we made one).
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One further point that needs to be mentioned is the effect of the operations of calculus on dimensions. We have seen that
dimensions obey the rules of algebra, just like units, but what happens when we take the derivative of one physical quantity
with respect to another or integrate a physical quantity over another? The derivative of a function is just the slope of the line
tangent to its graph and slopes are ratios, so for physical quantities v and t, we have that the dimension of the derivative of
v with respect to t is just the ratio of the dimension of v over that of t:

⎡
⎣dvdt
⎤
⎦ = [v]

[t] .

Similarly, since integrals are just sums of products, the dimension of the integral of v with respect to t is simply the
dimension of v times the dimension of t:

⎡
⎣∫ vdt⎤⎦ = [v] · [t].

By the same reasoning, analogous rules hold for the units of physical quantities derived from other quantities by integration
or differentiation.

1.5 | Estimates and Fermi Calculations

Learning Objectives

By the end of this section, you will be able to:

1.5.1 Estimate the values of physical quantities.

On many occasions, physicists, other scientists, and engineers need to make estimates for a particular quantity. Other 
terms sometimes used are guesstimates, order-of-magnitude approximations, back-of-the-envelope calculations, or Fermi 
calculations. (The physicist Enrico Fermi mentioned earlier was famous for his ability to estimate various kinds of data with 
surprising precision.) Will that piece of equipment fit in the back of the car or do we need to rent a truck? How long will 
this download take? About how large a current will there be in this circuit when it is turned on? How many houses could 
a proposed power plant actually power if it is built? Note that estimating does not mean guessing a number or a formula 
at random. Rather, estimation means using prior experience and sound physical reasoning to arrive at a rough idea of a 
quantity’s value. Because the process of determining a reliable approximation usually involves the identification of correct 
physical principles and a good guess about the relevant variables, estimating is very useful in developing physical intuition. 
Estimates also allow us perform “sanity checks” on calculations or policy proposals by helping us rule out certain scenarios 
or unrealistic numbers. They allow us to challenge others (as well as ourselves) in our efforts to learn truths about the world.

Many estimates are based on formulas in which the input quantities are known only to a limited precision. As you develop 
physics problem-solving skills (which are applicable to a wide variety of fields), you also will develop skills at estimating. 
You develop these skills by thinking more quantitatively and by being willing to take risks. As with any skill, experience 
helps. Familiarity with dimensions (see ...) and units (see ... and ... ), and the scales of base quantities (see ... ) 
also helps.

To make some progress in estimating, you need to have some definite ideas about how variables may be related. The 
following strategies may help you in practicing the art of estimation:

• Get big lengths from smaller lengths. When estimating lengths, remember that anything can be a ruler. Thus, 
imagine breaking a big thing into smaller things, estimate the length of one of the smaller things, and multiply to 
get the length of the big thing. For example, to estimate the height of a building, first count how many floors it 
has. Then, estimate how big a single floor is by imagining how many people would have to stand on each other’s 
shoulders to reach the ceiling. Last, estimate the height of a person. The product of these three estimates is your 
estimate of the height of the building. It helps to have memorized a few length scales relevant to the sorts of 
problems you find yourself solving. For example, knowing some of the length scales in ... 
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thing, imagine a bunch of them making up a bigger thing. For example, to estimate the thickness of a sheet of paper, 
estimate the thickness of a stack of paper and then divide by the number of pages in the stack. These same strategies 
of breaking big things into smaller things or aggregating smaller things into a bigger thing can sometimes be used 
to estimate other physical quantities, such as masses and times.

• Get areas and volumes from lengths. When dealing with an area or a volume of a complex object, introduce a simple
model of the object such as a sphere or a box. Then, estimate the linear dimensions (such as the radius of the sphere
or the length, width, and height of the box) first, and use your estimates to obtain the volume or area from standard
geometric formulas. If you happen to have an estimate of an object’s area or volume, you can also do the reverse;
that is, use standard geometric formulas to get an estimate of its linear dimensions.

• Get masses from volumes and densities. When estimating masses of objects, it can help first to estimate its volume
and then to estimate its mass from a rough estimate of its average density (recall, density has dimension mass over
length cubed, so mass is density times volume). For this, it helps to remember that the density of air is around 1 kg/
m3, the density of water is 103 kg/m3, and the densest everyday solids max out at around 104 kg/m3. Asking yourself
whether an object floats or sinks in either air or water gets you a ballpark estimate of its density. You can also do
this the other way around; if you have an estimate of an object’s mass and its density, you can use them to get an
estimate of its volume.

• If all else fails, bound it. For physical quantities for which you do not have a lot of intuition, sometimes the best
you can do is think something like: Well, it must be bigger than this and smaller than that. For example, suppose
you need to estimate the mass of a moose. Maybe you have a lot of experience with moose and know their average
mass offhand. If so, great. But for most people, the best they can do is to think something like: It must be bigger
than a person (of order 102 kg) and less than a car (of order 103 kg). If you need a single number for a subsequent
calculation, you can take the geometric mean of the upper and lower bound—that is, you multiply them together
and then take the square root. For the moose mass example, this would be

⎛
⎝102 × 103⎞⎠

0.5
= 102.5 = 100.5 × 102 ≈ 3 × 102 kg.

The tighter the bounds, the better. Also, no rules are unbreakable when it comes to estimation. If you think the value
of the quantity is likely to be closer to the upper bound than the lower bound, then you may want to bump up your
estimate from the geometric mean by an order or two of magnitude.

• One “sig. fig.” is fine. There is no need to go beyond one significant figure when doing calculations to obtain an
estimate. In most cases, the order of magnitude is good enough. The goal is just to get in the ballpark figure, so keep
the arithmetic as simple as possible.

• Ask yourself: Does this make any sense? Last, check to see whether your answer is reasonable. How does it compare
with the values of other quantities with the same dimensions that you already know or can look up easily? If you
get some wacky answer (for example, if you estimate the mass of the Atlantic Ocean to be bigger than the mass of
Earth, or some time span to be longer than the age of the universe), first check to see whether your units are correct.
Then, check for arithmetic errors. Then, rethink the logic you used to arrive at your answer. If everything checks
out, you may have just proved that some slick new idea is actually bogus.

Example 1.6

Mass of Earth’s Oceans

Estimate the total mass of the oceans on Earth.

Strategy

We know the density of water is about 103 kg/m3, so we start with the advice to “get masses from densities 
and volumes.” Thus, we need to estimate the volume of the planet’s oceans. Using the advice to “get areas and 
volumes from lengths,” we can estimate the volume of the oceans as surface area times average depth, or V 
= AD. We know the diameter of Earth from ... and we know that most of Earth’s surface is covered in water, 
so we can estimate the surface area of the oceans as being roughly equal to the surface area of the planet. By 
following the advice to “get areas and volumes from lengths” again, we can approximate Earth as a sphere and
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use the formula for the surface area of a sphere of diameter d—that is, A = πd2, to estimate the surface area of
the oceans. Now we just need to estimate the average depth of the oceans. For this, we use the advice: “If all else 
fails, bound it.” We happen to know the deepest points in the ocean are around 10 km and that it is not uncommon
for the ocean to be deeper than 1 km, so we take the average depth to be around (103 × 104)0.5 ≈ 3 × 103 m. 
Now we just need to put it all together, heeding the advice that “one ‘sig. fig.’ is fine.”

Solution

We estimate the surface area of Earth (and hence the surface area of Earth’s oceans) to be roughly

A = πd2 = π(107 m)2 ≈ 3 × 1014 m2.

Next, using our average depth estimate of D = 3 × 103 m, which was obtained by bounding, we estimate the 
volume of Earth’s oceans to be

V = AD = (3 × 1014 m2)(3 × 103 m) = 9 × 1017 m3.

Last, we estimate the mass of the world’s oceans to be

M = ρV = (103 kg/m3)(9 × 1017 m3) = 9 × 1020 kg.

Thus, we estimate that the order of magnitude of the mass of the planet’s oceans is 1021 kg.

Significance

To verify our answer to the best of our ability, we first need to answer the question: Does this make any 
sense? From ... , we see the mass of Earth’s atmosphere is on the order of 1019 kg and the mass of 
Earth is on the order of 1025 kg. It is reassuring that our estimate of 1021 kg for the mass of Earth’s oceans falls 
somewhere between these two. So, yes, it does seem to make sense. It just so happens that we
did a search on the Web for “mass of oceans” and the top search results all said 1.4 × 1021 kg, which is the same
order of magnitude as our estimate. Now, rather than having to trust blindly whoever first put that number up on a 
website (most of the other sites probably just copied it from them, after all), we can have a little more confidence 
in it.

1.7 Check Your Understanding ... says the mass of the atmosphere is 1019 kg. Assuming the 
density of the atmosphere is 1 kg/m3, estimate the height of Earth’s atmosphere. Do you think your answer is an 
underestimate or an overestimate? Explain why.

How many piano tuners are there in New York City? How many leaves are on that tree? If you are studying photosynthesis
or thinking of writing a smartphone app for piano tuners, then the answers to these questions might be of great interest to
you. Otherwise, you probably couldn’t care less what the answers are. However, these are exactly the sorts of estimation
problems that people in various tech industries have been asking potential employees to evaluate their quantitative reasoning
skills. If building physical intuition and evaluating quantitative claims do not seem like sufficient reasons for you to practice
estimation problems, how about the fact that being good at them just might land you a high-paying job?

For practice estimating relative lengths, areas, and volumes, check out this PhET
(http://www.openstaxcollege.org/l/21lengthgame) simulation, titled “Estimation.”
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Learning Objectives

By the end of this section, you will be able to:

1.6.1 Determine the correct number of significant figures for the result of a computation.
1.6.2 Describe the relationship between the concepts of accuracy, precision, uncertainty, and
discrepancy.
1.6.3 Calculate the percent uncertainty of a measurement, given its value and its uncertainty.
1.6.4 Determine the uncertainty of the result of a computation involving quantities with given
uncertainties.

Figure 1.11 shows two instruments used to measure the mass of an object. The digital scale has mostly replaced the
double-pan balance in physics labs because it gives more accurate and precise measurements. But what exactly do we
mean by accurate and precise? Aren’t they the same thing? In this section we examine in detail the process of making and
reporting a measurement.

Figure 1.11 (a) A double-pan mechanical balance is used to compare different masses. Usually an object with unknown mass
is placed in one pan and objects of known mass are placed in the other pan. When the bar that connects the two pans is
horizontal, then the masses in both pans are equal. The “known masses” are typically metal cylinders of standard mass such as 1
g, 10 g, and 100 g. (b) Many mechanical balances, such as double-pan balances, have been replaced by digital scales, which can
typically measure the mass of an object more precisely. A mechanical balance may read only the mass of an object to the nearest
tenth of a gram, but many digital scales can measure the mass of an object up to the nearest thousandth of a gram. (credit a:
modification of work by Serge Melki; credit b: modification of work by Karel Jakubec)

Accuracy and Precision of a Measurement
Science is based on observation and experiment—that is, on measurements. Accuracy is how close a measurement is to the
accepted reference value for that measurement. For example, let’s say we want to measure the length of standard printer
paper. The packaging in which we purchased the paper states that it is 11.0 in. long. We then measure the length of the paper
three times and obtain the following measurements: 11.1 in., 11.2 in., and 10.9 in. These measurements are quite accurate
because they are very close to the reference value of 11.0 in. In contrast, if we had obtained a measurement of 12 in., our
measurement would not be very accurate. Notice that the concept of accuracy requires that an accepted reference value be
given.

The precision of measurements refers to how close the agreement is between repeated independent measurements (which
are repeated under the same conditions). Consider the example of the paper measurements. The precision of the
measurements refers to the spread of the measured values. One way to analyze the precision of the measurements is to
determine the range, or difference, between the lowest and the highest measured values. In this case, the lowest value was
10.9 in. and the highest value was 11.2 in. Thus, the measured values deviated from each other by, at most, 0.3 in. These
measurements were relatively precise because they did not vary too much in value. However, if the measured values had
been 10.9 in., 11.1 in., and 11.9 in., then the measurements would not be very precise because there would be significant
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acquired and does not depend on an accepted reference value.

The measurements in the paper example are both accurate and precise, but in some cases, measurements are accurate but
not precise, or they are precise but not accurate. Let’s consider an example of a GPS attempting to locate the position
of a restaurant in a city. Think of the restaurant location as existing at the center of a bull’s-eye target and think of each
GPS attempt to locate the restaurant as a black dot. In Figure 1.12(a), we see the GPS measurements are spread out far
apart from each other, but they are all relatively close to the actual location of the restaurant at the center of the target.
This indicates a low-precision, high-accuracy measuring system. However, in Figure 1.12(b), the GPS measurements are
concentrated quite closely to one another, but they are far away from the target location. This indicates a high-precision,
low-accuracy measuring system.

Figure 1.12 A GPS attempts to locate a restaurant at the center of the bull’s-eye. The
black dots represent each attempt to pinpoint the location of the restaurant. (a) The dots
are spread out quite far apart from one another, indicating low precision, but they are each
rather close to the actual location of the restaurant, indicating high accuracy. (b) The dots
are concentrated rather closely to one another, indicating high precision, but they are
rather far away from the actual location of the restaurant, indicating low accuracy. (credit
a and credit b: modification of works by Dark Evil)

Accuracy, Precision, Uncertainty, and Discrepancy
The precision of a measuring system is related to the uncertainty in the measurements whereas the accuracy is related
to the discrepancy from the accepted reference value. Uncertainty is a quantitative measure of how much your measured
values deviate from one another. There are many different methods of calculating uncertainty, each of which is appropriate
to different situations. Some examples include taking the range (that is, the biggest less the smallest) or finding the standard
deviation of the measurements. Discrepancy (or “measurement error”) is the difference between the measured value and a
given standard or expected value. If the measurements are not very precise, then the uncertainty of the values is high. If the
measurements are not very accurate, then the discrepancy of the values is high.

Recall our example of measuring paper length; we obtained measurements of 11.1 in., 11.2 in., and 10.9 in., and the accepted
value was 11.0 in. We might average the three measurements to say our best guess is 11.1 in.; in this case, our discrepancy
is 11.1 – 11.0 = 0.1 in., which provides a quantitative measure of accuracy. We might calculate the uncertainty in our best
guess by using the range of our measured values: 0.3 in. Then we would say the length of the paper is 11.1 in. plus or minus
0.3 in. The uncertainty in a measurement, A, is often denoted as δA (read “delta A”), so the measurement result would be
recorded as A ± δA. Returning to our paper example, the measured length of the paper could be expressed as 11.1 ± 0.3
in. Since the discrepancy of 0.1 in. is less than the uncertainty of 0.3 in., we might say the measured value agrees with the
accepted reference value to within experimental uncertainty.

Some factors that contribute to uncertainty in a measurement include the following:

• Limitations of the measuring device

• The skill of the person taking the measurement

• Irregularities in the object being measured

• Any other factors that affect the outcome (highly dependent on the situation)

In our example, such factors contributing to the uncertainty could be the smallest division on the ruler is 1/16 in., the person
using the ruler has bad eyesight, the ruler is worn down on one end, or one side of the paper is slightly longer than the other.
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1.8

At any rate, the uncertainty in a measurement must be calculated to quantify its precision. If a reference value is known, it
makes sense to calculate the discrepancy as well to quantify its accuracy.

Percent Uncertainty
Another method of expressing uncertainty is as a percent of the measured value. If a measurement A is expressed with
uncertainty δA, the percent uncertainty is defined as

Percent uncertainty = δA
A × 100%.

Example 1.7

Calculating Percent Uncertainty: A Bag of Apples

A grocery store sells 5-lb bags of apples. Let’s say we purchase four bags during the course of a month and weigh
the bags each time. We obtain the following measurements:

• Week 1 weight: 4.8 lb

• Week 2 weight: 5.3 lb

• Week 3 weight: 4.9 lb

• Week 4 weight: 5.4 lb

We then determine the average weight of the 5-lb bag of apples is 5.1 ± 0.2 lb. What is the percent uncertainty of
the bag’s weight?

Strategy

First, observe that the average value of the bag’s weight, A, is 5.1 lb. The uncertainty in this value, δA, is 0.2 lb.
We can use the following equation to determine the percent uncertainty of the weight:

(1.1)Percent uncertainty = δA
A × 100%.

Solution

Substitute the values into the equation:

Percent uncertainty = δA
A × 100% = 0.2 lb

5.1 lb × 100% = 3.9% ≈ 4%.

Significance

We can conclude the average weight of a bag of apples from this store is 5.1 lb ± 4%. Notice the percent
uncertainty is dimensionless because the units of weight in δA = 0.2 lb canceled those inn A = 5.1 lb when we
took the ratio.

Check Your Understanding A high school track coach has just purchased a new stopwatch. The
stopwatch manual states the stopwatch has an uncertainty of ±0.05 s. Runners on the track coach’s team
regularly clock 100-m sprints of 11.49 s to 15.01 s. At the school’s last track meet, the first-place sprinter came
in at 12.04 s and the second-place sprinter came in at 12.07 s. Will the coach’s new stopwatch be helpful in
timing the sprint team? Why or why not?

Uncertainties in Calculations
Uncertainty exists in anything calculated from measured quantities. For example, the area of a floor calculated from
measurements of its length and width has an uncertainty because the length and width have uncertainties. How big is the
uncertainty in something you calculate by multiplication or division? If the measurements going into the calculation have
small uncertainties (a few percent or less), then the method of adding percents can be used for multiplication or division.
This method states the percent uncertainty in a quantity calculated by multiplication or division is the sum of the percent
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with uncertainties of 2% and 1%, respectively, then the area of the floor is 12.0 m2 and has an uncertainty of 3%. (Expressed
as an area, this is 0.36 m2 [ 12.0 m2 × 0.03 ], which we round to 0.4 m2 since the area of the floor is given to a tenth of a
square meter.)

Precision of Measuring Tools and Significant Figures
An important factor in the precision of measurements involves the precision of the measuring tool. In general, a precise
measuring tool is one that can measure values in very small increments. For example, a standard ruler can measure length to
the nearest millimeter whereas a caliper can measure length to the nearest 0.01 mm. The caliper is a more precise measuring
tool because it can measure extremely small differences in length. The more precise the measuring tool, the more precise
the measurements.

When we express measured values, we can only list as many digits as we measured initially with our measuring tool. For
example, if we use a standard ruler to measure the length of a stick, we may measure it to be 36.7 cm. We can’t express this
value as 36.71 cm because our measuring tool is not precise enough to measure a hundredth of a centimeter. It should be
noted that the last digit in a measured value has been estimated in some way by the person performing the measurement. For
example, the person measuring the length of a stick with a ruler notices the stick length seems to be somewhere in between
36.6 cm and 36.7 cm, and he or she must estimate the value of the last digit. Using the method of significant figures, the
rule is that the last digit written down in a measurement is the first digit with some uncertainty. To determine the number
of significant digits in a value, start with the first measured value at the left and count the number of digits through the last
digit written on the right. For example, the measured value 36.7 cm has three digits, or three significant figures. Significant
figures indicate the precision of the measuring tool used to measure a value.

Zeros
Special consideration is given to zeros when counting significant figures. The zeros in 0.053 are not significant because
they are placeholders that locate the decimal point. There are two significant figures in 0.053. The zeros in 10.053 are
not placeholders; they are significant. This number has five significant figures. The zeros in 1300 may or may not be
significant, depending on the style of writing numbers. They could mean the number is known to the last digit or they
could be placeholders. So 1300 could have two, three, or four significant figures. To avoid this ambiguity, we should write
1300 in scientific notation as 1.3 × 103, 1.30 × 103, or 1.300 × 103, depending on whether it has two, three, or four
significant figures. Zeros are significant except when they serve only as placeholders.

Significant Figures in Calculations
When combining measurements with different degrees of precision, the number of significant digits in the final answer can
be no greater than the number of significant digits in the least-precise measured value. There are two different rules, one
for multiplication and division and the other for addition and subtraction.

1. For multiplication and division, the result should have the same number of significant figures as the quantity
with the least number of significant figures entering into the calculation. For example, the area of a circle can be
calculated from its radius using A = πr2. Let’s see how many significant figures the area has if the radius has only
two—say, r = 1.2 m. Using a calculator with an eight-digit output, we would calculate

A = πr2 = (3.1415927…) × (1.2 m)2 = 4.5238934 m2.

But because the radius has only two significant figures, it limits the calculated quantity to two significant figures, or

A = 4.5 m2,

although π is good to at least eight digits.
2. For addition and subtraction, the answer can contain no more decimal places than the least-precise measurement.

Suppose we buy 7.56 kg of potatoes in a grocery store as measured with a scale with precision 0.01 kg, then we drop
off 6.052 kg of potatoes at your laboratory as measured by a scale with precision 0.001 kg. Then, we go home and
add 13.7 kg of potatoes as measured by a bathroom scale with precision 0.1 kg. How many kilograms of potatoes do
we now have and how many significant figures are appropriate in the answer? The mass is found by simple addition
and subtraction:
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−6.052 kg
+13.7 kg
15.208 kg = 15.2 kg.

Next, we identify the least-precise measurement: 13.7 kg. This measurement is expressed to the 0.1 decimal place,
so our final answer must also be expressed to the 0.1 decimal place. Thus, the answer is rounded to the tenths place,
giving us 15.2 kg.

Significant Figures in This Text
In this text, most numbers are assumed to have three significant figures. Furthermore, consistent numbers of significant
figures are used in all worked examples. An answer given to three digits is based on input good to at least three digits,
for example. If the input has fewer significant figures, the answer will also have fewer significant figures. Care is also
taken that the number of significant figures is reasonable for the situation posed. In some topics, particularly in optics, more
accurate numbers are needed and we use more than three significant figures. Finally, if a number is exact, such as the two
in the formula for the circumference of a circle, C = 2πr, it does not affect the number of significant figures in a calculation.
Likewise, conversion factors such as 100 cm/1 m are considered exact and do not affect the number of significant figures in
a calculation.

1.7 | Solving Problems in Physics

Learning Objectives

By the end of this section, you will be able to:

1.7.1 Describe the process for developing a problem-solving strategy.
1.7.2 Explain how to find the numerical solution to a problem.
1.7.3 Summarize the process for assessing the significance of the numerical solution to a
problem.

Figure 1.13 Problem-solving skills are essential to your success in physics. (credit:
“scui3asteveo”/Flickr)
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to apply broad physical principles—usually represented by equations—to specific situations is a very powerful form of
knowledge. It is much more powerful than memorizing a list of facts. Analytical skills and problem-solving abilities can be
applied to new situations whereas a list of facts cannot be made long enough to contain every possible circumstance. Such
analytical skills are useful both for solving problems in this text and for applying physics in everyday life.

As you are probably well aware, a certain amount of creativity and insight is required to solve problems. No rigid procedure
works every time. Creativity and insight grow with experience. With practice, the basics of problem solving become almost
automatic. One way to get practice is to work out the text’s examples for yourself as you read. Another is to work as
many end-of-section problems as possible, starting with the easiest to build confidence and then progressing to the more
difficult. After you become involved in physics, you will see it all around you, and you can begin to apply it to situations
you encounter outside the classroom, just as is done in many of the applications in this text.

Although there is no simple step-by-step method that works for every problem, the following three-stage process facilitates
problem solving and makes it more meaningful. The three stages are strategy, solution, and significance. This process is
used in examples throughout the book. Here, we look at each stage of the process in turn.

Strategy
Strategy is the beginning stage of solving a problem. The idea is to figure out exactly what the problem is and then develop
a strategy for solving it. Some general advice for this stage is as follows:

• Examine the situation to determine which physical principles are involved. It often helps to draw a simple sketch
at the outset. You often need to decide which direction is positive and note that on your sketch. When you have
identified the physical principles, it is much easier to find and apply the equations representing those principles.
Although finding the correct equation is essential, keep in mind that equations represent physical principles, laws of
nature, and relationships among physical quantities. Without a conceptual understanding of a problem, a numerical
solution is meaningless.

• Make a list of what is given or can be inferred from the problem as stated (identify the “knowns”). Many problems
are stated very succinctly and require some inspection to determine what is known. Drawing a sketch be very useful
at this point as well. Formally identifying the knowns is of particular importance in applying physics to real-world
situations. For example, the word stopped means the velocity is zero at that instant. Also, we can often take initial
time and position as zero by the appropriate choice of coordinate system.

• Identify exactly what needs to be determined in the problem (identify the unknowns). In complex problems,
especially, it is not always obvious what needs to be found or in what sequence. Making a list can help identify the
unknowns.

• Determine which physical principles can help you solve the problem. Since physical principles tend to be expressed
in the form of mathematical equations, a list of knowns and unknowns can help here. It is easiest if you can find
equations that contain only one unknown—that is, all the other variables are known—so you can solve for the
unknown easily. If the equation contains more than one unknown, then additional equations are needed to solve the
problem. In some problems, several unknowns must be determined to get at the one needed most. In such problems
it is especially important to keep physical principles in mind to avoid going astray in a sea of equations. You may
have to use two (or more) different equations to get the final answer.

Solution
The solution stage is when you do the math. Substitute the knowns (along with their units) into the appropriate equation
and obtain numerical solutions complete with units. That is, do the algebra, calculus, geometry, or arithmetic necessary to
find the unknown from the knowns, being sure to carry the units through the calculations. This step is clearly important
because it produces the numerical answer, along with its units. Notice, however, that this stage is only one-third of the
overall problem-solving process.

Significance
After having done the math in the solution stage of problem solving, it is tempting to think you are done. But, always
remember that physics is not math. Rather, in doing physics, we use mathematics as a tool to help us understand nature. So,
after you obtain a numerical answer, you should always assess its significance:

• Check your units. If the units of the answer are incorrect, then an error has been made and you should go back over
your previous steps to find it. One way to find the mistake is to check all the equations you derived for dimensional
consistency. However, be warned that correct units do not guarantee the numerical part of the answer is also correct.
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of physics is to describe nature accurately. To determine whether the answer is reasonable, check both its magnitude
and its sign, in addition to its units. The magnitude should be consistent with a rough estimate of what it should
be. It should also compare reasonably with magnitudes of other quantities of the same type. The sign usually tells
you about direction and should be consistent with your prior expectations. Your judgment will improve as you solve
more physics problems, and it will become possible for you to make finer judgments regarding whether nature is
described adequately by the answer to a problem. This step brings the problem back to its conceptual meaning. If
you can judge whether the answer is reasonable, you have a deeper understanding of physics than just being able to
solve a problem mechanically.

• Check to see whether the answer tells you something interesting. What does it mean? This is the flip side of the
question: Does it make sense? Ultimately, physics is about understanding nature, and we solve physics problems to
learn a little something about how nature operates. Therefore, assuming the answer does make sense, you should
always take a moment to see if it tells you something about the world that you find interesting. Even if the answer to
this particular problem is not very interesting to you, what about the method you used to solve it? Could the method
be adapted to answer a question that you do find interesting? In many ways, it is in answering questions such as
these science that progresses.

Additional Problems
Exercise 1.1

Consider the equation y = mt +b, where the dimension of y is length and the dimension of t is time, and m and b are
constants. What are the dimensions and SI units of (a) m and (b) b?

Solution
a. [m] = LT–1 and SI units are meters per second (m/s); b. [b] = L and SI units are meters (m)

Exercise 1.2

Consider the equation s = s0 + v0 t + a0 t
2 /2 + j0 t

3 /6 + S0 t
4 /24 + ct5 /120, where s is a length and t is a time. What

are the dimensions and SI units of (a) s0, (b) v0, (c) a0, (d) j0, (e) S0, and (f) c?

Solution
a. [s0] = L and units are meters (m); b. [v0] = LT−1 and units are meters per second (m/s); c. [a0] = LT−2 and units

are meters per second squared (m/s2); d. [ j0] = LT−3 and units are meters per second cubed (m/s3); e. [S0] = LT−4 and

units are m/s4; f. [c] = LT−5 and units are m/s5.

Exercise 1.3

(a) A car speedometer has a 5% uncertainty. What is the range of possible speeds when it reads 90 km/h? (b) Convert this
range to miles per hour. Note 1 km = 0.6214 mi.

Solution
a. 85 to 95 km/h; b. 53 to 59 mi/h

Exercise 1.4

A marathon runner completes a 42.188-km course in 2 h, 30 min, and 12 s. There is an uncertainty of 25 m in the distance
traveled and an uncertainty of 1 s in the elapsed time. (a) Calculate the percent uncertainty in the distance. (b) Calculate the
percent uncertainty in the elapsed time. (c) What is the average speed in meters per second? (d) What is the uncertainty in
the average speed?

Solution
a. 0.059%; b. 0.01%; c. 4.681 m/s; d. 0.07%, 0.003 m/s

Exercise 1.5

The sides of a small rectangular box are measured to be 1.80 ± 0.1 cm, 2.05 ± 0.02 cm, and 3.1 ± 0.1 cm long. Calculate its
volume and uncertainty in cubic centimeters.

Solution
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Exercise 1.6

When nonmetric units were used in the United Kingdom, a unit of mass called the pound-mass (lbm) was used, where 1 lbm
= 0.4539 kg. (a) If there is an uncertainty of 0.0001 kg in the pound-mass unit, what is its percent uncertainty? (b) Based on
that percent uncertainty, what mass in pound-mass has an uncertainty of 1 kg when converted to kilograms?

Solution
a. 0.02%; b. 1×104 lbm

Exercise 1.7

The length and width of a rectangular room are measured to be 3.955 ± 0.005 m and 3.050 ± 0.005 m. Calculate the area of
the room and its uncertainty in square meters.

Solution
Percent uncertainty is 0.3%, so the area with uncertainty is 12.06 ± 0.04 m2

Exercise 1.8

A car engine moves a piston with a circular cross-section of 7.500 ± 0.002 cm in diameter a distance of 3.250 ± 0.001 cm
to compress the gas in the cylinder. (a) By what amount is the gas decreased in volume in cubic centimeters? (b) Find the
uncertainty in this volume.

Solution
a. 143.6 cm3; b. 0.2 cm3 or 0.14%
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accuracy

base quantity

base unit

conversion factor

derived quantity

derived units

dimension

dimensionally consistent

dimensionless

discrepancy

English units

estimation

kilogram

law

meter

method of adding percents

metric system

model

order of magnitude

percent uncertainty

physical quantity

physics

precision

second

SI units

significant figures

CHAPTER 1 REVIEW

KEY TERMS
the degree to which a measured value agrees with an accepted reference value for that measurement

physical quantity chosen by convention and practical considerations such that all other physical quantities
can be expressed as algebraic combinations of them

standard for expressing the measurement of a base quantity within a particular system of units; defined by a
particular procedure used to measure the corresponding base quantity

a ratio that expresses how many of one unit are equal to another unit

physical quantity defined using algebraic combinations of base quantities

units that can be calculated using algebraic combinations of the fundamental units

expression of the dependence of a physical quantity on the base quantities as a product of powers of symbols
representing the base quantities; in general, the dimension of a quantity has the form La Mb Tc Id Θe Nf Jg for some
powers a, b, c, d, e, f, and g.

equation in which every term has the same dimensions and the arguments of any
mathematical functions appearing in the equation are dimensionless

quantity with a dimension of L0 M0 T0 I0 Θ0 N0 J0 = 1; also called quantity of dimension 1 or a pure
number

the difference between the measured value and a given standard or expected value

system of measurement used in the United States; includes units of measure such as feet, gallons, and
pounds

using prior experience and sound physical reasoning to arrive at a rough idea of a quantity’s value; sometimes
called an “order-of-magnitude approximation,” a “guesstimate,” a “back-of-the-envelope calculation”, or a “Fermi
calculation”

SI unit for mass, abbreviated kg

description, using concise language or a mathematical formula, of a generalized pattern in nature supported by
scientific evidence and repeated experiments

SI unit for length, abbreviated m

the percent uncertainty in a quantity calculated by multiplication or division is the sum of
the percent uncertainties in the items used to make the calculation.

system in which values can be calculated in factors of 10

representation of something often too difficult (or impossible) to display directly

the size of a quantity as it relates to a power of 10

the ratio of the uncertainty of a measurement to the measured value, expressed as a percentage

characteristic or property of an object that can be measured or calculated from other measurements

science concerned with describing the interactions of energy, matter, space, and time; especially interested in
what fundamental mechanisms underlie every phenomenon

the degree to which repeated measurements agree with each other

the SI unit for time, abbreviated s

the international system of units that scientists in most countries have agreed to use; includes units such as meters,
liters, and grams

used to express the precision of a measuring tool used to measure a value
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theory

uncertainty

units

testable explanation for patterns in nature supported by scientific evidence and verified multiple times by various
groups of researchers

a quantitative measure of how much measured values deviate from one another

standards used for expressing and comparing measurements

KEY EQUATIONS
Percent uncertainty Percent uncertainty = δA

A × 100%

SUMMARY

1.1 The Scope and Scale of Physics
• Physics is about trying to find the simple laws that describe all natural phenomena.

• Physics operates on a vast range of scales of length, mass, and time. Scientists use the concept of the order of
magnitude of a number to track which phenomena occur on which scales. They also use orders of magnitude to
compare the various scales.

• Scientists attempt to describe the world by formulating models, theories, and laws.

1.2 Units and Standards
• Systems of units are built up from a small number of base units, which are defined by accurate and precise

measurements of conventionally chosen base quantities. Other units are then derived as algebraic combinations of
the base units.

• Two commonly used systems of units are English units and SI units. All scientists and most of the other people in
the world use SI, whereas nonscientists in the United States still tend to use English units.

• The SI base units of length, mass, and time are the meter (m), kilogram (kg), and second (s), respectively.

• SI units are a metric system of units, meaning values can be calculated by factors of 10. Metric prefixes may be
used with metric units to scale the base units to sizes appropriate for almost any application.

1.3 Unit Conversion
• To convert a quantity from one unit to another, multiply by conversions factors in such a way that you cancel the

units you want to get rid of and introduce the units you want to end up with.

• Be careful with areas and volumes. Units obey the rules of algebra so, for example, if a unit is squared we need two
factors to cancel it.

1.4 Dimensional Analysis
• The dimension of a physical quantity is just an expression of the base quantities from which it is derived.

• All equations expressing physical laws or principles must be dimensionally consistent. This fact can be used as an
aid in remembering physical laws, as a way to check whether claimed relationships between physical quantities are
possible, and even to derive new physical laws.

1.5 Estimates and Fermi Calculations
• An estimate is a rough educated guess at the value of a physical quantity based on prior experience and sound

physical reasoning. Some strategies that may help when making an estimate are as follows:

◦ Get big lengths from smaller lengths.

◦ Get areas and volumes from lengths.

◦ Get masses from volumes and densities.

◦ If all else fails, bound it.
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◦ Ask yourself: Does this make any sense?

1.6 Significant Figures
• Accuracy of a measured value refers to how close a measurement is to an accepted reference value. The discrepancy

in a measurement is the amount by which the measurement result differs from this value.

• Precision of measured values refers to how close the agreement is between repeated measurements. The uncertainty
of a measurement is a quantification of this.

• The precision of a measuring tool is related to the size of its measurement increments. The smaller the measurement
increment, the more precise the tool.

• Significant figures express the precision of a measuring tool.

• When multiplying or dividing measured values, the final answer can contain only as many significant figures as the
least-precise value.

• When adding or subtracting measured values, the final answer cannot contain more decimal places than the least-
precise value.

1.7 Solving Problems in Physics

The three stages of the process for solving physics problems used in this book are as follows:

• Strategy: Determine which physical principles are involved and develop a strategy for using them to solve the
problem.

• Solution: Do the math necessary to obtain a numerical solution complete with units.

• Significance: Check the solution to make sure it makes sense (correct units, reasonable magnitude and sign) and
assess its significance.

CONCEPTUAL QUESTIONS

1.1 The Scope and Scale of Physics
9. What is physics?

10. Some have described physics as a “search for
simplicity.” Explain why this might be an appropriate
description.

11. If two different theories describe experimental
observations equally well, can one be said to be more valid
than the other (assuming both use accepted rules of logic)?

12. What determines the validity of a theory?

13. Certain criteria must be satisfied if a measurement or
observation is to be believed. Will the criteria necessarily
be as strict for an expected result as for an unexpected
result?

14. Can the validity of a model be limited or must it be
universally valid? How does this compare with the required
validity of a theory or a law?

1.2 Units and Standards
15. Identify some advantages of metric units.

16. What are the SI base units of length, mass, and time?

17. What is the difference between a base unit and a 
derived unit? (b) What is the difference between a base 
quantity and a derived quantity? (c) What is the difference 
between a base quantity and a base unit?

18. For each of the following scenarios, refer to ... and 
Table 1.2 to determine which metric prefix on the meter is 
most appropriate for each of the following scenarios. (a) 
You want to tabulate the mean distance from the Sun for 
each planet in the solar system. (b) You want to compare 
the sizes of some common viruses to design a mechanical 
filter capable of blocking the pathogenic ones. (c) You want 
to list the diameters of all the elements on the periodic 
table. (d) You want to list the distances to all the stars that 
have now received any radio broadcasts sent from Earth 10 
years ago. 
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19. (a) What is the relationship between the precision
and the uncertainty of a measurement? (b) What is the
relationship between the accuracy and the discrepancy of a
measurement?

1.7 Solving Problems in Physics
20. What information do you need to choose which
equation or equations to use to solve a problem?

21. What should you do after obtaining a numerical
answer when solving a problem?

PROBLEMS

1.1 The Scope and Scale of Physics
22. Find the order of magnitude of the following physical
quantities. (a) The mass of Earth’s atmosphere:
5.1 × 1018 kg; (b) The mass of the Moon’s atmosphere:

25,000 kg; (c) The mass of Earth’s hydrosphere:
1.4 × 1021 kg; (d) The mass of Earth: 5.97 × 1024 kg;

(e) The mass of the Moon: 7.34 × 1022 kg; (f) The

Earth–Moon distance (semimajor axis): 3.84 × 108 m; (g)

The mean Earth–Sun distance: 1.5 × 1011 m; (h) The

equatorial radius of Earth: 6.38 × 106 m; (i) The mass of

an electron: 9.11 × 10−31 kg; (j) The mass of a proton:

1.67 × 10−27 kg; (k) The mass of the Sun:

1.99 × 1030 kg.

23. Use the orders of magnitude you found in the previous
problem to answer the following questions to within an
order of magnitude. (a) How many electrons would it take
to equal the mass of a proton? (b) How many Earths would
it take to equal the mass of the Sun? (c) How many
Earth–Moon distances would it take to cover the distance
from Earth to the Sun? (d) How many Moon atmospheres
would it take to equal the mass of Earth’s atmosphere? (e)
How many moons would it take to equal the mass of Earth?
(f) How many protons would it take to equal the mass of
the Sun?

For the remaining questions, you need to use Figure 1.4
to obtain the necessary orders of magnitude of lengths,
masses, and times.

24. Roughly how many heartbeats are there in a lifetime?

25. A generation is about one-third of a lifetime.
Approximately how many generations have passed since
the year 0 AD?

26. Roughly how many times longer than the mean life of
an extremely unstable atomic nucleus is the lifetime of a
human?

27. Calculate the approximate number of atoms in a
bacterium. Assume the average mass of an atom in the
bacterium is 10 times the mass of a proton.

28. (a) Calculate the number of cells in a hummingbird
assuming the mass of an average cell is 10 times the mass
of a bacterium. (b) Making the same assumption, how
many cells are there in a human?

29. Assuming one nerve impulse must end before another
can begin, what is the maximum firing rate of a nerve in
impulses per second?

30. About how many floating-point operations can a
supercomputer perform each year?

31. Roughly how many floating-point operations can a
supercomputer perform in a human lifetime?

1.2 Units and Standards
32. The following times are given using metric prefixes
on the base SI unit of time: the second. Rewrite them in
scientific notation without the prefix. For example, 47 Ts
would be rewritten as 4.7 × 1013 s. (a) 980 Ps; (b) 980 fs;
(c) 17 ns; (d) 577 μs.

33. The following times are given in seconds. Use metric
prefixes to rewrite them so the numerical value is greater
than one but less than 1000. For example, 7.9 × 10−2 s
could be written as either 7.9 cs or 79 ms. (a) 9.57 × 105 s;

(b) 0.045 s; (c) 5.5 × 10−7 s; (d) 3.16 × 107 s.

34. The following lengths are given using metric prefixes
on the base SI unit of length: the meter. Rewrite them in
scientific notation without the prefix. For example, 4.2 Pm
would be rewritten as 4.2 × 1015 m. (a) 89 Tm; (b) 89 pm;
(c) 711 mm; (d) 0.45 μm.

35. The following lengths are given in meters. Use metric
prefixes to rewrite them so the numerical value is bigger
than one but less than 1000. For example, 7.9 × 10−2 m
could be written either as 7.9 cm or 79 mm. (a)
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1.63 × 1013 m.

36. The following masses are written using metric
prefixes on the gram. Rewrite them in scientific notation
in terms of the SI base unit of mass: the kilogram. For
example, 40 Mg would be written as 4 × 104 kg. (a) 23

mg; (b) 320 Tg; (c) 42 ng; (d) 7 g; (e) 9 Pg.

37. The following masses are given in kilograms. Use
metric prefixes on the gram to rewrite them so the
numerical value is bigger than one but less than 1000.
For example, 7 × 10−4 kg could be written as 70 cg or

700 mg. (a) 3.8 × 10−5 kg; (b) 2.3 × 1017 kg; (c)

2.4 × 10−11 kg; (d) 8 × 1015 kg; (e) 4.2 × 10−3 kg.

1.3 Unit Conversion
38. The volume of Earth is on the order of 1021 m3.
(a) What is this in cubic kilometers (km3)? (b) What is it
in cubic miles (mi3)? (c) What is it in cubic centimeters
(cm3)?

39. The speed limit on some interstate highways is
roughly 100 km/h. (a) What is this in meters per second?
(b) How many miles per hour is this?

40. A car is traveling at a speed of 33 m/s. (a) What is its
speed in kilometers per hour? (b) Is it exceeding the 90 km/
h speed limit?

41. In SI units, speeds are measured in meters per second
(m/s). But, depending on where you live, you’re probably
more comfortable of thinking of speeds in terms of either
kilometers per hour (km/h) or miles per hour (mi/h). In
this problem, you will see that 1 m/s is roughly 4 km/h
or 2 mi/h, which is handy to use when developing your
physical intuition. More precisely, show that (a)
1.0 m/s = 3.6 km/h and (b) 1.0 m/s = 2.2 mi/h.

42. American football is played on a 100-yd-long field,
excluding the end zones. How long is the field in meters?
(Assume that 1 m = 3.281 ft.)

43. Soccer fields vary in size. A large soccer field is 115
m long and 85.0 m wide. What is its area in square feet?
(Assume that 1 m = 3.281 ft.)

44. What is the height in meters of a person who is 6 ft 1.0
in. tall?

45. Mount Everest, at 29,028 ft, is the tallest mountain on
Earth. What is its height in kilometers? (Assume that 1 m =
3.281 ft.)

46. The speed of sound is measured to be 342 m/s on
a certain day. What is this measurement in kilometers per
hour?

47. Tectonic plates are large segments of Earth’s crust that
move slowly. Suppose one such plate has an average speed
of 4.0 cm/yr. (a) What distance does it move in 1.0 s at
this speed? (b) What is its speed in kilometers per million
years?

48. The average distance between Earth and the Sun is
1.5 × 1011 m. (a) Calculate the average speed of Earth in
its orbit (assumed to be circular) in meters per second. (b)
What is this speed in miles per hour?

49. The density of nuclear matter is about 1018 kg/m3.
Given that 1 mL is equal in volume to cm3, what is the
density of nuclear matter in megagrams per microliter (that
is, Mg/μL )?

50. The density of aluminum is 2.7 g/cm3. What is the
density in kilograms per cubic meter?

51. A commonly used unit of mass in the English system
is the pound-mass, abbreviated lbm, where 1 lbm = 0.454
kg. What is the density of water in pound-mass per cubic
foot?

52. A furlong is 220 yd. A fortnight is 2 weeks. Convert
a speed of one furlong per fortnight to millimeters per
second.

53. It takes 2π radians (rad) to get around a circle, which
is the same as 360°. How many radians are in 1°?

54. Light travels a distance of about 3 × 108 m/s. A
light-minute is the distance light travels in 1 min. If the Sun
is 1.5 × 1011 m from Earth, how far away is it in light-
minutes?

55. A light-nanosecond is the distance light travels in 1 ns.
Convert 1 ft to light-nanoseconds.

56. An electron has a mass of 9.11 × 10−31 kg. A proton

has a mass of 1.67 × 10−27 kg. What is the mass of a

proton in electron-masses?

57. A fluid ounce is about 30 mL. What is the volume of a
12 fl-oz can of soda pop in cubic meters?
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58. A student is trying to remember some formulas from
geometry. In what follows, assume A is area, V is
volume, and all other variables are lengths. Determine
which formulas are dimensionally consistent. (a)
V = πr2h; (b) A = 2πr2 + 2πrh; (c) V = 0.5bh; (d)

V = πd2; (e) V = πd3 /6.

59. Consider the physical quantities s, v, a, and t with
dimensions [s] = L, [v] = LT−1, [a] = LT−2, and
[t] = T. Determine whether each of the following

equations is dimensionally consistent. (a) v2 = 2as; (b)

s = vt2 + 0.5at2; (c) v = s/t; (d) a = v/t.

60. Consider the physical quantities m, s, v, a,
and t with dimensions [m] = M, [s] = L, [v] = LT–1,
[a] = LT–2, and [t] = T. Assuming each of the following
equations is dimensionally consistent, find the dimension
of the quantity on the left-hand side of the equation: (a) F =
ma; (b) K = 0.5mv2; (c) p = mv; (d) W = mas; (e) L = mvr.

61. Suppose quantity s is a length and quantity t is a
time. Suppose the quantities v and a are defined by v
= ds/dt and a = dv/dt. (a) What is the dimension of v?
(b) What is the dimension of the quantity a? What are the
dimensions of (c) ∫ vdt, (d) ∫ adt, and (e) da/dt?

62. Suppose [V] = L3, [ρ] = ML–3, and [t] = T. (a)

What is the dimension of ∫ ρdV ? (b) What is the

dimension of dV/dt? (c) What is the dimension of
ρ(dV /dt)?

63. The arc length formula says the length s of arc
subtended by angle Θ in a circle of radius r is given by
the equation s = r Θ . What are the dimensions of (a) s,
(b) r, and (c) Θ?

1.5 Estimates and Fermi Calculations
64. Assuming the human body is made primarily of water,
estimate the volume of a person.

65. Assuming the human body is primarily made of water,
estimate the number of molecules in it. (Note that water has
a molecular mass of 18 g/mol and there are roughly 1024

atoms in a mole.)

66. Estimate the mass of air in a classroom.

67. Estimate the number of molecules that make up Earth,
assuming an average molecular mass of 30 g/mol. (Note
there are on the order of 1024 objects per mole.)

68. Estimate the surface area of a person.

69. Roughly how many solar systems would it take to tile
the disk of the Milky Way?

70. (a) Estimate the density of the Moon. (b) Estimate the
diameter of the Moon. (c) Given that the Moon subtends
at an angle of about half a degree in the sky, estimate its
distance from Earth.

71. The average density of the Sun is on the order 103 kg/
m3. (a) Estimate the diameter of the Sun. (b) Given that the
Sun subtends at an angle of about half a degree in the sky,
estimate its distance from Earth.

72. Estimate the mass of a virus.

73. A floating-point operation is a single arithmetic
operation such as addition, subtraction, multiplication, or
division. (a) Estimate the maximum number of floating-
point operations a human being could possibly perform in
a lifetime. (b) How long would it take a supercomputer to
perform that many floating-point operations?

1.6 Significant Figures
74. Consider the equation 4000/400 = 10.0. Assuming the
number of significant figures in the answer is correct, what
can you say about the number of significant figures in 4000
and 400?

75. Suppose your bathroom scale reads your mass as 65
kg with a 3% uncertainty. What is the uncertainty in your
mass (in kilograms)?

76. A good-quality measuring tape can be off by 0.50 cm
over a distance of 20 m. What is its percent uncertainty?

77. An infant’s pulse rate is measured to be 130 ± 5 beats/
min. What is the percent uncertainty in this measurement?

78. (a) Suppose that a person has an average heart rate of
72.0 beats/min. How many beats does he or she have in 2.0
years? (b) In 2.00 years? (c) In 2.000 years?

79. A can contains 375 mL of soda. How much is left after
308 mL is removed?
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results of the following calculations: (a)
(106.7)(98.2) / (46.210)(1.01); (b) (18.7)2; (c)
⎛
⎝1.60 × 10−19⎞⎠(3712)

81. (a) How many significant figures are in the numbers
99 and 100.? (b) If the uncertainty in each number is 1,
what is the percent uncertainty in each? (c) Which is a
more meaningful way to express the accuracy of these two
numbers: significant figures or percent uncertainties?

82. (a) If your speedometer has an uncertainty of 2.0 km/h
at a speed of 90 km/h, what is the percent uncertainty? (b)
If it has the same percent uncertainty when it reads 60 km/
h, what is the range of speeds you could be going?

83. (a) A person’s blood pressure is measured to be
120 ± 2 mm Hg. What is its percent uncertainty? (b)

Assuming the same percent uncertainty, what is the
uncertainty in a blood pressure measurement of 80 mm
Hg?

84. A person measures his or her heart rate by counting the
number of beats in 30 s. If 40 ± 1 beats are counted in 30.0
± 0.5 s, what is the heart rate and its uncertainty in beats per
minute?

85. What is the area of a circle 3.102 cm in diameter?

86. Determine the number of significant figures in the
following measurements: (a) 0.0009, (b) 15,450.0, (c)
6×103, (d) 87.990, and (e) 30.42.

87. Perform the following calculations and express your
answer using the correct number of significant digits. (a)
A woman has two bags weighing 13.5 lb and one bag
with a weight of 10.2 lb. What is the total weight of the
bags? (b) The force F on an object is equal to its mass m
multiplied by its acceleration a. If a wagon with mass 55
kg accelerates at a rate of 0.0255 m/s2, what is the force on
the wagon? (The unit of force is called the newton and it is
expressed with the symbol N.)

CHALLENGE

1.7 Solving Problems in Physics
88. The first atomic bomb was detonated on July 16, 1945,
at the Trinity test site about 200 mi south of Los Alamos.
In 1947, the U.S. government declassified a film reel of the
explosion. From this film reel, British physicist G. I. Taylor
was able to determine the rate at which the radius of the
fireball from the blast grew. Using dimensional analysis, he
was then able to deduce the amount of energy released in
the explosion, which was a closely guarded secret at the
time. Because of this, Taylor did not publish his results until
1950. This problem challenges you to recreate this famous
calculation. (a) Using keen physical insight developed from
years of experience, Taylor decided the radius r of the
fireball should depend only on time since the explosion,
t, the density of the air, ρ, and the energy of the initial

explosion, E. Thus, he made the educated guess that
r = kEa ρb tc for some dimensionless constant k and some

unknown exponents a, b, and c. Given that [E] = ML2T–2,
determine the values of the exponents necessary to make
this equation dimensionally consistent. (Hint: Notice the
equation implies that k = rE−a ρ−b t−c and that [k] = 1.
) (b) By analyzing data from high-energy conventional
explosives, Taylor found the formula he derived seemed to
be valid as long as the constant k had the value 1.03. From
the film reel, he was able to determine many values of r
and the corresponding values of t. For example, he found
that after 25.0 ms, the fireball had a radius of 130.0 m.
Use these values, along with an average air density of 1.25
kg/m3, to calculate the initial energy release of the Trinity
detonation in joules (J). (Hint: To get energy in joules,

you need to make sure all the numbers you substitute in
are expressed in terms of SI base units.) (c) The energy
released in large explosions is often cited in units of “tons
of TNT” (abbreviated “t TNT”), where 1 t TNT is about
4.2 GJ. Convert your answer to (b) into kilotons of TNT
(that is, kt TNT). Compare your answer with the quick-
and-dirty estimate of 10 kt TNT made by physicist Enrico
Fermi shortly after witnessing the explosion from what was
thought to be a safe distance. (Reportedly, Fermi made his
estimate by dropping some shredded bits of paper right
before the remnants of the shock wave hit him and looked
to see how far they were carried by it.)

89. The purpose of this problem is to show the entire
concept of dimensional consistency can be summarized
by the old saying “You can’t add apples and oranges.” If
you have studied power series expansions in a calculus
course, you know the standard mathematical functions such
as trigonometric functions, logarithms, and exponential
functions can be expressed as infinite sums of the form

∑
n = 0

∞
an xn = a0 + a1 x + a2 x

2 + a3 x
3 + ⋯ , where

the an are dimensionless constants for all
n = 0, 1, 2, ⋯ and x is the argument of the function.
(If you have not studied power series in calculus yet, just
trust us.) Use this fact to explain why the requirement
that all terms in an equation have the same dimensions is
sufficient as a definition of dimensional consistency. That
is, it actually implies the arguments of standard
mathematical functions must be dimensionless, so it is not
really necessary to make this latter condition a separate
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Figure 12.1 Two stilt walkers in standing position. All forces acting on each stilt walker balance out; neither changes its 
translational motion. In addition, all torques acting on each person balance out, and thus neither of them changes its rotational 
motion. The result is static equilibrium. (credit: modification of work by Stuart Redler)
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12.1 Conditions for Static Equilibrium 

12.2 Examples of Static Equilibrium 

12.3 Stress, Strain, and Elastic Modulus 

12.4 Elasticity and Plasticity

Introduction
In earlier chapters, you learned about forces and Newton’s laws for translational motion. You then studied torques and the 
rotational motion of a body about a fixed axis of rotation. You also learned that static equilibrium means no motion at all 
and that dynamic equilibrium means motion without acceleration.

In this chapter, we combine the conditions for static translational equilibrium and static rotational equilibrium to describe 
situations typical for any kind of construction. What type of cable will support a suspension bridge? What type of 
foundation will support an office building? Will this prosthetic arm function correctly? These are examples of questions that 
contemporary engineers must be able to answer.

The elastic properties of materials are especially important in engineering applications, including bioengineering. For 
example, materials that can stretch or compress and then return to their original form or position make good shock 
absorbers. In this chapter, you will learn about some applications that combine equilibrium with elasticity to construct real 
structures that last.

12.1 | Conditions for Static Equilibrium

Learning Objectives
By the end of this section, you will be able to:

12.1.1 Identify the physical conditions of static equilibrium.
12.1.2 Draw a free-body diagram for a rigid body acted on by forces.
12.1.3 Explain how the conditions for equilibrium allow us to solve statics 
problems.

We say that a rigid body is in equilibrium when both its linear and angular acceleration are zero relative to an inertial
frame of reference. This means that a body in equilibrium can be moving, but if so, its linear and angular velocities must be
constant. We say that a rigid body is in static equilibrium when it is at rest in our selected frame of reference. Notice that
the distinction between the state of rest and a state of uniform motion is artificial—that is, an object may be at rest in our
selected frame of reference, yet to an observer moving at constant velocity relative to our frame, the same object appears to
be in uniform motion with constant velocity. Because the motion is relative, what is in static equilibrium to us is in dynamic
equilibrium to the moving observer, and vice versa. Since the laws of physics are identical for all inertial reference frames,
in an inertial frame of reference, there is no distinction between static equilibrium and equilibrium.

According to Newton’s second law of motion, the linear acceleration of a rigid body is caused by a net force acting on it, or

(12.1)∑
k

F→ k = m a→ CM

Here, the sum is of all external forces acting on the body, where m is its mass and a→ CM is the linear acceleration of its

center of mass (a concept we discussed in ...on linear momentum and collisions). In equilibrium, the linear acceleration 
is zero. If we set the acceleration to zero in Equation 12.1, we obtain the following equation:

First Equilibrium Condition

The first equilibrium condition for the static equilibrium of a rigid body expresses translational equilibrium:
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(12.2)∑
k

F→ k = 0
→

The first equilibrium condition, Equation 12.2, is the equilibrium condition for forces, which we encountered 
when studying applications of Newton’s laws.

This vector equation is equivalent to the following three scalar equations for the components of the net force:

(12.3)∑
k

Fkx = 0, ∑
k

Fky = 0, ∑
k

Fkz = 0

α→ of a rigid body about a fixed axis ofAnalogously to Equation 12.1, we can state that the rotational 
acceleration rotation is caused by the net torque acting on the body, or

(12.4)∑
k

τ→ k = I α→

Here I is the rotational inertia of the body in rotation about this axis and the summation is over all torques τ→ k of

external forces in Equation 12.2. In equilibrium, the rotational acceleration is zero. By setting to zero the right-hand 
side of Equation 12.4, we obtain the second equilibrium condition:

Second Equilibrium Condition

The second equilibrium condition for the static equilibrium of a rigid body expresses rotational equilibrium:

(12.5)∑
k

τ→ k = 0
→

The second equilibrium condition, Equation 12.5, is the equilibrium condition for torques that we encountered when 
we studied rotational dynamics. It is worth noting that this equation for equilibrium is generally valid for rotational 
equilibrium about any axis of rotation (fixed or otherwise). Again, this vector equation is equivalent to three scalar 
equations for the vector components of the net torque:

(12.6)∑
k

τkx = 0, ∑
k

τky = 0, ∑
k

τkz = 0

The second equilibrium condition means that in equilibrium, there is no net external torque to cause rotation about any axis.

The first and second equilibrium conditions are stated in a particular reference frame. The first condition involves only
forces and is therefore independent of the origin of the reference frame. However, the second condition involves torque,

which is defined as a cross product, τ→ k = r→ k × F→ k, where the position vector r→ k with respect to the axis of

rotation of the point where the force is applied enters the equation. Therefore, torque depends on the location of the axis in
the reference frame. However, when rotational and translational equilibrium conditions hold simultaneously in one frame
of reference, then they also hold in any other inertial frame of reference, so that the net torque about any axis of rotation is
still zero. The explanation for this is fairly straightforward.

Suppose vector R→ is the position of the origin of a new inertial frame of reference S′ in the old inertial frame of reference

S. From our study of relative motion, we know that in the new frame of reference S′, the position vector r→ ′k of the

point where the force F→ k is applied is related to r→ k via the equation
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Now, we can sum all torques τ→ ′k = r→ ′k × F→ k of all external forces in a new reference frame, S′ :

∑
k

τ→ ′k = ∑
k

r→ ′k × F→ k = ∑
k

( r→ k − R→ ) × F→ k = ∑
k

r→ k × F→ k − ∑
k

R→ × F→ k = ∑
k

τ→ k − R→ × ∑
k

F→ k = 0
→

In the final step in this chain of reasoning, we used the fact that in equilibrium in the old frame of reference, S, the first term 
vanishes because of Equation 12.5 and the second term vanishes because of Equation 12.2. Hence, we see that the 
net torque in any inertial frame of reference S′ is zero, provided that both conditions for equilibrium hold in an inertial 
frame of reference S.

The practical implication of this is that when applying equilibrium conditions for a rigid body, we are free to choose any 
point as the origin of the reference frame. Our choice of reference frame is dictated by the physical specifics of the problem 
we are solving. In one frame of reference, the mathematical form of the equilibrium conditions may be quite complicated, 
whereas in another frame, the same conditions may have a simpler mathematical form that is easy to solve. The origin of a 
selected frame of reference is called the pivot point.

In the most general case, equilibrium conditions are expressed by the six scalar equations (Equation 12.3 and 
Equation 12.6). For planar equilibrium problems with rotation about a fixed axis, which we consider in this chapter, 
we can reduce the number of equations to three. The standard procedure is to adopt a frame of reference where the z-
axis is the axis of rotation. With this choice of axis, the net torque has only a z-component, all forces that have non-
zero torques lie in the xy-plane, and therefore contributions to the net torque come from only the x- and y-components of 
external forces. Thus, for planar problems with the axis of rotation perpendicular to the xy-plane, we have the following 
three equilibrium conditions for forces and torques:

(12.7)F1x + F2x + ⋯ + FNx = 0
(12.8)F1y + F2y + ⋯ + FNy = 0

(12.9)τ1 + τ2 + ⋯ + τN = 0

where the summation is over all N external forces acting on the body and over their torques. In Equation 12.9, we 
simplified the notation by dropping the subscript z, but we understand here that the summation is over all contributions 
along the z-axis, which is the axis of rotation. In Equation 12.9, the z-component of torque τ→ k from the force F→ k is

(12.10)τk = rkFk sin θ

where rk is the length of the lever arm of the force and Fk is the magnitude of the force (as you saw in ... ). The angle θ is 

the angle between vectors

r→ k and F→ k, measuring from vector r→ k to vector F→
k in the counterclockwise direction (Figure 12.2). When

using Equation 12.10, we often compute the magnitude of torque and assign its sense as either positive ( + ) or 
negative
( − ), depending on the direction of rotation caused by this torque alone. In Equation 12.9, net torque is the sum of 
terms, with each term computed from Equation 12.10, and each term must have the correct sense. Similarly, in 
Equation 12.7, we assign the + sign to force components in the + x-direction and the − sign to components in the − x-
direction. The same rule must be consistently followed in Equation 12.8, when computing force components along the y-
axis.
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Figure 12.2 Torque of a force: (a) When the torque of a force causes counterclockwise rotation 
about the axis of rotation, we say that its sense is positive, which means the torque vector is parallel 
to the axis of rotation. (b) When torque of a force causes clockwise rotation about the axis, we say 
that its sense is negative, which means the torque vector is antiparallel to the axis of rotation. (credit: 
Alice Kolakowska)

View this demonstration (http://www.openstaxcollege.org/l/21rigsquare) to see two forces act on a 
rigid square in two dimensions. At all times, the static equilibrium conditions given by Equation 12.7 
through Equation 12.9 are satisfied. You can vary magnitudes of the forces and their lever arms and observe 
the effect these changes have on the square.

10 Chapter 12 | Static Equilibrium and Elasticity

In many equilibrium situations, one of the forces acting on the body is its weight. In free-body diagrams, the weight 
vector is attached to the center of gravity of the body. For all practical purposes, the center of gravity is identical to the 
center of mass, as you learned in ... on linear momentum and collisions. Only in situations where a body has a large 
spatial extension so that the gravitational field is nonuniform throughout its volume, are the center of gravity and the 
center of mass located at different points. In practical situations, however, even objects as large as buildings or cruise 
ships are located in a uniform
gravitational field on Earth’s surface, where the acceleration due to gravity has a constant magnitude of g = 9.8 m/s2. In
these situations, the center of gravity is identical to the center of mass. Therefore, throughout this chapter, we use the center 
of mass (CM) as the point where the weight vector is attached. Recall that the CM has a special physical meaning: When an 
external force is applied to a body at exactly its CM, the body as a whole undergoes translational motion and such a force 
does not cause rotation.

When the CM is located off the axis of rotation, a net gravitational torque occurs on an object. Gravitational torque is the 
torque caused by weight. This gravitational torque may rotate the object if there is no support present to balance it. The 
magnitude of the gravitational torque depends on how far away from the pivot the CM is located. For example, in the case 
of a tipping truck (Figure 12.3), the pivot is located on the line where the tires make contact with the road’s surface. If 
the CM is located high above the road’s surface, the gravitational torque may be large enough to turn the truck over. 
Passenger cars with a low-lying CM, close to the pavement, are more resistant to tipping over than are trucks.
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Figure 12.3 The distribution of mass affects the position of the center of mass (CM), where the weight vector w→ is attached.
If the center of gravity is within the area of support, the truck returns to its initial position after tipping [see the left panel in (b)].
But if the center of gravity lies outside the area of support, the truck turns over [see the right panel in (b)]. Both vehicles in (b)
are out of equilibrium. Notice that the car in (a) is in equilibrium: The low location of its center of gravity makes it hard to tip
over.

If you tilt a box so that one edge remains in contact with the table beneath it, then one edge of the base of support
becomes a pivot. As long as the center of gravity of the box remains over the base of support, gravitational torque
rotates the box back toward its original position of stable equilibrium. When the center of gravity moves outside of
the base of support, gravitational torque rotates the box in the opposite direction, and the box rolls over. View this
demonstration (http://www.openstaxcollege.org/l/21unstable) to experiment with stable and unstable
positions of a box.

Example 1.1

Center of Gravity of a Car

A passenger car with a 2.5-m wheelbase has 52% of its weight on the front wheels on level ground, as illustrated 
in Figure 12.4. Where is the CM of this car located with respect to the rear axle?

Figure 12.4 The weight distribution between the axles of a 
car. Where is the center of gravity located? (credit: Jane 
Whitney)

Strategy

Chapter 12 | Static Equilibrium and Elasticity 11
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down on the surface at contact points of the front wheels and 0.48w pushes down on the surface at contact points 
of the rear wheels. Also, the contact points are separated from each other by the distance d = 2.5 m. At these
contact points, the car experiences normal reaction forces with magnitudes FF = 0.52w and FR = 0.48w on 
the front and rear axles, respectively. We also know that the car is an example of a rigid body in equilibrium 
whose entire weight w acts at its CM. The CM is located somewhere between the points where the normal reaction 
forces act, somewhere at a distance x from the point where FR acts. Our task is to find x. Thus, we identify three 
forces acting on the body (the car), and we can draw a free-body diagram for the extended rigid body, as shown 
in Figure 12.5.

Figure 12.5 The free-body diagram for the car clearly 
indicates force vectors acting on the car and distances to the 
center of mass (CM). When CM is selected as the pivot point, 
these distances are lever arms of normal reaction forces. Notice 
that vector magnitudes and lever arms do not need to be drawn 
to scale, but all quantities of relevance must be clearly labeled.
(credit: Alice Kolakowska)

We are almost ready to write down equilibrium conditions Equation 12.7 through Equation 12.9 for the 
car, but first we must decide on the reference frame. Suppose we choose the x-axis along the length of the car, 
the y-axis vertical, and the z-axis perpendicular to this xy-plane. With this choice we only need to write 
Equation 12.7 and Equation 12.9 because all the y-components are identically zero. Now we need to decide 
on the location of the pivot point. We can choose any point as the location of the axis of rotation (z-axis). 
Suppose we place the axis of rotation at CM, as indicated in the free-body diagram for the car. At this point, we 
are ready to write the equilibrium conditions for the car.

Solution
Each equilibrium condition contains only three terms because there are N = 3 forces acting on the car. The first 
equilibrium condition, Equation 12.7, reads

(12.11)+FF − w + FR = 0

This condition is trivially satisfied because when we substitute the data, Equation 12.11 
becomes
+0.52w − w + 0.48w = 0. The second equilibrium condition, Equation 12.9, reads

(12.12)τF + τw + τR = 0

where τF is the torque of force FF, τw is the gravitational torque of force w, and τR is the torque of force FR. 

When the pivot is located at CM, the gravitational torque is identically zero because the lever arm of the weight

with respect to an axis that passes through CM is zero. The lines of action of both normal reaction forces are
perpendicular to their lever arms, so in Equation 12.10, we have | sin θ| = 1 for both forces. From the free-

body diagram, we read that torque τF causes clockwise rotation about the pivot at CM, so its sense is negative; 
and
torque τR causes counterclockwise rotation about the pivot at CM, so its sense is positive. With this information, 

we write the second equilibrium condition as (12.13)−rFFF + rRFR = 0
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12.1

With the help of the free-body diagram, we identify the force magnitudes FR = 0.48w and FF = 0.52w, and
their corresponding lever arms rR = x and rF = d − x. We can now write the second equilibrium condition, 

Equation 12.13, explicitly in terms of the unknown distance x:

(12.14)−0.52(d − x)w + 0.48xw = 0

Here the weight w cancels and we can solve the equation for the unknown position x of the CM. The answer is
x = 0.52d = 0.52(2.5 m) = 1.3 m.

Solution

Choosing the pivot at the position of the front axle does not change the result. The free-body diagram for this 
pivot location is presented in Figure 12.6. For this choice of pivot point, the second equilibrium condition is

(12.15)

(12.16)

−rw w + rR FR = 0

When we substitute the quantities indicated in the diagram, we obtain

−(d − x)w + 0.48dw = 0

The answer obtained by solving Equation 12.13 is, again, x = 0.52d = 1.3 

m.

Figure 12.6 The equivalent free-body diagram for the car; 
the pivot is clearly indicated. (credit: Alice Kolakowska)

Significance

This example shows that when solving static equilibrium problems, we are free to choose the pivot location. For
different choices of the pivot point we have different sets of equilibrium conditions to solve. However, all choices
lead to the same solution to the problem.

Check Your Understanding Solve Example 12.1 by choosing the pivot at the location of the rear axle.

12.2 Check Your Understanding Explain which one of the following situations satisfies both 
equilibrium conditions: (a) a tennis ball that does not spin as it travels in the air; (b) a pelican that is gliding 
in the air at a constant velocity at one altitude; or (c) a crankshaft in the engine of a parked car.

A special case of static equilibrium occurs when all external forces on an object act at or along the axis of rotation 
or when the spatial extension of the object can be disregarded. In such a case, the object can be effectively treated 
like a point mass. In this special case, we need not worry about the second equilibrium condition, Equation 
12.9, because all torques are identically zero and the first equilibrium condition (for forces) is the only condition 
to be satisfied. The free-body diagram and problem-solving strategy for this special case were outlined in ... and .... 
You will see a typical equilibrium situation involving only the first equilibrium condition in the next example.
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connected by strings over pulleys and tied together in a knot. You can experiment with the weights to see how they
affect the equilibrium position of the knot and, at the same time, see the vector-diagram representation of the first
equilibrium condition at work.

Example 1.2

A Breaking Tension

A small pan of mass 42.0 g is supported by two strings, as shown in Figure 12.7. The maximum tension that 
the string can support is 2.80 N. Mass is added gradually to the pan until one of the strings snaps. Which string is 
it?How much mass must be added for this to occur?

Figure 12.7 Mass is added gradually to the pan until one of 
the strings snaps.

Strategy

This mechanical system consisting of strings, masses, and the pan is in static equilibrium. Specifically, the knot
that ties the strings to the pan is in static equilibrium. The knot can be treated as a point; therefore, we need only

the first equilibrium condition. The three forces pulling at the knot are the tension T→ 1 in the 5.0-cm string, the

tension T→ 2 in the 10.0-cm string, and the weight w→ of the pan holding the masses. We adopt a rectangular

coordinate system with the y-axis pointing opposite to the direction of gravity and draw the free-body diagram for
the knot (see Figure 12.8). To find the tension components, we must identify the direction angles α1 and α2 that 

the strings make with the horizontal direction that is the x-axis. As you can see in Figure 12.7, the strings 
make two sides of a right triangle. We can use the Pythagorean theorem to solve this triangle, shown in 
Figure 12.8,
and find the sine and cosine of the angles α1 and α2. Then we can resolve the tensions into their rectangular 
components, substitute in the first condition for equilibrium (Equation 12.7 and Equation 12.8), and solve 
for the tensions in the strings. The string with a greater tension will break first.
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Figure 12.8 Free-body diagram for the knot in Example 12.2.

Solution
The weight w pulling on the knot is due to the mass M of the pan and mass m added to the pan, or w = (M + m)g. 
With the help of the free-body diagram in Figure 12.8, we can set up the equilibrium conditions for the knot:

in the x-direction, −T1x + T2x = 0
in the y-direction, +T1y + T2y − w = 0

From the free-body diagram, the magnitudes of components in these equations are

T1x = T1 cos α1 = T1/ 5, T1y = T1 sin α1 = 2T1/ 5

T2x = T2 cos α2 = 2T2/ 5, T2y = T2 sin α2 = T2/ 5

We substitute these components into the equilibrium conditions and simplify. We then obtain two equilibrium
equations for the tensions:

in x-direction, T1 = 2T2

in y-direction, 2T1
5

+ T2
5

= (M + m)g

The equilibrium equation for the x-direction tells us that the tension T1 in the 5.0-cm string is twice the tension

T2 in the 10.0-cm string. Therefore, the shorter string will snap. When we use the first equation to eliminate

T2 from the second equation, we obtain the relation between the mass m on the pan and the tension T1 in the

shorter string:

2.5T1/ 5 = (M + m)g
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solved for the critical mass m that breaks the string:

m = 2.5
5
T1
g − M = 2.5

5
2.80 N

9.8 m/s2 − 0.042 kg = 0.277 kg = 277.0 g

Significance

Suppose that the mechanical system considered in this example is attached to a ceiling inside an elevator going
up. As long as the elevator moves up at a constant speed, the result stays the same because the weight w does
not change. If the elevator moves up with acceleration, the critical mass is smaller because the weight of M + m
becomes larger by an apparent weight due to the acceleration of the elevator. Still, in all cases the shorter string
breaks first.

12.2 | Examples of Static Equilibrium

Learning Objectives

By the end of this section, you will be able to:

12.2.1 Identify and analyze static equilibrium situations
12.2.2 Set up a free-body diagram for an extended object in static equilibrium
12.2.3 Set up and solve static equilibrium conditions for objects in equilibrium in various 
physical situations

All examples in this chapter are planar problems. Accordingly, we use equilibrium conditions in the component form 
of ... to ... . We introduced a problem-solving strategy in ... to illustrate the physical meaning of the equilibrium 
conditions. Now we generalize this strategy in a list of steps to follow when solving static equilibrium problems for 
extended rigid bodies. We proceed in five practical steps.

Problem-Solving Strategy: Static Equilibrium

1. Identify the object to be analyzed. For some systems in equilibrium, it may be necessary to consider more 
than one object. Identify all forces acting on the object. Identify the questions you need to answer. Identify the 
information given in the problem. In realistic problems, some key information may be implicit in the situation 
rather than provided explicitly.

2. Set up a free-body diagram for the object. (a) Choose the xy-reference frame for the problem. Draw a free-
body diagram for the object, including only the forces that act on it. When suitable, represent the forces in 
terms of their components in the chosen reference frame. As you do this for each force, cross out the original 
force so that you do not erroneously include the same force twice in equations. Label all forces—you will 
need this for correct computations of net forces in the x- and y-directions. For an unknown force, the direction 
must be assigned arbitrarily; think of it as a ‘working direction’ or ‘suspected direction.’ The correct direction 
is determined by the sign that you obtain in the final solution. A plus sign ( + ) means that the working 
direction is the actual direction. A minus sign ( − ) means that the actual direction is opposite to the assumed 
working direction. (b) Choose the location of the rotation axis; in other words, choose the pivot point with 
respect to which you will compute torques of acting forces. On the free-body diagram, indicate the location of 
the pivot and the lever arms of acting forces—you will need this for correct computations of torques. In the 
selection of the pivot, keep in mind that the pivot can be placed anywhere you wish, but the guiding principle 
is that the best choice will simplify as much as possible the calculation of the net torque along the rotation 
axis.

3. Set up the equations of equilibrium for the object. (a) Use the free-body diagram to write a correct equilibrium 
condition ... 
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condition ... for force components in the y-direction. (c) Use the free-body diagram to write a correct 
equilibrium condition ... for torques along the axis of rotation. Use ... to evaluate torque 
magnitudes and senses.

4. Simplify and solve the system of equations for equilibrium to obtain unknown quantities. At this point, your 
work involves algebra only. Keep in mind that the number of equations must be the same as the number of 
unknowns. If the number of unknowns is larger than the number of equations, the problem cannot be solved.

5. Evaluate the expressions for the unknown quantities that you obtained in your solution. Your final answers 
should have correct numerical values and correct physical units. If they do not, then use the previous steps to 
track back a mistake to its origin and correct it. Also, you may independently check for your numerical answers 
by shifting the pivot to a different location and solving the problem again, which is what we did in ...  . 

Note that setting up a free-body diagram for a rigid-body equilibrium problem is the most important component in the
solution process. Without the correct setup and a correct diagram, you will not be able to write down correct conditions for
equilibrium. Also note that a free-body diagram for an extended rigid body that may undergo rotational motion is different
from a free-body diagram for a body that experiences only translational motion (as you saw in the chapters on Newton’s
laws of motion). In translational dynamics, a body is represented as its CM, where all forces on the body are attached and
no torques appear. This does not hold true in rotational dynamics, where an extended rigid body cannot be represented by
one point alone. The reason for this is that in analyzing rotation, we must identify torques acting on the body, and torque
depends both on the acting force and on its lever arm. Here, the free-body diagram for an extended rigid body helps us
identify external torques.

Example 1.3

The Torque Balance

Three masses are attached to a uniform meter stick, as shown in Figure 12.9. The mass of the meter stick is 
150.0
g and the masses to the left of the fulcrum are m1 = 50.0 g and m2 = 75.0 g. Find the mass m3 that balances 
the system when it is attached at the right end of the stick, and the normal reaction force at the fulcrum when the 
system is balanced.

Figure 12.9 In a torque balance, a horizontal beam is supported at 
a fulcrum (indicated by S) and masses are attached to both sides of 
the fulcrum. The system is in static equilibrium when the beam does 
not rotate. It is balanced when the beam remains level.

Strategy

For the arrangement shown in the figure, we identify the following five forces acting on the meter stick:

w1 = m1g is the weight of mass m1; w2 = m2g is the weight of mass m2;
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FS is the normal reaction force at the support point S.

We choose a frame of reference where the direction of the y-axis is the direction of gravity, the direction of the x-
axis is along the meter stick, and the axis of rotation (the z-axis) is perpendicular to the x-axis and passes through 
the support point S. In other words, we choose the pivot at the point where the meter stick touches the support. 
This is a natural choice for the pivot because this point does not move as the stick rotates. Now we are ready to set 
up the free-body diagram for the meter stick. We indicate the pivot and attach five vectors representing the five 
forces along the line representing the meter stick, locating the forces with respect to the pivot Figure 12.10. 
At this stage, we can identify the lever arms of the five forces given the information provided in the problem. For 
the three hanging masses, the problem is explicit about their locations along the stick, but the information about 
the location of the weight w is given implicitly. The key word here is “uniform.” We know from our previous 
studies that the CM of a uniform stick is located at its midpoint, so this is where we attach the weight w, at the 
50-cm mark.

Figure 12.10 Free-body diagram for the meter stick. The 
pivot is chosen at the support point S. (credit: Alice 
Kolakowska)

Solution

With Figure 12.9 and Figure 12.10 for reference, we begin by finding the lever arms of the five forces acting 
on the stick:

r1 = 30.0 cm + 40.0 cm = 70.0 cm
r2 = 40.0 cm
r = 50.0 cm − 30.0 cm = 20.0 cm
rS = 0.0 cm (because FS is attached at the pivot)
r3 = 30.0 cm

Now we can find the five torques with respect to the chosen pivot:

τ1 = +r1w1 sin 90° = +r1m1g (counterclockwise rotation, positive sense)
τ2 = +r2w2 sin 90° = +r2m2g (counterclockwise rotation, positive sense)
τ = +rw sin 90° = +rmg (gravitational torque)
τS = rSFS sin θS = 0 (because rS = 0 cm)
τ3 = −r3w3 sin 90° = −r3m3g (clockwise rotation, negative sense)

The second equilibrium condition (equation for the torques) for the meter stick is

τ1 + τ2 + τ + τS + τ3 = 0

When substituting torque values into this equation, we can omit the torques giving zero contributions. In this way
the second equilibrium condition is
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(12.17)+r1m1g + r2m2g + rmg − r3m3g = 0

Selecting the +y -direction to be parallel to F→ S, the first equilibrium condition for the stick is

−w1 − w2 − w + FS − w3 = 0

Substituting the forces, the first equilibrium condition becomes

(12.18)−m1g − m2g − mg + FS − m3g = 0

We solve these equations simultaneously for the unknown values m3 and FS. In Equation 12.17, we cancel 

the g factor and rearrange the terms to obtain

r3 m3 = r1 m1 + r2 m2 + rm

To obtain m3 we divide both sides by r3, so we have

(12.19)
m3 = r1

r3
m1 + r2

r3
m2 + r

r3
m

= 70
30 (50.0 g) + 40

30 (75.0 g) + 20
30 (150.0 g) = 316.02

3 g ≃ 317 g

To find the normal reaction force, we rearrange the terms in Equation 12.18, converting grams to kilograms:

(12.20)
FS = (m1 + m2 + m + m3)g

= (50.0 + 75.0 + 150.0 + 316.7) × 10−3 kg × 9.8 m
s2 = 5.8 N

Significance

Notice that Equation 12.17 is independent of the value of g. The torque balance may therefore be used to 
measure mass, since variations in g-values on Earth’s surface do not affect these measurements. This is not the 
case for a spring balance because it measures the force.

Check Your Understanding Repeat Example 12.3 using the left end of the meter stick to calculate the
torques; that is, by placing the pivot at the left end of the meter stick.

In the next example, we show how to use the first equilibrium condition (equation for forces) in the vector form given 
by ... and ... . We present this solution to illustrate the importance of a suitable choice of reference frame. Although 
all inertial reference frames are equivalent and numerical solutions obtained in one frame are the same as in any other, an 
unsuitable choice of reference frame can make the solution quite lengthy and convoluted, whereas a wise choice of 
reference frame makes the solution straightforward. We show this in the equivalent solution to the same problem. This 
particular example illustrates an application of static equilibrium to biomechanics.

Example 1.4

Forces in the Forearm

A weightlifter is holding a 50.0-lb weight (equivalent to 222.4 N) with his forearm, as shown in Figure 12.11. 
His forearm is positioned at β = 60° with respect to his upper arm. The forearm is supported by a contraction of

the biceps muscle, which causes a torque around the elbow. Assuming that the tension in the biceps acts along the 
vertical direction given by gravity, what tension must the muscle exert to hold the forearm at the position shown?
What is the force on the elbow joint? Assume that the forearm’s weight is negligible. Give your final answers in 
SI units.
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Figure 12.11 The forearm is rotated around the elbow (E) by a

contraction of the biceps muscle, which causes tension T→ M.

Strategy

We identify three forces acting on the forearm: the unknown force F→ at the elbow; the unknown tension T→ M

in the muscle; and the weight w→ with magnitude w = 50 lb. We adopt the frame of reference with the x-

axis along the forearm and the pivot at the elbow. The vertical direction is the direction of the weight, which 
is the same as the direction of the upper arm. The x-axis makes an angle β = 60° with the vertical. The y-

axis is perpendicular to the x-axis. Now we set up the free-body diagram for the forearm. First, we draw the 
axes, the pivot, and the three vectors representing the three identified forces. Then we locate the angle β and

represent each force by its x- and y-components, remembering to cross out the original force vector to avoid 
double counting. Finally, we label the forces and their lever arms. The free-body diagram for the forearm is shown 
in Figure 12.12. At this point, we are ready to set up equilibrium conditions for the forearm. Each force has 
x-and y-components; therefore, we have two equations for the first equilibrium condition, one equation for 
each component of the net force acting on the forearm.

Figure 12.12 Free-body diagram for the forearm: The pivot 
is located at point E (elbow). (credit: Alice Kolakowska)

Notice that in our frame of reference, contributions to the second equilibrium condition (for torques) come only
from the y-components of the forces because the x-components of the forces are all parallel to their lever arms, so

20 Chapter 12 | Static Equilibrium and Elasticity



SAMPLE CHAPTERS 
NOT FINAL DRAFT

that for any of them we have sin θ = 0 in ... . For the y-components we have θ = ± 90° in ...  . Also notice that 
the torque of the force at the elbow is zero because this force is attached at the pivot. So the contribution to the 
net torque comes only from the torques of Ty and of wy.

Solution

We see from the free-body diagram that the x-component of the net force satisfies the equation

(12.21)+Fx + Tx − wx = 0

and the y-component of the net force satisfies

(12.22)+Fy + Ty − wy = 0

Equation 12.21 and Equation 12.22 are two equations of the first equilibrium condition (for forces). Next, 
we read from the free-body diagram that the net torque along the axis of rotation is

(12.23)+rT Ty − rwwy = 0

Equation 12.23 is the second equilibrium condition (for torques) for the forearm. The free-body diagram 
shows that the lever arms are rT = 1.5 in. and rw = 13.0 in. At this point, we do not need to convert 
inches into SI units, because as long as these units are consistent in Equation 12.23, they cancel out. Using 
the free-body diagram again, we find the magnitudes of the component forces:

Fx = F cos β = F cos 60° = F /2
Tx = T cos β = T cos 60° = T /2
wx = w cos β = w cos 60° = w /2
Fy = F sin β = F sin 60° = F 3/2

Ty = T sin β = T sin 60° = T 3/2

wy = w sin β = w sin 60° = w 3/2

We substitute these magnitudes into Equation 12.21, Equation 12.22, and Equation 12.23 to 
obtain, respectively,

F /2 + T /2 − w /2 = 0

F 3/2 + T 3/2 − w 3/2 = 0

rT T 3/2 − rw w 3/2 = 0

When we simplify these equations, we see that we are left with only two independent equations for the two 
unknown force magnitudes, F and T, because Equation 12.21 for the x-component is equivalent to 
Equation 12.22 for the y-component. In this way, we obtain the first equilibrium condition for forces

(12.24)F + T − w = 0

and the second equilibrium condition for torques

(12.25)rT T − rww = 0

The magnitude of tension in the muscle is obtained by solving Equation 12.25:

T = rw
rT w = 13.0

1.5 (50 lb) = 433 1
3lb ≃ 433.3 lb

The force at the elbow is obtained by solving Equation 12.24:

F = w − T = 50.0 lb − 433.3 lb = −383.3 lb
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adopted for drawing the free-body diagram. In the final answer, we convert the forces into SI units of force. The 
answer is

F = 383.3 lb = 383.3(4.448 N) = 1, 705 N downward
T = 433.3 lb = 433.3(4.448 N) = 1, 927 N upward

Significance

Two important issues here are worth noting. The first concerns conversion into SI units, which can be done at the 
very end of the solution as long as we keep consistency in units. The second important issue concerns the hinge 
joints such as the elbow. In the initial analysis of a problem, hinge joints should always be assumed to exert a 
force in an arbitrary direction, and then you must solve for all components of a hinge force independently. In 
this example, the elbow force happens to be vertical because the problem assumes the tension by the biceps to be 
vertical as well. Such a simplification, however, is not a general rule.

Solution

Suppose we adopt a reference frame with the direction of the y-axis along the 50-lb weight and the pivot placed 
at the elbow. In this frame, all three forces have only y-components, so we have only one equation for the first 
equilibrium condition (for forces). We draw the free-body diagram for the forearm as shown in Figure 
12.13,
indicating the pivot, the acting forces and their lever arms with respect to the pivot, and the angles θT and θw
that the forces T→ M and w→ (respectively) make with their lever arms. In the definition of torque given by

... , the angle

θT is the direction angle of the vector T→ 
M, counted counterclockwise from the radial direction of the lever

arm that always points away from the pivot. By the same convention, the angle θw is measured counterclockwise

from the radial direction of the lever arm to the vector w→ . Done this way, the non-zero torques are most
easily computed by directly substituting into ... as follows:

τT = rT T sin θT = rT T sin β = rT T sin 60° = + rT T 3/2
τw = rw w sin θw = rw w sin(β + 180°) = −rw w sin β = −rw w 3/2

Figure 12.13 Free-body diagram for the forearm for the 
equivalent solution. The pivot is located at point E (elbow).
(credit: Alice Kolakowska)

The second equilibrium condition, τT + τw = 0, can be now written as

(12.26)rT T 3/2 − rww 3/2 = 0

From the free-body diagram, the first equilibrium condition (for forces) is
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1.4

(12.27)−F + T − w = 0

Equation 12.26 is identical to Equation 12.25 and gives the result T = 433.3 lb. Equation 12.27 
gives F = T − w = 433.3 lb − 50.0 lb = 383.3 lb

We see that these answers are identical to our previous answers, but the second choice for the frame of reference
leads to an equivalent solution that is simpler and quicker because it does not require that the forces be resolved
into their rectangular components.

Check Your Understanding Repeat Example 12.4 assuming that the forearm is an object of uniform
density that weighs 8.896 N.

Example 1.5

A Ladder Resting Against a Wall
A uniform ladder is L = 5.0 m long and weighs 400.0 N. The ladder rests against a slippery vertical wall, as 
shown in Figure 12.14. The inclination angle between the ladder and the rough floor is β = 53°. Find the
reaction forces from the floor and from the wall on the ladder and the coefficient of static friction μs at the 

interface of the ladder with the floor that prevents the ladder from slipping.

Figure 12.14 A 5.0-m-long ladder rests against a 
frictionless wall.

Strategy

We can identify four forces acting on the ladder. The first force is the normal reaction force N from the floor in
the upward vertical direction. The second force is the static friction force f = μs N directed horizontally along 
the floor toward the wall—this force prevents the ladder from slipping. These two forces act on the ladder at its 
contact point with the floor. The third force is the weight w of the ladder, attached at its CM located midway 
between its ends. The fourth force is the normal reaction force F from the wall in the horizontal direction away 
from the wall, attached at the contact point with the wall. There are no other forces because the wall is slippery, 
which means there is no friction between the wall and the ladder. Based on this analysis, we adopt the frame of 
reference with the y-axis in the vertical direction (parallel to the wall) and the x-axis in the horizontal direction 
(parallel to the floor). In this frame, each force has either a horizontal component or a vertical component but 
not both, which simplifies the solution. We select the pivot at the contact point with the floor. In the free-body 
diagram for the ladder, we indicate the pivot, all four forces and their lever arms, and the angles between lever 
arms and the forces, as shown in Figure 12.15. With our choice of the pivot location, there is no torque 
either from the normal reaction force N or from the static friction f because they both act at the pivot.

Chapter 12 | Static Equilibrium and Elasticity 23



SAMPLE CHAPTERS 
NOT FINAL DRAFT

Figure 12.15 Free-body diagram for a ladder resting against 
a frictionless wall. (credit: Alice Kolakowska)

Solution

From the free-body diagram, the net force in the x-direction is

(12.28)+ f − F = 0

the net force in the y-direction is

(12.29)+N − w = 0

and the net torque along the rotation axis at the pivot point is

(12.30)τw + τF = 0

where τw is the torque of the weight w and τF is the torque of the reaction F. From the free-body diagram,

we identify that the lever arm of the reaction at the wall is rF = L = 5.0 m and the lever arm of the weight
is rw = L /2 = 2.5 m. With the help of the free-body diagram, we identify the angles to be used in ... for torques: 
θF = 180° − β for the torque from the reaction force with the wall, and θw = 180° + (90° − β) for the torque due 
to the weight. Now we are ready to use ... to compute torques:

τw = rw w sin θw = rw w sin(180° + 90° − β) = − 2
Lw sin(90° − β) = − 2

Lw cos β

τF = rF F sin θF = rF F sin(180° − β) = LF sin β

We substitute the torques into Equation 12.30 and solve for F :

(12.31)−L
2w cos β + LF sin β = 0

F = w
2 cot β = 400.0 N

2 cot 53° = 150.7 N
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The magnitude of friction is obtained by solving Equation 12.28: f = F = 150.7 N. The coefficient of static 
friction

is μs = f / N = 150.7 /400.0 = 0.377.

The net force on the ladder at the contact point with the floor is the vector sum of the normal reaction from the 
floor and the static friction forces:

F→ floor = f
→

+ N→ = (150.7 N)(− i
^

) + (400.0 N)( + j
^

) = (−150.7 i
^

+ 400.0 j
^

) N

Its magnitude is

Ffloor = f 2 + N 2 = 150.72 + 400.02 N = 427.4 N

and its direction is

φ = tan−1 ⎛
⎝N / f ⎞⎠ = tan−1 (400.0 /150.7) = 69.3° above the floor.

We should emphasize here two general observations of practical use. First, notice that when we choose a 
pivot point, there is no expectation that the system will actually pivot around the chosen point. The ladder in 
this example is not rotating at all but firmly stands on the floor; nonetheless, its contact point with the floor 
is a good choice for the pivot. Second, notice when we use ... for the computation of individual torques, 
we do not need to resolve the forces into their normal and parallel components with respect to the direction 
of the lever arm, and we do not need to consider a sense of the torque. As long as the angle in ... is 
correctly identified—with the help of a free-body diagram—as the angle measured counterclockwise from 
the direction of the lever arm to the direction of the force vector, ... gives both the magnitude and the 
sense of the torque. This is because torque is the vector product of the lever-arm vector crossed with 
the force vector, and ...  expresses the rectangular component of this vector product along the axis of rotation.

Significance
This result is independent of the length of the ladder because L is cancelled in the second equilibrium condition, 
Equation 12.31. No matter how long or short the ladder is, as long as its weight is 400 N and the angle with 
the floor is 53°, our results hold. But the ladder will slip if the net torque becomes negative in Equation 
12.31. This happens for some angles when the coefficient of static friction is not great enough to prevent the 
ladder from slipping.

12.5 Check Your Understanding For the situation described in Example 12.5, determine the values of the 
coefficient μs of static friction for which the ladder starts slipping, given that β is the angle that the ladder 
makes with the floor.

Example 12.6

Forces on Door Hinges
A swinging door that weighs w = 400.0 N is supported by hinges A and B so that the door can swing about a 
vertical axis passing through the hinges Figure 12.16. The door has a width of b = 1.00 m, and the door 
slab has a uniform mass density. The hinges are placed symmetrically at the door’s edge in such a way that the 
door’s weight is evenly distributed between them. The hinges are separated by distance a = 2.00 m. Find the 
forces on the hinges when the door rests half-open.
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Figure 12.16 A 400-N swinging vertical door is supported 
by two hinges attached at points A and B.

Strategy

The forces that the door exerts on its hinges can be found by simply reversing the directions of the forces that
the hinges exert on the door. Hence, our task is to find the forces from the hinges on the door. Three forces

act on the door slab: an unknown force A
→

from hinge A, an unknown force B→ from hinge B, and the

known weight w→ attached at the center of mass of the door slab. The CM is located at the geometrical center
of the door because the slab has a uniform mass density. We adopt a rectangular frame of reference with the y-
axis along the direction of gravity and the x-axis in the plane of the slab, as shown in panel (a) of Figure 
12.17, and resolve all forces into their rectangular components. In this way, we have four unknown component 
forces:two components of force A

→ ⎛
⎝Ax and Ay

⎞
⎠, and two components of force B→ (Bx and By

⎞
⎠. In the free-

⎛
⎝

⎞
body diagram, we represent the two forces at the hinges by their vector components, whose assumed orientations
are arbitrary. Because there are four unknowns Ax, Bx, Ay, and By⎠, we must set up four independent

equations. One equation is the equilibrium condition for forces in the x-direction. The second equation is the 
equilibrium condition for forces in the y-direction. The third equation is the equilibrium condition for torques in 
rotation about a hinge. Because the weight is evenly distributed between the hinges, we have the fourth equation, 
Ay = By. To set up the equilibrium conditions, we draw a free-body diagram and choose the pivot point at

the upper hinge, as shown in panel (b) of Figure 12.17. Finally, we solve the equations for the unknown 
force components and find the forces.
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Figure 12.17 (a) Geometry and (b) free-body diagram for the 
door.(credit: Alice Kolakowska)

Solution

From the free-body diagram for the door we have the first equilibrium condition for forces:

in x-direction: −Ax + Bx = 0 ⇒ Ax = Bx

in y-direction: +Ay + By − w = 0 ⇒ Ay = By = w
2 = 400.0 N

2 = 200.0 N

We select the pivot at point P (upper hinge, per the free-body diagram) and write the second equilibrium condition
for torques in rotation about point P:

(12.32)pivot at P: τw + τBx + τBy = 0

We use the free-body diagram to find all the terms in this equation:

τw = dw sin(−β) = −dw sin β = −dwb /2
d = −wb2

τBx = aBx sin 90° = + aBx
τBy = aBy sin 180° = 0

In evaluating sin β, we use the geometry of the triangle shown in part (a) of the figure. Now we substitute these 
torques into Equation 12.32 and compute Bx :

pivot at P: −wb
2 + aBx = 0 ⇒ Bx = w b

2a = (400.0 N) 1
2 · 2 = 100.0 N

Therefore the magnitudes of the horizontal component forces are Ax = Bx = 100.0 N. The forces on the door

are

at the upper hinge: F→ A on door = −100.0 N i
^

+ 200.0 N j
^

at the lower hinge: F→ B on door = +100.0 N i
^

+ 200.0 N j
^

The forces on the hinges are found from Newton’s third law as

on the upper hinge: F→ door on A = 100.0 N i
^

− 200.0 N j
^

on the lower hinge: F→ door on B = −100.0 N i
^

− 200.0 N j
^
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12.6

12.7

Significance

Note that if the problem were formulated without the assumption of the weight being equally distributed between
the two hinges, we wouldn’t be able to solve it because the number of the unknowns would be greater than the
number of equations expressing equilibrium conditions.

Check Your Understanding Solve the problem in Example 12.6 by taking the pivot position at the
center of mass.

Check Your Understanding A 50-kg person stands 1.5 m away from one end of a uniform 6.0-m-long
scaffold of mass 70.0 kg. Find the tensions in the two vertical ropes supporting the scaffold.

12.8 Check Your Understanding A 400.0-N sign hangs from the end of a uniform strut. The strut is 4.0 
m long and weighs 600.0 N. The strut is supported by a hinge at the wall and by a cable whose other end is tied 
to the wall at a point 3.0 m above the left end of the strut. Find the tension in the supporting cable and the force 
of the hinge on the strut.
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Learning Objectives

By the end of this section, you will be able to:

12.3.1 Explain the concepts of stress and strain in describing elastic deformations of 
materials 
12.3.2 Describe the types of elastic deformation of objects and materials

A model of a rigid body is an idealized example of an object that does not deform under the actions of external forces.
It is very useful when analyzing mechanical systems—and many physical objects are indeed rigid to a great extent. The
extent to which an object can be perceived as rigid depends on the physical properties of the material from which it is made.
For example, a ping-pong ball made of plastic is brittle, and a tennis ball made of rubber is elastic when acted upon by
squashing forces. However, under other circumstances, both a ping-pong ball and a tennis ball may bounce well as rigid
bodies. Similarly, someone who designs prosthetic limbs may be able to approximate the mechanics of human limbs by
modeling them as rigid bodies; however, the actual combination of bones and tissues is an elastic medium.

For the remainder of this chapter, we move from consideration of forces that affect the motion of an object to those that
affect an object’s shape. A change in shape due to the application of a force is known as a deformation. Even very small
forces are known to cause some deformation. Deformation is experienced by objects or physical media under the action of
external forces—for example, this may be squashing, squeezing, ripping, twisting, shearing, or pulling the objects apart. In
the language of physics, two terms describe the forces on objects undergoing deformation: stress and strain.

Stress is a quantity that describes the magnitude of forces that cause deformation. Stress is generally defined as force
per unit area. When forces pull on an object and cause its elongation, like the stretching of an elastic band, we call such
stress a tensile stress. When forces cause a compression of an object, we call it a compressive stress. When an object
is being squeezed from all sides, like a submarine in the depths of an ocean, we call this kind of stress a bulk stress (or
volume stress). In other situations, the acting forces may be neither tensile nor compressive, and still produce a noticeable
deformation. For example, suppose you hold a book tightly between the palms of your hands, then with one hand you press-
and-pull on the front cover away from you, while with the other hand you press-and-pull on the back cover toward you. In
such a case, when deforming forces act tangentially to the object’s surface, we call them ‘shear’ forces and the stress they
cause is called shear stress.

The SI unit of stress is the pascal ( Pa). When one newton of force presses on a unit surface area of one meter squared, the
resulting stress is one pascal:

one pascal = 1.0 Pa = 1.0 N
1.0 m2

In the British system of units, the unit of stress is ‘psi,’ which stands for ‘pound per square inch’ ⎛⎝lb/in2⎞⎠. Another unit that

is often used for bulk stress is the atm (atmosphere). Conversion factors are

1 psi = 6895 Pa and 1 Pa = 1.450 × 10−4 psi

1 atm = 1.013 × 105 Pa = 14.7 psi

An object or medium under stress becomes deformed. The quantity that describes this deformation is called strain. Strain
is given as a fractional change in either length (under tensile stress) or volume (under bulk stress) or geometry (under shear
stress). Therefore, strain is a dimensionless number. Strain under a tensile stress is called tensile strain, strain under bulk
stress is called bulk strain (or volume strain), and that caused by shear stress is called shear strain.

The greater the stress, the greater the strain; however, the relation between strain and stress does not need to be linear.
Only when stress is sufficiently low is the deformation it causes in direct proportion to the stress value. The proportionality
constant in this relation is called the elastic modulus. In the linear limit of low stress values, the general relation between
stress and strain is

(12.33)stress = (elastic modulus) × strain
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strain is dimensionless.

We can also see from Equation 12.33 that when an object is characterized by a large value of elastic modulus, 
the effect of stress is small. On the other hand, a small elastic modulus means that stress produces large strain and 
noticeable deformation. For example, a stress on a rubber band produces larger strain (deformation) than the same stress 
on a steel band of the same dimensions because the elastic modulus for rubber is two orders of magnitude smaller than 
the elastic modulus for steel.

The elastic modulus for tensile stress is called Young’s modulus; that for the bulk stress is called the bulk modulus; and 
that for shear stress is called the shear modulus. Note that the relation between stress and strain is an observed relation, 
measured in the laboratory. Elastic moduli for various materials are measured under various physical conditions, such as 
varying temperature, and collected in engineering data tables for reference (Table 12.1). These tables are valuable 
references for industry and for anyone involved in engineering or construction. In the next section, we discuss strain-
stress relations beyond the linear limit represented by Equation 12.33, in the full range of stress values up to a 
fracture point. In the remainder of this section, we study the linear limit expressed by Equation 12.33.

Material Young’s modulus
× 1010 Pa

Bulk modulus
× 1010 Pa

Shear modulus
× 1010 Pa

Aluminum 7.0 7.5 2.5

Bone (tension) 1.6 0.8 8.0

Bone (compression) 0.9

Brass 9.0 6.0 3.5

Brick 1.5

Concrete 2.0

Copper 11.0 14.0 4.4

Crown glass 6.0 5.0 2.5

Granite 4.5 4.5 2.0

Hair (human) 1.0

Hardwood 1.5 1.0

Iron 21.0 16.0 7.7

Lead 1.6 4.1 0.6

Marble 6.0 7.0 2.0

Nickel 21.0 17.0 7.8

Polystyrene 3.0

Silk 6.0

Spider thread 3.0

Steel 20.0 16.0 7.5

Acetone 0.07

Ethanol 0.09

Glycerin 0.45

Mercury 2.5

Water 0.22

Table 12.1 Approximate Elastic Moduli for Selected Materials
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Tension or compression occurs when two antiparallel forces of equal magnitude act on an object along only one of its 
dimensions, in such a way that the object does not move. One way to envision such a situation is illustrated in Figure 
12.18. A rod segment is either stretched or squeezed by a pair of forces acting along its length and perpendicular to its 
cross-
section. The net effect of such forces is that the rod changes its length from the original length L0 that it had before the

forces appeared, to a new length L that it has under the action of the forces. This change in length ΔL = L − L0 may be

either elongation (when L is larger than the original length L0) or contraction (when L is smaller than the original length
L0). Tensile stress and strain occur when the forces are stretching an object, causing its elongation, and the length change 

ΔL is positive. Compressive stress and strain occur when the forces are contracting an object, causing its shortening, and 
the length change ΔL is negative.

In either of these situations, we define stress as the ratio of the deforming force F⊥ to the cross-sectional area A of the
object being deformed. The symbol F⊥ that we reserve for the deforming force means that this force acts perpendicularly to 

the cross-section of the object. Forces that act parallel to the cross-section do not change the length of an object. The 
definition of the tensile stress is (12.34)tensile stress = F⊥

A .

Tensile strain is the measure of the deformation of an object under tensile stress and is defined as the fractional change of
the object’s length when the object experiences tensile stress

(12.35)tensile strain = ΔL
L0

.

Compressive stress and strain are defined by the same formulas, Equation 12.34 and Equation 12.35, respectively. 
The only difference from the tensile situation is that for compressive stress and strain, we take absolute values of the right-
hand sides in Equation 12.34 and Equation 12.35.

Chapter 12 | Static Equilibrium and Elasticity 31



SAMPLE CHAPTERS 
NOT FINAL DRAFT

Figure 12.18 When an object is in either tension or 
compression, the net force on it is zero, but the object deforms
by changing its original length L0. (a) Tension: The rod is

elongated by ΔL. (b) Compression: The rod is contracted by
ΔL. In both cases, the deforming force acts along the length of 
the rod and perpendicular to its cross-section. In the linear range 
of low stress, the cross-sectional area of the rod does not change.

Young’s modulus Y is the elastic modulus when deformation is caused by either tensile or compressive stress, and is defined 
by Equation 12.33. Dividing this equation by tensile strain, we obtain the expression for Young’s modulus:

(12.36)Y = tensile stress
tensile strain = F⊥ /A

ΔL /L0
= F⊥

A
L0
ΔL

Example 12.7

Compressive Stress in a Pillar
A sculpture weighing 10,000 N rests on a horizontal surface at the top of a 6.0-m-tall vertical pillar Figure 
12.19. The pillar’s cross-sectional area is 0.20 m2 and it is made of granite with a mass density of 2700 kg/m3. 
Find the compressive stress at the cross-section located 3.0 m below the top of the pillar and the value of the 
compressive strain of the top 3.0-m segment of the pillar.
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Figure 12.19 Nelson’s Column in Trafalgar Square, 
London, England. (credit: modification of work by Cristian 
Bortes)

Strategy

First we find the weight of the 3.0-m-long top section of the pillar. The normal force that acts on the cross-section 
located 3.0 m down from the top is the sum of the pillar’s weight and the sculpture’s weight. Once we have the 
normal force, we use Equation 12.34 to find the stress. To find the compressive strain, we find the value 
of Young’s modulus for granite in Table 12.1 and invert Equation 12.36.

Solution

The volume of the pillar segment with height h = 3.0 m and cross-sectional area A = 0.20 m2 is

V = Ah = (0.20 m2)(3.0 m) = 0.60 m3

With the density of granite ρ = 2.7 × 103 kg/m3, the mass of the pillar segment is

m = ρV = (2.7 × 103 kg/m3)(0.60 m3) = 1.60 × 103 kg

The weight of the pillar segment is

w p = mg = (1.60 × 103 kg)(9.80 m/s2) = 1.568 × 104 N

The weight of the sculpture is ws = 1.0 × 104 N, so the normal force on the cross-sectional surface located 3.0 

m below the sculpture is

F⊥ = w p + ws = (1.568 + 1.0) × 104 N = 2.568 × 104 N

Therefore, the stress is

stress = F⊥
A = 2.568 × 104 N

0.20 m2 = 1.284 × 105 Pa = 128.4 kPa

Young’s modulus for granite is Y = 4.5 × 1010 Pa = 4.5 × 107 kPa. Therefore, the compressive strain at this
position is

strain = stress
Y = 128.4 kPa

4.5 × 107 kPa
= 2.85 × 10−6
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Significance

Notice that the normal force acting on the cross-sectional area of the pillar is not constant along its length, but
varies from its smallest value at the top to its largest value at the bottom of the pillar. Thus, if the pillar has a
uniform cross-sectional area along its length, the stress is largest at its base.

Check Your Understanding Find the compressive stress and strain at the base of Nelson’s column.

Example 12.8

Stretching a Rod

A 2.0-m-long steel rod has a cross-sectional area of 0.30 cm2. The rod is a part of a vertical support that holds 
a heavy 550-kg platform that hangs attached to the rod’s lower end. Ignoring the weight of the rod, what is the 
tensile stress in the rod and the elongation of the rod under the stress?

Strategy

First we compute the tensile stress in the rod under the weight of the platform in accordance with Equation 
12.34. Then we invert Equation 12.36 to find the rod’s elongation, using L0 = 2.0 m. From Table 12.1, 
Young’s

modulus for steel is Y = 2.0 × 1011 Pa.
Solution

Substituting numerical values into the equations gives us
F⊥
A = (550 kg)(9.8 m/s2)

3.0 × 10−5 m2 = 1.8 × 108 Pa

ΔL = F⊥
A

L0
Y = (1.8 × 108 Pa) 2.0 m

2.0 × 1011 Pa
= 1.8 × 10−3 m = 1.8 mm

Significance

Similarly as in the example with the column, the tensile stress in this example is not uniform along the length of
the rod. Unlike in the previous example, however, if the weight of the rod is taken into consideration, the stress in
the rod is largest at the top and smallest at the bottom of the rod where the equipment is attached.

Check Your Understanding A 2.0-m-long wire stretches 1.0 mm when subjected to a load. What is the
tensile strain in the wire?

Objects can often experience both compressive stress and tensile stress simultaneously Figure 12.20. One example is a 
long shelf loaded with heavy books that sags between the end supports under the weight of the books. The top surface of the 
shelf is in compressive stress and the bottom surface of the shelf is in tensile stress. Similarly, long and heavy beams sag 
under their own weight. In modern building construction, such bending strains can be almost eliminated with the use of I-
beams Figure 12.21.
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Figure 12.20 (a) An object bending downward experiences tensile stress (stretching) in the upper section and 
compressive stress (compressing) in the lower section. (b) Elite weightlifters often bend iron bars temporarily during 
lifting, as in the 2012 Olympics competition. (credit a: modification of work by Alice Kolakowska; credit b: 
modification of work by Oleksandr Kocherzhenko)

Figure 12.21 Steel I-beams are used in construction to 
reduce bending strains. (credit: modification of work by “US 
Army Corps of Engineers Europe District”/Flickr)

A heavy box rests on a table supported by three columns. View this demonstration
(http://www.openstaxcollege.org/l/21movebox) to move the box to see how the compression (or tension)
in the columns is affected when the box changes its position.

Bulk Stress, Strain, and Modulus
When you dive into water, you feel a force pressing on every part of your body from all directions. What you are 
experiencing then is bulk stress, or in other words, pressure. Bulk stress always tends to decrease the volume enclosed by 
the surface of a submerged object. The forces of this “squeezing” are always perpendicular to the submerged surface Figure
12.22. The effect of these forces is to decrease the volume of the submerged object by an amount ΔV compared with the
volume V0 of the object in the absence of bulk stress. This kind of deformation is called bulk strain and is described by a 

change in volume relative to the original volume:
(12.37)bulk strain = ΔV

V0
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Figure 12.22 An object under increasing bulk stress always 
undergoes a decrease in its volume. Equal forces perpendicular 
to the surface act from all directions. The effect of these forces is
to decrease the volume by the amount ΔV compared to the
original volume, V0.

The bulk strain results from the bulk stress, which is a force F⊥ normal to a surface that presses on the unit surface area

A of a submerged object. This kind of physical quantity, or pressure p, is defined as

(12.38)pressure = p ≡ F⊥
A

We will study pressure in fluids in greater detail in ... . An important characteristic of pressure is that it is a scalar quantity 
and does not have any particular direction; that is, pressure acts equally in all possible directions. When you submerge your 
hand in water, you sense the same amount of pressure acting on the top surface of your hand as on the bottom surface, or 
on the side surface, or on the surface of the skin between your fingers. What you are perceiving in this case is an increase 
in pressure Δp over what

you are used to feeling when your hand is not submerged in water. What you feel when your hand is not submerged in the
water is the normal pressure p0 of one atmosphere, which serves as a reference point. The bulk stress is this increase in

pressure, or Δp, over the normal level, p0.

When the bulk stress increases, the bulk strain increases in response, in accordance with Equation 12.33. 
The proportionality constant in this relation is called the bulk modulus, B, or

(12.39)B = bulk stress
bulk strain = − Δp

ΔV /V0
= −Δp V0

ΔV

The minus sign that appears in Equation 12.39 is for consistency, to ensure that B is a positive quantity. Note that the 
minus sign ( – ) is necessary because an increase Δp in pressure (a positive quantity) always causes a decrease ΔV in 
volume,
and decrease in volume is a negative quantity. The reciprocal of the bulk modulus is called compressibility k, or

(12.40)k = 1
B = − ΔV /V0

Δp
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The term ‘compressibility’ is used in relation to fluids (gases and liquids). Compressibility describes the change in 
the volume of a fluid per unit increase in pressure. Fluids characterized by a large compressibility are relatively easy

to compress. For example, the compressibility of water is 4.64 × 10−5 /atm and the compressibility of acetone is
1.45 × 10−4 /atm. This means that under a 1.0-atm increase in pressure, the relative decrease in volume is approximately 
three times as large for acetone as it is for water.
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12.11

Example 12.9

Hydraulic Press
In a hydraulic press Figure 12.23, a 250-liter volume of oil is subjected to a 2300-psi pressure increase. If the 
compressibility of oil is 2.0 × 10−5 / atm, find the bulk strain and the absolute decrease in the volume of oil 

when the press is operating.

Figure 12.23 In a hydraulic press, when a small piston is 
displaced downward, the pressure in the oil is transmitted 
throughout the oil to the large piston, causing the large piston to 
move upward. A small force applied to a small piston causes a 
large pressing force, which the large piston exerts on an object 
that is either lifted or squeezed. The device acts as a mechanical 
lever. (credit: Alice Kolakowska)

Strategy

We must invert Equation 12.40 to find the bulk strain. First, we convert the pressure increase from psi to atm, 
Δp = 2300 psi = 2300/14.7 atm ≈ 160 atm, and identify V0 = 250 L.

Solution

Substituting values into the equation, we have

bulk strain = ΔV
V0

= Δp
B = kΔp = (2.0 × 10−5 /atm)(160 atm) = 0.0032

answer: ΔV = 0.0032 V0 = 0.0032(250 L) = 0.78 L

Significance

Notice that since the compressibility of water is 2.32 times larger than that of oil, if the working substance in the
hydraulic press of this problem were changed to water, the bulk strain as well as the volume change would be
2.32 times larger.

Check Your Understanding If the normal force acting on each face of a cubical 1.0-m3 piece of steel

is changed by 1.0 × 107 N, find the resulting change in the volume of the piece of steel.

Shear Stress, Strain, and Modulus
The concepts of shear stress and strain concern only solid objects or materials. Buildings and tectonic plates are examples
of objects that may be subjected to shear stresses. In general, these concepts do not apply to fluids.
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solid object, causing no deformation in the transverse direction to the line of force, as in the typical example of shear stress 
illustrated in Figure 12.24. Shear deformation is characterized by a gradual shift Δx of layers in the direction tangent to
the acting forces. This gradation in Δx occurs in the transverse direction along some distance L0. Shear strain is defined

by the ratio of the largest displacement Δx to the transverse distance L0

(12.41)shear strain = Δx
L0

Shear strain is caused by shear stress. Shear stress is due to forces that act parallel to the surface. We use the symbol F∥

for such forces. The magnitude F∥ per surface area A where shearing force is applied is the measure of shear stress

(12.42)
shear stress =

F∥
A

The shear modulus is the proportionality constant in Equation 12.33 and is defined by the ratio of stress to strain. 
Shear modulus is commonly denoted by S:

(12.43)
S = shear stress

shear strain =
F∥ /A
Δx /L0

=
F∥
A

L0
Δx

Figure 12.24 An object under shear stress: Two antiparallel 
forces of equal magnitude are applied tangentially to opposite 
parallel surfaces of the object. The dashed-line contour depicts 
the resulting deformation. There is no change in the direction
transverse to the acting forces and the transverse length L0 is 

unaffected. Shear deformation is characterized by a gradual shift

Δx of layers in the direction tangent to the forces.

Example 12.10

An Old Bookshelf

A cleaning person tries to move a heavy, old bookcase on a carpeted floor by pushing tangentially on the surface 
of the very top shelf. However, the only noticeable effect of this effort is similar to that seen in Figure 12.24, 
and it disappears when the person stops pushing. The bookcase is 180.0 cm tall and 90.0 cm wide with four 30.0-
cm-deep shelves, all partially loaded with books. The total weight of the bookcase and books is 600.0 N. If the 
person gives the top shelf a 50.0-N push that displaces the top shelf horizontally by 15.0 cm relative to the 
motionless bottom shelf, find the shear modulus of the bookcase.

Strategy
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The only pieces of relevant information are the physical dimensions of the bookcase, the value of the tangential 
force, and the displacement this force causes. We identify F∥ = 50.0 N, Δx = 15.0 cm, L0 = 180.0 cm,

and A = (30.0 cm)(90.0 cm) = 2,700.0 cm2, and we use Equation 12.43 to compute the shear modulus.

Solution

Substituting numbers into the equations, we obtain for the shear modulus

S =
F∥
A

L0
Δx = 50.0 N

2700.0 cm2
180.0 cm.
15.0 cm. = 2

9
N

cm2 = 2
9 × 104 N

m2 = 20
9 × 103 Pa = 2.222 kPa

We can also find shear stress and strain, respectively:

F∥
A = 50.0 N

2700.0 cm2 = 5
27 kPa = 185.2 Pa

Δx
L0

= 15.0 cm
180.0 cm = 1

12 = 0.083

Significance

If the person in this example gave the shelf a healthy push, it might happen that the induced shear would collapse
it to a pile of rubbish. Much the same shear mechanism is responsible for failures of earth-filled dams and levees;
and, in general, for landslides.

Check Your Understanding Explain why the concepts of Young’s modulus and shear modulus do not
apply to fluids.

12.4 | Elasticity and Plasticity

Learning Objectives

By the end of this section, you will be able to:

12.4.1 Explain the limit where a deformation of material is elastic 
12.4.2 Describe the range where materials show plastic behavior 
12.4.3 Analyze elasticity and plasticity on a stress-strain diagram

We referred to the proportionality constant between stress and strain as the elastic modulus. But why do we call it that?
What does it mean for an object to be elastic and how do we describe its behavior?

Elasticity is the tendency of solid objects and materials to return to their original shape after the external forces (load)
causing a deformation are removed. An object is elastic when it comes back to its original size and shape when the load is
no longer present. Physical reasons for elastic behavior vary among materials and depend on the microscopic structure of
the material. For example, the elasticity of polymers and rubbers is caused by stretching polymer chains under an applied
force. In contrast, the elasticity of metals is caused by resizing and reshaping the crystalline cells of the lattices (which are
the material structures of metals) under the action of externally applied forces.

The two parameters that determine the elasticity of a material are its elastic modulus and its elastic limit. A high elastic
modulus is typical for materials that are hard to deform; in other words, materials that require a high load to achieve
a significant strain. An example is a steel band. A low elastic modulus is typical for materials that are easily deformed
under a load; for example, a rubber band. If the stress under a load becomes too high, then when the load is removed, the
material no longer comes back to its original shape and size, but relaxes to a different shape and size: The material becomes
permanently deformed. The elastic limit is the stress value beyond which the material no longer behaves elastically but
becomes permanently deformed.
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characterized by a low elastic modulus and a high elastic limit; hence, it is easy to stretch them and the stretch is noticeably 
large. Among materials with identical elastic limits, the most elastic is the one with the lowest elastic modulus.

When the load increases from zero, the resulting stress is in direct proportion to strain in the way given by ... , but 
only when stress does not exceed some limiting value. For stress values within this linear limit, we can describe elastic 
behavior in analogy with Hooke’s law for a spring. According to Hooke’s law, the stretch value of a spring under 
an applied force is directly proportional to the magnitude of the force. Conversely, the response force from the spring to 
an applied stretch is directly proportional to the stretch. In the same way, the deformation of a material under a load is 
directly proportional to the load, and, conversely, the resulting stress is directly proportional to strain. The linearity limit 
(or the proportionality limit) is the largest stress value beyond which stress is no longer proportional to strain. Beyond the 
linearity limit, the relation between stress and strain is no longer linear. When stress becomes larger than the linearity 
limit but still within the elasticity limit, behavior is still elastic, but the relation between stress and strain becomes 
nonlinear.

For stresses beyond the elastic limit, a material exhibits plastic behavior. This means the material deforms irreversibly and 
does not return to its original shape and size, even when the load is removed. When stress is gradually increased beyond the 
elastic limit, the material undergoes plastic deformation. Rubber-like materials show an increase in stress with the increasing 
strain, which means they become more difficult to stretch and, eventually, they reach a fracture point where they break. 
Ductile materials such as metals show a gradual decrease in stress with the increasing strain, which means they become 
easier to deform as stress-strain values approach the breaking point. Microscopic mechanisms responsible for plasticity of 
materials are different for different materials.

We can graph the relationship between stress and strain on a stress-strain diagram. Each material has its own characteristic 
strain-stress curve. A typical stress-strain diagram for a ductile metal under a load is shown in Figure 12.25. In this 
figure, strain is a fractional elongation (not drawn to scale). When the load is gradually increased, the linear behavior (red 
line) that starts at the no-load point (the origin) ends at the linearity limit at point H. For further load increases beyond 
point H, the stress-strain relation is nonlinear but still elastic. In the figure, this nonlinear region is seen between points H 
and E. Ever larger loads take the stress to the elasticity limit E, where elastic behavior ends and plastic deformation begins. 
Beyond the elasticity limit, when the load is removed, for example at P, the material relaxes to a new shape and size 
along the green line. This is to say that the material becomes permanently deformed and does not come back to its 
initial shape and size when stress becomes zero.

The material undergoes plastic deformation for loads large enough to cause stress to go beyond the elasticity limit at E. The 
material continues to be plastically deformed until the stress reaches the fracture point (breaking point). Beyond the fracture 
point, we no longer have one sample of material, so the diagram ends at the fracture point. For the completeness of this 
qualitative description, it should be said that the linear, elastic, and plasticity limits denote a range of values rather than one 
sharp point.

Figure 12.25 Typical stress-strain plot for a metal under a 
load: The graph ends at the fracture point. The arrows show the 
direction of changes under an ever-increasing load. Points H and 
E are the linearity and elasticity limits, respectively. Between 
points H and E, the behavior is nonlinear. The green line 
originating at P illustrates the metal’s response when the load is 
removed. The permanent deformation has a strain value at the 
point where the green line intercepts the horizontal axis. (credit: 
Alice Kolakowska)
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F→

The value of stress at the fracture point is called breaking stress (or ultimate stress). Materials with similar elastic 
properties, such as two metals, may have very different breaking stresses. For example, ultimate stress for aluminum is

2.2 × 108 Pa and for steel it may be as high as 20.0 × 108 Pa, depending on the kind of steel. We can make a quick 
estimate, based on ... ,

that for rods with a 1-in2 cross-sectional area, the breaking load for an aluminum rod is 3.2 × 104 lb, and the breaking 
load for a steel rod is about nine times larger.

Additional Problems
Exercise 12.1

The coefficient of static friction between the rubber eraser of the pencil and the tabletop is μs = 0.80. If the force

is applied along the axis of the pencil, as shown below, what is the minimum angle at which the pencil can stand without 
slipping? Ignore the weight of the pencil.

Solution

tan−1(1/μs) = 51.3°

Exercise 12.2
A pencil rests against a corner, as shown below. The sharpened end of the pencil touches a smooth vertical surface and the 
eraser end touches a rough horizontal floor. The coefficient of static friction between the eraser and the floor is μs = 0.80. 
The center of mass of the pencil is located 9.0 cm from the tip of the eraser and 11.0 cm from the tip of the pencil lead. Find 
the minimum angle θ for which the pencil does not slip.

Solution
29.3°

Exercise 12.3

A uniform 4.0-m plank weighing 200.0 N rests against the corner of a wall, as shown below. There is no friction at the 
point where the plank meets the corner. (a) Find the forces that the corner and the floor exert on the plank. (b) What is the 
minimum coefficient of static friction between the floor and the plank to prevent the plank from slipping?
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Solution
a. at corner 66.7 N at 30° with the horizontal; at floor 192.4 N at 60° with the horizontal; b. μs = 0.577

Exercise 12.4
A 40-kg boy jumps from a height of 3.0 m, lands on one foot and comes to rest in 0.10 s after he hits the ground. Assume 
that he comes to rest with a constant deceleration. If the total cross-sectional area of the bones in his legs just above his

ankles is 3.0 cm2, what is the compression stress in these bones? Leg bones can be fractured when they are subjected to

stress greater than 1.7 × 108 Pa. Is the boy in danger of breaking his leg?

Solution
1.0 × 107 Pa; no

Exercise 12.5
Two thin rods, one made of steel and the other of aluminum, are joined end to end. Each rod is 2.0 m long and has cross-
sectional area 9.1 mm2. If a 10,000-N tensile force is applied at each end of the combination, find: (a) stress in each rod;
(b) strain in each rod; and, (c) elongation of each rod.

Solution
a. 1.10 × 109 N/m2; b. 5.5 × 10−3; c. 11.0 mm, 31.4 mm

Exercise 12.6

Two rods, one made of copper and the other of steel, have the same dimensions. If the copper rod stretches by 0.15 mm 
under some stress, how much does the steel rod stretch under the same stress?

Solution
52.5 µm
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breaking stress (ultimate stress)

bulk modulus

bulk strain

bulk stress

center of gravity

compressibility

compressive strain

compressive stress

elastic

elastic limit

elastic modulus

equilibrium

first equilibrium condition

gravitational torque

linearity limit (proportionality limit)

normal pressure

pascal (Pa)

plastic behavior

pressure

second equilibrium condition

shear modulus

shear strain

shear stress

static equilibrium

strain

stress

stress-strain diagram

tensile strain

tensile stress

Young’s modulus

value of stress at the fracture point

elastic modulus for the bulk stress

(or volume strain) strain under the bulk stress, given as fractional change in volume

(or volume stress) stress caused by compressive forces, in all directions

point where the weight vector is attached

reciprocal of the bulk modulus

strain that occurs when forces are contracting an object, causing its shortening

stress caused by compressive forces, only in one direction

object that comes back to its original size and shape when the load is no longer present

stress value beyond which material no longer behaves elastically and becomes permanently deformed

proportionality constant in linear relation between stress and strain, in SI pascals

body is in equilibrium when its linear and angular accelerations are both zero relative to an inertial frame of
reference

expresses translational equilibrium; all external forces acting on the body balance out and
their vector sum is zero

torque on the body caused by its weight; it occurs when the center of gravity of the body is not
located on the axis of rotation

largest stress value beyond which stress is no longer proportional to strain

pressure of one atmosphere, serves as a reference level for pressure

SI unit of stress, SI unit of pressure

material deforms irreversibly, does not go back to its original shape and size when load is removed and
stress vanishes

force pressing in normal direction on a surface per the surface area, the bulk stress in fluids

expresses rotational equilibrium; all torques due to external forces acting on the body
balance out and their vector sum is zero

elastic modulus for shear stress

strain caused by shear stress

stress caused by shearing forces

body is in static equilibrium when it is at rest in our selected inertial frame of reference

dimensionless quantity that gives the amount of deformation of an object or medium under stress

quantity that contains information about the magnitude of force causing deformation, defined as force per unit area

graph showing the relationship between stress and strain, characteristic of a material

strain under tensile stress, given as fractional change in length, which occurs when forces are stretching an
object, causing its elongation

stress caused by tensile forces, only in one direction, which occurs when forces are stretching an object,
causing its elongation

elastic modulus for tensile or compressive stress
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First Equilibrium Condition ∑
k

F→ k = 0
→

Second Equilibrium Condition ∑
k

τ→ k = 0
→

Linear relation between
stress and strain

stress = (elastic modulus) × strain

Young’s modulus Y = tensile stress
tensile strain = F⊥

A
L0
ΔL

Bulk modulus B = bulk stress
bulk strain = −Δp V0

ΔV

Shear modulus S = shear stress
shear strain =

F∥
A

L0
Δx

SUMMARY

12.1 Conditions for Static Equilibrium
• A body is in equilibrium when it remains either in uniform motion (both translational and rotational) or at rest.

When a body in a selected inertial frame of reference neither rotates nor moves in translational motion, we say the
body is in static equilibrium in this frame of reference.

• Conditions for equilibrium require that the sum of all external forces acting on the body is zero (first condition of
equilibrium), and the sum of all external torques from external forces is zero (second condition of equilibrium).
These two conditions must be simultaneously satisfied in equilibrium. If one of them is not satisfied, the body is not
in equilibrium.

• The free-body diagram for a body is a useful tool that allows us to count correctly all contributions from all external
forces and torques acting on the body. Free-body diagrams for the equilibrium of an extended rigid body must
indicate a pivot point and lever arms of acting forces with respect to the pivot.

12.2 Examples of Static Equilibrium
• A variety of engineering problems can be solved by applying equilibrium conditions for rigid bodies.

• In applications, identify all forces that act on a rigid body and note their lever arms in rotation about a chosen
rotation axis. Construct a free-body diagram for the body. Net external forces and torques can be clearly identified
from a correctly constructed free-body diagram. In this way, you can set up the first equilibrium condition for forces
and the second equilibrium condition for torques.

• In setting up equilibrium conditions, we are free to adopt any inertial frame of reference and any position of the
pivot point. All choices lead to one answer. However, some choices can make the process of finding the solution
unduly complicated. We reach the same answer no matter what choices we make. The only way to master this skill
is to practice.

12.3 Stress, Strain, and Elastic Modulus
• External forces on an object (or medium) cause its deformation, which is a change in its size and shape. The strength

of the forces that cause deformation is expressed by stress, which in SI units is measured in the unit of pressure
(pascal). The extent of deformation under stress is expressed by strain, which is dimensionless.

• For a small stress, the relation between stress and strain is linear. The elastic modulus is the proportionality constant
in this linear relation.

• Tensile (or compressive) strain is the response of an object or medium to tensile (or compressive) stress. Here, the
elastic modulus is called Young’s modulus. Tensile (or compressive) stress causes elongation (or shortening) of the
object or medium and is due to an external forces acting along only one direction perpendicular to the cross-section.

• Bulk strain is the response of an object or medium to bulk stress. Here, the elastic modulus is called the bulk
modulus. Bulk stress causes a change in the volume of the object or medium and is caused by forces acting on the
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bulk modulus.

• Shear strain is the deformation of an object or medium under shear stress. The shear modulus is the elastic modulus
in this case. Shear stress is caused by forces acting along the object’s two parallel surfaces.

12.4 Elasticity and Plasticity
• An object or material is elastic if it comes back to its original shape and size when the stress vanishes. In elastic

deformations with stress values lower than the proportionality limit, stress is proportional to strain. When stress
goes beyond the proportionality limit, the deformation is still elastic but nonlinear up to the elasticity limit.

• An object or material has plastic behavior when stress is larger than the elastic limit. In the plastic region, the
object or material does not come back to its original size or shape when stress vanishes but acquires a permanent
deformation. Plastic behavior ends at the breaking point.

CONCEPTUAL QUESTIONS 

12.1 Conditions for Static Equilibrium

7. What can you say about the velocity of a moving body
that is in dynamic equilibrium?

8. Under what conditions can a rotating body be in
equilibrium? Give an example.

9. What three factors affect the torque created by a force
relative to a specific pivot point?

10. Mechanics sometimes put a length of pipe over the
handle of a wrench when trying to remove a very tight bolt.
How does this help?

For the next four problems, evaluate the statement as either
true or false and explain your answer.

11. If there is only one external force (or torque) acting on
an object, it cannot be in equilibrium.

12. If an object is in equilibrium there must be an even
number of forces acting on it.

13. If an odd number of forces act on an object, the object
cannot be in equilibrium.

14. A body moving in a circle with a constant speed is in
rotational equilibrium.

15. What purpose is served by a long and flexible pole
carried by wire-walkers?

12.2 Examples of Static Equilibrium
16. Is it possible to rest a ladder against a rough wall when 
the floor is frictionless?

17. Show how a spring scale and a simple fulcrum can
be used to weigh an object whose weight is larger than the
maximum reading on the scale.

18. A painter climbs a ladder. Is the ladder more likely to
slip when the painter is near the bottom or near the top?

12.3 Stress, Strain, and Elastic Modulus

Note: Unless stated otherwise, the weights of the wires, 
rods, and other elements are assumed to be negligible. 
Elastic moduli of selected materials are given in 
[link]Table_12_02_01[/link].

19. Why can a squirrel jump from a tree branch to the
ground and run away undamaged, while a human could
break a bone in such a fall?

20. When a glass bottle full of vinegar warms up, both
the vinegar and the glass expand, but the vinegar expands
significantly more with temperature than does the glass.
The bottle will break if it is filled up to its very tight cap.
Explain why and how a pocket of air above the vinegar
prevents the bottle from breaking.

21. A thin wire strung between two nails in the wall
is used to support a large picture. Is the wire likely to
snap if it is strung tightly or if it is strung so that it sags
considerably?

22. Review the relationship between stress and strain. Can
you find any similarities between the two quantities?

23. What type of stress are you applying when you press
on the ends of a wooden rod? When you pull on its ends?

24. Can compressive stress be applied to a rubber band?

25. Can Young’s modulus have a negative value? What
about the bulk modulus?
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what happens when you squeeze a piece of it?

27. Discuss how you might measure the bulk modulus of
a liquid.

Elastic moduli of selected materials are given in
[link]Table_12_02_01[/link].

28. What is meant when a fishing line is designated as “a
10-lb test?”

29. Steel rods are commonly placed in concrete before it
sets. What is the purpose of these rods?

12.4 Elasticity and Plasticity

Note: Unless stated otherwise, the weights of the wires, 
rods, and other elements are assumed to be negligible.

PROBLEMS

12.1 Conditions for Static Equilibrium
30. When tightening a bolt, you push perpendicularly on a
wrench with a force of 165 N at a distance of 0.140 m from
the center of the bolt. How much torque are you exerting
relative to the center of the bolt?

31. When opening a door, you push on it perpendicularly
with a force of 55.0 N at a distance of 0.850 m from
the hinges. What torque are you exerting relative to the
hinges?

32. Find the magnitude of the tension in each supporting
cable shown below. In each case, the weight of the
suspended body is 100.0 N and the masses of the cables are
negligible.
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33. What force must be applied at point P to keep the
structure shown in equilibrium? The weight of the structure
is negligible.

34. Is it possible to apply a force at P to keep in
equilibrium the structure shown? The weight of the
structure is negligible.

35. Two children push on opposite sides of a door during
play. Both push horizontally and perpendicular to the door.
One child pushes with a force of 17.5 N at a distance of
0.600 m from the hinges, and the second child pushes at
a distance of 0.450 m. What force must the second child
exert to keep the door from moving? Assume friction is
negligible.

36. A small 1000-kg SUV has a wheel base of 3.0 m. If
60% if its weight rests on the front wheels, how far behind
the front wheels is the wagon’s center of mass?

37. The uniform seesaw is balanced at its center of mass,
as seen below. The smaller boy on the right has a mass of
40.0 kg. What is the mass of his friend?

12.2 Examples of Static Equilibrium
38. A uniform plank rests on a level surface as shown 
below. The plank has a mass of 30 kg and is 6.0 m long. 
How much mass can be placed at its right end before it 
tips? (Hint: When the board is about to tip over, it makes 
contact with the surface only along the edge that becomes a 
momentary axis of rotation.)

39. The uniform seesaw shown below is balanced on a
fulcrum located 3.0 m from the left end. The smaller boy on
the right has a mass of 40 kg and the bigger boy on the left
has a mass 80 kg. What is the mass of the board?

 Static Equilibrium and Elasticity
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40. In order to get his car out of the mud, a man ties one
end of a rope to the front bumper and the other end to a tree
15 m away, as shown below. He then pulls on the center of
the rope with a force of 400 N, which causes its center to be
displaced 0.30 m, as shown. What is the force of the rope
on the car?

41. A uniform 40.0-kg scaffold of length 6.0 m is
supported by two light cables, as shown below. An 80.0-kg
painter stands 1.0 m from the left end of the scaffold, and
his painting equipment is 1.5 m from the right end. If the
tension in the left cable is twice that in the right cable, find
the tensions in the cables and the mass of the equipment.

42. When the structure shown below is supported at point
P, it is in equilibrium. Find the magnitude of force F and
the force applied at P. The weight of the structure is
negligible.

43. To get up on the roof, a person (mass 70.0 kg) places a
6.00-m aluminum ladder (mass 10.0 kg) against the house
on a concrete pad with the base of the ladder 2.00 m from
the house. The ladder rests against a plastic rain gutter,
which we can assume to be frictionless. The center of mass
of the ladder is 2.00 m from the bottom. The person is

standing 3.00 m from the bottom. Find the normal reaction
and friction forces on the ladder at its base.

44. A uniform horizontal strut weighs 400.0 N. One end of
the strut is attached to a hinged support at the wall, and the
other end of the strut is attached to a sign that weighs 200.0
N. The strut is also supported by a cable attached between
the end of the strut and the wall. Assuming that the entire
weight of the sign is attached at the very end of the strut,
find the tension in the cable and the force at the hinge of the
strut.

45. The forearm shown below is positioned at an angle θ
with respect to the upper arm, and a 5.0-kg mass is held
in the hand. The total mass of the forearm and hand is 3.0
kg, and their center of mass is 15.0 cm from the elbow.
(a) What is the magnitude of the force that the biceps
muscle exerts on the forearm for θ = 60°? (b) What is
the magnitude of the force on the elbow joint for the same
angle? (c) How do these forces depend on the angle θ?
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47. The uniform boom shown below weighs 700 N, and
the object hanging from its right end weighs 400 N. The
boom is supported by a light cable and by a hinge at the
wall. Calculate the tension in the cable and the force on the
hinge on the boom. Does the force on the hinge act along
the boom?

48. A 12.0-m boom, AB, of a crane lifting a 3000-kg load
is shown below. The center of mass of the boom is at its
geometric center, and the mass of the boom is 1000 kg. For
the position shown, calculate tension T in the cable and the
force at the axle A.

49. A uniform trapdoor shown below is 1.0 m by 1.5 m
and weighs 300 N. It is supported by a single hinge (H), and
by a light rope tied between the middle of the door and the
floor. The door is held at the position shown, where its slab
makes a 30° angle with the horizontal floor and the rope
makes a 20° angle with the floor. Find the tension in the
rope and the force at the hinge.

50. A 90-kg man walks on a sawhorse, as shown below.
The sawhorse is 2.0 m long and 1.0 m high, and its mass
is 25.0 kg. Calculate the normal reaction force on each leg
at the contact point with the floor when the man is 0.5 m
from the far end of the sawhorse. (Hint: At each end, find
the total reaction force first. This reaction force is the vector
sum of two reaction forces, each acting along one leg. The
normal reaction force at the contact point with the floor is
the normal (with respect to the floor) component of this
force.)

 Static Equilibrium and Elasticity

46. The uniform boom shown below weighs 3000 N. It 
is supported by the horizontal guy wire and by the hinged 
support at point A. What are the forces on the boom due to 
the wire and due to the support at A? Does the force at A act 
along the boom?
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51. The “lead” in pencils is a graphite composition with
a Young’s modulus of approximately 1.0 × 109 N/m2. 
Calculate the change in length of the lead in an automatic
pencil if you tap it straight into the pencil with a force of 
4.0 N. The lead is 0.50 mm in diameter and 60 mm long.

52. TV broadcast antennas are the tallest artificial
structures on Earth. In 1987, a 72.0-kg physicist placed
himself and 400 kg of equipment at the top of a 610-m-high
antenna to perform gravity experiments. By how much was
the antenna compressed, if we consider it to be equivalent
to a steel cylinder 0.150 m in radius?

53. By how much does a 65.0-kg mountain climber stretch
her 0.800-cm diameter nylon rope when she hangs 35.0
m below a rock outcropping? (For nylon,
Y = 1.35 × 109 Pa.)

54. When water freezes, its volume increases by 9.05%.
What force per unit area is water capable of exerting on a
container when it freezes?

55. A farmer making grape juice fills a glass bottle to the
brim and caps it tightly. The juice expands more than the
glass when it warms up, in such a way that the volume
increases by 0.2%. Calculate the force exerted by the juice
per square centimeter if its bulk modulus is
1.8 × 109N /m2, assuming the bottle does not break.

56. A disk between vertebrae in the spine is subjected to
a shearing force of 600.0 N. Find its shear deformation,
using the shear modulus of 1.0 × 109 N/m2. The disk is
equivalent to a solid cylinder 0.700 cm high and 4.00 cm in
diameter.

57. A vertebra is subjected to a shearing force of 500.0
N. Find the shear deformation, taking the vertebra to be
a cylinder 3.00 cm high and 4.00 cm in diameter. How
does your result compare with the result obtained in the
preceding problem? Are spinal problems more common in
disks than in vertebrae?

58. Calculate the force a piano tuner applies to stretch a
steel piano wire by 8.00 mm, if the wire is originally 1.35
m long and its diameter is 0.850 mm.

59. A 20.0-m-tall hollow aluminum flagpole is equivalent
in strength to a solid cylinder 4.00 cm in diameter. A strong
wind bends the pole as much as a horizontal 900.0-N force
on the top would do. How far to the side does the top of the
pole flex?

60. A copper wire of diameter 1.0 cm stretches 1.0% when
it is used to lift a load upward with an acceleration of
2.0 m/s2. What is the weight of the load?

61. As an oil well is drilled, each new section of drill
pipe supports its own weight and the weight of the pipe
and the drill bit beneath it. Calculate the stretch in a new
6.00-m-long steel pipe that supports a 100-kg drill bit and
a 3.00-km length of pipe with a linear mass density of 20.0
kg/m. Treat the pipe as a solid cylinder with a 5.00-cm
diameter.

62. A large uniform cylindrical steel rod of density
ρ = 7.8 g/cm3 is 2.0 m long and has a diameter of 5.0 cm.

The rod is fastened to a concrete floor with its long axis
vertical. What is the normal stress in the rod at the cross-
section located at (a) 1.0 m from its lower end? (b) 1.5 m
from the lower end?

63. A 90-kg mountain climber hangs from a nylon rope
and stretches it by 25.0 cm. If the rope was originally 30.0
m long and its diameter is 1.0 cm, what is Young’s modulus
for the nylon?

64. A suspender rod of a suspension bridge is 25.0 m long.
If the rod is made of steel, what must its diameter be so that
it does not stretch more than 1.0 cm when a 2.5 × 104 -kg
truck passes by it? Assume that the rod supports all of the

weight of the truck.

65. A copper wire is 1.0 m long and its diameter is 1.0
mm. If the wire hangs vertically, how much weight must be
added to its free end in order to stretch it 3.0 mm?

66. A 100-N weight is attached to a free end of a metallic
wire that hangs from the ceiling. When a second 100-N
weight is added to the wire, it stretches 3.0 mm. The
diameter and the length of the wire are 1.0 mm and 2.0 m,
respectively. What is Young’s modulus of the metal used to
manufacture the wire?

67. The bulk modulus of a material is 1.0 × 1011 N/m2.
What fractional change in volume does a piece of this
material undergo when it is subjected to a bulk stress
increase of 107 N/m2 ? Assume that the force is applied
uniformly over the surface.

68. Normal forces of magnitude 1.0 × 106 N are applied
uniformly to a spherical surface enclosing a volume of a
liquid. This causes the radius of the surface to decrease
from 50.000 cm to 49.995 cm. What is the bulk modulus of
the liquid?
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70. When using a pencil eraser, you exert a vertical force
of 6.00 N at a distance of 2.00 cm from the hardwood-
eraser joint. The pencil is 6.00 mm in diameter and is held
at an angle of 20.0° to the horizontal. (a) By how much
does the wood flex perpendicular to its length? (b) How
much is it compressed lengthwise?

71. Normal forces are applied uniformly over the surface
of a spherical volume of water whose radius is 20.0 cm.
If the pressure on the surface is increased by 200 MPa, by
how much does the radius of the sphere decrease?

Added load (including pan)
(N)

Scale reading
(cm)

0 4.000

15 4.036

25 4.073

35 4.109

45 4.146

55 4.181

65 4.221

75 4.266

85 4.316

74. An aluminum ⎛
⎝ρ = 2.7 g/cm3⎞⎠ wire is suspended

from the ceiling and hangs vertically. How long must the
wire be before the stress at its upper end reaches the
proportionality limit, which is 8.0 × 107 N/m2 ?

12.4 Elasticity and Plasticity

72. A uniform rope of cross-sectional area 0.50 cm2

breaks when the tensile stress in it reaches
6.00 × 106 N/m2. (a) What is the maximum load that can 
be lifted slowly at a constant speed by the rope? (b) What 
is the maximum load that can be lifted by the rope with an

acceleration of 4.00 m/s2 ?

73. One end of a vertical metallic wire of length 2.0 m 
and diameter 1.0 mm is attached to a ceiling, and the other 
end is attached to a 5.0-N weight pan, as shown below. The 
position of the pointer before the pan is 4.000 cm. Different 
weights are then added to the pan area, and the position 
of the pointer is recorded in the table shown. Plot stress 
versus strain for this wire, then use the resulting curve to 
determine Young’s modulus and the proportionality limit of 
the metal. What metal is this most likely to be?

CHALLENGE

12.4 Elasticity and Plasticity

75. A horizontal force F→ is applied to a uniform sphere
in direction exact toward the center of the sphere, as shown
below. Find the magnitude of this force so that the sphere
remains in static equilibrium. What is the frictional force of
the incline on the sphere?

 Static Equilibrium and Elasticity

69. During a walk on a rope, a tightrope walker creates a
tension of 3.94 × 103 N in a wire that is stretched between 
two supporting poles that are 15.0 m apart. The wire has 
a diameter of 0.50 cm when it is not stretched. When the 
walker is on the wire in the middle between the poles the 
wire makes an angle of 5.0° below the horizontal. How 
much does this tension stretch the steel wire when the 
walker is this position?
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its weight can be used to maintain tension in the drive belt.
When the motor is not running the tensions T1 and T2 are

equal. The total mass of the platform and the motor is 100.0
kg, and the diameter of the drive belt pulley is 16.0 cm.
when the motor is off, find: (a) the tension in the belt,
and (b) the force at the hinged platform support at point C.
Assume that the center of mass of the motor plus platform
is at the center of the motor.

77. Two wheels A and B with weights w and 2w,
respectively, are connected by a uniform rod with weight
w/2, as shown below. The wheels are free to roll on the
sloped surfaces. Determine the angle that the rod forms
with the horizontal when the system is in equilibrium. Hint:
There are five forces acting on the rod, which is two
weights of the wheels, two normal reaction forces at points
where the wheels make contacts with the wedge, and the
weight of the rod.

78. Weights are gradually added to a pan until a wheel of
mass M and radius R is pulled over an obstacle of height d,
as shown below. What is the minimum mass of the weights
plus the pan needed to accomplish this?

79. In order to lift a shovelful of dirt, a gardener pushes
downward on the end of the shovel and pulls upward at

distance l2 from the end, as shown below. The weight of

the shovel is m g→ and acts at the point of application of

F→ 2. Calculate the magnitudes of the forces F→ 1 and

F→ 2 as functions of l1, l2, mg, and the weight W of

the load. Why do your answers not depend on the angle θ
that the shovel makes with the horizontal?

80. A uniform rod of length 2R and mass M is attached to
a small collar C and rests on a cylindrical surface of radius
R, as shown below. If the collar can slide without friction
along the vertical guide, find the angle θ for which the rod
is in static equilibrium.

81. The pole shown below is at a 90.0° bend in a power
line and is therefore subjected to more shear force than
poles in straight parts of the line. The tension in each line
is 4.00 × 104 N, at the angles shown. The pole is 15.0
m tall, has an 18.0 cm diameter, and can be considered
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to have half the strength of hardwood. (a) Calculate the 
compression of the pole. (b) Find how much it bends and 
in what direction. (c) Find the tension in a guy wire used to 
keep the pole straight if it is attached to the top of the pole 
at an angle of 30.0° with the vertical. The guy wire is in 
the opposite direction of the bend.
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Figure 28.1 An industrial electromagnet is capable of lifting thousands of pounds of metallic waste. (credit: modification 
of work by “BedfordAl”/Flickr)

Chapter Outline
28.1 Magnetism and Its Historical Discoveries

28.2 Magnetic Fields and Lines

28.3 Motion of a Charged Particle in a Magnetic Field 

28.4 Magnetic Force on a Current-Carrying Conductor 

28.5 Force and Torque on a Current Loop

28.6 The Hall Effect

28.7 Applications of Magnetic Forces and Fields

Introduction
For the past few chapters, we have been studying electrostatic forces and fields, which are caused by electric charges at
rest. These electric fields can move other free charges, such as producing a current in a circuit; however, the electrostatic
forces and fields themselves come from other static charges. In this chapter, we see that when an electric charge moves, it
generates other forces and fields. These additional forces and fields are what we commonly call magnetism.

Before we examine the origins of magnetism, we first describe what it is and how magnetic fields behave. Once we are
more familiar with magnetic effects, we can explain how they arise from the behavior of atoms and molecules, and how
magnetism is related to electricity. The connection between electricity and magnetism is fascinating from a theoretical point
of view, but it is also immensely practical, as shown by an industrial electromagnet that can lift thousands of pounds of
metal.

Chapter 28 | Magnetic Forces and Fields

28 | MAGNETIC FORCES 
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Learning Objectives

By the end of this section, you will be able to:

28.1.1 Explain attraction and repulsion by magnets
28.1.2 Describe the historical and contemporary applications of magnetism

Magnetism has been known since the time of the ancient Greeks, but it has always been a bit mysterious. You can see
electricity in the flash of a lightning bolt, but when a compass needle points to magnetic north, you can’t see any force
causing it to rotate. People learned about magnetic properties gradually, over many years, before several physicists of
the nineteenth century connected magnetism with electricity. In this section, we review the basic ideas of magnetism and
describe how they fit into the picture of a magnetic field.

Brief History of Magnetism
Magnets are commonly found in everyday objects, such as toys, hangers, elevators, doorbells, and computer devices.
Experimentation on these magnets shows that all magnets have two poles: One is labeled north (N) and the other is labeled
south (S). Magnetic poles repel if they are alike (both N or both S), they attract if they are opposite (one N and the other S),
and both poles of a magnet attract unmagnetized pieces of iron. An important point to note here is that you cannot isolate
an individual magnetic pole. Every piece of a magnet, no matter how small, which contains a north pole must also contain
a south pole.

Visit this website (http://www.openstaxcollege.org/l/21magnetcompass) for an interactive
demonstration of magnetic north and south poles.

An example of a magnet is a compass needle. It is simply a thin bar magnet suspended at its center, so it is free to rotate in 
a horizontal plane. Earth itself also acts like a very large bar magnet, with its south-seeking pole near the geographic North 
Pole (Figure 28.2). The north pole of a compass is attracted toward Earth’s geographic North Pole because the 
magnetic pole that is near the geographic North Pole is actually a south magnetic pole. Confusion arises because the 
geographic term “North Pole” has come to be used (incorrectly) for the magnetic pole that is near the North Pole. Thus, “ 
north magnetic pole” is actually a misnomer—it should be called the south magnetic pole. [Note that the orientation of 
Earth’s magnetic field is not permanent but changes (“flips”) after long time intervals. Eventually, Earth’s north magnetic 
pole may be located near its geographic North Pole.]

6 Chapter 28 | Magnetic Forces and Fields
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Figure 28.2 The north pole of a compass needle points 
toward the south pole of a magnet, which is how today’s 
magnetic field is oriented from inside Earth. It also points 
toward Earth’s geographic North Pole because the geographic 
North Pole is near the magnetic south pole.

Back in 1819, the Danish physicist Hans Oersted was performing a lecture demonstration for some students and noticed that
a compass needle moved whenever current flowed in a nearby wire. Further investigation of this phenomenon convinced
Oersted that an electric current could somehow cause a magnetic force. He reported this finding to an 1820 meeting of the
French Academy of Science.

Visit this website (http://www.openstaxcollege.org/l/21oersted) for more information about Oersted’s
experiment.

Soon after this report, Oersted’s investigations were repeated and expanded upon by other scientists. Among those whose 
work was especially important were Jean-Baptiste Biot and Felix Savart, who investigated the forces exerted on magnets by 
currents; André Marie Ampère, who studied the forces exerted by one current on another; François Arago, who found that 
iron could be magnetized by a current; and Humphry Davy, who discovered that a magnet exerts a force on a wire carrying 
an electric current. Within 10 years of Oersted’s discovery, Michael Faraday found that the relative motion of a magnet and 
a metallic wire induced current in the wire. This finding showed not only that a current has a magnetic effect, but that a 
magnet can generate electric current. You will see later that the names of Biot, Savart, Ampère, and Faraday are linked to 
some of the fundamental laws of electromagnetism.

The evidence from these various experiments led Ampère to propose that electric current is the source of all magnetic 
phenomena. To explain permanent magnets, he suggested that matter contains microscopic current loops that are somehow 
aligned when a material is magnetized. Today, we know that permanent magnets are actually created by the alignment of 
spinning electrons, a situation quite similar to that proposed by Ampère. This model of permanent magnets was developed 
by Ampère almost a century before the atomic nature of matter was understood. (For a full quantum mechanical treatment 
of magnetic spins, see ...  .)

Contemporary Applications of Magnetism
Today, magnetism plays many important roles in our lives. Physicists’ understanding of magnetism has enabled the 
development of technologies that affect both individuals and society. The electronic tablet in your purse or backpack, for 
example, wouldn’t have been possible without the applications of magnetism and electricity on a small scale (Figure 
28.3). Weak changes in a magnetic field in a thin film of iron and chromium were discovered to bring about much larger 
changes in resistance, called giant magnetoresistance. Information can then be recorded magnetically based on the direction 
in which
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the 2007 Nobel Prize in Physics was awarded to Albert Fert from France and Peter Grunberg from Germany.

Figure 28.3 Engineering technology like computer 
storage would not be possible without a deep understanding 
of magnetism. (credit: Klaus Eifert)

All electric motors—with uses as diverse as powering refrigerators, starting cars, and moving elevators—contain magnets. 
Generators, whether producing hydroelectric power or running bicycle lights, use magnetic fields. Recycling facilities 
employ magnets to separate iron from other refuse. Research into using magnetic containment of fusion as a future energy 
source has been continuing for several years. Magnetic resonance imaging (MRI) has become an important diagnostic tool 
in the field of medicine, and the use of magnetism to explore brain activity is a subject of contemporary research and 
development. The list of applications also includes computer hard drives, tape recording, detection of inhaled asbestos, and 
levitation of high-speed trains. Magnetism is involved in the structure of atomic energy levels, as well as the motion of 
cosmic rays and charged particles trapped in the Van Allen belts around Earth. Once again, we see that all these disparate 
phenomena are linked by a small number of underlying physical principles.

28.2 | Magnetic Fields and Lines

Learning Objectives

By the end of this section, you will be able to:

28.2.1 Define the magnetic field based on a moving charge experiencing a force
28.2.2 Apply the right-hand rule to determine the direction of a magnetic force based on the 
motion of a charge in a magnetic field
28.2.3 Sketch magnetic field lines to understand which way the magnetic field points and 
how strong it is in a region of space

We have outlined the properties of magnets, described how they behave, and listed some of the applications of magnetic
properties. Even though there are no such things as isolated magnetic charges, we can still define the attraction and repulsion
of magnets as based on a field. In this section, we define the magnetic field, determine its direction based on the right-hand
rule, and discuss how to draw magnetic field lines.

Defining the Magnetic Field
A magnetic field is defined by the force that a charged particle experiences moving in this field, after we account for the
gravitational and any additional electric forces possible on the charge. The magnitude of this force is proportional to the
amount of charge q, the speed of the charged particle v, and the magnitude of the applied magnetic field. The direction of
this force is perpendicular to both the direction of the moving charged particle and the direction of the applied magnetic

field. Based on these observations, we define the magnetic field strength B based on the magnetic force F→ on a charge

q moving at velocity v→ as the cross product of the velocity and magnetic field, that is,
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In fact, this is how we define the magnetic field B→ —in terms of the force on a charged particle moving in a magnetic
field. The magnitude of the force is determined from the definition of the cross product as it relates to the magnitudes of
each of the vectors. In other words, the magnitude of the force satisfies

(28.2)F = qvBsinθ

where θ is the angle between the velocity and the magnetic field.

The SI unit for magnetic field strength B is called the tesla (T) after the eccentric but brilliant inventor Nikola Tesla
(1856–1943), where

(28.3)1 T = 1 N
A · m.

A smaller unit, called the gauss (G), where 1 G = 10−4 T, is sometimes used. The strongest permanent magnets have
fields near 2 T; superconducting electromagnets may attain 10 T or more. Earth’s magnetic field on its surface is only about
5 × 10−5 T, or 0.5 G.

Problem-Solving Strategy: Direction of the Magnetic Field by the Right-Hand Rule

The direction of the magnetic force F→ is perpendicular to the plane formed by v→ and B→ , as determined by
the right-hand rule-1 (or RHR-1), which is illustrated in Figure 28.4.

1. Orient your right hand so that your fingers curl in the plane defined by the velocity and magnetic field vectors.

2. Using your right hand, sweep from the velocity toward the magnetic field with your fingers through the
smallest angle possible.

3. The magnetic force is directed where your thumb is pointing.

4. If the charge was negative, reverse the direction found by these steps.
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v→ B→

Figure 28.4 Magnetic fields exert forces on moving charges. 
The direction of the magnetic force on a moving charge is

perpendicular to the plane formed by and and 
follows the right-hand rule-1 (RHR-1) as shown. The magnitude 
of the force is proportional to q, v, B, and the sine of the

angle between v→ and B→ .

Visit this website (http://www.openstaxcollege.org/l/21magfields) for additional practice with the
direction of magnetic fields.

There is no magnetic force on static charges. However, there is a magnetic force on charges moving at an angle to a
magnetic field. When charges are stationary, their electric fields do not affect magnets. However, when charges move, they
produce magnetic fields that exert forces on other magnets. When there is relative motion, a connection between electric
and magnetic forces emerges—each affects the other.

Example 28.1

⎛
⎝

An Alpha-Particle Moving in a Magnetic Field

An alpha-particle q = 3.2 × 10−19 C⎞⎠ moves through a uniform magnetic field whose magnitude is 1.5 T.

The field is directly parallel to the positive z-axis of the rectangular coordinate system of Figure 28.5. 
What is the magnetic force on the alpha-particle when it is moving (a) in the positive x-direction with a 
speed of

5.0 × 104 m/s? (b) in the negative y-direction with a speed of 5.0 × 104 m/s? (c) in the positive z-direction with
a speed of 5.0 × 104 m/s? (d) with a velocity v→ = ⎛⎝2.0 i

^
− 3.0 j

^
+ 1.0 k̂⎞⎠× 104 m/s?
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Figure 28.5 The magnetic forces on an alpha-particle moving in a uniform 
magnetic field. The field is the same in each drawing, but the velocity is different.

Solution
We are given the charge, its velocity, and the magnetic field strength and direction. We can thus use the equation

F→ = q v→ × B→ or F = qvBsinθ to calculate the force. The direction of the force is determined by RHR-1.

Solution
a. First, to determine the direction, start with your fingers pointing in the positive x-direction. Sweep your

fingers upward in the direction of magnetic field. Your thumb should point in the negative y-direction.
This should match the mathematical answer. To calculate the force, we use the given charge, velocity, and
magnetic field and the definition of the magnetic force in cross-product form to calculate:

F→ = q v→ × B→ = ⎛⎝3.2 × 10−19 C⎞⎠
⎛
⎝5.0 × 104 m/s i

^⎞
⎠×
⎛
⎝1.5 T k̂⎞⎠ = −2.4 × 10−14 N j

^
.

b. First, to determine the directionality, start with your fingers pointing in the negative y-direction. Sweep
your fingers upward in the direction of magnetic field as in the previous problem. Your thumb should be
open in the negative x-direction. This should match the mathematical answer. To calculate the force, we
use the given charge, velocity, and magnetic field and the definition of the magnetic force in cross-product
form to calculate:
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28.1

F→ = q v→ × B→ = ⎛⎝3.2 × 10−19 C⎞⎠
⎛
⎝−5.0 × 104 m/s j

^⎞
⎠×
⎛
⎝1.5 T k̂⎞⎠ = −2.4 × 10−14 N i

^
.

⎛
⎝

An alternative approach is to use Equation 28.2 to find the magnitude of the force. This applies for 
both parts (a) and (b). Since the velocity is perpendicular to the magnetic field, the angle between them 
is 90 degrees. Therefore, the magnitude of the force is:

F = qvBsinθ = ⎛⎝3.2 × 10−19 C⎞⎠ 5.0 × 104 m/s⎞⎠(1.5 T)sin(90°) = 2.4 × 10−14 N.
c. Since the velocity and magnetic field are parallel to each other, there is no orientation of your hand that

will result in a force direction. Therefore, the force on this moving charge is zero. This is confirmed by
the cross product. When you cross two vectors pointing in the same direction, the result is equal to zero.

d. First, to determine the direction, your fingers could point in any orientation; however, you must sweep
your fingers upward in the direction of the magnetic field. As you rotate your hand, notice that the thumb
can point in any x- or y-direction possible, but not in the z-direction. This should match the mathematical
answer. To calculate the force, we use the given charge, velocity, and magnetic field and the definition of
the magnetic force in cross-product form to calculate:

F→ = q v→ × B→ = ⎛⎝3.2 × 10−19 C⎞⎠
⎛
⎝
⎛
⎝2.0 i

^
− 3.0 j

^
+ 1.0 k̂⎞⎠× 104 m/s⎞⎠×

⎛
⎝1.5 T k̂⎞⎠

= ⎛⎝−14.4 i
^

− 9.6 j
^⎞
⎠× 10−15 N.

This solution can be rewritten in terms of a magnitude and angle in the xy-plane:

| F→ | = Fx
2 + Fy

2 = (−14.4)2 + (−9.6)2 × 10−15 N = 1.7 × 10−14 N

θ = tan−1⎛⎝
Fy
Fx

⎞
⎠ = tan−1⎛⎝ −9.6 × 10−15 N

−14.4 × 10−15 N
⎞
⎠ = 34°.

The magnitude of the force can also be calculated using Equation 28.2. The velocity in this 
question, however, has three components. The z-component of the velocity can be neglected, because it 
is parallel to the magnetic field and therefore generates no force. The magnitude of the velocity is 
calculated from the x- and y-components. The angle between the velocity in the xy-plane and the 
magnetic field in the z-plane is 90 degrees. Therefore, the force is calculated to be:

| v→ | = (2)2 + (−3)2 × 104 m
s = 3.6 × 104 m

s
F = qvBsinθ = (3.2 × 10−19 C)(3.6 × 104 m/s)(1.5 T)sin(90°) = 1.7 × 10−14 N.

This is the same magnitude of force calculated by unit vectors.

Significance
The cross product in this formula results in a third vector that must be perpendicular to the other two. Other
physical quantities, such as angular momentum, also have three vectors that are related by the cross product. Note
that typical force values in magnetic force problems are much larger than the gravitational force. Therefore, for
an isolated charge, the magnetic force is the dominant force governing the charge’s motion.

Check Your Understanding Repeat the previous problem with the magnetic field in the x-direction
rather than in the z-direction. Check your answers with RHR-1.
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The representation of magnetic fields by magnetic field lines is very useful in visualizing the strength and direction of the 
magnetic field. As shown in Figure 28.6, each of these lines forms a closed loop, even if not shown by the constraints 
of the space available for the figure. The field lines emerge from the north pole (N), loop around to the south pole (S), 
and continue through the bar magnet back to the north pole.

Magnetic field lines have several hard-and-fast rules:

1. The direction of the magnetic field is tangent to the field line at any point in space. A small compass will point in
the direction of the field line.

2. The strength of the field is proportional to the closeness of the lines. It is exactly proportional to the number of lines
per unit area perpendicular to the lines (called the areal density).

3. Magnetic field lines can never cross, meaning that the field is unique at any point in space.

4. Magnetic field lines are continuous, forming closed loops without a beginning or end. They are directed from the
north pole to the south pole.

The last property is related to the fact that the north and south poles cannot be separated. It is a distinct difference from
electric field lines, which generally begin on positive charges and end on negative charges or at infinity. If isolated magnetic
charges (referred to as magnetic monopoles) existed, then magnetic field lines would begin and end on them.

Figure 28.6 Magnetic field lines are defined to have the direction in which a small compass points when placed at a 
location in the field. The strength of the field is proportional to the closeness (or density) of the lines. If the interior of the 
magnet could be probed, the field lines would be found to form continuous, closed loops. To fit in a reasonable space, some 
of these drawings may not show the closing of the loops; however, if enough space were provided, the loops would be closed.

28.3 | Motion of a Charged Particle in a Magnetic Field

Learning Objectives

By the end of this section, you will be able to:

28.3.1 Explain how a charged particle in an external magnetic field undergoes circular motion
28.3.2 Describe how to determine the radius of the circular motion of a charged particle in 
a magnetic field

A charged particle experiences a force when moving through a magnetic field. What happens if this field is uniform over 
the motion of the charged particle? What path does the particle follow? In this section, we discuss the circular motion of the 
charged particle as well as other motion that results from a charged particle entering a magnetic field.

The simplest case occurs when a charged particle moves perpendicular to a uniform B-field (Figure 28.7). If the field is 
in a vacuum, the magnetic field is the dominant factor determining the motion. Since the magnetic force is perpendicular 
to the direction of travel, a charged particle follows a curved path in a magnetic field. The particle continues to follow 
this curved path until it forms a complete circle. Another way to look at this is that the magnetic force is always 
perpendicular
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The direction of motion is affected but not the speed.

Figure 1.7 A negatively charged particle moves in the plane of the paper in a
region where the magnetic field is perpendicular to the paper (represented by the
small × ’s—like the tails of arrows). The magnetic force is perpendicular to the
velocity, so velocity changes in direction but not magnitude. The result is
uniform circular motion. (Note that because the charge is negative, the force is
opposite in direction to the prediction of the right-hand rule.)

In this situation, the magnetic force supplies the centripetal force Fc = mv2
r . Noting that the velocity is perpendicular to

the magnetic field, the magnitude of the magnetic force is reduced to F = qvB. Because the magnetic force F supplies the

centripetal force Fc, we have

(28.4)qvB = mv2
r .

Solving for r yields

(28.5)r = mv
qB .

Here, r is the radius of curvature of the path of a charged particle with mass m and charge q, moving at a speed v that is 
perpendicular to a magnetic field of strength B. The time for the charged particle to go around the circular path is defined as 
the period, which is the same as the distance traveled (the circumference) divided by the speed. Based on this and Equation 
28.4, we can derive the period of motion as

(28.6)T = 2πr
v = 2π

v
mv
qB = 2πm

qB .

If the velocity is not perpendicular to the magnetic field, then we can compare each component of the velocity separately
with the magnetic field. The component of the velocity perpendicular to the magnetic field produces a magnetic force
perpendicular to both this velocity and the field:

(28.7)vperp = vsinθ, vpara = vcosθ.
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direction as the magnetic field, also shown in Equation 28.7. The parallel motion determines the pitch p of the helix, 
which is the distance between adjacent turns. This distance equals the parallel component of the velocity times the period:

(28.8)p = vparaT .

The result is a helical motion, as shown in the following figure.

Figure 28.8 A charged particle moving with a velocity not 
in the same direction as the magnetic field. The velocity 
component perpendicular to the magnetic field creates circular 
motion, whereas the component of the velocity parallel to the 
field moves the particle along a straight line. The pitch is the 
horizontal distance between two consecutive circles. The 
resulting motion is helical.

While the charged particle travels in a helical path, it may enter a region where the magnetic field is not uniform. In 
particular, suppose a particle travels from a region of strong magnetic field to a region of weaker field, then back to a region 
of stronger field. The particle may reflect back before entering the stronger magnetic field region. This is similar to a wave 
on a string traveling from a very light, thin string to a hard wall and reflecting backward. If the reflection happens at both 
ends, the particle is trapped in a so-called magnetic bottle.

Trapped particles in magnetic fields are found in the Van Allen radiation belts around Earth, which are part of Earth’s 
magnetic field. These belts were discovered by James Van Allen while trying to measure the flux of cosmic rays on Earth 
(high-energy particles that come from outside the solar system) to see whether this was similar to the flux measured on 
Earth. Van Allen found that due to the contribution of particles trapped in Earth’s magnetic field, the flux was much higher 
on Earth than in outer space. Aurorae, like the famous aurora borealis (northern lights) in the Northern Hemisphere (Figure 
28.9), are beautiful displays of light emitted as ions recombine with electrons entering the atmosphere as they spiral 
along magnetic field lines. (The ions are primarily oxygen and nitrogen atoms that are initially ionized by collisions with 
energetic particles in Earth’s atmosphere.) Aurorae have also been observed on other planets, such as Jupiter and Saturn.
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Figure 28.9 (a) The Van Allen radiation belts around Earth trap ions produced by cosmic rays striking Earth’s atmosphere. 
(b) The magnificent spectacle of the aurora borealis, or northern lights, glows in the northern sky above Bear Lake near Eielson
Air Force Base, Alaska. Shaped by Earth’s magnetic field, this light is produced by glowing molecules and ions of oxygen and
nitrogen. (credit b: modification of work by USAF Senior Airman Joshua Strang)

Example 28.2

⎛
⎝

Beam Deflector

A research group is investigating short-lived radioactive isotopes. They need to design a way to transport alpha-
particles (helium nuclei) from where they are made to a place where they will collide with another material

to form an isotope. The beam of alpha-particles m = 6.64 × 10−27 kg, q = 3.2 × 10−19 C⎞⎠ bends through a

90-degree region with a uniform magnetic field of 0.050 T (Figure 28.10). (a) In what direction should
the magnetic field be applied? (b) How much time does it take the alpha-particles to traverse the uniform
magnetic field region?

Figure 28.10 Top view of the beam deflector setup.

Solution
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(28.9)

a. The direction of the magnetic field is shown by the RHR-1. Your fingers point in the direction of v, and
your thumb needs to point in the direction of the force, to the left. Therefore, since the alpha-particles are
positively charged, the magnetic field must point down.

b. The period of the alpha-particle going around the circle is

T = 2πm
qB .

Because the particle is only going around a quarter of a circle, we can take 0.25 times the period to find
the time it takes to go around this path.

Solution
a. Let’s start by focusing on the alpha-particle entering the field near the bottom of the picture. First, point

your thumb up the page. In order for your palm to open to the left where the centripetal force (and hence
the magnetic force) points, your fingers need to change orientation until they point into the page. This is
the direction of the applied magnetic field.

b. The period of the charged particle going around a circle is calculated by using the given mass, charge, and
magnetic field in the problem. This works out to be

T = 2πm
qB =

2π⎛⎝6.64 × 10−27 kg⎞⎠
⎛
⎝3.2 × 10−19 C⎞⎠(0.050 T)

= 2.6 × 10−6 s.

However, for the given problem, the alpha-particle goes around a quarter of the circle, so the time it takes
would be

t = 0.25 × 2.61 × 10−6 s = 6.5 × 10−7 s.

Significance
This time may be quick enough to get to the material we would like to bombard, depending on how short-lived
the radioactive isotope is and continues to emit alpha-particles. If we could increase the magnetic field applied in
the region, this would shorten the time even more. The path the particles need to take could be shortened, but this
may not be economical given the experimental setup.

28.2 Check Your Understanding A uniform magnetic field of magnitude 1.5 T is directed horizontally 
from west to east. (a) What is the magnetic force on a proton at the instant when it is moving vertically 
downward in
the field with a speed of 4 × 107 m/s? (b) Compare this force with the weight w of a proton.

Example 28.3

Helical Motion in a Magnetic Field

A proton enters a uniform magnetic field of 1.0 × 10−4 T with a speed of 5 × 105 m/s. At what angle must the
magnetic field be from the velocity so that the pitch of the resulting helical motion is equal to the radius of the
helix?
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Solution
The pitch of the motion relates to the parallel velocity times the period of the circular motion, whereas the radius 
relates to the perpendicular velocity component. After setting the radius and the pitch equal to each other, solve 
for the angle between the magnetic field and velocity or θ.

Solution
The pitch is given by Equation 28.8, the period is given by Equation 28.6, and the radius of circular motion 
is given by Equation 28.5. Note that the velocity in the radius equation is related to only the perpendicular 
velocity, which is where the circular motion occurs. Therefore, we substitute the sine component of the overall 
velocity into the radius equation to equate the pitch and radius:

p = r

v∥ T = mv⊥
qB

vcosθ2πm
qB = mvsinθ

qB

2π = tanθ
θ = 81.0°.

Significance
If this angle were 0°, only parallel velocity would occur and the helix would not form, because there would
be no circular motion in the perpendicular plane. If this angle were 90°, only circular motion would occur and
there would be no movement of the circles perpendicular to the motion. That is what creates the helical motion.

28.4 | Magnetic Force on a Current-Carrying Conductor

Learning Objectives

By the end of this section, you will be able to:

28.4.1 Determine the direction in which a current-carrying wire experiences a force in an 
external magnetic field
28.4.2 Calculate the force on a current-carrying wire in an external magnetic field

18 Chapter 28 | Magnetic Forces and Fields

Moving charges experience a force in a magnetic field. If these moving charges are in a wire—that is, if the wire is carrying 
a current—the wire should also experience a force. However, before we discuss the force exerted on a current by a magnetic 
field, we first examine the magnetic field generated by an electric current. We are studying two separate effects here that 
interact closely: A current-carrying wire generates a magnetic field and the magnetic field exerts a force on the current-
carrying wire.

Magnetic Fields Produced by Electrical Currents
When discussing historical discoveries in magnetism, we mentioned Oersted’s finding that a wire carrying an electrical 
current caused a nearby compass to deflect. A connection was established that electrical currents produce magnetic 
fields. (This connection between electricity and magnetism is discussed in more detail in ... .)

The compass needle near the wire experiences a force that aligns the needle tangent to a circle around the wire. Therefore, a 
current-carrying wire produces circular loops of magnetic field. To determine the direction of the magnetic field generated 
from a wire, we use a second right-hand rule. In RHR-2, your thumb points in the direction of the current while your fingers 
wrap around the wire, pointing in the direction of the magnetic field produced (Figure 28.11). If the magnetic field 
were coming at you or out of the page, we represent this with a dot. If the magnetic field were going into the page, we 
represent
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would look like a dot or the tip of an arrow. An arrow pointed away from you, from your perspective, would look like a 
cross or an ×. A composite sketch of the magnetic circles is shown in Figure 28.11, where the field strength is shown 
to decrease as you get farther from the wire by loops that are farther separated.

Figure 28.11 (a) When the wire is in the plane of the paper, the field is perpendicular to the paper. Note the symbols used 
for the field pointing inward (like the tail of an arrow) and the field pointing outward (like the tip of an arrow). (b) A long and 
straight wire creates a field with magnetic field lines forming circular loops.

Calculating the Magnetic Force
Electric current is an ordered movement of charge. A current-carrying wire in a magnetic field must therefore experience a 
force due to the field. To investigate this force, let’s consider the infinitesimal section of wire as shown in Figure 28.12. 
The length and cross-sectional area of the section are dl and A, respectively, so its volume is V = A · dl. The wire is 
formed from material that contains n charge carriers per unit volume, so the number of charge carriers in the section is 
nA · dl. v→

d, the current I in the wire is (from ...If the charge carriers move with drift velocity  )

I = neAvd.

The magnetic force on any single charge carrier is e v→ d × B→ , so the total magnetic force d F→ on the nA · dl charge

carriers in the section of wire is

(28.10)d F→ = (nA · dl)e v→ d × B→ .

We can define dl to be a vector of length dl pointing along v→ d, which allows us to rewrite this equation as

(28.11)d F→ = neAvd dl→
× B→ ,

or

(28.12)d F→ = I dl→
× B→ .

This is the magnetic force on the section of wire. Note that it is actually the net force exerted by the field on the charge
carriers themselves. The direction of this force is given by RHR-1, where you point your fingers in the direction of the
current and curl them toward the field. Your thumb then points in the direction of the force.
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Figure 28.12 An infinitesimal section of current-carrying wire in a magnetic field.

To determine the magnetic force F→ on a wire of arbitrary length and shape, we must integrate Equation 28.12 over the
entire wire. If the wire section happens to be straight and B is uniform, the equation differentials become absolute quantities,
giving us

(28.13)F→ = I l→ × B→ .

This is the force on a straight, current-carrying wire in a uniform magnetic field.

Example 28.4

Balancing the Gravitational and Magnetic Forces on a Current-Carrying Wire

A wire of length 50 cm and mass 10 g is suspended in a horizontal plane by a pair of flexible leads (Figure 
28.13). The wire is then subjected to a constant magnetic field of magnitude 0.50 T, which is directed as shown. 
What are the magnitude and direction of the current in the wire needed to remove the tension in the supporting 
leads?

Figure 28.13 (a) A wire suspended in a magnetic field. (b) The 
free-body diagram for the wire.
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Solution
From the free-body diagram in the figure, the tensions in the supporting leads go to zero when the gravitational
and magnetic forces balance each other. Using the RHR-1, we find that the magnetic force points up. We can then
determine the current I by equating the two forces.

Solution
Equate the two forces of weight and magnetic force on the wire:

mg = IlB.

Thus,

I = mg
lB = (0.010 kg)(9.8 m/s2)

(0.50 m)(0.50 T) = 0.39 A.

Significance
This large magnetic field creates a significant force on a length of wire to counteract the weight of the wire.

Example 28.5

Calculating Magnetic Force on a Current-Carrying Wire

A long, rigid wire lying along the y-axis carries a 5.0-A current flowing in the positive y-direction. (a) If a constant
magnetic field of magnitude 0.30 T is directed along the positive x-axis, what is the magnetic force per unit length
on the wire? (b) If a constant magnetic field of 0.30 T is directed 30 degrees from the +x-axis towards the +y-axis,
what is the magnetic force per unit length on the wire?

Solution

The magnetic force on a current-carrying wire in a magnetic field is given by F→ = I l→ × B→ . For part a,
since the current and magnetic field are perpendicular in this problem, we can simplify the formula to give us
the magnitude and find the direction through the RHR-1. The angle θ is 90 degrees, which means sinθ = 1.
Also, the length can be divided over to the left-hand side to find the force per unit length. For part b, the current
times length is written in unit vector notation, as well as the magnetic field. After the cross product is taken, the
directionality is evident by the resulting unit vector.

Solution
a. We start with the general formula for the magnetic force on a wire. We are looking for the force per unit

length, so we divide by the length to bring it to the left-hand side. We also set sinθ = 1. The solution
therefore is

F = IlB sinθ
F
l = (5.0 A)(0.30 T)

F
l = 1.5 N/m.

Directionality: Point your fingers in the positive y-direction and curl your fingers in the positive x-

direction. Your thumb will point in the − k→ direction. Therefore, with directionality, the solution is

21Chapter 28 | Magnetic Forces and Fields



SAMPLE CHAPTERS 
NOT FINAL DRAFT

F→
l = −1.5 k→ N/m.

b. The current times length and the magnetic field are written in unit vector notation. Then, we take the cross
product to find the force:

F→ = I l→ × B→ = (5.0A)l j
^

× ⎛⎝0.30Tcos(30°) i
^

+ 0.30T sin(30°) j
^⎞
⎠

F→ /l = −1.30 k̂ N/m.

Significance
This large magnetic field creates a significant force on a small length of wire. As the angle of the magnetic field
becomes more closely aligned to the current in the wire, there is less of a force on it, as seen from comparing
parts a and b.

28.3 Check Your Understanding A straight, flexible length of copper wire is immersed in a magnetic 
field that is directed into the page. (a) If the wire’s current runs in the +x-direction, which way will the wire 
bend? (b) Which way will the wire bend if the current runs in the –x-direction?

Example 28.6

Force on a Circular Wire

A circular current loop of radius R carrying a current I is placed in the xy-plane. A constant uniform magnetic 
field cuts through the loop parallel to the y-axis (Figure 28.14). Find the magnetic force on the upper half of 
the loop, the lower half of the loop, and the total force on the loop.

Figure 28.14 A loop of wire carrying a current in a 
magnetic field.

Solution
The magnetic force on the upper loop should be written in terms of the differential force acting on each segment
of the loop. If we integrate over each differential piece, we solve for the overall force on that section of the loop.
The force on the lower loop is found in a similar manner, and the total force is the addition of these two forces.

Solution
A differential force on an arbitrary piece of wire located on the upper ring is:

dF = IBsinθdl.
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where θ is the angle between the magnetic field direction (+y) and the segment of wire. A differential segment
is located at the same radius, so using an arc-length formula, we have:

dl = Rdθ
dF = IBRsinθdθ.

In order to find the force on a segment, we integrate over the upper half of the circle, from 0 to π. This results in:

F = IBR∫
0

π
sinθdθ = IBR(−cosπ + cos0) = 2IBR.

The lower half of the loop is integrated from π to zero, giving us:

F = IBR∫
π

0
sinθdθ = IBR(−cos0 + cosπ) = −2IBR.

The net force is the sum of these forces, which is zero.

Significance
The total force on any closed loop in a uniform magnetic field is zero. Even though each piece of the loop has
a force acting on it, the net force on the system is zero. (Note that there is a net torque on the loop, which we
consider in the next section.)

28.5 | Force and Torque on a Current Loop

Learning Objectives

By the end of this section, you will be able to:

28.5.1 Evaluate the net force on a current loop in an external magnetic field 
28.5.2 Evaluate the net torque on a current loop in an external magnetic field 
28.5.3 Define the magnetic dipole moment of a current loop

Motors are the most common application of magnetic force on current-carrying wires. Motors contain loops of wire in a 
magnetic field. When current is passed through the loops, the magnetic field exerts torque on the loops, which rotates a 
shaft. Electrical energy is converted into mechanical work in the process. Once the loop’s surface area is aligned with the 
magnetic field, the direction of current is reversed, so there is a continual torque on the loop (Figure 28.15). This 
reversal of the current is done with commutators and brushes. The commutator is set to reverse the current flow at set 
points to keep continual motion in the motor. A basic commutator has three contact areas to avoid and dead spots where 
the loop would have zero instantaneous torque at that point. The brushes press against the commutator, creating electrical 
contact between parts of the commutator during the spinning motion.
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Figure 28.15 A simplified version of a dc electric motor. (a) The rectangular wire loop is placed in a 
magnetic field. The forces on the wires closest to the magnetic poles (N and S) are opposite in direction as 
determined by the right-hand rule-1. Therefore, the loop has a net torque and rotates to the position shown 
in (b). (b) The brushes now touch the commutator segments so that no current flows through the loop. No 
torque acts on the loop, but the loop continues to spin from the initial velocity given to it in part (a). By 
the time the loop flips over, current flows through the wires again but now in the opposite direction, and 
the process repeats as in part (a). This causes continual rotation of the loop.

In a uniform magnetic field, a current-carrying loop of wire, such as a loop in a motor, experiences both forces and torques 
on the loop. Figure 28.16 shows a rectangular loop of wire that carries a current I and has sides of lengths a and b. The 
loop
is in a uniform magnetic field: B→ = B j

^
. The magnetic force on a straight current-carrying wire of length l is given by

I l→ × B→ . To find the net force on the loop, we have to apply this equation to each of the four sides. The force on side 1
is

(28.14)F→ 1 = IaBsin(90° − θ) i
^

= IaBcosθ i
^

where the direction has been determined with the RHR-1. The current in side 3 flows in the opposite direction to that of side
1, so

(28.15)F→ 3 = −IaBsin(90° + θ) i
^

= −IaBcosθ i
^

.

The currents in sides 2 and 4 are perpendicular to B→ and the forces on these sides are

(28.16)F→ 2 = IbB k̂ , F→ 4 = −IbB k̂ .

We can now find the net force on the loop:

(28.17)∑ F→ net = F→ 1 + F→ 2 + F→ 3 + F→ 4 = 0.

Although this result (ΣF = 0) has been obtained for a rectangular loop, it is far more general and holds for current-carrying
loops of arbitrary shapes; that is, there is no net force on a current loop in a uniform magnetic field.
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Figure 28.16 (a) A rectangular current loop in a uniform magnetic field is subjected 
to a net torque but not a net force. (b) A side view of the coil.

To find the net torque on the current loop shown in Figure 28.16, we first consider F1 and F3. Since they have the
same line of action and are equal and opposite, the sum of their torques about any axis is zero (see ... ). Thus, if there is any 
torque on the loop, it must be furnished by F2 and

F4. Let’s calculate the torques around the axis that passes through point O of Figure 28.16 (a side view of the coil) and is

perpendicular to the plane of the page. The point O is a distance x from side 2 and a distance (a − x) from side 4 of the
loop. The moment arms of F2 and F4 are xsinθ and (a − x)sinθ, respectively, so the net torque on the loop is

(28.18)∑ τ→ = τ→ 1 + τ→ 2 + τ→ 3 + τ→ 4 = F2 xsinθ i
^

− F4(a − x)sin(θ) i
^

= −IbBxsinθ i
^

− IbB(a − x)sinθ i
^

.

This simplifies to

(28.19)τ→ = −IABsinθ i
^

where A = ab is the area of the loop.

Notice that this torque is independent of x; it is therefore independent of where point O is located in the plane of the current
loop. Consequently, the loop experiences the same torque from the magnetic field about any axis in the plane of the loop
and parallel to the x-axis.

A closed-current loop is commonly referred to as a magnetic dipole and the term IA is known as its magnetic dipole
moment μ. Actually, the magnetic dipole moment is a vector that is defined as

(28.20)μ→ = IA n̂

n̂ n̂

n̂

where is a unit vector directed perpendicular to the plane of the loop (see Figure 28.16). The direction of is 
obtained with the RHR-2—if you curl the fingers of your right hand in the direction of current flow in the loop, then 
your thumb

points along . If the loop contains N turns of wire, then its magnetic dipole moment is given by

(28.21)μ→ = NIA n̂ .

In terms of the magnetic dipole moment, the torque on a current loop due to a uniform magnetic field can be written simply
as
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This equation holds for a current loop in a two-dimensional plane of arbitrary shape.

Using a calculation analogous to that found in ... for an electric dipole, the potential energy of a magnetic dipole is

(28.23)U = − μ→ · B→ .

Example 28.7

Forces and Torques on Current-Carrying Loops

A circular current loop of radius 2.0 cm carries a current of 2.0 mA. (a) What is the magnitude of its magnetic
dipole moment? (b) If the dipole is oriented at 30 degrees to a uniform magnetic field of magnitude 0.50 T, what
is the magnitude of the torque it experiences and what is its potential energy?

Solution
The dipole moment is defined by the current times the area of the loop. The area of the loop can be calculated from
the area of the circle. The torque on the loop and potential energy are calculated from identifying the magnetic
moment, magnetic field, and angle oriented in the field.

Solution

a. The magnetic moment μ is calculated by the current times the area of the loop or πr2.

μ = IA = (2.0 × 10−3 A)(π(0.02 m)2) = 2.5 × 10−6 A · m2

b. The torque and potential energy are calculated by identifying the magnetic moment, magnetic field, and
the angle between these two vectors. The calculations of these quantities are:

τ = μ→ × B→ = μBsinθ = ⎛⎝2.5 × 10−6 A · m2⎞⎠(0.50T)sin(30°) = 6.3 × 10−7 N · m

U = − μ→ · B→ = −μBcosθ = −⎛⎝2.5 × 10−6 A · m2⎞⎠(0.50T)cos(30°) = −1.1 × 10−6 J.

Significance
The concept of magnetic moment at the atomic level is discussed in the next chapter. The concept of aligning the
magnetic moment with the magnetic field is the functionality of devices like magnetic motors, whereby switching
the external magnetic field results in a constant spinning of the loop as it tries to align with the field to minimize
its potential energy.

28.4 Check Your Understanding

In what orientation would a magnetic dipole have to be to produce (a) a maximum torque in a magnetic field?
(b) A maximum energy of the dipole?
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Learning Objectives

By the end of this section, you will be able to:

28.6.1 Explain a scenario where the magnetic and electric fields are crossed and their 
forces balance each other as a charged particle moves through a velocity selector
28.6.2 Compare how charge carriers move in a conductive material and explain how this 
relates to the Hall effect

In 1879, E.H. Hall devised an experiment that can be used to identify the sign of the predominant charge carriers in a
conducting material. From a historical perspective, this experiment was the first to demonstrate that the charge carriers in
most metals are negative.

Visit this website (http://www.openstaxcollege.org/l/21halleffect) to find more information about the Hall
effect.

We investigate the Hall effect by studying the motion of the free electrons along a metallic strip of width l in a constant 
magnetic field (Figure 28.17). The electrons are moving from left to right, so the magnetic force they experience 
pushes them to the bottom edge of the strip. This leaves an excess of positive charge at the top edge of the strip, 
resulting in an electric field E directed from top to bottom. The charge concentration at both edges builds up until the 
electric force on the electrons in one direction is balanced by the magnetic force on them in the opposite direction. 
Equilibrium is reached when (28.24)eE = evdB

where e is the magnitude of the electron charge, vd is the drift speed of the electrons, and E is the magnitude of the electric

field created by the separated charge. Solving this for the drift speed results in

(28.25)vd = E
B.

Figure 28.17 In the Hall effect, a potential difference between the top and bottom edges of 
the metal strip is produced when moving charge carriers are deflected by the magnetic field. (a) 
Hall effect for negative charge carriers; (b) Hall effect for positive charge carriers.

A scenario where the electric and magnetic fields are perpendicular to one another is called a crossed-field situation. If these 
fields produce equal and opposite forces on a charged particle with the velocity that equates the forces, these particles are 
able to pass through an apparatus, called a velocity selector, undeflected. This velocity is represented in Equation 
28.26. Any other velocity of a charged particle sent into the same fields would be deflected by the magnetic force or 
electric force.
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(28.26)I = nevd A

where n is the number of charge carriers per volume and A is the cross-sectional area of the strip. Combining the equations
for vd and I results in

(28.27)I = ne⎛⎝EB
⎞
⎠A.

The field E is related to the potential difference V between the edges of the strip by

(28.28)E = V
l .

The quantity V is called the Hall potential and can be measured with a voltmeter. Finally, combining the equations for I and
E gives us

(28.29)V = IBl
neA

where the upper edge of the strip in Figure 28.17 is positive with respect to the lower edge.

We can also combine Equation 28.24 and Equation 28.28 to get an expression for the Hall voltage in terms of the 
magnetic field:

(28.30)V = Blvd.

What if the charge carriers are positive, as in Figure 28.17? For the same current I, the magnitude of V is still given 
by Equation 28.29. However, the upper edge is now negative with respect to the lower edge. Therefore, by simply 
measuring the sign of V, we can determine the sign of the majority charge carriers in a metal.

Hall potential measurements show that electrons are the dominant charge carriers in most metals. However, Hall potentials 
indicate that for a few metals, such as tungsten, beryllium, and many semiconductors, the majority of charge carriers are 
positive. It turns out that conduction by positive charge is caused by the migration of missing electron sites (called holes) 
on ions. Conduction by holes is studied later in ... .

The Hall effect can be used to measure magnetic fields. If a material with a known density of charge carriers n is placed in 
a magnetic field and V is measured, then the field can be determined from Equation 28.29. In research laboratories 
where the fields of electromagnets used for precise measurements have to be extremely steady, a “Hall probe” is 
commonly used as part of an electronic circuit that regulates the field.

Example 28.8

Velocity Selector

An electron beam enters a crossed-field velocity selector with magnetic and electric fields of 2.0 mT and
6.0 × 103 N/C, respectively. (a) What must the velocity of the electron beam be to traverse the crossed fields
undeflected? If the electric field is turned off, (b) what is the acceleration of the electron beam and (c) what is the
radius of the circular motion that results?

Solution
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The electron beam is not deflected by either of the magnetic or electric fields if these forces are balanced. Based 
on these balanced forces, we calculate the velocity of the beam. Without the electric field, only the magnetic force 
is used in Newton’s second law to find the acceleration. Lastly, the radius of the path is based on the resulting 
circular motion from the magnetic force.

Solution
a. The velocity of the unperturbed beam of electrons with crossed fields is calculated by Equation 28.25:

vd = E
B = 6 × 103 N/C

2 × 10−3 T
= 3 × 106 m/s.

b. The acceleration is calculated from the net force from the magnetic field, equal to mass times acceleration.
The magnitude of the acceleration is:

ma = qvB

a = qvB
m = (1.6 × 10−19 C)(3 × 106 m/s)(2 × 10−3 T)

9.1 × 10−31 kg
= 1.1 × 1015 m/s2.

c. The radius of the path comes from a balance of the circular and magnetic forces, or Equation 28.25:

r = mv
qB = (9.1 × 10−31 kg)(3 × 106 m/s)

(1.6 × 10−19 C)(2 × 10−3 T)
= 8.5 × 10−3 m.

Significance
If electrons in the beam had velocities above or below the answer in part (a), those electrons would have a stronger
net force exerted by either the magnetic or electric field. Therefore, only those electrons at this specific velocity
would make it through.

Example 28.9

The Hall Potential in a Silver Ribbon

Figure 28.18 shows a silver ribbon whose cross section is 1.0 cm by 0.20 cm. The ribbon carries a current 
of 100 A from left to right, and it lies in a uniform magnetic field of magnitude 1.5 T. Using a density value 
of

n = 5.9 × 1028 electrons per cubic meter for silver, find the Hall potential between the edges of the ribbon.

Figure 28.18 Finding the Hall potential in a silver ribbon in 
a magnetic field is shown.

Solution
Since the majority of charge carriers are electrons, the polarity of the Hall voltage is that indicated in the figure. 
The value of the Hall voltage is calculated using Equation 28.29:
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28.5

V = IBl
neA.

Solution
When calculating the Hall voltage, we need to know the current through the material, the magnetic field, the
length, the number of charge carriers, and the area. Since all of these are given, the Hall voltage is calculated as:

V = IBl
neA =

(100 A)(1.5 T)⎛⎝1.0 × 10−2 m⎞⎠
⎛
⎝5.9 × 1028 /m3⎞⎠

⎛
⎝1.6 × 10−19 C⎞⎠

⎛
⎝2.0 × 10−5 m2⎞⎠

= 7.9 × 10−6 V.

Significance
As in this example, the Hall potential is generally very small, and careful experimentation with sensitive
equipment is required for its measurement.

Check Your Understanding A Hall probe consists of a copper strip, n = 8.5 × 1028 electrons per cubic
meter, which is 2.0 cm wide and 0.10 cm thick. What is the magnetic field when I = 50 A and the Hall potential
is (a) 4.0μV and (b) 6.0μV?

28.7 | Applications of Magnetic Forces and Fields

Learning Objectives

By the end of this section, you will be able to:

28.7.1 Explain how a mass spectrometer works to separate charges 
28.7.2 Explain how a cyclotron works

30

Being able to manipulate and sort charged particles allows deeper experimentation to understand what matter is made of. We 
first look at a mass spectrometer to see how we can separate ions by their charge-to-mass ratio. Then we discuss cyclotrons 
as a method to accelerate charges to very high energies.

Mass Spectrometer
The mass spectrometer is a device that separates ions according to their charge-to-mass ratios. One particular version, 
the Bainbridge mass spectrometer, is illustrated in Figure 28.19. Ions produced at a source are first sent through 
a velocity selector, where the magnetic force is equally balanced with the electric force. These ions all emerge with 
the same speed v = E/B since any ion with a different velocity is deflected preferentially by either the electric or 
magnetic
force, and ultimately blocked from the next stage. They then enter a uniform magnetic field B0 where they travel in a

circular path whose radius R is given by ... . The radius is measured by a particle detector located as shown in the figure.
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Figure 28.19 A schematic of the Bainbridge mass spectrometer, showing charged 
particles leaving a source, followed by a velocity selector where the electric and magnetic 
forces are balanced, followed by a region of uniform magnetic field where the particle is 
ultimately detected.

The relationship between the charge-to-mass ratio q/m and the radius R is determined by combining ... 
and ... :

(28.31)q
m = E

BB0R
.

Since most ions are singly charged ⎛⎝q = 1.6 × 10−19 C⎞⎠, measured values of R can be used with this equation to

determine the mass of ions. With modern instruments, masses can be determined to one part in 108.

An interesting use of a spectrometer is as part of a system for detecting very small leaks in a research apparatus. In low-
temperature physics laboratories, a device known as a dilution refrigerator uses a mixture of He-3, He-4, and other cryogens
to reach temperatures well below 1 K. The performance of the refrigerator is severely hampered if even a minute leak
between its various components occurs. Consequently, before it is cooled down to the desired temperature, the refrigerator
is subjected to a leak test. A small quantity of gaseous helium is injected into one of its compartments, while an adjacent, but
supposedly isolated, compartment is connected to a high-vacuum pump to which a mass spectrometer is attached. A heated
filament ionizes any helium atoms evacuated by the pump. The detection of these ions by the spectrometer then indicates a
leak between the two compartments of the dilution refrigerator.

In conjunction with gas chromatography, mass spectrometers are used widely to identify unknown substances. While the
gas chromatography portion breaks down the substance, the mass spectrometer separates the resulting ionized molecules.
This technique is used with fire debris to ascertain the cause, in law enforcement to identify illegal drugs, in security to
identify explosives, and in many medicinal applications.

Cyclotron
The cyclotron was developed by E.O. Lawrence to accelerate charged particles (usually protons, deuterons, or alpha-
particles) to large kinetic energies. These particles are then used for nuclear-collision experiments to produce radioactive
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metallic containers D1 and D2, called dees. The dees are enclosed in a larger metal container, and the apparatus is placed 
between the poles of an electromagnet that provides a uniform magnetic field. Air is removed from the large container 
so that the particles neither lose energy nor are deflected because of collisions with air molecules. The dees are 
connected to a high-frequency voltage source that provides an alternating electric field in the small region between them. 
Because the dees are made of metal, their interiors are shielded from the electric field.

Figure 1.20 The inside of a cyclotron. A uniform magnetic field is applied as
circulating protons travel through the dees, gaining energy as they traverse through
the gap between the dees.

Suppose a positively charged particle is injected into the gap between the dees when D2 is at a positive potential relative
to D1. The particle is then accelerated across the gap and enters D1 after gaining kinetic energy qV, where V is the average
potential difference the particle experiences between the dees. When the particle is inside D1, only the uniform magnetic

field B→ of the electromagnet acts on it, so the particle moves in a circle of radius

(28.32)r = mv
qB

with a period of

(28.33)T = 2πm
qB .

The period of the alternating voltage course is set at T, so while the particle is inside D1, moving along its semicircular orbit 
in a time T/2, the polarity of the dees is reversed. When the particle reenters the gap, D1 is positive with respect to D2, and 
the particle is again accelerated across the gap, thereby gaining a kinetic energy qV. The particle then enters D2, circulates 
in a slightly larger circle, and emerges from D2 after spending a time T/2 in this dee. This process repeats until the orbit of 
the particle reaches the boundary of the dees. At that point, the particle (actually, a beam of particles) is extracted from the 
cyclotron and used for some experimental purpose.

The operation of the cyclotron depends on the fact that, in a uniform magnetic field, a particle’s orbital period is independent 
of its radius and its kinetic energy. Consequently, the period of the alternating voltage source need only be set at the one 
value given by Equation 28.33. With that setting, the electric field accelerates particles every time they are between 
the dees.

If the maximum orbital radius in the cyclotron is R, then from Equation 28.32, the maximum speed of a circulating 
particle of mass m and charge q is

(28.34)vmax = qBR
m .

Thus, its kinetic energy when ejected from the cyclotron is
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28.6

(28.35)1
2mvmax

2 = q2B2R2

2m .

The maximum kinetic energy attainable with this type of cyclotron is approximately 30 MeV. Above this energy, relativistic 
effects become important, which causes the orbital period to increase with the radius. Up to energies of several hundred 
MeV, the relativistic effects can be compensated for by making the magnetic field gradually increase with the radius of the 
orbit. However, for higher energies, much more elaborate methods must be used to accelerate particles.

Particles are accelerated to very high energies with either linear accelerators or synchrotrons. The linear accelerator 
accelerates particles continuously with the electric field of an electromagnetic wave that travels down a long evacuated tube. 
The Stanford Linear Accelerator (SLAC) is about 3.3 km long and accelerates electrons and positrons (positively charged 
electrons) to energies of 50 GeV. The synchrotron is constructed so that its bending magnetic field increases with particle 
speed in such a way that the particles stay in an orbit of fixed radius. The world’s highest-energy synchrotron is located at 
CERN, which is on the Swiss-French border near Geneva. CERN has been of recent interest with the verified discovery of 
the Higgs Boson (see ... ). This synchrotron

can accelerate beams of approximately 1013 protons to energies of about 103 GeV.

Example 1.10

Accelerating Alpha-Particles in a Cyclotron

A cyclotron used to accelerate alpha-particles ( m = 6.64 × 10−27 kg, q = 3.2 × 10−19 C ) has a radius of 0.50

m and a magnetic field of 1.8 T. (a) What is the period of revolution of the alpha-particles? (b) What is their
maximum kinetic energy?

Solution
a. The period of revolution is approximately the distance traveled in a circle divided by the speed.

Identifying that the magnetic force applied is the centripetal force, we can derive the period formula.

b. The kinetic energy can be found from the maximum speed of the beam, corresponding to the maximum
radius within the cyclotron.

Solution
a. By identifying the mass, charge, and magnetic field in the problem, we can calculate the period:

T = 2πm
qB =

2π⎛⎝6.64 × 10−27 kg⎞⎠
⎛
⎝3.2 × 10−19 C⎞⎠(1.8T)

= 7.3 × 10−8 s.

b. By identifying the charge, magnetic field, radius of path, and the mass, we can calculate the maximum
kinetic energy:

1
2mvmax

2 = q2B2R2

2m =
⎛
⎝3.2 × 10−19 C⎞⎠

2
(1.8T)2 (0.50m)2

2(6.65 × 10−27 kg)
= 6.2 × 10−12 J = 39MeV.

Check Your Understanding A cyclotron is to be designed to accelerate protons to kinetic energies of 20
MeV using a magnetic field of 2.0 T. What is the required radius of the cyclotron?
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cosmic rays

cyclotron

dees

gauss

Hall effect

helical motion

magnetic dipole

magnetic dipole moment

magnetic field lines

magnetic force

mass spectrometer

motor (dc)

north magnetic pole

right-hand rule-1

south magnetic pole

tesla

velocity selector

CHAPTER 28 REVIEW

KEY TERMS
comprised of particles that originate mainly from outside the solar system and reach Earth

device used to accelerate charged particles to large kinetic energies

large metal containers used in cyclotrons that serve contain a stream of charged particles as their speed is increased

G, unit of the magnetic field strength; 1 G = 10−4 T

creation of voltage across a current-carrying conductor by a magnetic field

superposition of circular motion with a straight-line motion that is followed by a charged particle moving
in a region of magnetic field at an angle to the field

closed-current loop

term IA of the magnetic dipole, also called μ

continuous curves that show the direction of a magnetic field; these lines point in the same direction
as a compass points, toward the magnetic south pole of a bar magnet

force applied to a charged particle moving through a magnetic field

device that separates ions according to their charge-to-mass ratios

loop of wire in a magnetic field; when current is passed through the loops, the magnetic field exerts torque on
the loops, which rotates a shaft; electrical energy is converted into mechanical work in the process

currently where a compass points to north, near the geographic North Pole; this is the effective
south pole of a bar magnet but has flipped between the effective north and south poles of a bar magnet multiple times
over the age of Earth

using your right hand to determine the direction of either the magnetic force, velocity of a charged
particle, or magnetic field

currently where a compass points to the south, near the geographic South Pole; this is the effective
north pole of a bar magnet but has flipped just like the north magnetic pole

SI unit for magnetic field: 1 T = 1 N/A-m

apparatus where the crossed electric and magnetic fields produce equal and opposite forces on a
charged particle moving with a specific velocity; this particle moves through the velocity selector not affected by
either field while particles moving with different velocities are deflected by the apparatus

KEY EQUATIONS
Force on a charge in a magnetic field F→ = q v→ × B→

Magnitude of magnetic force F = qvBsinθ

Radius of a particle’s path in a magnetic field r = mv
qB

Period of a particle’s motion in a magnetic field T = 2πm
qB

Force on a current-carrying wire in a uniform magnetic field F→ = I l→ × B→

Magnetic dipole moment μ→ = NIA n̂

Torque on a current loop τ→ = μ→ × B→

Energy of a magnetic dipole U = − μ→ · B→
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B
Hall potential V = IBl

neA
Hall potential in terms of drift velocity V = Blvd

Charge-to-mass ratio in a mass spectrometer q
m = E

BB0R

Maximum speed of a particle in a cyclotron vmax = qB
m
R

SUMMARY

28.1 Magnetism and Its Historical Discoveries

• Magnets have two types of magnetic poles, called the north magnetic pole and the south magnetic pole. North
magnetic poles are those that are attracted toward Earth’s geographic North Pole.

• Like poles repel and unlike poles attract.

• Discoveries of how magnets respond to currents by Oersted and others created a framework that led to the invention
of modern electronic devices, electric motors, and magnetic imaging technology.

28.2 Magnetic Fields and Lines

• Charges moving across a magnetic field experience a force determined by F→ = q v→ × B→ . The force is

perpendicular to the plane formed by v→ and B→ .

• The direction of the force on a moving charge is given by the right hand rule 1 (RHR-1): Sweep your fingers in a
velocity, magnetic field plane. Start by pointing them in the direction of velocity and sweep towards the magnetic
field. Your thumb points in the direction of the magnetic force for positive charges.

• Magnetic fields can be pictorially represented by magnetic field lines, which have the following properties:

1. The field is tangent to the magnetic field line.

2. Field strength is proportional to the line density.

3. Field lines cannot cross.

4. Field lines form continuous, closed loops.

• Magnetic poles always occur in pairs of north and south—it is not possible to isolate north and south poles.

28.3 Motion of a Charged Particle in a Magnetic Field
• A magnetic force can supply centripetal force and cause a charged particle to move in a circular path of radius

r = mv
qB .

• The period of circular motion for a charged particle moving in a magnetic field perpendicular to the plane of motion
is T = 2πm

qB .

• Helical motion results if the velocity of the charged particle has a component parallel to the magnetic field as well
as a component perpendicular to the magnetic field.

28.4 Magnetic Force on a Current-Carrying Conductor
• An electrical current produces a magnetic field around the wire.

• The directionality of the magnetic field produced is determined by the right hand rule-2, where your thumb points
in the direction of the current and your fingers wrap around the wire in the direction of the magnetic field.
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the length of a wire in a uniform magnetic field B.

28.5 Force and Torque on a Current Loop
• The net force on a current-carrying loop of any plane shape in a uniform magnetic field is zero.

• The net torque τ on a current-carrying loop of any shape in a uniform magnetic field is calculated using

τ = μ→ × B→ where μ→ is the magnetic dipole moment and B→ is the magnetic field strength.

• The magnetic dipole moment μ is the product of the number of turns of wire N, the current in the loop I, and the

area of the loop A or μ→ = NIA n̂ .

28.6 The Hall Effect
• Perpendicular electric and magnetic fields exert equal and opposite forces for a specific velocity of entering

particles, thereby acting as a velocity selector. The velocity that passes through undeflected is calculated by v = E
B.

• The Hall effect can be used to measure the sign of the majority of charge carriers for metals. It can also be used to
measure a magnetic field.

28.7 Applications of Magnetic Forces and Fields
• A mass spectrometer is a device that separates ions according to their charge-to-mass ratios by first sending them

through a velocity selector, then a uniform magnetic field.

• Cyclotrons are used to accelerate charged particles to large kinetic energies through applied electric and magnetic
fields.

CONCEPTUAL QUESTIONS 

28.2 Magnetic Fields and Lines

1. Discuss the similarities and differences between the
electrical force on a charge and the magnetic force on a
charge.

2. (a) Is it possible for the magnetic force on a charge
moving in a magnetic field to be zero? (b) Is it possible for
the electric force on a charge moving in an electric field to
be zero? (c) Is it possible for the resultant of the electric
and magnetic forces on a charge moving simultaneously
through both fields to be zero?

28.3 Motion of a Charged Particle in a 

Magnetic Field
3. At a given instant, an electron and a proton are moving
with the same velocity in a constant magnetic field.
Compare the magnetic forces on these particles. Compare
their accelerations.

4. Does increasing the magnitude of a uniform magnetic
field through which a charge is traveling necessarily mean
increasing the magnetic force on the charge? Does

changing the direction of the field necessarily mean a
change in the force on the charge?

5. An electron passes through a magnetic field without
being deflected. What do you conclude about the magnetic
field?

6. If a charged particle moves in a straight line, can you
conclude that there is no magnetic field present?

7. How could you determine which pole of an
electromagnet is north and which pole is south?

28.4 Magnetic Force on a Current-

Carrying Conductor
8. Describe the error that results from accidently using
your left rather than your right hand when determining the
direction of a magnetic force.

9. Considering the magnetic force law, are the velocity
and magnetic field always perpendicular? Are the force and
velocity always perpendicular? What about the force and
magnetic field?
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television picture?

11. A magnetic field exerts a force on the moving
electrons in a current carrying wire. What exerts the force
on a wire?

12. There are regions where the magnetic field of earth
is almost perpendicular to the surface of Earth. What
difficulty does this cause in the use of a compass?

PROBLEMS

28.2 Magnetic Fields and Lines
15. What is the direction of the magnetic force on a 
positive charge that moves as shown in each of the six 
cases?

16. Repeat previous exercise for a negative charge.

28.6 The Hall Effect
13. H all potentials are much larger for poor conductors 
than for good conductors. Why?

28.7 Applications of Magnetic Forces and 
Fields
14. Describe the primary function of the electric field and 
the magnetic field in a cyclotron.

17. What is the direction of the velocity of a negative 
charge that experiences the magnetic force shown in each 
of the three cases, assuming it moves perpendicular to B?

18. Repeat previous exercise for a positive charge.

19. What is the direction of the magnetic field that
produces the magnetic force on a positive charge as shown

in each of the three cases, assuming B→ is perpendicular

to v→ ?
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20. Repeat previous exercise for a negative charge.

21. (a) Aircraft sometimes acquire small static charges.
Suppose a supersonic jet has a 0.500-μC charge and flies
due west at a speed of 660. m/s over Earth’s south magnetic
pole, where the 8.00 × 10−5 − T magnetic field points
straight up. What are the direction and the magnitude of the
magnetic force on the plane? (b) Discuss whether the value
obtained in part (a) implies this is a significant or negligible
effect.

22. (a) A cosmic ray proton moving toward Earth at
5.00 × 107 m/s experiences a magnetic force of

1.70 × 10−16 N. What is the strength of the magnetic
field if there is a 45º angle between it and the proton’s
velocity? (b) Is the value obtained in part a. consistent with
the known strength of Earth’s magnetic field on its surface?
Discuss.

23. An electron moving at 4.00 × 103 m/s in a 1.25-T
magnetic field experiences a magnetic force of
1.40 × 10−16 N. What angle does the velocity of the
electron make with the magnetic field? There are two
answers.

24. (a) A physicist performing a sensitive measurement
wants to limit the magnetic force on a moving charge in
her equipment to less than 1.00 × 10−12 N. What is the
greatest the charge can be if it moves at a maximum speed
of 30.0 m/s in Earth’s field? (b) Discuss whether it would
be difficult to limit the charge to less than the value found in

(a) by comparing it with typical static electricity and noting 
that static is often absent.

28.3 Motion of a Charged Particle in a Magnetic

Field

25. A cosmic-ray electron moves at 7.5 × 106 m/s
perpendicular to Earth’s magnetic field at an altitude where
the field strength is 1.0 × 10−5 T. What is the radius of the 
circular path the electron follows?

26. (a) Viewers of Star Trek have heard of an antimatter 
drive on the Starship Enterprise. One possibility for such 
a futuristic energy source is to store antimatter charged 
particles in a vacuum chamber, circulating in a magnetic 
field, and then extract them as needed. Antimatter 
annihilates normal matter, producing pure energy. What 
strength magnetic field is needed to hold antiprotons,
moving at 5.0 × 107 m/s in a circular path 2.00 m in 
radius? Antiprotons have the same mass as protons but 
the opposite (negative) charge. (b) Is this field strength 
obtainable with today’s technology or is it a futuristic 
possibility?

27. (a) An oxygen-16 ion with a mass of

2.66 × 10−26 kg travels at 5.0 × 106 m/s perpendicular
to a 1.20-T magnetic field, which makes it move in a 
circular arc with a 0.231-m radius. What positive charge is 
on the ion? (b) What is the ratio of this charge to the charge 
of an electron? (c) Discuss why the ratio found in (b) should 
be an integer.

28. An electron in a TV CRT moves with a speed of
6.0 × 107 m/s, in a direction perpendicular to Earth’s

field, which has a strength of 5.0 × 10−5 T. (a) What 
strength electric field must be applied perpendicular to the 
Earth’s field to make the electron moves in a straight line?
(b) If this is done between plates separated by 1.00 cm, 
what is the voltage applied? (Note that TVs are usually 
surrounded by a ferromagnetic material to shield against 
external magnetic fields and avoid the need for such a 
correction.)

29. (a) At what speed will a proton move in a circular path 
of the same radius as the electron in the previous exercise?
(b) What would the radius of the path be if the proton had 
the same speed as the electron? (c) What would the radius 
be if the proton had the same kinetic energy as the electron?
(d) The same momentum?

30. (a) What voltage will accelerate electrons to a speed
of 6.00 × 10−7 m/s? (b) Find the radius of curvature of 
the path of a proton accelerated through this potential in a
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of an electron accelerated through the same potential.

31. An alpha-particle ⎛
⎝m = 6.64 × 10−27 kg,

q = 3.2 × 10−19 C⎞⎠ travels in a circular path of radius 25

cm in a uniform magnetic field of magnitude 1.5 T. (a) 
What is the speed of the particle? (b) What is the kinetic 
energy in electron-volts? (c) Through what potential 
difference must the particle be accelerated in order to give 
it this kinetic energy?

32. A particle of charge q and mass m is accelerated 
from rest through a potential difference V, after which it 
encounters a uniform magnetic field B. If the particle 
moves in a plane perpendicular to B, what is the radius of 
its circular orbit?

28.4 Magnetic Force on a Current-Carrying

Conductor
33. What is the direction of the magnetic force on the 
current in each of the six cases?

34. What is the direction of a current that experiences the
magnetic force shown in each of the three cases, assuming

the current runs perpendicular to B→ ?
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35. What is the direction of the magnetic field that
produces the magnetic force shown on the currents in each

of the three cases, assuming B→ is perpendicular to I?

36. (a) What is the force per meter on a lightning bolt at
the equator that carries 20,000 A perpendicular to Earth’s
3.0 × 10−5 T field? (b) What is the direction of the force
if the current is straight up and Earth’s field direction is due
north, parallel to the ground?

37. (a) A dc power line for a light-rail system carries 1000
A at an angle of 30.0º to Earth’s 5.0 × 10−5 T field. What 
is the force on a 100-m section of this line? (b) Discuss 
practical concerns this presents, if any.

38. A wire carrying a 30.0-A current passes between the 
poles of a strong magnet that is perpendicular to its field 
and experiences a 2.16-N force on the 4.00 cm of wire in 
the field. What is the average field strength?

28.5 Force and Torque on a Current Loop
39. (a) By how many percent is the torque of a motor
decreased if its permanent magnets lose 5.0% of their
strength? (b) How many percent would the current need to
be increased to return the torque to original values?

40. (a) What is the maximum torque on a 150-turn square
loop of wire 18.0 cm on a side that carries a 50.0-A current
in a 1.60-T field? (b) What is the torque when θ is 10.9º?

41. Find the current through a loop needed to create a
maximum torque of 9.0 N · m. The loop has 50 square
turns that are 15.0 cm on a side and is in a uniform 0.800-T
magnetic field.

42. Calculate the magnetic field strength needed on a
200-turn square loop 20.0 cm on a side to create a
maximum torque of 300 N ⋅ m if the loop is carrying 25.0
A.

43. Since the equation for torque on a current-carrying
loop is τ = NIAB sin θ, the units of N ⋅ m must equal units
of A ⋅ m2 T. Verify this.

44. (a) At what angle θ is the torque on a current loop
90.0% of maximum? (b) 50.0% of maximum? (c) 10.0% of
maximum?

45. A proton has a magnetic field due to its spin. The
field is similar to that created by a circular current loop
0.65 × 10−15 m in radius with a current of 1.05 × 104 A.
Find the maximum torque on a proton in a 2.50-T field.
(This is a significant torque on a small particle.)

46. (a) A 200-turn circular loop of radius 50.0 cm is
vertical, with its axis on an east-west line. A current of 100
A circulates clockwise in the loop when viewed from the
east. Earth’s field here is due north, parallel to the ground,
with a strength of 3.0 × 10−5 T. What are the direction
and magnitude of the torque on the loop? (b) Does this
device have any practical applications as a motor?
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47. Repeat the previous problem, but with the loop lying
flat on the ground with its current circulating
counterclockwise (when viewed from above) in a location
where Earth’s field is north, but at an angle 45.0° below the
horizontal and with a strength of 6.0 × 10−5 T.

28.6 The Hall Effect
48. A strip of copper is placed in a uniform magnetic field 
of magnitude 2.5 T. The H all electric field is measured

to be 1.5 × 10−3 V/m. (a) What is the drift speed of the
conduction electrons? (b) Assuming that n = 8.0 × 1028 

electrons per cubic meter and that the cross-sectional area

of the strip is 5.0 × 10−6 m2, calculate the current in the
strip. (c) What is the Hall coefficient 1/nq?

49. The cross-sectional dimensions of the copper strip 
shown are 2.0 cm by 2.0 mm. The strip carries a current of 
100 A, and it is placed in a magnetic field of magnitude B = 
1.5 T. What are the value and polarity of the Hall potential 
in the copper strip?

50. The magnitudes of the electric and magnetic fields
in a velocity selector are 1.8 × 105 V/m and 0.080 T,
respectively. (a) What speed must a proton have to pass
through the selector? (b) Also calculate the speeds required
for an alpha-particle and a singly ionized sO16 atom to
pass through the selector.

51. A charged particle moves through a velocity selector
at constant velocity. In the selector, E = 1.0 × 104 N/C

and B = 0.250 T. When the electric field is turned off, 
the charged particle travels in a circular path of radius 3.33 
mm. Determine the charge-to-mass ratio of the particle.

52. A Hall probe gives a reading of 1.5 μ V for a current
of 2 A when it is placed in a magnetic field of 1 T. What is 
the magnetic field in a region where the reading is 2 μ V for 
1.7 A of current?

28.7 Applications of Magnetic Forces and Fields
53. A physicist is designing a cyclotron to accelerate
protons to one-tenth the speed of light. The magnetic field
will have a strength of 1.5 T. Determine (a) the rotational
period of the circulating protons and (b) the maximum
radius of the protons’ orbit.

54. The strengths of the fields in the velocity selector of
a Bainbridge mass spectrometer are B = 0.500 T and E =
1.2 × 105 V/m, and the strength of the magnetic field
that separates the ions is Bo = 0.750 T. A stream of singly

charged Li ions is found to bend in a circular arc of radius
2.32 cm. What is the mass of the Li ions?

55. The magnetic field in a cyclotron is 1.25 T, and the
maximum orbital radius of the circulating protons is 0.40
m. (a) What is the kinetic energy of the protons when they
are ejected from the cyclotron? (b) What is this energy
in MeV? (c) Through what potential difference would a
proton have to be accelerated to acquire this kinetic energy?
(d) What is the period of the voltage source used to
accelerate the protons? (e) Repeat the calculations for
alpha-particles.

56. A mass spectrometer is being used to separate
common oxygen-16 from the much rarer oxygen-18, taken
from a sample of old glacial ice. (The relative abundance
of these oxygen isotopes is related to climatic temperature
at the time the ice was deposited.) The ratio of the masses
of these two ions is 16 to 18, the mass of oxygen-16 is
2.66 × 10−26 kg, and they are singly charged and travel

at 5.00 × 106 m/s in a 1.20-T magnetic field. What is the
separation between their paths when they hit a target after
traversing a semicircle?

57. (a) Triply charged uranium-235 and uranium-238 ions
are being separated in a mass spectrometer. (The much
rarer uranium-235 is used as reactor fuel.) The masses
of the ions are 3.90 × 10−25 kg and 3.95 × 10−25 kg,

respectively, and they travel at 3.0 × 105 m/s in a 0.250-T
field. What is the separation between their paths when
they hit a target after traversing a semicircle? (b) Discuss
whether this distance between their paths seems to be big
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from uranium-238.

58. Calculate the magnetic force on a hypothetical particle
of charge 1.0 × 10−19 C moving with a velocity of

6.0 × 104 i
^

m/s in a magnetic field of 1.2 k̂T.

59. Repeat the previous problem with a new magnetic

field of (0.4 i
^

+ 1.2 k̂ )T.

60. An electron is projected into a uniform magnetic field

(0.5 i
^

+ 0.8 k̂ )T with a velocity of

(3.0 i
^

+ 4.0 j
^

) × 106 m/s. What is the magnetic force on

the electron?

61. The mass and charge of a water droplet are
1.0 × 10−4 g and 2.0 × 10−8 C, respectively. If the

droplet is given an initial horizontal velocity of

5.0 × 105 i
^

m/s, what magnetic field will keep it moving
in this direction? Why must gravity be considered here?

62. Four different proton velocities are given. For each
case, determine the magnetic force on the proton in terms
of e, v0, and B0.

63. An electron of kinetic energy 2000 eV passes between
parallel plates that are 1.0 cm apart and kept at a potential
difference of 300 V. What is the strength of the uniform
magnetic field B that will allow the electron to travel
undeflected through the plates? Assume E and B are
perpendicular.

64. An alpha-particle ⎛
⎝m = 6.64 × 10−27 kg,

q = 3.2 × 10−19 C⎞⎠ moving with a velocity

v→ = (2.0 i
^

− 4.0 k̂ ) × 106 m/s enters a region where

E→ = (5.0 i
^

− 2.0 j
^

) × 104 V/m and

B→ = (1.0 i
^

+ 4.0 k̂ ) × 10−2 T. What is the initial force
on it?

65. An electron moving with a velocity

v→ = ⎛⎝4.0 i
^

+ 3.0 j
^

+ 2.0 k̂⎞⎠× 106 m/s enters a region

where there is a uniform electric field and a uniform
magnetic field. The magnetic field is given by

B→ = ⎛⎝1.0 i
^

− 2.0 j
^

+ 4.0 k̂⎞⎠× 10−2 T. If the electron

travels through a region without being deflected, what is the
electric field?

66. At a particular instant, an electron is traveling west to
east with a kinetic energy of 10 keV. Earth’s magnetic field
has a horizontal component of 1.8 × 10−5 T north and a

vertical component of 5.0 × 10−5 T down. (a) What is the
path of the electron? (b) What is the radius of curvature of
the path?

67. Repeat the calculations of the previous problem for a
proton with the same kinetic energy.

68. What magnetic field is required in order to confine a
proton moving with a speed of 4.0 × 106 m/s to a circular
orbit of radius 10 cm?

69. An electron and a proton move with the same speed in
a plane perpendicular to a uniform magnetic field. Compare
the radii and periods of their orbits.

70. A proton and an alpha-particle have the same kinetic
energy and both move in a plane perpendicular to a uniform
magnetic field. Compare the periods of their orbits.

71. A singly charged ion takes 2.0 × 10−3 s to complete
eight revolutions in a uniform magnetic field of magnitude
2.0 × 10−2 T. What is the mass of the ion?

72. A particle moving downward at a speed of
6.0 × 106 m/s enters a uniform magnetic field that is
horizontal and directed from east to west. (a) If the particle
is deflected initially to the north in a circular arc, is its
charge positive or negative? (b) If B = 0.25 T and the
charge-to-mass ratio (q/m) of the particle is
4.0 × 107 C/kg, what is the radius of the path? (c) What

is the speed of the particle after it has moved in the field for
1.0 × 10−5 s? for 2.0 s?

73. A proton, deuteron, and an alpha-particle are all
accelerated through the same potential difference. They
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74. A singly charged ion is moving in a uniform magnetic
field of 7.5 × 10−2 T completes 10 revolutions in

3.47 × 10−4 s. Identify the ion.

75. Two particles have the same linear momentum, but
particle A has four times the charge of particle B. If both
particles move in a plane perpendicular to a uniform
magnetic field, what is the ratio RA /RB of the radii of their

circular orbits?

76. A uniform magnetic field of magnitude B is directed
parallel to the z-axis. A proton enters the field with a

velocity v→ = (4 j
^

+ 3 k̂ ) × 106 m/s and travels in a

helical path with a radius of 5.0 cm. (a) What is the value
of B ? (b) What is the time required for one trip around the

helix? (c) Where is the proton 5.0 × 10−7 s after entering
the field?

77. An electron moving at 5.0 × 106 m/s enters a
magnetic field that makes a 75o angle with the x-axis of
magnitude 0.20 T. Calculate the (a) pitch and (b) radius of
the trajectory.

78. (a) A 0.750-m-long section of cable carrying current
to a car starter motor makes an angle of 60º with Earth’s
5.5 × 10−5 T field. What is the current when the wire

experiences a force of 7.0 × 10−3 N? (b) If you run the
wire between the poles of a strong horseshoe magnet,
subjecting 5.00 cm of it to a 1.75-T field, what force is
exerted on this segment of wire?

79. (a) What is the angle between a wire carrying an
8.00-A current and the 1.20-T field it is in if 50.0 cm of the
wire experiences a magnetic force of 2.40 N? (b) What is
the force on the wire if it is rotated to make an angle of 90º
with the field?

80. A 1.0-m-long segment of wire lies along the x-axis
and carries a current of 2.0 A in the positive x-direction.
Around the wire is the magnetic field of
⎛
⎝3.0 i

^
× 4.0 k̂⎞⎠× 10−3 T. Find the magnetic force on this

segment.

81. A 5.0-m section of a long, straight wire carries a
current of 10 A while in a uniform magnetic field of
magnitude 8.0 × 10−3 T. Calculate the magnitude of the

force on the section if the angle between the field and the
direction of the current is (a) 45°; (b) 90°; (c) 0°; or (d)
180°.

82. An electromagnet produces a magnetic field of
magnitude 1.5 T throughout a cylindrical region of radius
6.0 cm. A straight wire carrying a current of 25 A passes
through the field as shown in the accompanying figure.
What is the magnetic force on the wire?

83. The current loop shown in the accompanying figure
lies in the plane of the page, as does the magnetic field.
Determine the net force and the net torque on the loop if I
= 10 A and B = 1.5 T.

84. A circular coil of radius 5.0 cm is wound with five
turns and carries a current of 5.0 A. If the coil is placed
in a uniform magnetic field of strength 5.0 T, what is the
maximum torque on it?

85. A circular coil of wire of radius 5.0 cm has 20 turns
and carries a current of 2.0 A. The coil lies in a magnetic
field of magnitude 0.50 T that is directed parallel to the
plane of the coil. (a) What is the magnetic dipole moment
of the coil? (b) What is the torque on the coil?

86. A current-carrying coil in a magnetic field experiences
a torque that is 75% of the maximum possible torque. What
is the angle between the magnetic field and the normal to
the plane of the coil?
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current of 10 A. What is the magnetic dipole moment of the
loop?

88. A circular coil with 200 turns has a radius of 2.0
cm. (a) What current through the coil results in a magnetic
dipole moment of 3.0 Am2? (b) What is the maximum
torque that the coil will experience in a uniform field of
strength 5.0 × 10−2 T? (c) If the angle between μ and B
is 45°, what is the magnitude of the torque on the coil?
(d) What is the magnetic potential energy of coil for this
orientation?

89. The current through a circular wire loop of radius 10
cm is 5.0 A. (a) Calculate the magnetic dipole moment
of the loop. (b) What is the torque on the loop if it is in
a uniform 0.20-T magnetic field such that μ and B are

directed at 30° to each other? (c) For this position, what is
the potential energy of the dipole?

90. A wire of length 1.0 m is wound into a single-turn
planar loop. The loop carries a current of 5.0 A, and it is
placed in a uniform magnetic field of strength 0.25 T. (a)
What is the maximum torque that the loop will experience
if it is square? (b) If it is circular? (c) At what angle relative
to B would the normal to the circular coil have to be
oriented so that the torque on it would be the same as the
maximum torque on the square coil?

91. Consider an electron rotating in a circular orbit of
radius r. Show that the magnitudes of the magnetic dipole
moment μ and the angular momentum L of the electron are
related by: μ

L = e
2m

92. The Hall effect is to be used to find the sign of charge
carriers in a semiconductor sample. The probe is placed
between the poles of a magnet so that magnetic field is
pointed up. A current is passed through a rectangular
sample placed horizontally. As current is passed through
the sample in the east direction, the north side of the sample
is found to be at a higher potential than the south side.
Decide if the number density of charge carriers is positively
or negatively charged.

93. The density of charge carriers for copper is
8.47 × 1028 electrons per cubic meter. What will be the
Hall voltage reading from a probe made up of
3 cm × 2 cm × 1 cm (L × W × T) copper plate when a
current of 1.5 A is passed through it in a magnetic field of
2.5 T perpendicular to the 3 cm × 2 cm.

94. The Hall effect is to be used to find the density of
charge carriers in an unknown material. A Hall voltage 40
μV for 3-A current is observed in a 3-T magnetic field for

a rectangular sample with length 2 cm, width 1.5 cm, and
height 0.4 cm. Determine the density of the charge carriers.

95. Show that the Hall voltage across wires made of the
same material, carrying identical currents, and subjected to
the same magnetic field is inversely proportional to their
diameters. (Hint: Consider how drift velocity depends on
wire diameter.)

96. A velocity selector in a mass spectrometer uses a
0.100-T magnetic field. (a) What electric field strength is
needed to select a speed of 4.0 × 106 m/s? (b) What is
the voltage between the plates if they are separated by 1.00
cm?

97. Find the radius of curvature of the path of a 25.0-MeV
proton moving perpendicularly to the 1.20-T field of a
cyclotron.

98. Unreasonable results To construct a non-mechanical
water meter, a 0.500-T magnetic field is placed across the
supply water pipe to a home and the Hall voltage is
recorded. (a) Find the flow rate through a 3.00-cm-diameter
pipe if the Hall voltage is 60.0 mV. (b) What would the
Hall voltage be for the same flow rate through a 10.0-cm-
diameter pipe with the same field applied?

99. Unreasonable results A charged particle having mass
6.64 × 10−27 kg (that of a helium atom) moving at

8.70 × 105 m/s perpendicular to a 1.50-T magnetic field
travels in a circular path of radius 16.0 mm. (a) What is the
charge of the particle? (b) What is unreasonable about this
result? (c) Which assumptions are responsible?

100. Unreasonable results An inventor wants to generate
120-V power by moving a 1.00-m-long wire perpendicular
to Earth’s 5.00 × 10−5 T field. (a) Find the speed with
which the wire must move. (b) What is unreasonable about
this result? (c) Which assumption is responsible?

101. Unreasonable results Frustrated by the small Hall
voltage obtained in blood flow measurements, a medical
physicist decides to increase the applied magnetic field
strength to get a 0.500-V output for blood moving at 30.0
cm/s in a 1.50-cm-diameter vessel. (a) What magnetic field
strength is needed? (b) What is unreasonable about this
result? (c) Which premise is responsible?

CHALLENGE

44 Chapter 28 | Magnetic Forces and Fields



SAMPLE CHAPTERS 
NOT FINAL DRAFT28.7 Applications of Magnetic Forces and 

Fields 102. A particle of charge +q and mass m 

moves withvelocity v→ 0 pointed in the +y-direction as it crosses the

x-axis at x = R at a particular time. There is a negative
charge –Q fixed at the origin, and there exists a uniform

magnetic field B→ 0 pointed in the +z-direction. It is found

that the particle describes a circle of radius R about –Q.

Find B→ 0 in terms of the given quantities.

103. A proton of speed v = 6 × 105 m/s enters a region of
uniform magnetic field of B = 0.5 T at an angle of q = 30°
to the magnetic field. In the region of magnetic field proton
describes a helical path with radius R and pitch p (distance
between loops). Find R and p.

104. A particle’s path is bent when it passes through a
region of non-zero magnetic field although its speed
remains unchanged. This is very useful for “beam steering”
in particle accelerators. Consider a proton of speed
4 × 106 m/s entering a region of uniform magnetic field
0.2 T over a 5-cm-wide region. Magnetic field is
perpendicular to the velocity of the particle. By how much
angle will the path of the proton be bent? (Hint: The particle
comes out tangent to a circle.)

105. In a region a non-uniform magnetic field exists such
that Bx = 0, By = 0, and Bz = ax, where a is a

constant. At some time t, a wire of length L is carrying a
current I is located along the x-axis from origin to x = L.
Find the magnetic force on the wire at this instant in time.

106. A copper rod of massm and length L is hung from the
ceiling using two springs of spring constant k. A uniform
magnetic field of magnitude B0 pointing perpendicular to

the rod and spring (coming out of the page in the figure)
exists in a region of space covering a length w of the copper
rod. The ends of the rod are then connected by flexible
copper wire across the terminals of a battery of voltage V.
Determine the change in the length of the springs when a
current I runs through the copper rod in the direction shown
in figure. (Ignore any force by the flexible wire.)

107. The accompanied figure shows an arrangement for
measuring mass of ions by an instrument called the mass
spectrometer. An ion of mass m and charge +q is produced
essentially at rest in source S, a chamber in which a gas
discharge is taking place. The ion is accelerated by a
potential difference Vacc and allowed to enter a region

of constant magnetic field B→ 0. In the uniform magnetic

field region, the ion moves in a semicircular path striking
a photographic plate at a distance x from the entry point.
Derive a formula for mass m in terms of B0, q, Vacc,
and x.

108. A wire is made into a circular shape of radius R and
pivoted along a central support. The two ends of the wire
are touching a brush that is connected to a dc power source.
The structure is between the poles of a magnet such that we
can assume there is a uniform magnetic field on the wire.
In terms of a coordinate system with origin at the center
of the ring, magnetic field is Bx = B0, By = Bz = 0, and

the ring rotates about the z-axis. Find the torque on the ring
when it is not in the xz-plane.
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109. A long-rigid wire lies along the x-axis and carries a
current of 2.5 A in the positive x-direction. Around the wire

is the magnetic field B→ = 2.0 i
^

+ 5.0x2 j
^

, with x in

meters and B in millitesla. Calculate the magnetic force on
the segment of wire between x = 2.0 m and x = 4.0 m.

110. A circular loop of wire of area 10 cm2 carries a
current of 25 A. At a particular instant, the loop lies in
the xy-plane and is subjected to a magnetic field

B→ = ⎛⎝2.0 i
^

+ 6.0 j
^

+ 8.0 k̂⎞⎠× 10−3 T. As viewed

from above the xy-plane, the current is circulating
clockwise. (a) What is the magnetic dipole moment of
the current loop? (b) At this instant, what is the magnetic
torque on the loop?

46
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Figure 29.1 An external hard drive attached to a computer works by magnetically encoding information that can be stored 
or retrieved quickly. A key idea in the development of digital devices is the ability to produce and use magnetic fields in this 
way.(credit: modification of work by “Miss Karen”/Flickr)

Chapter Outline
29.1 The Biot-Savart Law

29.2 Magnetic Field Due to a Thin Straight Wire 

29.3 Magnetic Force between Two Parallel Currents 

29.4 Magnetic Field of a Current Loop

29.5 Ampère’s Law

29.6 Solenoids and Toroids

29.7 Magnetism in Matter

Introduction
In the preceding chapter, we saw that a moving charged particle produces a magnetic field. This connection between
electricity and magnetism is exploited in electromagnetic devices, such as a computer hard drive. In fact, it is the underlying
principle behind most of the technology in modern society, including telephones, television, computers, and the internet.

In this chapter, we examine how magnetic fields are created by arbitrary distributions of electric current, using the Biot-
Savart law. Then we look at how current-carrying wires create magnetic fields and deduce the forces that arise between two
current-carrying wires due to these magnetic fields. We also study the torques produced by the magnetic fields of current
loops. We then generalize these results to an important law of electromagnetism, called Ampère’s law.

We examine some devices that produce magnetic fields from currents in geometries based on loops, known as solenoids
and toroids. Finally, we look at how materials behave in magnetic fields and categorize materials based on their responses
to magnetic fields.

Chapter 29 | Sources of Magnetic Fields
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Learning Objectives

By the end of this section, you will be able to:

29.1.1 Explain how to derive a magnetic field from an arbitrary current in a line segment
29.1.2 Calculate magnetic field from the Biot-Savart law in specific geometries, such as a 
current in a line and a current in a circular arc

We have seen that mass produces a gravitational field and also interacts with that field. Charge produces an electric field
and also interacts with that field. Since moving charge (that is, current) interacts with a magnetic field, we might expect that
it also creates that field—and it does.

The equation used to calculate the magnetic field produced by a current is known as the Biot-Savart law. It is an empirical
law named in honor of two scientists who investigated the interaction between a straight, current-carrying wire and a
permanent magnet. This law enables us to calculate the magnitude and direction of the magnetic field produced by a current

B→ due to an element d l→in a wire. The Biot-Savart law states that at any point P (Figure 29.2), the magnetic field 
d of a current-carrying wire is given by

(29.1)
d B→ = μ0

4π
Id l→ × r̂

r2 .

l→ produces a magnetic field atFigure 29.2 A current element Id 
point P given by the Biot-Savart law.

The constant μ0 is known as the permeability of free space and is exactly

(29.2)μ0 = 4π × 10−7 T ⋅ m/A

in the SI system. The infinitesimal wire segment d l→ is in the same direction as the current I (assumed positive), r is the

distance from d l→ to P and r̂ is a unit vector that points from d l→ to P, as shown in the figure.

The direction of d B→ is determined by applying the right-hand rule to the vector product d l→ × r̂ . The magnitude of

d B→ is

(29.3)dB = μ0
4π

I dl sinθ
r2
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→
. The field produced by a current

element Id l→ has no component parallel to d l→ .

The magnetic field due to a finite length of current-carrying wire is found by integrating Equation 29.3 along the 
wire, giving us the usual form of the Biot-Savart law.

Biot-Savart law

The magnetic field B→ due to an element d l→ of a current-carrying wire is given by

(29.4)
B→ = μ0

4π
⌠
⌡

wire

I d l→ × r̂
r2 .

Since this is a vector integral, contributions from different current elements may not point in the same direction.
Consequently, the integral is often difficult to evaluate, even for fairly simple geometries. The following strategy may be
helpful.

Problem-Solving Strategy: Solving Biot-Savart Problems

To solve Biot-Savart law problems, the following steps are helpful:

1. Identify that the Biot-Savart law is the chosen method to solve the given problem. If there is symmetry in the

problem comparing B→ and d l→ , Ampère’s law may be the preferred method to solve the question.

2. Draw the current element length d l→ and the unit vector r̂ , noting that d l→ points in the direction of

the current and r̂ points from the current element toward the point where the field is desired.

l→ r̂3. Calculate the cross product d × . The resultant vector gives the direction of the magnetic field according
to the Biot-Savart law.

4. Use Equation 29.4 and substitute all given quantities into the expression to solve for the magnetic field.
Note all variables that remain constant over the entire length of the wire may be factored out of the integration.

5. Use the right-hand rule to verify the direction of the magnetic field produced from the current or to write down
the direction of the magnetic field if only the magnitude was solved for in the previous part.

Example 1.1

Calculating Magnetic Fields of Short Current Segments

A short wire of length 1.0 cm carries a current of 2.0 A in the vertical direction (Figure 29.3). The rest of the 
wire is shielded so it does not add to the magnetic field produced by the wire. Calculate the magnetic field at 
point P, which is 1 meter from the wire in the x-direction.

Chapter 29 | Sources of Magnetic Fields 7
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29.1

Figure 29.3 A small line segment carries a current I in the vertical 
direction. What is the magnetic field at a distance x from the segment?

Strategy

We can determine the magnetic field at point P using the Biot-Savart law. Since the current segment is much
smaller than the distance x, we can drop the integral from the expression. The integration is converted back into
a summation, but only for small dl, which we now write as Δl. Another way to think about it is that each of
the radius values is nearly the same, no matter where the current element is on the line segment, if Δl is small
compared to x. The angle θ is calculated using a tangent function. Using the numbers given, we can calculate the
magnetic field at P.

Solution

The angle between Δ l→ and r̂ is calculated from trigonometry, knowing the distances l and x from the
problem:

θ = tan−1 ⎛⎝ 1 m
0.01 m

⎞
⎠ = 89.4°.

The magnetic field at point P is calculated by the Biot-Savart law:

B = μ0
4π

IΔl sinθ
r2 = (1 × 10−7 T ⋅ m/A)

⎛
⎝
⎜2 A(0.01 m)sin(89.4°)

(1 m)2

⎞
⎠
⎟ = 2.0 × 10−9 T.

From the right-hand rule and the Biot-Savart law, the field is directed into the page.

Significance

This approximation is only good if the length of the line segment is very small compared to the distance from
the current element to the point. If not, the integral form of the Biot-Savart law must be used over the entire line
segment to calculate the magnetic field.

Check Your Understanding Using Example 29.1, at what distance would P have to be to measure a
magnetic field half of the given answer?

Example 1.2

Calculating Magnetic Field of a Circular Arc of Wire
A wire carries a current I in a circular arc with radius R swept through an arbitrary angle θ (Figure 29.4). 
Calculate the magnetic field at the center of this arc at point P.

8
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29.2

l→ r̂

Figure 29.4 A wire segment carrying a current I. The 

path d and radial direction are indicated.

Strategy

We can determine the magnetic field at point P using the Biot-Savart law. The radial and path length directions
are always at a right angle, so the cross product turns into multiplication. We also know that the distance along the
path dl is related to the radius times the angle θ (in radians). Then we can pull all constants out of the integration
and solve for the magnetic field.

Solution

The Biot-Savart law starts with the following equation:

B→ = μ0
4π
⌠
⌡

wire

Id l→ × r̂
r2 .

As we integrate along the arc, all the contributions to the magnetic field are in the same direction (out of the
page), so we can work with the magnitude of the field. The cross product turns into multiplication because the
path dl and the radial direction are perpendicular. We can also substitute the arc length formula, dl = rdθ :

B = μ0
4π
⌠
⌡

wire

Ir dθ
r2 .

The current and radius can be pulled out of the integral because they are the same regardless of where we are on
the path. This leaves only the integral over the angle,

B = μ0 I
4πr ∫

wire
dθ.

The angle varies on the wire from 0 to θ ; hence, the result is

B = μ0 Iθ
4πr .

Significance

The direction of the magnetic field at point P is determined by the right-hand rule, as shown in the previous
chapter. If there are other wires in the diagram along with the arc, and you are asked to find the net magnetic
field, find each contribution from a wire or arc and add the results by superposition of vectors. Make sure to pay
attention to the direction of each contribution. Also note that in a symmetric situation, like a straight or circular
wire, contributions from opposite sides of point P cancel each other.

Check Your Understanding The wire loop forms a full circle of radius R and current I. What is the
magnitude of the magnetic field at the center?

 Sources of Magnetic Fields
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Learning Objectives

By the end of this section, you will be able to:

29.2.1 Explain how the Biot-Savart law is used to determine the magnetic field due to a 
thin, straight wire.
29.2.2 Determine the dependence of the magnetic field from a thin, straight wire based on 
the distance from it and the current flowing in the wire.
29.2.3 Sketch the magnetic field created from a thin, straight wire by using the second right-
hand rule.

How much current is needed to produce a significant magnetic field, perhaps as strong as Earth’s field? Surveyors will 
tell you that overhead electric power lines create magnetic fields that interfere with their compass readings. Indeed, when 
Oersted discovered in 1820 that a current in a wire affected a compass needle, he was not dealing with extremely large 
currents. How does the shape of wires carrying current affect the shape of the magnetic field created? We noted in Chapter 
28 that a current loop created a magnetic field similar to that of a bar magnet, but what about a straight wire? We can use 
the Biot-Savart law to answer all of these questions, including determining the magnetic field of a long straight wire.

Figure 29.5 shows a section of an infinitely long, straight wire that carries a current I. What is the magnetic field at a 
point P, located a distance R from the wire?

Figure 29.5 A section of a thin, straight current-carrying wire. The independent variable θ has the limits
θ1 and θ2.

Let’s begin by considering the magnetic field due to the current element I d x→ located at the position x. Using the right-

hand rule 1 from the previous chapter, d x→ × r̂ points out of the page for any element along the wire. At point P,
therefore, the magnetic fields due to all current elements have the same direction. This means that we can calculate the net

field there by evaluating the scalar sum of the contributions of the elements. With |d x→ × r̂ | = (dx)(1)sinθ, we have

from the Biot-Savart law

(29.5)
B = μ0

4π
⌠
⌡

wire

Isinθdx
r2 .

The wire is symmetrical about point O, so we can set the limits of the integration from zero to infinity and double the
answer, rather than integrate from negative infinity to positive infinity. Based on the picture and geometry, we can write
expressions for r and sinθ in terms of x and R, namely:

10
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sinθ = R
x2 + R2

.

Substituting these expressions into Equation 29.5, the magnetic field integration becomes

(29.6)
B = μo I

2π
⌠
⌡0

∞
R dx

(x2 + R2)3/2.

Evaluating the integral yields

(29.7)
B = μo I

2πR
⎡
⎣
⎢ x
(x2 + R2)1/2

⎤
⎦
⎥0

∞

.

Substituting the limits gives us the solution

(29.8)B = μo I
2πR.

The magnetic field lines of the infinite wire are circular and centered at the wire (Figure 29.6), and they are identical 
in every plane perpendicular to the wire. Since the field decreases with distance from the wire, the spacing of the field 
lines must increase correspondingly with distance. The direction of this magnetic field may be found with a second form 
of the right-hand rule (illustrated in Figure 29.6). If you hold the wire with your right hand so that your thumb points 
along thecurrent, then your fingers wrap around the wire in the same sense as B→ .

B→ can be found with a form ofFigure 29.6 Some magnetic field lines of an infinite wire. The direction 
of the right-hand rule.

The direction of the field lines can be observed experimentally by placing several small compass needles on a circle near 
the wire, as illustrated in Figure 29.7. When there is no current in the wire, the needles align with Earth’s magnetic 
field. However, when a large current is sent through the wire, the compass needles all point tangent to the circle. Iron 
filings sprinkled on a horizontal surface also delineate the field lines, as shown in Figure 29.7.

 Sources of Magnetic Fields
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Figure 29.7 The shape of the magnetic field lines of a long wire can be 
seen using (a) small compass needles and (b) iron filings.

Example 1.3

Calculating Magnetic Field Due to Three Wires

Three wires sit at the corners of a square, all carrying currents of 2 amps into the page as shown in Figure 
29.8. Calculate the magnitude of the magnetic field at the other corner of the square, point P, if the length of 
each side of the square is 1 cm.

Figure 29.8 Three wires have current flowing into the 
page. The magnetic field is determined at the fourth corner of 
the square.

Strategy

The magnetic field due to each wire at the desired point is calculated. The diagonal distance is calculated using the
Pythagorean theorem. Next, the direction of each magnetic field’s contribution is determined by drawing a circle
centered at the point of the wire and out toward the desired point. The direction of the magnetic field contribution
from that wire is tangential to the curve. Lastly, working with these vectors, the resultant is calculated.

Solution

Wires 1 and 3 both have the same magnitude of magnetic field contribution at point P:

B1 = B3 = μo I
2πR = (4π × 10−7 T ⋅ m/A)(2 A)

2π(0.01 m) = 4 × 10−5 T.

Wire 2 has a longer distance and a magnetic field contribution at point P of:

B2 = μo I
2πR = (4π × 10−7 T ⋅ m/A)(2 A)

2π(0.01414 m) = 3 × 10−5 T.

The vectors for each of these magnetic field contributions are shown.
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The magnetic field in the x-direction has contributions from wire 3 and the x-component of wire 2:

Bnet x = −4 × 10−5 T − 2.83 × 10−5 T cos(45°) = −6 × 10−5 T.

The y-component is similarly the contributions from wire 1 and the y-component of wire 2:

Bnet y = −4 × 10−5 T − 2.83 × 10−5 Tsin(45°) = −6 × 10−5 T.

Therefore, the net magnetic field is the resultant of these two components:

Bnet = Bnet x
2 + Bnet y

2

Bnet = (−6 × 10−5 T)2 + (−6 × 10−5 T)2

Bnet = 8.48 × 10−5 T.

Significance

The geometry in this problem results in the magnetic field contributions in the x- and y-directions having the same
magnitude. This is not necessarily the case if the currents were different values or if the wires were located in
different positions. Regardless of the numerical results, working on the components of the vectors will yield the
resulting magnetic field at the point in need.

29.3 Check Your Understanding Using Example 29.3, keeping the currents the same in wires 1 and 3, 
what should the current be in wire 2 to counteract the magnetic fields from wires 1 and 3 so that there is 
no net magnetic field at point P?

29.3 | Magnetic Force between Two Parallel Currents

Learning Objectives

By the end of this section, you will be able to:

29.3.1 Explain how parallel wires carrying currents can attract or repel each other 
29.3.2 Define the ampere and describe how it is related to current-carrying wires 
29.3.3 Calculate the force of attraction or repulsion between two current-carrying wires

You might expect that two current-carrying wires generate significant forces between them, since ordinary currents produce 
magnetic fields and these fields exert significant forces on ordinary currents. But you might not expect that the force 
between wires is used to define the ampere. It might also surprise you to learn that this force has something to do with why 
large circuit breakers burn up when they attempt to interrupt large currents.

The force between two long, straight, and parallel conductors separated by a distance r can be found by applying what we 
have developed in the preceding sections. Figure 29.9 shows the wires, their currents, the field created by one wire, 
and the consequent force the other wire experiences from the created field. Let us consider the field produced by wire 1 
and the
force it exerts on wire 2 (call the force F2 ). The field due to I1 at a distance r is

 Sources of Magnetic Fields
13



SAMPLE CHAPTERS 
NOT FINAL DRAFT(29.9)B1 = μ0 I1

2πr

Figure 29.9 (a) The magnetic field produced by a long straight conductor 
is perpendicular to a parallel conductor, as indicated by right-hand rule
(RHR)-2. (b) A view from above of the two wires shown in (a), with one 
magnetic field line shown for wire 1. RHR-1 shows that the force between 
the parallel conductors is attractive when the currents are in the same 
direction. A similar analysis shows that the force is repulsive between 
currents in opposite directions.

This field is uniform from the wire 1 and perpendicular to it, so the force F2 it exerts on a length l of wire 2 is given by

F = IlBsinθ with sinθ = 1:

(29.10)F2 = I2 lB1.

The forces on the wires are equal in magnitude, so we just write F for the magnitude of F2. (Note that F→ 1 = − F→ 2. )

Since the wires are very long, it is convenient to think in terms of F/l, the force per unit length. Substituting the expression
for B1 into Equation 29.10 and rearranging terms gives

(29.11)F
l = μ0 I1 I2

2πr .

The ratio F/l is the force per unit length between two parallel currents I1 and I2 separated by a distance r. The force is

attractive if the currents are in the same direction and repulsive if they are in opposite directions.

This force is responsible for the pinch effect in electric arcs and other plasmas. The force exists whether the currents are
in wires or not. It is only apparent if the overall charge density is zero; otherwise, the Coulomb repulsion overwhelms
the magnetic attraction. In an electric arc, where charges are moving parallel to one another, an attractive force squeezes
currents into a smaller tube. In large circuit breakers, such as those used in neighborhood power distribution systems, the
pinch effect can concentrate an arc between plates of a switch trying to break a large current, burn holes, and even ignite the
equipment. Another example of the pinch effect is found in the solar plasma, where jets of ionized material, such as solar
flares, are shaped by magnetic forces.

The definition of the ampere is based on the force between current-carrying wires. Note that for long, parallel wires
separated by 1 meter with each carrying 1 ampere, the force per meter is

(29.12)
F
l =

⎛
⎝4π × 10−7 T ⋅ m/A⎞⎠(1 A)2

(2π)(1 m) = 2 × 10−7 N/m.
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2 × 10−7 N/m. This is the basis of the definition of the ampere.

Infinite-length wires are impractical, so in practice, a current balance is constructed with coils of wire separated by a few
centimeters. Force is measured to determine current. This also provides us with a method for measuring the coulomb. We
measure the charge that flows for a current of one ampere in one second. That is, 1 C = 1 A ⋅ s. For both the ampere and
the coulomb, the method of measuring force between conductors is the most accurate in practice.

Example 1.4

Calculating Forces on Wires

Two wires, both carrying current out of the page, have a current of magnitude 5.0 mA. The first wire is located 
at (0.0 cm, 3.0 cm) while the other wire is located at (4.0 cm, 0.0 cm) as shown in Figure 29.10. What is 
the magnetic force per unit length of the first wire on the second and the second wire on the first?

Figure 29.10 Two current-carrying wires at given 
locations with currents out of the page.

Strategy

Each wire produces a magnetic field felt by the other wire. The distance along the hypotenuse of the triangle
between the wires is the radial distance used in the calculation to determine the force per unit length. Since both
wires have currents flowing in the same direction, the direction of the force is toward each other.

Solution

The distance between the wires results from finding the hypotenuse of a triangle:

r = (3.0 cm)2 + (4.0 cm)2 = 5.0 cm.

The force per unit length can then be calculated using the known currents in the wires:

F
l =

⎛
⎝4π × 10−7 T ⋅ m/A⎞⎠

⎛
⎝5 × 10−3 A⎞⎠

2

(2π)(5 × 10−2 m)
= 1 × 10−10 N/m.

The force from the first wire pulls the second wire. The angle between the radius and the x-axis is

θ = tan−1 ⎛⎝3 cm
4 cm
⎞
⎠ = 36.9°.

The unit vector for this is calculated by

cos(36.9∘) i
^

− sin(36.9∘) j
^

= 0.8 i
^

− 0.6 j
^

.

Therefore, the force per unit length from wire one on wire 2 is

F→
l = (1 × 10−10 N/m) × (0.8 i

^
− 0.6 j

^
) = (8 × 10−11 i

^
− 6 × 10−11 j

^
) N/m.

The force per unit length from wire 2 on wire 1 is the negative of the previous answer:

F→
l = (−8 × 10−11 i

^
+ 6 × 10−11 j

^
)N/m.

 Sources of Magnetic Fields
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These wires produced magnetic fields of equal magnitude but opposite directions at each other’s locations.
Whether the fields are identical or not, the forces that the wires exert on each other are always equal in magnitude
and opposite in direction (Newton’s third law).

29.4 Check Your Understanding Two wires, both carrying current out of the page, have a current 
of magnitude 2.0 mA and 3.0 mA, respectively. The first wire is located at (0.0 cm, 5.0 cm) while the other 
wire is located at (12.0 cm, 0.0 cm). What is the magnitude of the magnetic force per unit length of the first 
wire on the second and the second wire on the first?

29.4 | Magnetic Field of a Current Loop

Learning Objectives

By the end of this section, you will be able to:

29.4.1 Explain how the Biot-Savart law is used to determine the magnetic field due to a current 
in a loop of wire at a point along a line perpendicular to thep lane of the loop.
29.4.2 Determine the magnetic field of an arc of current.

The circular loop of Figure 29.11 has a radius R, carries a current I, and lies in the xz-plane. What is the magnetic field 
due to the current at an arbitrary point P along the axis of the loop?

Figure 29.11 Determining the magnetic field at point P along the axis of a current-carrying loop of wire.
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We can use the Biot-Savart law to find the magnetic field due to a current. We first consider arbitrary segments on opposite 
sides of the loop to qualitatively show by the vector results that the net magnetic field direction is along the central axis 
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current element I d l→ , is directed at an angle θ above the y-axis as shown. Since d l→ is parallel along the x-axis and

r̂ is in the yz-plane, the two vectors are perpendicular, so we have

(29.13)dB = μ0
4π

I dl sinθ
r2 = μ0

4π
I dl

y2 + R2

where we have used r2 = y2 + R2.

Now consider the magnetic field d B→ ′ due to the current element I d l→ ′, which is directly opposite I d l→ on the

loop. The magnitude of d B→

components of d B→ and d B→
′ is also given by Equation 29.13, but it is directed at an angle θ below the y-axis. The′ 

perpendicular to the y-axis therefore cancel, and in calculating the net magnetic field,
only the components along the y-axis need to be considered. The components perpendicular to the axis of the loop sum to
zero in pairs. Hence at point P:

(29.14)
B→ = j

^ ∫
loop

dB cosθ = j
^ μ0 I

4π
⌠
⌡

loop

cosθ dl
y2 + R2.

For all elements d l→ on the wire, y, R, and cosθ are constant and are related by

cosθ = R
y2 + R2

.

Now from Equation 29.14, the magnetic field at P is

(29.15)
B→ = j

^ μ0 IR
4π(y2 + R2)3/2 ∫

loop
dl = μ0 IR

2

2(y2 + R2)3/2 j
^

where we have used ∫
loop

dl = 2πR. As discussed in the previous chapter, the closed current loop is a magnetic dipole of

moment μ→ = IA n̂ . For this example, A = πR2 and n̂ = j
^

, so the magnetic field at P can also be written as

(29.16)
B→ = μ0 μ j

^

2π(y2 + R2)3/2.

By setting y = 0 in Equation 29.16, we obtain the magnetic field at the center of the loop:

(29.17)B→ = μ0 I
2R j

^
.

This equation becomes B = μ0nI / (2R) for a flat coil of n loops per length. It can also be expressed as

(29.18)
B→ = μ0 μ→

2πR3 .

If we consider y ≫ R in Equation 29.16, the expression reduces to an expression known as the magnetic field from a 

dipole:

(29.19)
B→ = μ0 μ→

2πy3 .

 Sources of Magnetic Fields
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so we’ll just look at the results. The magnetic field lines are shaped as shown in Figure 29.12. Notice that one field 
line follows the axis of the loop. This is the field line we just found. Also, very close to the wire, the field lines are 
almost circular, like the lines of a long straight wire.

Figure 29.12 Sketch of the magnetic field lines of a 
circular current loop.

Example 29.5

Magnetic Field between Two Loops
Two loops of wire carry the same current of 10 mA, but flow in opposite directions as seen in Figure 29.13. 
One loop is measured to have a radius of R = 50 cm while the other loop has a radius of 2R = 100 cm. The 
distance from the first loop to the point where the magnetic field is measured is 0.25 m, and the distance from 
that point to the second loop is 0.75 m. What is the magnitude of the net magnetic field at point P?

Figure 29.13 Two loops of different radii have the same 
current but flowing in opposite directions. The magnetic field at 
point P is measured to be zero.

Strategy
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29.5

The magnetic field at point P has been determined in Equation 29.15. Since the currents are flowing in 
opposite directions, the net magnetic field is the difference between the two fields generated by the coils. Using 
the given quantities in the problem, the net magnetic field is then calculated.

Solution

Solving for the net magnetic field using Equation 29.15 and the given quantities in the problem yields

B = μ0 IR1
2

2⎛⎝y1
2 + R1

2⎞⎠
3/2 − μ0 IR2

2

2⎛⎝y2
2 + R2

2⎞⎠
3/2

B = (4π × 10−7 T ⋅ m/A)(0.010 A)(0.5 m)2

2((0.25 m)2 + (0.5 m)2)3/2 − (4π × 10−7 T ⋅ m/A)(0.010 A)(1.0 m)2

2((0.75 m)2 + (1.0 m)2)3/2

B = 5.77 × 10−9 T to the right.

Significance

Helmholtz coils typically have loops with equal radii with current flowing in the same direction to have a strong 
uniform field at the midpoint between the loops. A similar application of the magnetic field distribution created by 
Helmholtz coils is found in a magnetic bottle that can temporarily trap charged particles. See ... for a discussion 
on this.

Check Your Understanding Using Example 29.5, at what distance would you have to move the first
coil to have zero measurable magnetic field at point P?

29.5 | Ampère’s Law

Learning Objectives

By the end of this section, you will be able to:

29.5.1 Explain how Ampère’s law relates the magnetic field produced by a current to the value 
of the current
29.5.2 Calculate the magnetic field from a long straight wire, either thin or thick, by Ampère’s law

A fundamental property of a static magnetic field is that, unlike an electrostatic field, it is not conservative. A conservative
field is one that does the same amount of work on a particle moving between two different points regardless of the path
chosen. Magnetic fields do not have such a property. Instead, there is a relationship between the magnetic field and its

source, electric current. It is expressed in terms of the line integral of B→ and is known as Ampère’s law. This law can
also be derived directly from the Biot-Savart law. We now consider that derivation for the special case of an infinite, straight 
wire.

Figure 29.14 shows an arbitrary plane perpendicular to an infinite, straight wire whose current I is directed out of 
the page. The magnetic field lines are circles directed counterclockwise and centered on the wire. To begin, let’s 
consider∮ B→ · d l→ over the closed paths M and N. Notice that one path (M) encloses the wire, whereas the other (N) does not.

Since the field lines are circular, B→ · d l→ is the product of B and the projection of dl onto the circle passing through

d l→ . If the radius of this particular circle is r, the projection is rdθ, and

B→ · d l→ = Br dθ.

 Sources of Magnetic Fields
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Figure 29.14 The current I of a long, straight wire is directed out of the page. The integral ∮ dθ equals 2π and 0, 

respectively, for paths M and N.

With B→ given by ... ,

(29.20)∮ B→ · d l→ = ∮ ⎛⎝
μ0 I
2πr
⎞
⎠ r dθ = μ0 I

2π ∮ dθ.

For path M, which circulates around the wire, ∮
M
dθ = 2π and

→ l→∮ B · d = μ0 I.                                                                                           
(29.21)

M

Path N, on the other hand, circulates through both positive (counterclockwise) and negative (clockwise) dθ (see Figure 

29.14), and since it is closed, ∮
N
dθ = 0. Thus for path N,

(29.22)∮
N

B→ · d l→ = 0.

The extension of this result to the general case is Ampère’s law.

Ampère’s law

Over an arbitrary closed path,

(29.23)∮ B→ · d l→ = μ0 I

where I is the total current passing through any open surface S whose perimeter is the path of integration. Only currents
inside the path of integration need be considered.
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path of integration, as shown in Figure 29.14. If I passes through S in the same direction as your extended thumb, I 
is positive; if I passes through S in the direction opposite to your extended thumb, it is negative.

Problem-Solving Strategy: Ampère’s Law

To calculate the magnetic field created from current in wire(s), use the following steps:

1. Identify the symmetry of the current in the wire(s). If there is no symmetry, use the Biot-Savart law to
determine the magnetic field.

2. Determine the direction of the magnetic field created by the wire(s) by right-hand rule 2.

3. Chose a path loop where the magnetic field is either constant or zero.

4. Calculate the current inside the loop.

5. Calculate the line integral ∮ B→ · d l→ around the closed loop.

6. Equate ∮ B→ · d l→ with μ0 Ienc and solve for B→ .

Example 1.6

Using Ampère’s Law to Calculate the Magnetic Field Due to a Wire

Use Ampère’s law to calculate the magnetic field due to a steady current I in an infinitely long, thin, straight wire 
as shown in Figure 29.15.

Figure 29.15 The possible components of the magnetic field 
B due to a current I, which is directed out of the page. The radial 
component is zero because the angle between the magnetic field 
and the path is at a right angle.

Strategy

Consider an arbitrary plane perpendicular to the wire, with the current directed out of the page. The possible
magnetic field components in this plane, Br and Bθ, are shown at arbitrary points on a circle of radius r

centered on the wire. Since the field is cylindrically symmetric, neither Br nor Bθ varies with the position on

this circle. Also from symmetry, the radial lines, if they exist, must be directed either all inward or all outward

 Sources of Magnetic Fields
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with the wire. The radial component of the magnetic field must be zero because B→ r ⋅ d l→ = 0. Therefore,
we can apply Ampère’s law to the circular path as shown.

Solution

Over this path B→ is constant and parallel to d l→ , so

∮ B→ · d l→ = Bθ∮ dl = Bθ(2πr).

Thus Ampère’s law reduces to

Bθ(2πr) = μ0 I.

Finally, since Bθ is the only component of B→ , we can drop the subscript and write

B = μ0 I
2πr .

This agrees with the Biot-Savart calculation above.

Significance

Ampère’s law works well if you have a path to integrate over which B→ · d l→ has results that are easy to
simplify. For the infinite wire, this works easily with a path that is circular around the wire so that the magnetic
field factors out of the integration. If the path dependence looks complicated, you can always go back to the Biot-
Savart law and use that to find the magnetic field.

Example 1.7

Calculating the Magnetic Field of a Thick Wire with Ampère’s Law
The radius of the long, straight wire of Figure 29.16 is a, and the wire carries a current I0 that is 

distributed uniformly over its cross-section. Find the magnetic field both inside and outside the wire.

Figure 29.16 (a) A model of a current-carrying wire of radius a
and current I0. (b) A cross-section of the same wire showing the 

radius a and the Ampère’s loop of radius r.

Strategy

This problem has the same geometry as Example 29.6, but the enclosed current changes as we move 
the integration path from outside the wire to inside the wire, where it doesn’t capture the entire current enclosed 
(see Figure 29.16).
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B→ l→

Solution

For any circular path of radius r that is centered on the wire,

∮ · d = ∮ Bdl = B∮ dl = B(2πr).

From Ampère’s law, this equals the total current passing through any surface bounded by the path of integration.

Consider first a circular path that is inside the wire (r ≤ a) such as that shown in part (a) of Figure 29.16. We
need the current I passing through the area enclosed by the path. It’s equal to the current density J times the area 
enclosed. Since the current is uniform, the current density inside the path equals the current density in the whole

wire, which is I0 / πa2. Therefore the current I passing through the area enclosed by the path is

I = πr2

πa2I0 = r2

a2I0.

We can consider this ratio because the current density J is constant over the area of the wire. Therefore, the current
density of a part of the wire is equal to the current density in the whole area. Using Ampère’s law, we obtain

B(2πr) = μ0
⎛
⎝r

2

a2
⎞
⎠I0,

and the magnetic field inside the wire is

B = μ0 I0
2π

r
a2 (r ≤ a).

Outside the wire, the situation is identical to that of the infinite thin wire of the previous example; that is,

B = μ0 I0
2πr (r ≥ a).

The variation of B with r is shown in Figure 29.17.

Figure 29.17 Variation of the magnetic field produced by a current
I0 in a long, straight wire of radius a.

Significance

The results show that as the radial distance increases inside the thick wire, the magnetic field increases from zero
to a familiar value of the magnetic field of a thin wire. Outside the wire, the field drops off regardless of whether
it was a thick or thin wire.

This result is similar to how Gauss’s law for electrical charges behaves inside a uniform charge distribution,
except that Gauss’s law for electrical charges has a uniform volume distribution of charge, whereas Ampère’s

 Sources of Magnetic Fields
23



SAMPLE CHAPTERS 
NOT FINAL DRAFTlaw here has a uniform area of current distribution. Also, the drop-off outside the thick wire is similar to how an

electric field drops off outside of a linear charge distribution, since the two cases have the same geometry and
neither case depends on the configuration of charges or currents once the loop is outside the distribution.

Example 1.8

Using Ampère’s Law with Arbitrary Paths

Use Ampère’s law to evaluate ∮ B→ · d l→ for the current configurations and paths in Figure 29.18.

Figure 29.18 Current configurations and paths for 
Example 29.8.

Strategy

Ampère’s law states that ∮ B→ · d l→ = μ0 I where I is the total current passing through the enclosed loop. The

quickest way to evaluate the integral is to calculate μ0 I by finding the net current through the loop. Positive

currents flow with your right-hand thumb if your fingers wrap around in the direction of the loop. This will tell
us the sign of the answer.

Solution

(a) The current going downward through the loop equals the current going out of the loop, so the net current is

zero. Thus, ∮ B→ · d l→ = 0.

(b) The only current to consider in this problem is 2A because it is the only current inside the loop. The right-hand
rule shows us the current going downward through the loop is in the positive direction. Therefore, the answer is

∮ B→ · d l→ = μ0(2 A) = 2.51 × 10−6 T ⋅ m/A.

(c) The right-hand rule shows us the current going downward through the loop is in the positive direction. There
are 7A + 5A = 12A of current going downward and –3 A going upward. Therefore, the total current is 9 A and

∮ B→ · d l→ = μ0(9 A) = 5.65 × 10−6 T ⋅ m/A.

Significance
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29.6

If the currents all wrapped around so that the same current went into the loop and out of the loop, the net current
would be zero and no magnetic field would be present. This is why wires are very close to each other in an
electrical cord. The currents flowing toward a device and away from a device in a wire equal zero total current
flow through an Ampère loop around these wires. Therefore, no stray magnetic fields can be present from cords
carrying current.

Check Your Understanding Consider using Ampère’s law to calculate the magnetic fields of a finite
straight wire and of a circular loop of wire. Why is it not useful for these calculations?

29.6 | Solenoids and Toroids

Learning Objectives

By the end of this section, you will be able to:

29.6.1 Establish a relationship for how the magnetic field of a solenoid varies with distance 
and current by using both the Biot-Savart law and Ampère’s law
29.6.2 Establish a relationship for how the magnetic field of a toroid varies with distance 
and current by using Ampère’s law

Two of the most common and useful electromagnetic devices are called solenoids and toroids. In one form or another, they 
are part of numerous instruments, both large and small. In this section, we examine the magnetic field typical of these 
devices.

Solenoids
A long wire wound in the form of a helical coil is known as a solenoid. Solenoids are commonly used in experimental 
research requiring magnetic fields. A solenoid is generally easy to wind, and near its center, its magnetic field is quite 
uniform and directly proportional to the current in the wire.

Figure 29.19 shows a solenoid consisting of N turns of wire tightly wound over a length L. A current I is flowing along 
the wire of the solenoid. The number of turns per unit length is N/L; therefore, the number of turns in an infinitesimal 
length dy are (N/L)dy turns. This produces a current

(29.24)dI = NI
L dy.

We first calculate the magnetic field at the point P of Figure 29.19. This point is on the central axis of the 
solenoid. We are basically cutting the solenoid into thin slices that are dy thick and treating each as a current loop. 
Thus, dI is thecurrent through each slice. The magnetic field d B→ due to the current dI in dy can be found with the help of ...
and Equation 29.24:

(29.25)
d B→ = μ0R

2dI
2(y2 + R2)3/2 j

^
=
⎛
⎝
⎜μ0 IR

2N
2L j

^⎞
⎠
⎟ dy
(y2 + R2)3/2

where we used Equation 29.24 to replace dI. The resultant field at P is found by integrating dB
→

along the entire length
of the solenoid. It’s easiest to evaluate this integral by changing the independent variable from y to θ. From inspection of 
Figure 29.19, we have:

(29.26)sinθ = y
y2 + R2

.
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Figure 29.19 (a) A solenoid is a long wire wound in the shape of a helix. (b) The 
magnetic field at the point P on the axis of the solenoid is the net field due to all of the 
current loops.

Taking the differential of both sides of this equation, we obtain

cosθ dθ =
⎡
⎣
⎢− y2

(y2 + R2)3/2 + 1
y2 + R2

⎤
⎦
⎥dy

= R2dy
(y2 + R2)3/2.

When this is substituted into the equation for d B→ , we have

(29.27)
B→ = μI0N

2L j
^∫
θ1

θ2
cosθ dθ = μI0N

2L (sinθ2 − sinθ1) j
^

,

which is the magnetic field along the central axis of a finite solenoid.

Of special interest is the infinitely long solenoid, for which L → ∞. From a practical point of view, the infinite solenoid
and θ2 = π

2. Then from Equationis one whose length is much larger than its radius (L ≫ R). In this case, θ1 = −2
π 

29.27, the magnetic field along the central axis of an infinite solenoid is

B→ = μ0 IN
2L j

^ ⎡
⎣sin(π/2) − sin(−π/2)⎤⎦ =

μ0 IN
L j

^

or
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^
,

where n is the number of turns per unit length. You can find the direction of B→ with a right-hand rule: Curl your fingers
in the direction of the current, and your thumb points along the magnetic field in the interior of the solenoid.

We now use these properties, along with Ampère’s law, to calculate the magnitude of the magnetic field at any location

inside the infinite solenoid. Consider the closed path of Figure 29.20. Along segment 1, B→ is uniform and parallel to the

path. Along segments 2 and 4, B→ is perpendicular to part of the path and vanishes over the rest of it. Therefore, segments

2 and 4 do not contribute to the line integral in Ampère’s law. Along segment 3, B→ = 0 because the magnetic field is zero
outside the solenoid. If you consider an Ampère’s law loop outside of the solenoid, the current flows in opposite directions
on different segments of wire. Therefore, there is no enclosed current and no magnetic field according to Ampère’s law.
Thus, there is no contribution to the line integral from segment 3. As a result, we find

(29.29)∮ B→ · d l→ = ∫
1

B→ · d l→ = Bl

Figure 29.20 The path of integration used in Ampère’s law 
to evaluate the magnetic field of an infinite solenoid.

The solenoid has n turns per unit length, so the current that passes through the surface enclosed by the path is nlI. Therefore,
from Ampère’s law,

Bl = μ0nlI

and

(29.30)B = μ0nI

within the solenoid. This agrees with what we found earlier for B on the central axis of the solenoid. Here, however, the 
location of segment 1 is arbitrary, so we have found that this equation gives the magnetic field everywhere inside the infinite 
solenoid.

Outside the solenoid, one can draw an Ampère’s law loop around the entire solenoid. This would enclose current flowing in 
both directions. Therefore, the net current inside the loop is zero. According to Ampère’s law, if the net current is zero, the 
magnetic field must be zero. Therefore, for locations outside of the solenoid’s radius, the magnetic field is zero.

When a patient undergoes a magnetic resonance imaging (MRI) scan, the person lies down on a table that is moved into 
the center of a large solenoid that can generate very large magnetic fields. The solenoid is capable of these high fields from 
high currents flowing through superconducting wires. The large magnetic field is used to change the spin of protons in the 
patient’s body. The time it takes for the spins to align or relax (return to original orientation) is a signature of different 
tissues that can be analyzed to see if the structures of the tissues is normal (Figure 29.21).
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Figure 29.21 In an MRI machine, a large magnetic field is generated by the cylindrical 
solenoid surrounding the patient. (credit: Liz West)

Example 29.9

Magnetic Field Inside a Solenoid

A solenoid has 300 turns wound around a cylinder of diameter 1.20 cm and length 14.0 cm. If the current through 
the coils is 0.410 A, what is the magnitude of the magnetic field inside and near the middle of the solenoid?

Strategy

We are given the number of turns and the length of the solenoid so we can find the number of turns per unit length. 
Therefore, the magnetic field inside and near the middle of the solenoid is given by Equation 29.30. Outside 
the solenoid, the magnetic field is zero.

Solution

The number of turns per unit length is

n = 300 turns
0.140 m = 2.14 × 103 turns/m.

The magnetic field produced inside the solenoid is

B = μ0nI = (4π × 10−7 T ⋅ m/A)(2.14 × 103 turns/m)(0.410 A)

B = 1.10 × 10−3 T.

Significance

This solution is valid only if the length of the solenoid is reasonably large compared with its diameter. This
example is a case where this is valid.

29.7 Check Your Understanding What is the ratio of the magnetic field produced from using a finite formula 
over the infinite approximation for an angle θ of (a) 85°? (b) 89°? The solenoid has 1000 turns in 50 cm with 
a current of 1.0 A flowing through the coils

Toroids
A toroid is a donut-shaped coil closely wound with one continuous wire, as illustrated in part (a) of Figure 29.22. If 
the toroid has N windings and the current in the wire is I, what is the magnetic field both inside and outside the toroid?
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Figure 29.22 (a) A toroid is a coil wound into a donut-shaped 
object. (b) A loosely wound toroid does not have cylindrical 
symmetry. (c) In a tightly wound toroid, cylindrical symmetry is a 
very good approximation. (d) Several paths of integration for 
Ampère’s law.

We begin by assuming cylindrical symmetry around the axis OO’. Actually, this assumption is not precisely correct, for as
part (b) of Figure 29.22 shows, the view of the toroidal coil varies from point to point (for example, P1, P2, and 
P3 ) on a circular path centered around OO’. However, if the toroid is tightly wound, all points on the circle become 
essentially equivalent [part (c) of Figure 29.22], and cylindrical symmetry is an accurate approximation.

With this symmetry, the magnetic field must be tangent to and constant in magnitude along any circular path centered on
OO’. This allows us to write for each of the paths D1, D2, and D3 shown in part (d) of Figure 29.22,

(29.31)∮ B→ · d l→ = B(2πr).

Ampère’s law relates this integral to the net current passing through any surface bounded by the path of integration. For
a path that is external to the toroid, either no current passes through the enclosing surface (path D1 ), or the current

passing through the surface in one direction is exactly balanced by the current passing through it in the opposite direction
(path D3). In either case, there is no net current passing through the surface, so

∮ B(2πr) = 0

and

(29.32)B = 0 (outside the toroid).

The turns of a toroid form a helix, rather than circular loops. As a result, there is a small field external to the coil; however,
the derivation above holds if the coils were circular.

For a circular path within the toroid (path D2 ), the current in the wire cuts the surface N times, resulting in a net current NI

through the surface. We now find with Ampère’s law,

B(2πr) = μ0NI
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(29.33)B = μ0NI
2πr (within the toroid).

The magnetic field is directed in the counterclockwise direction for the windings shown. When the current in the coils is 
reversed, the direction of the magnetic field also reverses.

The magnetic field inside a toroid is not uniform, as it varies inversely with the distance r from the axis OO’. However, 
if the central radius R (the radius midway between the inner and outer radii of the toroid) is much larger than the cross-
sectional diameter of the coils r, the variation is fairly small, and the magnitude of the magnetic field may be calculated by 
Equation 29.33 where r = R.

29.7 | Magnetism in Matter

Learning Objectives

By the end of this section, you will be able to:

29.7.1 Classify magnetic materials as paramagnetic, diamagnetic, or ferromagnetic, based 
on their response to a magnetic field
29.7.2 Sketch how magnetic dipoles align with the magnetic field in each type of substance
29.7.3 Define hysteresis and magnetic susceptibility, which determines the type of 
magnetic material

Why are certain materials magnetic and others not? And why do certain substances become magnetized by a field, whereas 
others are unaffected? To answer such questions, we need an understanding of magnetism on a microscopic level.

Within an atom, every electron travels in an orbit and spins on an internal axis. Both types of motion produce current loops 
and therefore magnetic dipoles. For a particular atom, the net magnetic dipole moment is the vector sum of the magnetic 
dipole moments. Values of μ for several types of atoms are given in Table 29.1. Notice that some atoms have a zero net

dipole moment and that the magnitudes of the nonvanishing moments are typically 10−23 A · m2.

Atom Magnetic Moment ⎛
⎝10−24 A · m2⎞

⎠

H 9.27

He 0

Li 9.27

O 13.9

Na 9.27

S 13.9

Table 29.1 Magnetic Moments of Some Atoms
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A handful of matter has approximately 1026 atoms and ions, each with its magnetic dipole moment. If no external magnetic 
field is present, the magnetic dipoles are randomly oriented—as many are pointed up as down, as many are pointed east 
as west, and so on. Consequently, the net magnetic dipole moment of the sample is zero. However, if the sample is placed 
in a magnetic field, these dipoles tend to align with the field (see ... ), and this alignment determines how the sample 
responds to the field. On the basis of this response, a material is said to be either paramagnetic, ferromagnetic, or 
diamagnetic.

In a paramagnetic material, only a small fraction (roughly one-third) of the magnetic dipoles are aligned with the applied 
field. Since each dipole produces its own magnetic field, this alignment contributes an extra magnetic field, which enhances
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furthermore, they become locked together so that a permanent magnetization results, even when the field is turned off or 
reversed. This permanent magnetization happens in ferromagnetic materials but not paramagnetic materials. Diamagnetic 
materials are composed of atoms that have no net magnetic dipole moment. However, when a diamagnetic material is 
placed in a magnetic field, a magnetic dipole moment is directed opposite to the applied field and therefore produces a 
magnetic field that opposes the applied field. We now consider each type of material in greater detail.

Paramagnetic Materials
For simplicity, we assume our sample is a long, cylindrical piece that completely fills the interior of a long, tightly 
wound solenoid. When there is no current in the solenoid, the magnetic dipoles in the sample are randomly oriented and 
produce no net magnetic field. With a solenoid current, the magnetic field due to the solenoid exerts a torque on the 
dipoles that tends to align them with the field. In competition with the aligning torque are thermal collisions that tend 
to randomize the orientations of the dipoles. The relative importance of these two competing processes can be estimated 
by comparing the energies involved. From ... , the energy difference between a magnetic dipole aligned with and 
against a magnetic field is
UB = 2μB. If μ = 9.3 × 10−24 A · m2 (the value of atomic hydrogen) and B = 1.0 T, then

UB = 1.9 × 10−23 J.

At a room temperature of 27°C, the thermal energy per atom is

UT ≈ kT = (1.38 × 10−23 J/K)(300 K) = 4.1 × 10−21 J,

which is about 220 times greater than UB. Clearly, energy exchanges in thermal collisions can seriously interfere with the

alignment of the magnetic dipoles. As a result, only a small fraction of the dipoles is aligned at any instant.

The four sketches of Figure 29.23 furnish a simple model of this alignment process. In part (a), before the field of 
the solenoid (not shown) containing the paramagnetic sample is applied, the magnetic dipoles are randomly oriented and 
there is no net magnetic dipole moment associated with the material. With the introduction of the field, a partial 
alignment of the dipoles takes place, as depicted in part (b). The component of the net magnetic dipole moment that is 
perpendicular to the field vanishes. We may then represent the sample by part (c), which shows a collection of magnetic 
dipoles completely aligned with the field. By treating these dipoles as current loops, we can picture the dipole 
alignment as equivalent to a current around the surface of the material, as in part (d). This fictitious surface current 
produces its own magnetic field, which enhances the field of the solenoid.

 Sources of Magnetic Fields
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Figure 29.23 The alignment process in a paramagnetic material filling a solenoid (not shown). (a) Without 
an applied field, the magnetic dipoles are randomly oriented. (b) With a field, partial alignment occurs. (c) An 
equivalent representation of part (b). (d) The internal currents cancel, leaving an effective surface current that 
produces a magnetic field similar to that of a finite solenoid.

We can express the total magnetic field B→ in the material as

(29.34)B→ = B→ 0 + B→ m,

where B→ 0 is the field due to the current I0 in the solenoid and B→ m is the field due to the surface current Im around

the sample. Now B→ m is usually proportional to B→ 0, a fact we express by

(29.35)B→ m = χ B→ 0,

where χ is a dimensionless quantity called the magnetic susceptibility. Values of χ for some paramagnetic materials are 

given in Table 29.2. Since the alignment of magnetic dipoles is so weak, χ is very small for paramagnetic materials. By 

combining Equation 29.34 and Equation 29.35, we obtain:

(29.36)B→ = B→ 0 + χ B→ 0 = (1 + χ) B→ 0.

For a sample within an infinite solenoid, this becomes

(29.37)B = (1 + χ)μ0nI.

This expression tells us that the insertion of a paramagnetic material into a solenoid increases the field by a factor of
(1 + χ). However, since χ is so small, the field isn’t enhanced very much.

The quantity

(29.38)μ = (1 + χ)μ0.

is called the magnetic permeability of a material. In terms of μ, Equation 29.37 can be written as
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for the filled solenoid.

Paramagnetic Materials χ Diamagnetic Materials χ

Aluminum 2.2 × 10−5 Bismuth −1.7 × 10−5

Calcium 1.4 × 10−5 Carbon (diamond) −2.2 × 10−5

Chromium 3.1 × 10−4 Copper −9.7 × 10−6

Magnesium 1.2 × 10−5 Lead −1.8 × 10−5

Oxygen gas (1 atm) 1.8 × 10−6 Mercury −2.8 × 10−5

Oxygen liquid (90 K) 3.5 × 10−3 Hydrogen gas (1 atm) −2.2 × 10−9

Tungsten 6.8 × 10−5 Nitrogen gas (1 atm) −6.7 × 10−9

Air (1 atm) 3.6 × 10−7 Water −9.1 × 10−6

Table 29.2 Magnetic Susceptibilities *Note: Unless otherwise specified, values given 
are for room temperature.

Diamagnetic Materials
A magnetic field always induces a magnetic dipole in an atom. This induced dipole points opposite to the applied field, so 
its magnetic field is also directed opposite to the applied field. In paramagnetic and ferromagnetic materials, the induced 
magnetic dipole is masked by much stronger permanent magnetic dipoles of the atoms. However, in diamagnetic materials, 
whose atoms have no permanent magnetic dipole moments, the effect of the induced dipole is observable.

We can now describe the magnetic effects of diamagnetic materials with the same model developed for paramagnetic 
materials. In this case, however, the fictitious surface current flows opposite to the solenoid current, and the magnetic 
susceptibility χ is negative. Values of χ for some diamagnetic materials are also given in Table 29.2.

Water is a common diamagnetic material. Animals are mostly composed of water. Experiments have been
performed on frogs (http://www.openstaxcollege.org/l/21frogs) and mice
(http://www.openstaxcollege.org/l/21mice) in diverging magnetic fields. The water molecules are repelled
from the applied magnetic field against gravity until the animal reaches an equilibrium. The result is that the animal
is levitated by the magnetic field.

Ferromagnetic Materials
Common magnets are made of a ferromagnetic material such as iron or one of its alloys. Experiments reveal that a
ferromagnetic material consists of tiny regions known as magnetic domains. Their volumes typically range from 10−12

to 10−8 m3, and they contain about 1017 to 1021 atoms. Within a domain, the magnetic dipoles are rigidly aligned in
the same direction by coupling among the atoms. This coupling, which is due to quantum mechanical effects, is so strong 
that even thermal agitation at room temperature cannot break it. The result is that each domain has a net dipole moment. 
Some materials have weaker coupling and are ferromagnetic only at lower temperatures.

If the domains in a ferromagnetic sample are randomly oriented, as shown in Figure 29.24, the sample has no net 
magnetic dipole moment and is said to be unmagnetized. Suppose that we fill the volume of a solenoid with an 
unmagnetizedferromagnetic sample. When the magnetic field B→ 0 of the solenoid is turned on, the dipole moments of the domains

rotate so that they align somewhat with the field, as depicted in Figure 29.24. In addition, the aligned domains tend 
to increase in size at the expense of unaligned ones. The net effect of these two processes is the creation of a net 
magnetic
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is much larger than that of a paramagnetic sample, and the domains, with their large numbers of atoms, do not become
misaligned by thermal agitation. Consequently, the field due to the alignment of the domains is quite large.

Figure 29.24 (a) Domains are randomly oriented in an unmagnetized ferromagnetic sample such as iron. The arrows represent 
the orientations of the magnetic dipoles within the domains. (b) In an applied magnetic field, the domains align somewhat with 
the field. (c) The domains of a single crystal of nickel. The white lines show the boundaries of the domains. These lines are 
produced by iron oxide powder sprinkled on the crystal.

Besides iron, only four elements contain the magnetic domains needed to exhibit ferromagnetic behavior: cobalt, nickel, 
gadolinium, and dysprosium. Many alloys of these elements are also ferromagnetic. Ferromagnetic materials can be 
described using Equation 29.34 through Equation 29.39, the paramagnetic equations. However, the value of χ for

ferromagnetic material is usually on the order of 103 to 104, and it also depends on the history of the magnetic
field to which the material has been subject. A typical plot of B (the total field in the material) versus B0 (the applied

field) for an initially unmagnetized piece of iron is shown in Figure 29.25. Some sample numbers are (1) 
for
B0 = 1.0 × 10−4 T, B = 0.60 T, and χ = ⎛⎝ 0.60

1.0 × 10−4
⎞
⎠− 1 ≈ 6.0 × 103 ; (2) for B0 = 6.0 × 10−4 T, B = 1.5 T,

and χ = ⎛⎝ 1.5
6.0 × 10−4

⎞
⎠− 1 ≈ 2.5 × 103.

Figure 29.25 (a) The magnetic field B in annealed iron as 
a function of the applied field B0.

34

 Sources of Magnetic Fields

When B0 is varied over a range of positive and negative values, B is found to behave as shown in Figure 29.26. 

Note that the same B0 (corresponding to the same current in the solenoid) can produce different values of B in the 

material. The magnetic field B produced in a ferromagnetic material by an applied field B0 depends on the magnetic 

history of the material. This effect is called hysteresis, and the curve of Figure 29.26 is called a hysteresis loop. Notice 

that B does not
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it has become a permanent magnet.

Figure 29.26 A typical hysteresis loop for a ferromagnet. 
When the material is first magnetized, it follows a curve from 0
to a. When B0 is reversed, it takes the path shown from a to b.
If B0 is reversed again, the material follows the curve from b to 

a.

Like the paramagnetic sample of Figure 29.23, the partial alignment of the domains in a ferromagnet is equivalent to 
a current flowing around the surface. A bar magnet can therefore be pictured as a tightly wound solenoid with a large 
current circulating through its coils (the surface current). You can see in Figure 29.27 that this model fits quite well. 
The fields of the bar magnet and the finite solenoid are strikingly similar. The figure also shows how the poles of the bar 
magnet are identified. To form closed loops, the field lines outside the magnet leave the north (N) pole and enter the 
south (S) pole, whereas inside the magnet, they leave S and enter N.

Figure 29.27 Comparison of the magnetic fields of a finite solenoid and a bar magnet.
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A material used in your hard disk drives is called a spin valve, which has alternating layers of ferromagnetic (aligning 
with the external magnetic field) and antiferromagnetic (each atom is aligned opposite to the next) metals. It was 
observed that a significant change in resistance was discovered based on whether an applied magnetic field was on the 
spin valve or not. This large change in resistance creates a quick and consistent way for recording or reading information 
by an applied current.

Figure 29.28 The inside of a hard disk drive. The silver 
disk contains the information, whereas the thin stylus on top 
of the disk reads and writes information to the disk.

Example 1.10

Iron Core in a Coil
A long coil is tightly wound around an iron cylinder whose magnetization curve is shown in Figure 29.25. 
(a) If n = 20 turns per centimeter, what is the applied field B0 when I0 = 0.20 A? (b) What is the net 

magnetic field for this same current? (c) What is the magnetic susceptibility in this case?

Strategy

(a) The magnetic field of a solenoid is calculated using ... . (b) The graph is read to determine the net 
magnetic field for this same current. (c) The magnetic susceptibility is calculated using Equation 29.37.

Solution

a. The applied field B0 of the coil is

B0 = μ0nI0 = (4π × 10−7 T · m/A)(2000/m)(0.20 A)

B0 = 5.0 × 10−4 T.
b. From inspection of the magnetization curve of Figure 29.25, we see that, for this value of B0, 

B = 1.4 T. Notice that the internal field of the aligned atoms is much larger than the externally applied 

field.

c. The magnetic susceptibility is calculated to be 

χ = B
B0

− 1 = 1.4 T
5.0 × 10−4 T

−1 = 2.8 × 103.

Significance
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29.8

Ferromagnetic materials have susceptibilities in the range of 103 which compares well to our results here.
Paramagnetic materials have fractional susceptibilities, so their applied field of the coil is much greater than the
magnetic field generated by the material.

Check Your Understanding Repeat the calculations from the previous example for I0 = 0.040 A.

Additional Problems
Exercise 29.1

Three long, straight, parallel wires, all carrying 20 A, are positioned as shown in the accompanying figure. What is the 
magnitude of the magnetic field at the point P?

Solution

B = 6.93 × 10−5 T

Exercise 29.2

A current I flows around a wire bent into the shape of a square of side a. What is the magnetic field at the point P that is a 
distance z above the center of the square (see the accompanying figure)?

Solution
Due to symmetry, all four segments have equal contribution to the magnetic field at P, which is perpendicular to the plane
of the square.
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Part (a) shows the contribution from one side of the square at point P.

cosθ1 = a /2
z2 + a2 /2

,  cosθ = a/2
z2 + a2 /4

B = μ0 I
4πR

⎛
⎝cosθ1 − cosθ2

⎞
⎠, So,

B1 = B2 = B3 = B4 = μ0 I

4π z2 + (a/2)2
⋅ 2 a/2

z2 + a2 /2
= μ0 Ia

4π z2 + a2 /4 z2 + a2 /2

Bx = 4Blz = 4μ0 Ia

4π z2 + a2 /4 z2 + a2 /2

⎛
⎝
⎜ a/2
z2 + a2 /4

⎞
⎠
⎟ = 4μ0 Ia

2

π 4z2 + a2 4z2 + 2a2

Exercise 29.3

The accompanying figure shows a long, straight wire carrying a current of 10 A. What is the magnetic force on an electron
at the instant it is 20 cm from the wire, traveling parallel to the wire with a speed of 2.0 × 105 m/s? Describe qualitatively 
the subsequent motion of the electron.

Solution
3.2 × 10−19 N in an arc away from the wire

Exercise 29.4

38

  

Chapter 29 | Sources of Magnetic Fields



SAMPLE CHAPTERS 
NOT FINAL DRAFTCurrent flows along a thin, infinite sheet as shown in the accompanying figure. The current per unit length along the sheet

is J in amperes per meter. (a) Use the Biot-Savart law to show that B = μ0 J / 2 on either side of the sheet. What is the

direction of B→ on each side? (b) Now use Ampère’s law to calculate the field.

Solution

a. From an infinitely long and infinitesimal strip of current of width dx (with current jdx), the magnetic field at a point r

above the sheet is dB = μ0dI
2πR = μ0 jdx

2π r2 + x2
. Due to symmetry, the magnetic field is along the +x-axis. The y-components

of the magnetic fields by all infinitesimal strips cancel out:

dBx = dBcosθ = μ0 jdx

2π r2 + x2
⋅ r

r2 + x2
= μ0 jrdx

2π⎛⎝r2 + x2⎞⎠
,

Bx = ∫
−∞

∞
dBx =

μ0 jr
2π
⌠
⌡−∞

∞
dx

r2 + x2 = μ0 jr
2π ⋅ ⎡⎣1r tan−1 ⎛⎝xr

⎞
⎠
⎤
⎦|−∞

∞

= μ0 jr
2π ⋅ ⎛⎝πr

⎞
⎠ = μ0 j

2 .

b. ∮ B ⋅ dl = μ0 Is, The left and right segments have zero contribution since B ⋅ d l→ = 0. For the upper and lower

segments, B ⋅ d l→ = B dl, so ∮ B ⋅ dl = 2Bl = μ0 Is = μ0( jl), B = μ0 j
2 .
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(a) Use the result of the previous problem to calculate the magnetic field between, above, and below the pair of infinite 
sheets shown in the accompanying figure. (b) Repeat your calculations if the direction of the current in the lower sheet is 
reversed.

Solution
a. above and below B = μ0 j, in the middle B = 0; b. above and below B = 0, in the middle B = μ0 j

Exercise 29.6

We often assume that the magnetic field is uniform in a region and zero everywhere else. Show that in reality it is impossible 
for a magnetic field to drop abruptly to zero, as illustrated in the accompanying figure. (Hint: Apply Ampère’s law over the 
path shown.)

Solution
Applying Ampère's law to the path shown, we get no contribution from the top and bottom of the path because the magnetic 
field is perpendicular to the path. There is a nonzero contribution to the integral from the right side of the path. Since no 
current is enclosed, the integral should be zero. Consequently there must be a magnetic field at the left side of the path.

Exercise 29.7

How is the percentage change in the strength of the magnetic field across the face of the toroid related to the percentage 
change in the radial distance from the axis of the toroid?

Solution

B = μ0NI
2πr , dB = − μ0NIdr

2πr2 = − Bdr
r , So, dBB = − dr

r

40

Exercise 29.8

Show that the expression for the magnetic field of a toroid reduces to that for the field of an infinite solenoid in the limit 
that the central radius goes to infinity.

Solution
show derivation
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l→ l→

Exercise 29.9

A toroid with an inner radius of 20 cm and an outer radius of 22 cm is tightly wound with one layer of wire that has a 
diameter of 0.25 mm. (a) How many turns are there on the toroid? (b) If the current through the toroid windings is 2.0 A, 
what is the strength of the magnetic field at the center of the toroid?

Solution
a. 52778 turns; b. 0.10 T

Exercise 29.10

A wire element has d , Id = JAdl = Jdv, where A and dv are the cross-sectional area and volume of the element,
respectively. Use this, the Biot-Savart law, and J = nev to show that the magnetic field of a moving point charge q is given 
by:

B→ = μ0
4π

qv × r̂
r2

Solution

d

derivation

Exercise 29.11

A reasonably uniform magnetic field over a limited region of space can be produced with the Helmholtz coil, which consists 
of two parallel coils centered on the same axis. The coils are connected so that they carry the same current I. Each coil has N 
turns and radius R, which is also the distance between the coils. (a) Find the magnetic field at any point on the z-axis shown

in the accompanying figure. (b) Show that dB/dz and 
2B
dz2 are both zero at z = 0. (These vanishing derivatives demonstrate

that the magnetic field varies only slightly near z = 0.)

Solution

B1 (x) = μ0 IR
2

2⎛⎝R2 + z2⎞⎠
3/2

Exercise 29.12

A charge of 4.0 μC is distributed uniformly around a thin ring of insulating material. The ring has a radius of 0.20 m and

rotates at 2.0 × 104 rev/min around the axis that passes through its center and is perpendicular to the plane of the ring. 
What is the magnetic field at the center of the ring?

Solution

8.38 × 10−9 T

Exercise 29.13
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to the face of the disk. The disk is charged uniformly with a total charge q. If the disk rotates at a constant angular velocity
ω, what is the magnetic field at its center?

Solution
B = μ0 σω

2 R

Exercise 29.14
Consider the disk in the previous problem. Calculate the magnetic field at a point on its central axis that is a distance y 
above the disk.
Solution

B = μ0 σω
2

⎡
⎣
⎢2y2 + R2

R2 + y2
− 2y
⎤
⎦
⎥

Exercise 29.15

Consider the axial magnetic field Bv = μ0 IR
2/2(y2 + R2 )3/2 of the circular current loop shown below. (a) Evaluate

∫
−a

a
Bydy. Also show that lima → ∞∫

−a

a
Bydy = μ0 I. (b) Can you deduce this limit without evaluating the integral? (Hint:

See the accompanying figure.)

Solution
derivation

Exercise 29.16
The current density in the long, cylindrical wire shown in the accompanying figure varies with distance r from the center 
of the wire according to J = cr, where c is a constant. (a) What is the current through the wire? (b) What is the magnetic 
field produced by this current for r ≤ R? For r ≥ R?
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Solution

I = 2πcr3

3 , B = μ0 cr
2

3 for r ≤ R, B = μ0 I
2πr for r ≥ R

J→ k̂

Exercise 29.17

A long, straight, cylindrical conductor contains a cylindrical cavity whose axis is displaced by a from the axis of the

conductor, as shown in the accompanying figure. The current density in the conductor is given by = J0 , where J0

is a constant and k̂ is along the axis of the conductor. Calculate the magnetic field at an arbitrary point P in the cavity

by superimposing the field of a solid cylindrical conductor with radius R1 and current density J→ onto the field of a

solid cylindrical conductor with radius R2 and current density − J→ . Then use the fact that the appropriate azimuthal

unit vectors can be expressed as θ
^

1 = k
^

× r̂ 1 and θ
^

2 = k
^

× r̂ 2 to show that everywhere inside the cavity the magnetic

field is given by the constant B→ = 1
2μ0 J0 k × a, where a = r1 − r2 and r1 = r1 r̂ 1 is the position of P relative to

the center of the conductor and r2 = r2 r̂ 2 is the position of P relative to the center of the cavity.

Solution
derivation

Exercise 29.18

Between the two ends of a horseshoe magnet the field is uniform as shown in the diagram. As you move out to outside 
edges, the field bends. Show by Ampère’s law that the field must bend and thereby the field weakens due to these bends.
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Solution
Imagine a rectangular path at the top of the magnet and between the poles. Applying Ampère’s law to the path, we see that 
there is a nonzero contribution to the integral between the poles and the current through the area is zero. Therefore, there 
must be a contribution to the upper side of the path that is away from the ends of the horseshoe magnet. If that part of the 
path is farther away, the field lines must bend away more and the field must also be weaker.

Exercise 29.19

Show that the magnetic field of a thin wire and that of a current loop are zero if you are infinitely far away.

Solution
As the radial distance goes to infinity, the magnetic fields of each of these formulae go to zero.

Exercise 29.20

An Ampère loop is chosen as shown by dashed lines for a parallel constant magnetic field as shown by solid arrows.

Calculate B→ · d l→ for each side of the loop then find the entire ∮ B→ · d l→ . Can you think of an Ampère loop that

would make the problem easier? Do those results match these?

R

Solution
Each side of the loop has a cosine component with the dot product. An easier loop would be one where the field lines are 
either parallel or perpendicular to the loop.

Exercise 29.21

A very long, thick cylindrical wire of radius R carries a current density J that varies across its cross-section. The magnitude

of the current density at a point a distance r from the center of the wire is given by J = J0 
r , where J0 is a constant.

Find the magnetic field (a) at a point outside the wire and (b) at a point inside the wire. Write your answer in terms of the 
net current I through the wire.

Solution

a. B = μ0 I
2πr ; b. B = μ0 J0 r

2

3R

Exercise 29.22
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a uniform current of magnitude I through it. The direction of the current in the figure is out of the paper. Find the magnetic
field (a) at a point at the edge of the hole closest to the center of the thick wire, (b) at an arbitrary point inside the hole, and
(c) at an arbitrary point outside the wire. (Hint: Think of the hole as a sum of two wires carrying current in the opposite
directions.)

Solution

a. B = μ0 Ir
2πa2 ; b. B =

μ0 I
⎛
⎝r2 − d2⎞⎠
2πra2 ; c. B = μ0 I

2πr

Exercise 29.23

Magnetic field inside a torus. Consider a torus of rectangular cross-section with inner radius a and outer radius b. N turns 
of an insulated thin wire are wound evenly on the torus tightly all around the torus and connected to a battery producing a 
steady current I in the wire. Assume that the current on the top and bottom surfaces in the figure is radial, and the current on 
the inner and outer radii surfaces is vertical. Find the magnetic field inside the torus as a function of radial distance r from 
the axis.

Solution

B(r) = μ0 NI/2πr

Exercise 29.24

Two long coaxial copper tubes, each of length L, are connected to a battery of voltage V. The inner tube has inner radius a 
and outer radius b, and the outer tube has inner radius c and outer radius d. The tubes are then disconnected from the battery 
and rotated in the same direction at angular speed of ω radians per second about their common axis. Find the magnetic
field (a) at a point inside the space enclosed by the inner tube r < a, and (b) at a point between the tubes b < r < c, and 
(c) at a point outside the tubes r > d. (Hint: Think of copper tubes as a capacitor and find the charge density based on the

voltage applied, Q = VC, C = 2πε0L
ln(c /b).)

Solution
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enclosed; (b) B = μ0 I /2πr; (c) B = 0 because the next current through the area is zero.
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Ampère’s law

Biot-Savart law

diamagnetic materials

ferromagnetic materials

hysteresis

magnetic domains

magnetic susceptibility

paramagnetic materials

permeability of free space

solenoid

toroid

physical law that states that the line integral of the magnetic field around an electric current is proportional
to the current

an equation giving the magnetic field at a point produced by a current-carrying wire

their magnetic dipoles align oppositely to an applied magnetic field; when the field is removed,
the material is unmagnetized

contain groups of dipoles, called domains, that align with the applied magnetic field; when this
field is removed, the material is still magnetized

property of ferromagnets that is seen when a material’s magnetic field is examined versus the applied magnetic
field; a loop is created resulting from sweeping the applied field forward and reverse

groups of magnetic dipoles that are all aligned in the same direction and are coupled together
quantum mechanically

ratio of the magnetic field in the material over the applied field at that time; positive
susceptibilities are either paramagnetic or ferromagnetic (aligned with the field) and negative susceptibilities are
diamagnetic (aligned oppositely with the field)

their magnetic dipoles align partially in the same direction as the applied magnetic field; when
this field is removed, the material is unmagnetized

μ0, measure of the ability of a material, in this case free space, to support a magnetic field

thin wire wound into a coil that produces a magnetic field when an electric current is passed through it

donut-shaped coil closely wound around that is one continuous wire

KEY EQUATIONS
Permeability of free space μ0 = 4π × 10−7 T ⋅ m/A
Contribution to magnetic field
from a current element

dB = μ0
4π

I dl sinθ
r2

Biot–Savart law B→ = μ0
4π
⌠
⌡

wire

Id l→ × r̂
r2

Magnetic field due to a
long straight wire

B = μ0 I
2πR

Force between two parallel currents F
l = μ0 I1 I2

2πr

Magnetic field of a current loop B = μ0 I
2R (at center of loop)

Ampère’s law ∮ B→ · d l→ = μ0 I

Magnetic field strength
inside a solenoid

B = μ0nI

Magnetic field strength inside a toroid B = μoNI
2πr

Magnetic permeability μ = (1 + χ)μ0.
Magnetic field of a solenoid
filled with paramagnetic material

B = μnI.
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29.1 The Biot-Savart 

Law• The magnetic field created by a current-carrying wire is found by the Biot-Savart law.

• The current element Id l→ produces a magnetic field a distance r away.

29.2 Magnetic Field Due to a Thin Straight Wire

• The strength of the magnetic field created by current in a long straight wire is given by B = μ0 I
2πR (long straight

wire) where I is the current, R is the shortest distance to the wire, and the constant μ0 = 4π × 10−7 T ⋅ m/s is the

permeability of free space.

• The direction of the magnetic field created by a long straight wire is given by right-hand rule 2 (RHR-2): Point the
thumb of the right hand in the direction of current, and the fingers curl in the direction of the magnetic field loops
created by it.

29.3 Magnetic Force between Two Parallel Currents
• The force between two parallel currents I1 and I2, separated by a distance r, has a magnitude per unit length

given by F
l = μ0 I1 I2

2πr .

• The force is attractive if the currents are in the same direction, repulsive if they are in opposite directions.

29.4 Magnetic Field of a Current Loop

• The magnetic field strength at the center of a circular loop is given by B = μ0 I
2R (at center of loop), where R is the

radius of the loop. RHR-2 gives the direction of the field about the loop.

29.5 Ampère’s Law
• The magnetic field created by current following any path is the sum (or integral) of the fields due to segments along

the path (magnitude and direction as for a straight wire), resulting in a general relationship between current and field
known as Ampère’s law.

• Ampère’s law can be used to determine the magnetic field from a thin wire or thick wire by a geometrically
convenient path of integration. The results are consistent with the Biot-Savart law.

29.6 Solenoids and Toroids
• The magnetic field strength inside a solenoid is

B = μ0nI (inside a solenoid)

where n is the number of loops per unit length of the solenoid. The field inside is very uniform in magnitude and
direction.

• The magnetic field strength inside a toroid is

B = μoNI
2πr (within the toroid).

where N is the number of windings. The field inside a toroid is not uniform and varies with the distance as 1/r.
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• Materials are classified as paramagnetic, diamagnetic, or ferromagnetic, depending on how they behave in an
applied magnetic field.

• Paramagnetic materials have partial alignment of their magnetic dipoles with an applied magnetic field. This is a
positive magnetic susceptibility. Only a surface current remains, creating a solenoid-like magnetic field.

• Diamagnetic materials exhibit induced dipoles opposite to an applied magnetic field. This is a negative magnetic
susceptibility.

• Ferromagnetic materials have groups of dipoles, called domains, which align with the applied magnetic field.
However, when the field is removed, the ferromagnetic material remains magnetized, unlike paramagnetic
materials. This magnetization of the material versus the applied field effect is called hysteresis.

CONCEPTUAL QUESTIONS 

29.1 The Biot-Savart Law

25. For calculating magnetic fields, what are the
advantages and disadvantages of the Biot-Savart law?

26. Describe the magnetic field due to the current in two
wires connected to the two terminals of a source of emf and
twisted tightly around each other.

27. How can you decide if a wire is infinite?

28. Identical currents are carried in two circular loops;
however, one loop has twice the diameter as the other loop.
Compare the magnetic fields created by the loops at the
center of each loop.

29.2 Magnetic Field Due to a Thin Straight Wire
29. How would you orient two long, straight, current-
carrying wires so that there is no net magnetic force 
between them? (Hint: What orientation would lead to one 
wire not experiencing a magnetic field from the other?)

29.3 Magnetic Force between Two Parallel

Currents
30. Compare and contrast the electric field of an infinite 
line of charge and the magnetic field of an infinite line of 
current.

31. Is B→ constant in magnitude for points that lie on a
magnetic field line?

29.4 Magnetic Field of a Current Loop
32. Is the magnetic field of a current loop uniform?

33. What happens to the length of a suspended spring
when a current passes through it?

34. Two concentric circular wires with different diameters
carry currents in the same direction. Describe the force on
the inner wire.

29.5 Ampère’s Law
35. Is Ampère’s law valid for all closed paths? Why isn’t 
it normally useful for calculating a magnetic field?

29.6 Solenoids and Toroids
36. Is the magnetic field inside a toroid completely 
uniform? Almost uniform?

37. Explain why B→ = 0 inside a long, hollow copper
pipe that is carrying an electric current parallel to the axis.

Is B→ = 0 outside the pipe?

29.7 Magnetism in Matter
38. A diamagnetic material is brought close to a
permanent magnet. What happens to the material?

39. If you cut a bar magnet into two pieces, will you end
up with one magnet with an isolated north pole and another
magnet with an isolated south pole? Explain your answer.

PROBLEMS
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40. A 10-A current flows through the wire shown. What
is the magnitude of the magnetic field due to a 0.5-mm
segment of wire as measured at (a) point A and (b) point B?

41. Ten amps flow through a square loop where each side
is 20 cm in length. At each corner of the loop is a 0.01-cm
segment that connects the longer wires as shown. Calculate
the magnitude of the magnetic field at the center of the
loop.

42. What is the magnetic field at P due to the current I in
the wire shown?

43. The accompanying figure shows a current loop
consisting of two concentric circular arcs and two
perpendicular radial lines. Determine the magnetic field at
point P.

44. Find the magnetic field at the center C of the
rectangular loop of wire shown in the accompanying figure.

45. Two long wires, one of which has a semicircular bend
of radius R, are positioned as shown in the accompanying
figure. If both wires carry a current I, how far apart must
their parallel sections be so that the net magnetic field at
P is zero? Does the current in the straight wire flow up or
down?

29.2 Magnetic Field Due to a Thin Straight Wire

46. A typical current in a lightning bolt is 104 A.
Estimate the magnetic field 1 m from the bolt.
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long, thin, straight wire is 8.0 μT. What is the current

through the long wire?

48. A transmission line strung 7.0 m above the ground
carries a current of 500 A. What is the magnetic field on the
ground directly below the wire? Compare your answer with
the magnetic field of Earth.

49. A long, straight, horizontal wire carries a left-to-right
current of 20 A. If the wire is placed in a uniform magnetic
field of magnitude 4.0 × 10−5 T that is directed vertically
downward, what is the resultant magnitude of the magnetic
field 20 cm above the wire? 20 cm below the wire?

50. The two long, parallel wires shown in the
accompanying figure carry currents in the same direction.
If I1 = 10 A and I2 = 20 A, what is the magnetic field at

point P?

51. The accompanying figure shows two long, straight,
horizontal wires that are parallel and a distance 2a apart. If
both wires carry current I in the same direction, (a) what is
the magnetic field at P1? (b) P2?

52. Repeat the calculations of the preceding problem with
the direction of the current in the lower wire reversed.

53. Consider the area between the wires of the preceding
problem. At what distance from the top wire is the net
magnetic field a minimum? Assume that the currents are
equal and flow in opposite directions.

29.3 Magnetic Force between Two Parallel

Currents
54. Two long, straight wires are parallel and 25 cm apart.
(a) If each wire carries a current of 50 A in the same 
direction, what is the magnetic force per meter exerted on 
each wire? (b) Does the force pull the wires together or 
push them apart? (c) What happens if the currents flow in 
opposite directions?

55. Two long, straight wires are parallel and 10 cm apart. 
One carries a current of 2.0 A, the other a current of 5.0 
A. (a) If the two currents flow in opposite directions, what 
is the magnitude and direction of the force per unit length 
of one wire on the other? (b) What is the magnitude and 
direction of the force per unit length if the currents flow in 
the same direction?

56. Two long, parallel wires are hung by cords of length 
5.0 cm, as shown in the accompanying figure. Each wire 
has a mass per unit length of 30 g/m, and they carry the 
same current in opposite directions. What is the current if 
the cords hang at 6.0° with respect to the vertical?

57. A circuit with current I has two long parallel wire
sections that carry current in opposite directions. Find
magnetic field at a point P near these wires that is a distance
a from one wire and b from the other wire as shown in the
figure.

58. The infinite, straight wire shown in the accompanying
figure carries a current I1. The rectangular loop, whose

long sides are parallel to the wire, carries a current I2.
What are the magnitude and direction of the force on the

rectangular loop due to the magnetic field of the wire?
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29.4 Magnetic Field of a Current Loop
59. When the current through a circular loop is 6.0 A, the
magnetic field at its center is 2.0 × 10−4 T. What is the 
radius of the loop?

60. How many turns must be wound on a flat, circular 
coil of radius 20 cm in order to produce a magnetic field of
magnitude 4.0 × 10−5 T at the center of the coil when the 
current through it is 0.85 A?

61. A flat, circular loop has 20 turns. The radius of the
loop is 10.0 cm and the current through the wire is 0.50 A.
Determine the magnitude of the magnetic field at the center
of the loop.

62. A circular loop of radius R carries a current I. At what
distance along the axis of the loop is the magnetic field one-
half its value at the center of the loop?

63. Two flat, circular coils, each with a radius R and
wound with N turns, are mounted along the same axis
so that they are parallel a distance d apart. What is the
magnetic field at the midpoint of the common axis if a
current I flows in the same direction through each coil?

64. For the coils in the preceding problem, what is the
magnetic field at the center of either coil?

29.5 Ampère’s Law
65. A current I flows around the rectangular loop shown

in the accompanying figure. Evaluate ∮ B→ · d l→ for the

paths A, B, C, and D.

66. Evaluate ∮ B→ · d l→ for each of the cases shown in

the accompanying figure.

67. The coil whose lengthwise cross section is shown
in the accompanying figure carries a current I and has N
evenly spaced turns distributed along the length l. Evaluate

∮ B→ · d l→ for the paths indicated.

52
 Sources of Magnetic Fields



SAMPLE CHAPTERS 
NOT FINAL DRAFT

68. A superconducting wire of diameter 0.25 cm carries a
current of 1000 A. What is the magnetic field just outside
the wire?

69. A long, straight wire of radius R carries a current I that
is distributed uniformly over the cross-section of the wire.
At what distance from the axis of the wire is the magnitude
of the magnetic field a maximum?

70. The accompanying figure shows a cross-section of
a long, hollow, cylindrical conductor of inner radius
r1 = 3.0 cm and outer radius r2 = 5.0 cm. A 50-A

current distributed uniformly over the cross-section flows
into the page. Calculate the magnetic field at
r = 2.0 cm, r = 4.0 cm, and r = 6.0 cm.

71. A long, solid, cylindrical conductor of radius 3.0 cm
carries a current of 50 A distributed uniformly over its
cross-section. Plot the magnetic field as a function of the
radial distance r from the center of the conductor.

72. A portion of a long, cylindrical coaxial cable is shown
in the accompanying figure. A current I flows down the
center conductor, and this current is returned in the outer
conductor. Determine the magnetic field in the regions (a)
r ≤ r1, (b) r2 ≥ r ≥ r1, (c) r3 ≥ r ≥ r2, and (d)

r ≥ r3. Assume that the current is distributed uniformly

over the cross sections of the two parts of the cable.

29.6 Solenoids and Toroids
73. A solenoid is wound with 2000 turns per meter. When
the current is 5.2 A, what is the magnetic field within the
solenoid?

74. A solenoid has 12 turns per centimeter. What current
will produce a magnetic field of 2.0 × 10−2 T within the
solenoid?

75. If a current is 2.0 A, how many turns per centimeter
must be wound on a solenoid in order to produce a
magnetic field of 2.0 × 10−3 T within it?

76. A solenoid is 40 cm long, has a diameter of 3.0 cm,
and is wound with 500 turns. If the current through the
windings is 4.0 A, what is the magnetic field at a point
on the axis of the solenoid that is (a) at the center of the
solenoid, (b) 10.0 cm from one end of the solenoid, and (c)
5.0 cm from one end of the solenoid? (d) Compare these
answers with the infinite-solenoid case.
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77. Determine the magnetic field on the central axis at
the opening of a semi-infinite solenoid. (That is, take the
opening to be at x = 0 and the other end to be at
x = ∞. )

78. By how much is the approximation B = μ0nI in

error at the center of a solenoid that is 15.0 cm long, has a

diameter of 4.0 cm, is wrapped with n turns per meter, and 
carries a current I?

79. A solenoid with 25 turns per centimeter carries a 
current I. An electron moves within the solenoid in a circle 
that has a radius of 2.0 cm and is perpendicular to the 
axis of the solenoid. If the speed of the electron is

2.0 × 105 m/s, what is I?

80. A toroid has 250 turns of wire and carries a current 
of 20 A. Its inner and outer radii are 8.0 and 9.0 cm. What 
are the values of its magnetic field at r = 8.1, 8.5, and
8.9 cm?

81. A toroid with a square cross section 3.0 cm × 3.0
cm has an inner radius of 25.0 cm. It is wound with 500 
turns of wire, and it carries a current of 2.0 A. What is the 
strength of the magnetic field at the center of the square 
cross section?

29.7 Magnetism in Matter
82. The magnetic field in the core of an air-filled solenoid
is 1.50 T. By how much will this magnetic field decrease if
the air is pumped out of the core while the current is held
constant?

83. A solenoid has a ferromagnetic core, n = 1000 turns
per meter, and I = 5.0 A. If B inside the solenoid is 2.0 T,
what is χ for the core material?

84. A 20-A current flows through a solenoid with 2000
turns per meter. What is the magnetic field inside the
solenoid if its core is (a) a vacuum and (b) filled with liquid
oxygen at 90 K?

85. The magnetic dipole moment of the iron atom is about
2.1 × 10−23 A · m2. (a) Calculate the maximum magnetic

dipole moment of a domain consisting of 1019 iron atoms.
(b) What current would have to flow through a single
circular loop of wire of diameter 1.0 cm to produce this
magnetic dipole moment?

86. Suppose you wish to produce a 1.2-T magnetic field in
a toroid with an iron core for which χ = 4.0 × 103. The

toroid has a mean radius of 15 cm and is wound with 500
turns. What current is required?

87. A current of 1.5 A flows through the windings of a
large, thin toroid with 200 turns per meter. If the toroid
is filled with iron for which χ = 3.0 × 103, what is the

magnetic field within it?
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the current is turned off and then restored to 10 A, will the
magnetic field necessarily return to 2.0 T?

90. A hypothetical current flowing in the z-direction

creates the field B→ = C⎡⎣⎛⎝x/y2⎞⎠ i
^

+ ⎛
⎝1/y⎞⎠ j

^⎤
⎦ in the

rectangular region of the xy-plane shown in the
accompanying figure. Use Ampère’s law to find the current
through the rectangle.

91. A nonconducting hard rubber circular disk of radius
R is painted with a uniform surface charge density σ.
It is rotated about its axis with angular speed ω. (a)
Find the magnetic field produced at a point on the axis
a distance h meters from the center of the disk. (b) Find
the numerical value of magnitude of the magnetic field
when σ = 1C/m2, R = 20 cm, h = 2 cm, and
ω = 400 rad/sec, and compare it with the magnitude of
magnetic field of Earth, which is about 1/2 Gauss.

 Sources of Magnetic Fields

88. A solenoid with an iron core is 25 cm long and is
wrapped with 100 turns of wire. When the current through
the solenoid is 10 A, the magnetic field inside it is 2.0 T.

CHALLENGE PROBLEMS

29.7 Magnetism in Matter
89. The accompanying figure shows a flat, infinitely long
sheet of width a that carries a current I uniformly
distributed across it. Find the magnetic field at the point P,
which is in the plane of the sheet and at a distance x from
one edge. Test your result for the limit a → 0.
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Figure 38.1 Special relativity explains how time passes slightly differently on Earth and within the rapidly moving global 
positioning satellite (GPS). GPS units in vehicles could not find their correct location on Earth without taking this correction into 
account. (credit: USAF)

Chapter Outline
38.1 Invariance of Physical Laws

38.2 Relativity of Simultaneity

38.3 Time Dilation

38.4 Length Contraction

38.5 The Lorentz Transformation

38.6 Relativistic Velocity Transformation 

38.7 Doppler Effect for Light

38.8 Relativistic Momentum

38.9 Relativistic Energy

Introduction
The special theory of relativity was proposed in 1905 by Albert Einstein (1879–1955). It describes how time, space, and
physical phenomena appear in different frames of reference that are moving at constant velocity with respect to each other.
This differs from Einstein’s later work on general relativity, which deals with any frame of reference, including accelerated
frames.

The theory of relativity led to a profound change in the way we perceive space and time. The “common sense” rules that
we use to relate space and time measurements in the Newtonian worldview differ seriously from the correct rules at speeds
near the speed of light. For example, the special theory of relativity tells us that measurements of length and time intervals
are not the same in reference frames moving relative to one another. A particle might be observed to have a lifetime of
1.0 × 10−8 s in one reference frame, but a lifetime of 2.0 × 10−8 s in another; and an object might be measured to be
2.0 m long in one frame and 3.0 m long in another frame. These effects are usually significant only at speeds comparable to
the speed of light, but even at the much lower speeds of the global positioning satellite, which requires extremely accurate
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enough that they need to be taken into account.

Unlike Newtonian mechanics, which describes the motion of particles, or Maxwell's equations, which specify how the 
electromagnetic field behaves, special relativity is not restricted to a particular type of phenomenon. Instead, its rules on 
space and time affect all fundamental physical theories.

The modifications of Newtonian mechanics in special relativity do not invalidate classical Newtonian mechanics or require 
its replacement. Instead, the equations of relativistic mechanics differ meaningfully from those of classical Newtonian 
mechanics only for objects moving at relativistic speeds (i.e., speeds less than, but comparable to, the speed of light). In 
the macroscopic world that you encounter in your daily life, the relativistic equations reduce to classical equations, and 
the predictions of classical Newtonian mechanics agree closely enough with experimental results to disregard relativistic 
corrections.

38.1 | Invariance of Physical Laws

Learning Objectives

By the end of this section, you will be able to:

38.1.1 Describe the theoretical and experimental issues that Einstein’s theory of special 
relativity addressed.
38.1.2 State the two postulates of the special theory of relativity.

Suppose you calculate the hypotenuse of a right triangle given the base angles and adjacent sides. Whether you calculate
the hypotenuse from one of the sides and the cosine of the base angle, or from the Pythagorean theorem, the results
should agree. Predictions based on different principles of physics must also agree, whether we consider them principles of
mechanics or principles of electromagnetism.

Albert Einstein pondered a disagreement between predictions based on electromagnetism and on assumptions made in
classical mechanics. Specifically, suppose an observer measures the velocity of a light pulse in the observer’s own rest
frame; that is, in the frame of reference in which the observer is at rest. According to the assumptions long considered
obvious in classical mechanics, if an observer measures a velocity v→ in one frame of reference, and that frame of

reference is moving with velocity u→ past a second reference frame, an observer in the second frame measures the original

velocity as v′
→

= v→ + u→ . This sum of velocities is often referred to as Galilean relativity. If this principle is correct,
the pulse of light that the observer measures as traveling with speed c travels at speed c + u measured in the frame of the
second observer. If we reasonably assume that the laws of electrodynamics are the same in both frames of reference, then the
predicted speed of light (in vacuum) in both frames should be c = 1/ ε0 μ0. Each observer should measure the same speed

of the light pulse with respect to that observer’s own rest frame. To reconcile difficulties of this kind, Einstein constructed
his special theory of relativity, which introduced radical new ideas about time and space that have since been confirmed
experimentally.

Inertial Frames
All velocities are measured relative to some frame of reference. For example, a car’s motion is measured relative to its
starting position on the road it travels on; a projectile’s motion is measured relative to the surface from which it is launched;
and a planet’s orbital motion is measured relative to the star it orbits. The frames of reference in which mechanics takes the
simplest form are those that are not accelerating. Newton’s first law, the law of inertia, holds exactly in such a frame.

Inertial Reference Frame

An inertial frame of reference is a reference frame in which a body at rest remains at rest and a body in motion moves
at a constant speed in a straight line unless acted upon by an outside force.

6

For example, to a passenger inside a plane flying at constant speed and constant altitude, physics seems to work exactly 
the same as when the passenger is standing on the surface of Earth. When the plane is taking off, however, matters are 
somewhat more complicated. In this case, the passenger at rest inside the plane concludes that a net force F on an object
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not as simple as in an inertial frame. The term “special” in “special relativity” refers to dealing only with inertial frames of
reference. Einstein’s later theory of general relativity deals with all kinds of reference frames, including accelerating, and
therefore non-inertial, reference frames.

Einstein’s First Postulate
Not only are the principles of classical mechanics simplest in inertial frames, but they are the same in all inertial frames.
Einstein based the first postulate of his theory on the idea that this is true for all the laws of physics, not merely those in
mechanics.

First Postulate of Special Relativity

The laws of physics are the same in all inertial frames of reference.

This postulate denies the existence of a special or preferred inertial frame. The laws of nature do not give us a way to
endow any one inertial frame with special properties. For example, we cannot identify any inertial frame as being in a state
of “absolute rest.” We can only determine the relative motion of one frame with respect to another.

There is, however, more to this postulate than meets the eye. The laws of physics include only those that satisfy this
postulate. We will see that the definitions of energy and momentum must be altered to fit this postulate. Another outcome
of this postulate is the famous equation E = mc2, which relates energy to mass.

Einstein’s Second Postulate
The second postulate upon which Einstein based his theory of special relativity deals with the speed of light. Late in the
nineteenth century, the major tenets of classical physics were well established. Two of the most important were the laws
of electromagnetism and Newton’s laws. Investigations such as Young’s double-slit experiment in the early 1800s had
convincingly demonstrated that light is a wave. Maxwell’s equations of electromagnetism implied that electromagnetic
waves travel at c = 3.00×108 m/s in a vacuum, but they do not specify the frame of reference in which light has this
speed. Many types of waves were known, and all travelled in some medium. Scientists therefore assumed that some medium
carried the light, even in a vacuum, and that light travels at a speed c relative to that medium (often called “the aether”).

Starting in the mid-1880s, the American physicist A.A. Michelson, later aided by E.W. Morley, made a series of direct
measurements of the speed of light. They intended to deduce from their data the speed v at which Earth was moving through
the mysterious medium for light waves. The speed of light measured on Earth should have been c + v when Earth’s motion
was opposite to the medium’s flow at speed u past the Earth, and c – v when Earth was moving in the same direction as the
medium. The results of their measurements were startling.

Michelson-Morley Experiment

The Michelson-Morley experiment demonstrated that the speed of light in a vacuum is independent of the motion of
Earth about the Sun.

The eventual conclusion derived from this result is that light, unlike mechanical waves such as sound, does not need a
medium to carry it. Furthermore, the Michelson-Morley results implied that the speed of light c is independent of the motion
of the source relative to the observer. That is, everyone observes light to move at speed c regardless of how they move
relative to the light source or to one another. For several years, many scientists tried unsuccessfully to explain these results
within the framework of Newton’s laws.

In addition, there was a contradiction between the principles of electromagnetism and the assumption made in Newton’s
laws about relative velocity. Classically, the velocity of an object in one frame of reference and the velocity of that object in
a second frame of reference relative to the first should combine like simple vectors to give the velocity seen in the second
frame. If that were correct, then two observers moving at different speeds would see light traveling at different speeds.
Imagine what a light wave would look like to a person traveling along with it (in vacuum) at a speed c. If such a motion
were possible, then the wave would be stationary relative to the observer. It would have electric and magnetic fields whose
strengths varied with position but were constant in time. This is not allowed by Maxwell’s equations. So either Maxwell’s
equations are different in different inertial frames, or an object with mass cannot travel at speed c. Einstein concluded that
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38.1

the latter is true: An object with mass cannot travel at speed c. Maxwell’s equations are correct, but Newton’s addition of
velocities is not correct for light.

Not until 1905, when Einstein published his first paper on special relativity, was the currently accepted conclusion reached.
Based mostly on his analysis that the laws of electricity and magnetism would not allow another speed for light, and only
slightly aware of the Michelson-Morley experiment, Einstein detailed his second postulate of special relativity.

Second Postulate of Special Relativity

Light travels in a vacuum with the same speed c in any direction in all inertial frames.

In other words, the speed of light has the same definite speed for any observer, regardless of the relative motion of the
source. This deceptively simple and counterintuitive postulate, along with the first postulate, leave all else open for change.
Among the changes are the loss of agreement on the time between events, the variation of distance with speed, and the
realization that matter and energy can be converted into one another. We describe these concepts in the following sections.

Check Your Understanding Explain how special relativity differs from general relativity.

38.2 | Relativity of Simultaneity

Learning Objectives

By the end of this section, you will be able to:

38.2.1 Show from Einstein's postulates that two events measured as simultaneous in one 
inertial frame are not necessarily simultaneous in all inertial frames.
38.2.2 Describe how simultaneity is a relative concept for observers in different inertial frames 
in relative motion.

Do time intervals depend on who observes them? Intuitively, it seems that the time for a process, such as the elapsed time 
for a foot race (Figure 38.2), should be the same for all observers. In everyday experiences, disagreements over elapsed 
time have to do with the accuracy of measuring time. No one would be likely to argue that the actual time interval was 
different for the moving runner and for the stationary clock displayed. Carefully considering just how time is measured, 
however, shows that elapsed time does depends on the relative motion of an observer with respect to the process being 
measured.

8 Chapter 38 |  Relativity



SAMPLE CHAPTERS 
NOT FINAL DRAFT

Figure 38.2 Elapsed time for a foot race is the same for all observers, but at relativistic 
speeds, elapsed time depends on the motion of the observer relative to the location where the 
process being timed occurs. (credit: "Jason Edward Scott Bain"/Flickr)

Consider how we measure elapsed time. If we use a stopwatch, for example, how do we know when to start and stop the 
watch? One method is to use the arrival of light from the event. For example, if you’re in a moving car and observe the light 
arriving from a traffic signal change from green to red, you know it’s time to step on the brake pedal. The timing is more 
accurate if some sort of electronic detection is used, avoiding human reaction times and other complications.

Now suppose two observers use this method to measure the time interval between two flashes of light from flash lamps 
that are a distance apart (Figure 38.3). An observer A is seated midway on a rail car with two flash lamps at opposite 
sides equidistant from her. A pulse of light is emitted from each flash lamp and moves toward observer A, shown in 
frame (a) of the figure. The rail car is moving rapidly in the direction indicated by the velocity vector in the diagram. An 
observer B standing on the platform is facing the rail car as it passes and observes both flashes of light reach him 
simultaneously, as shown in frame (c). He measures the distances from where he saw the pulses originate, finds them equal, 
and concludes that the pulses were emitted simultaneously.

However, because of Observer A’s motion, the pulse from the right of the railcar, from the direction the car is moving, 
reaches her before the pulse from the left, as shown in frame (b). She also measures the distances from within her frame of 
reference, finds them equal, and concludes that the pulses were not emitted simultaneously.

The two observers reach conflicting conclusions about whether the two events at well-separated locations were 
simultaneous. Both frames of reference are valid, and both conclusions are valid. Whether two events at separate locations 
are simultaneous depends on the motion of the observer relative to the locations of the events.
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Figure 38.3 (a) Two pulses of light are emitted simultaneously relative to observer B. (c) The pulses 
reach observer B’s position simultaneously. (b) Because of A’s motion, she sees the pulse from the right 
first and concludes the bulbs did not flash simultaneously. Both conclusions are correct.

Here, the relative velocity between observers affects whether two events a distance apart are observed to be simultaneous.
Simultaneity is not absolute. We might have guessed (incorrectly) that if light is emitted simultaneously, then two observers
halfway between the sources would see the flashes simultaneously. But careful analysis shows this cannot be the case if the
speed of light is the same in all inertial frames.

This type of thought experiment (in German, “Gedankenexperiment”) shows that seemingly obvious conclusions must be
changed to agree with the postulates of relativity. The validity of thought experiments can only be determined by actual
observation, and careful experiments have repeatedly confirmed Einstein’s theory of relativity.
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Learning Objectives

By the end of this section, you will be able to:

38.3.1 Explain how time intervals can be measured differently in different reference frames. 
38.3.2 Describe how to distinguish a proper time interval from a dilated time interval. 
38.3.3 Describe the significance of the muon experiment.
38.3.4 Explain why the twin paradox is not a contradiction.
38.3.5 Calculate time dilation given the speed of an object in a given frame.

The analysis of simultaneity shows that Einstein’s postulates imply an important effect: Time intervals have different values 
when measured in different inertial frames. Suppose, for example, an astronaut measures the time it takes for a pulse of 
light to travel a distance perpendicular to the direction of his ship’s motion (relative to an earthbound observer), bounce off 
a mirror, and return (Figure 38.4). How does the elapsed time that the astronaut measures in the spacecraft compare 
with the elapsed time that an earthbound observer measures by observing what is happening in the spacecraft?

Examining this question leads to a profound result. The elapsed time for a process depends on which observer is measuring 
it. In this case, the time measured by the astronaut (within the spaceship where the astronaut is at rest) is smaller than 
the time measured by the earthbound observer (to whom the astronaut is moving). The time elapsed for the same process 
is different for the observers, because the distance the light pulse travels in the astronaut’s frame is smaller than in the 
earthbound frame, as seen in Figure 38.4. Light travels at the same speed in each frame, so it takes more time to travel 
the greater distance in the earthbound frame.
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Figure 38.4 (a) An astronaut measures the time Δτ for light to travel distance 2D in the astronaut’s frame. (b) A NASA
scientist on Earth sees the light follow the longer path 2s and take a longer time Δt. (c) These triangles are used to find the 
relationship between the two distances D and s.

Time Dilation

Time dilation is the lengthening of the time interval between two events for an observer in an inertial frame that is
moving with respect to the rest frame of the events (in which the events occur at the same location).

12

To quantitatively compare the time measurements in the two inertial frames, we can relate the distances in Figure 38.4 to 
each other, then express each distance in terms of the time of travel (respectively either Δt or Δτ ) of the pulse in the 
corresponding reference frame. The resulting equation can then be solved for Δt in terms of Δτ.

The lengths D and L in Figure 38.4 are the sides of a right triangle with hypotenuse s. From the Pythagorean theorem,

s2 = D2 + L2.
The lengths 2s and 2L are, respectively, the distances that the pulse of light and the spacecraft travel in time Δt in the 
earthbound observer’s frame. The length D is the distance that the light pulse travels in time Δτ in the astronaut’s frame. 
This gives us three equations:

2s = cΔt; 2L = vΔt; 2D = cΔτ.
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results into the previous expression from the Pythagorean theorem:

s2 = D2 + L2

⎛
⎝cΔt

2
⎞
⎠
2

= ⎛
⎝cΔτ

2
⎞
⎠
2

+ ⎛⎝vΔt
2
⎞
⎠
2
.

Then we rearrange to obtain

(cΔt)2 − (vΔt)2 = (cΔτ)2.

Finally, solving for Δt in terms of Δτ gives us

(38.1)Δt = Δτ
1 − (v/c)2

.

This is equivalent to

Δt = γΔτ,

where γ is the relativistic factor (often called the Lorentz factor) given by

(38.2)γ = 1

1 − v2

c2

and v and c are the speeds of the moving observer and light, respectively.

Note the asymmetry between the two measurements. Only one of them is a measurement of the time interval between two
events—the emission and arrival of the light pulse—at the same position. It is a measurement of the time interval in the
rest frame of a single clock. The measurement in the earthbound frame involves comparing the time interval between two
events that occur at different locations. The time interval between events that occur at a single location has a separate name
to distinguish it from the time measured by the earthbound observer, and we use the separate symbol Δτ to refer to it
throughout this chapter.

Proper Time

The proper time interval Δτ between two events is the time interval measured by an observer for whom both events
occur at the same location.

The equation relating Δt and Δτ is truly remarkable. First, as stated earlier, elapsed time is not the same for different
observers moving relative to one another, even though both are in inertial frames. A proper time interval Δτ for an
observer who, like the astronaut, is moving with the apparatus, is smaller than the time interval for other observers. It is the
smallest possible measured time between two events. The earthbound observer sees time intervals within the moving system
as dilated (i.e., lengthened) relative to how the observer moving relative to Earth sees them within the moving system.
Alternatively, according to the earthbound observer, less time passes between events within the moving frame. Note that the
shortest elapsed time between events is in the inertial frame in which the observer sees the events (e.g., the emission and
arrival of the light signal) occur at the same point.

This time effect is real and is not caused by inaccurate clocks or improper measurements. Time-interval measurements of
the same event differ for observers in relative motion. The dilation of time is an intrinsic property of time itself. All clocks
moving relative to an observer, including biological clocks, such as a person’s heartbeat, or aging, are observed to run more
slowly compared with a clock that is stationary relative to the observer.
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elapsed times Δt and Δτ are nearly equal. At low velocities, physics based on modern relativity approaches classical

physics—everyday experiences involve very small relativistic effects. However, for speeds near the speed of light, v2 /c2

is close to one, so 1 − v2/c2 is very small and Δt becomes significantly larger than Δτ.

Half-Life of a Muon
There is considerable experimental evidence that the equation Δt = γΔτ is correct. One example is found in cosmic ray

particles that continuously rain down on Earth from deep space. Some collisions of these particles with nuclei in the upper
atmosphere result in short-lived particles called muons. The half-life (amount of time for half of a material to decay) of a
muon is 1.52 μs when it is at rest relative to the observer who measures the half-life. This is the proper time interval Δτ.
This short time allows very few muons to reach Earth’s surface and be detected if Newtonian assumptions about time and
space were correct. However, muons produced by cosmic ray particles have a range of velocities, with some moving near
the speed of light. It has been found that the muon’s half-life as measured by an earthbound observer ( Δt ) varies with
velocity exactly as predicted by the equation Δt = γΔτ. The faster the muon moves, the longer it lives. We on Earth see

the muon last much longer than its half-life predicts within its own rest frame. As viewed from our frame, the muon decays
more slowly than it does when at rest relative to us. A far larger fraction of muons reach the ground as a result.

Before we present the first example of solving a problem in relativity, we state a strategy you can use as a guideline for
these calculations.

Problem-Solving Strategy: Relativity

1. Make a list of what is given or can be inferred from the problem as stated (identify the knowns). Look in
particular for information on relative velocity v.

2. Identify exactly what needs to be determined in the problem (identify the unknowns).

3. Make certain you understand the conceptual aspects of the problem before making any calculations (express
the answer as an equation). Decide, for example, which observer sees time dilated or length contracted before
working with the equations or using them to carry out the calculation. If you have thought about who sees
what, who is moving with the event being observed, who sees proper time, and so on, you will find it much
easier to determine if your calculation is reasonable.

4. Determine the primary type of calculation to be done to find the unknowns identified above (do the
calculation). You will find the section summary helpful in determining whether a length contraction, relativistic
kinetic energy, or some other concept is involved.

Note that you should not round off during the calculation. As noted in the text, you must often perform your calculations to
many digits to see the desired effect. You may round off at the very end of the problem solution, but do not use a rounded
number in a subsequent calculation. Also, check the answer to see if it is reasonable: Does it make sense? This may be more
difficult for relativity, which has few everyday examples to provide experience with what is reasonable. But you can look
for velocities greater than c or relativistic effects that are in the wrong direction (such as a time contraction where a dilation
was expected).

Example 38.1

Time Dilation in a High-Speed Vehicle

The Hypersonic Technology Vehicle 2 (HTV-2) is an experimental rocket vehicle capable of traveling at 21,000
km/h (5830 m/s). If an electronic clock in the HTV-2 measures a time interval of exactly 1-s duration, what would
observers on Earth measure the time interval to be?

Solution
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Apply the time dilation formula to relate the proper time interval of the signal in HTV-2 to the time interval
measured on the ground.

Solution
a. Identify the knowns: Δτ = 1 s; v = 5830 m/s.

b. Identify the unknown: Δt.

c. Express the answer as an equation:

Δt = γΔτ = Δτ

1 − v2

c2

.

d. Do the calculation. Use the expression for γ to determine Δt from Δτ :

Δt = 1 s

1 − ⎛⎝ 5830 m/s
3.00 × 108 m/s

⎞
⎠

2

= 1.000000000189 s
= 1 s + 1.89 × 10−10 s.

Significance
The very high speed of the HTV-2 is still only 10-5 times the speed of light. Relativistic effects for the HTV-2 are
negligible for almost all purposes, but are not zero.

Example 38.2

What Speeds are Relativistic?

How fast must a vehicle travel for 1 second of time measured on a passenger’s watch in the vehicle to differ by
1% for an observer measuring it from the ground outside?

Solution
Use the time dilation formula to find v/c for the given ratio of times.

Solution
a. Identify the known:

Δτ
Δt = 1

1.01.

b. Identify the unknown: v/c

c. Express the answer as an equation:
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Δt = γΔτ = 1
1 − v2/c2

Δτ

Δτ
Δt = 1 − v2/c2

⎛
⎝Δτ
Δt
⎞
⎠

2
= 1 − v2

c2

v
c = 1 − (Δτ/Δt)2.

d. Do the calculation:

v
c = 1 − (1/1.01)2

= 0.14.

Significance
The result shows that an object must travel at very roughly 10% of the speed of light for its motion to produce
significant relativistic time dilation effects.

Example 38.3

Calculating Δt for a Relativistic Event

Suppose a cosmic ray colliding with a nucleus in Earth’s upper atmosphere produces a muon that has a velocity 
v = 0.950c. The muon then travels at constant velocity and lives 2.20 μs as measured in the muon’s frame of 
reference. (You can imagine this as the muon’s internal clock.) How long does the muon live as measured by an 
earthbound observer (Figure 38.5)?

Figure 38.5 A muon in Earth’s atmosphere lives longer as measured by 
an earthbound observer than as measured by the muon’s internal clock.

As we will discuss later, in the muon’s reference frame, it travels a shorter distance than measured in Earth’s
reference frame.

Solution
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A clock moving with the muon measures the proper time of its decay process, so the time we are given is
Δτ = 2.20μs. The earthbound observer measures Δt as given by the equation Δt = γΔτ. Because the velocity

is given, we can calculate the time in Earth’s frame of reference.

Solution
a. Identify the knowns: v = 0.950c, Δτ = 2.20μs.

b. Identify the unknown: Δt.

c. Express the answer as an equation. Use:

Δt = γΔτ

with

γ = 1

1 − v2

c2

.

d. Do the calculation. Use the expression for γ to determine Δt from Δτ :

Δt = γΔτ

= 1

1 − v2

c2

Δτ

= 2.20μs
1 − (0.950)2

= 7.05 μs.

Remember to keep extra significant figures until the final answer.

Significance
One implication of this example is that because γ = 3.20 at 95.0% of the speed of light (v = 0.950c), the

relativistic effects are significant. The two time intervals differ by a factor of 3.20, when classically they would
be the same. Something moving at 0.950c is said to be highly relativistic.

Example 38.4

Relativistic Television

A non-flat screen, older-style television display (Figure 38.6) works by accelerating electrons over a 
short distance to relativistic speed, and then using electromagnetic fields to control where the electron beam 
strikes a
fluorescent layer at the front of the tube. Suppose the electrons travel at 6.00 × 107 m/s through a distance of
0.200 m from the start of the beam to the screen. (a) What is the time of travel of an electron in the rest frame of 
the television set? (b) What is the electron’s time of travel in its own rest frame?
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Figure 38.6 The electron beam in a cathode ray tube television display.

Solution
(a) Calculate the time from vt = d. Even though the speed is relativistic, the calculation is entirely in one frame 
of reference, and relativity is therefore not involved.

Solution
a. Identify the knowns:

v = 6.00 × 107 m/s; d = 0.200 m.
b. Identify the unknown: the time of travel Δt.

c. Express the answer as an equation:

Δt = d
v .

d. Do the calculation:

t = 0.200 m
6.00 × 107 m/s

= 3.33 × 10−9 s.

Solution
The time of travel is extremely short, as expected. Because the calculation is entirely within a single frame of
reference, relativity is not involved, even though the electron speed is close to c.

Solution
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38.2

(b) In the frame of reference of the electron, the vacuum tube is moving and the electron is stationary. The
electron-emitting cathode leaves the electron and the front of the vacuum tube strikes the electron with the
electron at the same location. Therefore we use the time dilation formula to relate the proper time in the electron
rest frame to the time in the television frame.

Solution
a. Identify the knowns (from part a):

Δt = 3.33 × 10−9 s; v = 6.00 × 107 m/s; d = 0.200 m.
b. Identify the unknown: τ.

c. Express the answer as an equation:

Δt = γΔτ = Δτ
1 − v2/c2

Δτ = Δt 1 − v2/c2.
d. Do the calculation:

Δτ = ⎛⎝3.33 × 10−9 s⎞⎠ 1 − ⎛⎝6.00 × 107 m/s
3.00 × 108 m/s

⎞
⎠

2

= 3.26 × 10−9 s.

Significance
The time of travel is shorter in the electron frame of reference. Because the problem requires finding the time
interval measured in different reference frames for the same process, relativity is involved. If we had tried to
calculate the time in the electron rest frame by simply dividing the 0.200 m by the speed, the result would be
slightly incorrect because of the relativistic speed of the electron.

Check Your Understanding What is γ if v = 0.650c?

The Twin Paradox
An intriguing consequence of time dilation is that a space traveler moving at a high velocity relative to Earth would age 
less than the astronaut’s earthbound twin. This is often known as the twin paradox. Imagine the astronaut moving at such a 
velocity that γ = 30.0, as in Figure 38.7. A trip that takes 2.00 years in her frame would take 60.0 years in the earthbound

twin’s frame. Suppose the astronaut travels 1.00 year to another star system, briefly explores the area, and then travels 1.00 
year back. An astronaut who was 40 years old at the start of the trip would be would be 42 when the spaceship returns. 
Everything on Earth, however, would have aged 60.0 years. The earthbound twin, if still alive, would be 100 years old.

The situation would seem different to the astronaut in Figure 38.7. Because motion is relative, the spaceship would seem 
to be stationary and Earth would appear to move. (This is the sensation you have when flying in a jet.) Looking out the 
window of the spaceship, the astronaut would see time slow down on Earth by a factor of γ = 30.0. Seen from the 
spaceship, the
earthbound sibling will have aged only 2/30, or 0.07, of a year, whereas the astronaut would have aged 2.00 years.
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38.3

Figure 38.7 The twin paradox consists of the conflicting 
conclusions about which twin ages more as a result of a long 
space journey at relativistic speed.

The paradox here is that the two twins cannot both be correct. As with all paradoxes, conflicting conclusions come from
a false premise. In fact, the astronaut’s motion is significantly different from that of the earthbound twin. The astronaut
accelerates to a high velocity and then decelerates to view the star system. To return to Earth, she again accelerates and
decelerates. The spacecraft is not in a single inertial frame to which the time dilation formula can be directly applied. That
is, the astronaut twin changes inertial references. The earthbound twin does not experience these accelerations and remains
in the same inertial frame. Thus, the situation is not symmetric, and it is incorrect to claim that the astronaut observes the
same effects as her twin. The lack of symmetry between the twins will be still more evident when we analyze the journey
later in this chapter in terms of the path the astronaut follows through four-dimensional space-time.

In 1971, American physicists Joseph Hafele and Richard Keating verified time dilation at low relative velocities by flying
extremely accurate atomic clocks around the world on commercial aircraft. They measured elapsed time to an accuracy of
a few nanoseconds and compared it with the time measured by clocks left behind. Hafele and Keating’s results were within
experimental uncertainties of the predictions of relativity. Both special and general relativity had to be taken into account,
because gravity and accelerations were involved as well as relative motion.

Check Your Understanding a. A particle travels at 1.90 × 108 m/s and lives 2.10 × 10−8 s when at
rest relative to an observer. How long does the particle live as viewed in the laboratory?

b. Spacecraft A and B pass in opposite directions at a relative speed of 4.00 × 107 m/s. An internal clock in
spacecraft A causes it to emit a radio signal for 1.00 s. The computer in spacecraft B corrects for the beginning
and end of the signal having traveled different distances, to calculate the time interval during which ship A was
emitting the signal. What is the time interval that the computer in spacecraft B calculates?
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Learning Objectives

By the end of this section, you will be able to:

38.4.1 Explain how simultaneity and length contraction are related.
38.4.2 Describe the relation between length contraction and time dilation and use it to derive 
the length-contraction equation.

The length of the train car in Figure 38.8 is the same for all the passengers. All of them would agree on the 
simultaneous location of the two ends of the car and obtain the same result for the distance between them. But simultaneous 
events in one inertial frame need not be simultaneous in another. If the train could travel at relativistic speeds, an observer 
on the ground would see the simultaneous locations of the two endpoints of the car at a different distance apart than 
observers inside the car. Measured distances need not be the same for different observers when relativistic speeds are 
involved.

Figure 38.8 People might describe distances differently, but 
at relativistic speeds, the distances really are different. (credit:
“russavia”/Flickr)

Proper Length
Two observers passing each other always see the same value of their relative speed. Even though time dilation implies that 
the train passenger and the observer standing alongside the tracks measure different times for the train to pass, they still 
agree that relative speed, which is distance divided by elapsed time, is the same. If an observer on the ground and one on the 
train measure a different time for the length of the train to pass the ground observer, agreeing on their relative speed means 
they must also see different distances traveled.

The muon discussed in ... illustrates this concept (Figure 38.9). To an observer on Earth, the muon travels at 0.950c for 
7.05 μs from the time it is produced until it decays. Therefore, it travels a distance relative to Earth of:

L0 = vΔt = (0.950)(3.00 × 108 m/s)(7.05 × 10−6 s⎞⎠ = 2.01 km.

In the muon frame, the lifetime of the muon is 2.20 μs. In this frame of reference, the Earth, air, and ground have only 
enough time to travel:

L = vΔτ = (0.950)(3.00 × 108 m/s)(2.20 × 10−6 s) km = 0.627 km.

The distance between the same two events (production and decay of a muon) depends on who measures it and how they are 
moving relative to it.
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Proper length L0 is the distance between two points measured by an observer who is at rest relative to both of the

points.

The earthbound observer measures the proper length L0 because the points at which the muon is produced and decays are

stationary relative to Earth. To the muon, Earth, air, and clouds are moving, so the distance L it sees is not the proper length.

Figure 38.9 (a) The earthbound observer sees the muon travel 2.01 km. (b) The same path has length 0.627 km seen from the 
muon’s frame of reference. The Earth, air, and clouds are moving relative to the muon in its frame, and have smaller lengths 
along the direction of travel.

Length Contraction
To relate distances measured by different observers, note that the velocity relative to the earthbound observer in our muon 
example is given by

v = L0
Δt .

The time relative to the earthbound observer is Δt, because the object being timed is moving relative to this observer. The
velocity relative to the moving observer is given by

v = L
Δτ .

The moving observer travels with the muon and therefore observes the proper time Δτ. The two velocities are identical;
thus,

L0
Δt = L

Δτ .

We know that Δt = γΔτ. Substituting this equation into the relationship above gives

(38.3)L = L0
γ .

Substituting for γ gives an equation relating the distances measured by different observers.

Length Contraction

Length contraction is the decrease in the measured length of an object from its proper length when measured in a
reference frame that is moving with respect to the object:

L = L0 1 − v2

c2

where L0 is the length of the object in its rest frame, and L is the length in the frame moving with velocity v.
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L0 that would be measured if the object were stationary. For example, in the muon’s rest frame, the distance Earth moves 
between where the muon was produced and where it decayed is shorter than the distance traveled as seen from the Earth’s 
frame. Those points are fixed relative to Earth but are moving relative to the muon. Clouds and other objects are also 
contracted along the direction of motion as seen from muon’s rest frame.

Thus, two observers measure different distances along their direction of relative motion, depending on which one is 
measuring distances between objects at rest.

But what about distances measured in a direction perpendicular to the relative motion? Imagine two observers moving along 
their x-axes and passing each other while holding meter sticks vertically in the y-direction. Figure 38.10 shows two 
meter sticks M and M′ that are at rest in the reference frames of two boys S and S′, respectively. A small paintbrush is 
attached
to the top (the 100-cm mark) of stick M′. Suppose that S′ is moving to the right at a very high speed v relative to S, and the 
sticks are oriented so that they are perpendicular, or transverse, to their relative velocity vector. The sticks are held so that 
as they pass each other, their lower ends (the 0-cm marks) coincide. Assume that when S looks at his stick M afterwards, 
he finds a line painted on it, just below the top of the stick. Because the brush is attached to the top of the other boy’s stick 
M′, S can only conclude that stick M′ is less than 1.0 m long.

Figure 38.10 Meter sticks M and M′ are stationary in the 
reference frames of observers S and S′, respectively. As the sticks 
pass, a small brush attached to the 100-cm mark of M′ paints a line 
on M.

Now when the boys approach each other, S′, like S, sees a meter stick moving toward him with speed v. Because their
situations are symmetric, each boy must make the same measurement of the stick in the other frame. So, if S measures stick
M′ to be less than 1.0 m long, S′ must measure stick M to be also less than 1.0 m long, and S′ must see his paintbrush
pass over the top of stick M and not paint a line on it. In other words, after the same event, one boy sees a painted line on a
stick, while the other does not see such a line on that same stick!

Einstein’s first postulate requires that the laws of physics (as, for example, applied to painting) predict that S and S′, who
are both in inertial frames, make the same observations; that is, S and S′ must either both see a line painted on stick M, or
both not see that line. We are therefore forced to conclude our original assumption that S saw a line painted below the top
of his stick was wrong! Instead, S finds the line painted right at the 100-cm mark on M. Then both boys will agree that a
line is painted on M, and they will also agree that both sticks are exactly 1 m long. We conclude then that measurements of
a transverse length must be the same in different inertial frames.

Example 38.5

Calculating Length Contraction

Suppose an astronaut, such as the twin in the twin paradox discussion, travels so fast that γ = 30.00. (a) The

astronaut travels from Earth to the nearest star system, Alpha Centauri, 4.300 light years (ly) away as measured
by an earthbound observer. How far apart are Earth and Alpha Centauri as measured by the astronaut? (b) In terms
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(Figure 38.11).

Figure 38.11 (a) The earthbound observer measures the proper distance between Earth and Alpha Centauri. (b) The 
astronaut observes a length contraction because Earth and Alpha Centauri move relative to her ship. She can travel this 
shorter distance in a smaller time (her proper time) without exceeding the speed of light.

Solution
First, note that a light year (ly) is a convenient unit of distance on an astronomical scale—it is the distance light
travels in a year. For part (a), the 4.300-ly distance between Alpha Centauri and Earth is the proper distance L0, 

because it is measured by an earthbound observer to whom both stars are (approximately) stationary. To the

astronaut, Earth and Alpha Centauri are moving past at the same velocity, so the distance between them is the 
contracted length L. In part (b), we are given γ, so we can find v by rearranging the definition of γ to express v 
in terms of c.

Solution
For part (a):

a. Identify the knowns: L0 = 4.300 ly; γ = 30.00.

b. Identify the unknown: L.

c. Express the answer as an equation: L = L0
γ .

d. Do the calculation:
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L = L0
γ

= 4.300 ly
30.00

= 0.1433 ly.

Solution
For part (b):

a. Identify the known: γ = 30.00.

b. Identify the unknown: v in terms of c.

c. Express the answer as an equation. Start with:

γ = 1

1 − v2

c2

.

Then solve for the unknown v/c by first squaring both sides and then rearranging:

γ2 = 1
1 − v2

c2

v2

c2 = 1 − 1
γ2

v
c = 1 − 1

γ2.

d. Do the calculation:

v
c = 1 − 1

γ2

= 1 − 1
(30.00)2

= 0.99944

or

v = 0.9994 c.

Significance
Remember not to round off calculations until the final answer, or you could get erroneous results. This is
especially true for special relativity calculations, where the differences might only be revealed after several
decimal places. The relativistic effect is large here ⎛

⎝γ = 30.00⎞⎠, and we see that v is approaching (not equaling)

the speed of light. Because the distance as measured by the astronaut is so much smaller, the astronaut can travel
it in much less time in her frame.

People traveling at extremely high velocities could cover very large distances (thousands or even millions of light years) and
age only a few years on the way. However, like emigrants in past centuries who left their home, these people would leave the
Earth they know forever. Even if they returned, thousands to millions of years would have passed on Earth, obliterating most
of what now exists. There is also a more serious practical obstacle to traveling at such velocities; immensely greater energies
would be needed to achieve such high velocities than classical physics predicts can be attained. This will be discussed later
in the chapter.
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38.4

Why don’t we notice length contraction in everyday life? The distance to the grocery store does not seem to depend on

whether we are moving or not. Examining the equation L = L0 1 − v2

c2, we see that at low velocities (v<<c), the

lengths are nearly equal, which is the classical expectation. But length contraction is real, if not commonly experienced. For 
example, a charged particle such as an electron traveling at relativistic velocity has electric field lines that are compressed 
along the direction of motion as seen by a stationary observer (Figure 38.12). As the electron passes a detector, such as 
a coil of wire, its field interacts much more briefly, an effect observed at particle accelerators such as the 3-km-long 
Stanford Linear Accelerator (SLAC). In fact, to an electron traveling down the beam pipe at SLAC, the accelerator and 
Earth are all moving by and are length contracted. The relativistic effect is so great that the accelerator is only 0.5 m long to 
the electron. It is actually easier to get the electron beam down the pipe, because the beam does not have to be as precisely 
aimed to get down a short pipe as it would to get down a pipe 3 km long. This, again, is an experimental verification of the 
special theory of relativity.

Figure 38.12 The electric field lines of a high-velocity 
charged particle are compressed along the direction of motion by 
length contraction, producing an observably different signal as 
the particle goes through a coil.

Check Your Understanding A particle is traveling through Earth’s atmosphere at a speed of 0.750c. To
an earthbound observer, the distance it travels is 2.50 km. How far does the particle travel as viewed from the
particle’s reference frame?

38.5 | The Lorentz Transformation

Learning Objectives
38.5.1 Describe the Galilean transformation of classical mechanics, relating the position, 
time, velocities, and accelerations measured in different inertial frames
38.5.2 Derive the corresponding Lorentz transformation equations, which, in contrast to 
the Galilean transformation, are consistent with special relativity
38.5.3 Explain the Lorentz transformation and many of the features of relativity in terms of 
four-dimensional space-time
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We have used the postulates of relativity to examine, in particular examples, how observers in different frames of reference 
measure different values for lengths and the time intervals. We can gain further insight into how the postulates of relativity 
change the Newtonian view of time and space by examining the transformation equations that give the space and time 
coordinates of events in one inertial reference frame in terms of those in another. We first examine how position and 
time coordinates transform between inertial frames according to the view in Newtonian physics. Then we examine how 
this has to be changed to agree with the postulates of relativity. Finally, we examine the resulting Lorentz transformation 
equations and some of their consequences in terms of four-dimensional space-time diagrams, to support the view that the 
consequences of special relativity result from the properties of time and space itself, rather than electromagnetism.
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An event is specified by its location and time (x, y, z, t) relative to one particular inertial frame of reference S. As an
example, (x, y, z, t) could denote the position of a particle at time t, and we could be looking at these positions for many
different times to follow the motion of the particle. Suppose a second frame of reference S′ moves with velocity v with
respect to the first. For simplicity, assume this relative velocity is along the x-axis. The relation between the time and
coordinates in the two frames of reference is then

x = x′ + vt, y = y′, z = z′.

Implicit in these equations is the assumption that time measurements made by observers in both S and S′ are the same.
That is,

t = t′.

These four equations are known collectively as the Galilean transformation.

We can obtain the Galilean velocity and acceleration transformation equations by differentiating these equations with
respect to time. We use u for the velocity of a particle throughout this chapter to distinguish it from v, the relative velocity
of two reference frames. Note that, for the Galilean transformation, the increment of time used in differentiating to calculate
the particle velocity is the same in both frames, dt = dt′. Differentiation yields

ux = ux′ + v, uy = uy′ , uz = uz′

and

ax = ax′ , ay = ay′ , az = az′ .

We denote the velocity of the particle by u rather than v to avoid confusion with the velocity v of one frame of reference
with respect to the other. Velocities in each frame differ by the velocity that one frame has as seen from the other frame.
Observers in both frames of reference measure the same value of the acceleration. Because the mass is unchanged by the
transformation, and distances between points are uncharged, observers in both frames see the same forces F = ma acting
between objects and the same form of Newton’s second and third laws in all inertial frames. The laws of mechanics are
consistent with the first postulate of relativity.

The Lorentz Transformation Equations
The Galilean transformation nevertheless violates Einstein’s postulates, because the velocity equations state that a pulse of
light moving with speed c along the x-axis would travel at speed c − v in the other inertial frame. Specifically, the spherical
pulse has radius r = ct at time t in the unprimed frame, and also has radius r′ = ct′ at time t′ in the primed frame.
Expressing these relations in Cartesian coordinates gives

x2 + y2 + z2 − c2 t2 = 0

x′2 + y′2 + z′2 − c2 t′2 = 0.

The left-hand sides of the two expressions can be set equal because both are zero. Because y = y′ and z = z′, we obtain

(38.4)x2 − c2 t2 = x′2 − c2 t′2.

This cannot be satisfied for nonzero relative velocity v of the two frames if we assume the Galilean transformation results 
in t = t′ with x = x′ + vt′.

To find the correct set of transformation equations, assume the two coordinate systems S and S′ in Figure 38.13. 
First suppose that an event occurs at (x′, 0, 0, t′) in S′ and at (x, 0, 0, t) in S, as depicted in the figure.
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Figure 38.13 An event occurs at (x, 0, 0, t) in S and at
(x′, 0, 0, t′) in S′. The Lorentz transformation equations relate 
events in the two systems.

Suppose that at the instant that the origins of the coordinate systems in S and S′ coincide, a flash bulb emits a spherically
spreading pulse of light starting from the origin. At time t, an observer in S finds the origin of S′ to be at x = vt. With
the help of a friend in S, the S′ observer also measures the distance from the event to the origin of S′ and finds it to be

x′ 1 − v2 /c2. This follows because we have already shown the postulates of relativity to imply length contraction. Thus
the position of the event in S is

x = vt + x′ 1 − v2 /c2

and

x′ = x − vt
1 − v2 /c2

.

The postulates of relativity imply that the equation relating distance and time of the spherical wave front:

x2 + y2 + z2 − c2 t2 = 0

must apply both in terms of primed and unprimed coordinates, which was shown above to lead to Equation 38.4:

x2 − c2 t2 = x′2 − c2 t′2.

We combine this with the equation relating x and x′ to obtain the relation between t and t′ :

t′ = t − vx/c2

1 − v2 /c2
.

The equations relating the time and position of the events as seen in S are then

t = t′ + vx′/c2

1 − v2 /c2

x = x′ + vt′
1 − v2 /c2

y = y′
z = z′.
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This set of equations, relating the position and time in the two inertial frames, is known as the Lorentz transformation. 
They are named in honor of H.A. Lorentz (1853–1928), who first proposed them. Interestingly, he justified the 
transformation on what was eventually discovered to be a fallacious hypothesis. The correct theoretical basis is Einstein’s 
special theory of relativity.
The reverse transformation expresses the variables in S in terms of those in S′. Simply interchanging the primed and 
unprimed variables and substituting gives:
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1 − v2 /c2

x′ = x − vt
1 − v2 /c2

y′ = y
z′ = z.

Example 38.6

Using the Lorentz Transformation for Time

Spacecraft S′ is on its way to Alpha Centauri when Spacecraft S passes it at relative speed c/2. The captain of
S′ sends a radio signal that lasts 1.2 s according to that ship’s clock. Use the Lorentz transformation to find the
time interval of the signal measured by the communications officer of spaceship S.

Solution
a. Identify the known: Δt′ = t2′ − t1′ = 1.2 s; Δx′ = x′2 − x′1 = 0.

b. Identify the unknown: Δt = t2 − t1.

c. Express the answer as an equation. The time signal starts as ⎛
⎝x′, t1′⎞⎠ and stops at ⎛

⎝x′, t2′⎞⎠. Note

that the x′ coordinate of both events is the same because the clock is at rest in S′. Write the first
Lorentz transformation equation in terms of Δt = t2 − t1, Δx = x2 − x1, and similarly for the primed

coordinates, as:

Δt = Δt′ + vΔx′/c2

1 − v2

c2

.

Because the position of the clock in S′ is fixed, Δx′ = 0, and the time interval Δt becomes:

Δt = Δt′

1 − v2

c2

.

d. Do the calculation.
With Δt′ = 1.2 s this gives:

Δt = 1.2 s

1 − ⎛⎝12
⎞
⎠
2

= 1.6 s.

Note that the Lorentz transformation reproduces the time dilation equation.

Example 38.7

Using the Lorentz Transformation for Length
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expression for its length measured from a spaceship S′, moving by at speed 0.20c, assuming the x coordinates
of the two frames coincide at time t = 0.

Solution
a. Identify the known: L = 100 m; v = 0.20c; Δτ = 0.

b. Identify the unknown: L′.

c. Express the answer as an equation. The surveyor in frame S has measured the two ends of the stick
simultaneously, and found them at rest at x2 and x1 a distance L = x2 − x1 = 100 m apart. The

spaceship crew measures the simultaneous location of the ends of the sticks in their frame. To relate
the lengths recorded by observers in S′ and S, respectively, write the second of the four Lorentz
transformation equations as:

x′2 − x′1 = x2 − vt

1 − v2 /c2
− x1 − vt

1 − v2 /c2

= x2 − x1

1 − v2 /c2
= L

1 − v2 /c2
.

d. Do the calculation. Because x′2 − x′1 = 100 m, the length of the moving stick is equal to:

L′ = (100 m) 1 − v2/c2

= (100 m) 1 − (0.20)2

= 98.0 m.

Note that the Lorentz transformation gave the length contraction equation for the street.

Example 38.8

Lorentz Transformation and Simultaneity

The observer shown in Figure 38.14 standing by the railroad tracks sees the two bulbs flash simultaneously 
at both ends of the 26 m long passenger car when the middle of the car passes him at a speed of c/2. Find 
the separation in time between when the bulbs flashed as seen by the train passenger seated in the middle of the 
car.

Figure 38.14 An person watching a train go by observes two bulbs flash simultaneously at opposite 
ends of a passenger car. There is another passenger inside of the car observing the same flashes but from a 
different perspective.
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Solution
a. Identify the known: Δt = 0.

Note that the spatial separation of the two events is between the two lamps, not the distance of the lamp
to the passenger.

b. Identify the unknown: Δt′ = t2′ − t1′ .

Again, note that the time interval is between the flashes of the lamps, not between arrival times for
reaching the passenger.

c. Express the answer as an equation:

Δt = Δt′ + vΔx′/c2

1 − v2 /c2
.

d. Do the calculation:

0 =
Δt′ + c

2(26 m)/c2

1 − v2 /c2

Δt′ = −26 m/s
2c = − 26 m/s

2⎛⎝3.00×108 m/s⎞⎠
Δt′ = −4.33×10−8 s.

Significance
The sign indicates that the event with the larger x2′, namely, the flash from the right, is seen to occur first in the

S′ frame, as found earlier for this example, so that t2 < t1.

Space-time
Relativistic phenomena can be analyzed in terms of events in a four-dimensional space-time. When phenomena such as the
twin paradox, time dilation, length contraction, and the dependence of simultaneity on relative motion are viewed in this
way, they are seen to be characteristic of the nature of space and time, rather than specific aspects of electromagnetism.

In three-dimensional space, positions are specified by three coordinates on a set of Cartesian axes, and the displacement of
one point from another is given by:

⎛
⎝Δx, Δy, Δz⎞⎠ = (x2 − x1, y2 − y1, z2 − z1).

The distance Δr between the points is

Δr2 = (Δx)2 + ⎛
⎝Δy⎞⎠2 + (Δz)2.

The distance Δr is invariant under a rotation of axes. If a new set of Cartesian axes rotated around the origin relative to the
original axes are used, each point in space will have new coordinates in terms of the new axes, but the distance Δr′ given
by

Δr′2 = (Δx′)2 + ⎛
⎝Δy′⎞⎠2 + (Δz′)2.

That has the same value that Δr2 had. Something similar happens with the Lorentz transformation in space-time.

Define the separation between two events, each given by a set of x, y, z¸ and ct along a four-dimensional Cartesian system
of axes in space-time, as

⎛
⎝Δx, Δy, Δz, cΔt⎞⎠ = ⎛

⎝x2 − x1, y2 − y1, z2 − z1, c(t2 − t1)⎞⎠.

Also define the space-time interval Δs between the two events as

Δs2 = (Δx)2 + ⎛
⎝Δy⎞⎠2 + (Δz)2 − (cΔt)2.
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between points in space.

The path of a particle through space-time consists of the events (x, y, z¸ ct) specifying a location at each time of its motion.
The path through space-time is called the world line of the particle. The world line of a particle that remains at rest at the
same location is a straight line that is parallel to the time axis. If the particle moves at constant velocity parallel to the x-
axis, its world line would be a sloped line x = vt, corresponding to a simple displacement vs. time graph. If the particle
accelerates, its world line is curved. The increment of s along the world line of the particle is given in differential form as

ds2 = (dx)2 + ⎛
⎝dy⎞⎠2 + (dz)2 − c2 (dt)2.

Just as the distance Δr is invariant under rotation of the space axes, the space-time interval:

Δs2 = (Δx)2 + ⎛
⎝Δy⎞⎠2 + (Δz)2 − (cΔt)2.

is invariant under the Lorentz transformation. This follows from the postulates of relativity, and can be seen also by
substitution of the previous Lorentz transformation equations into the expression for the space-time interval:

Δs2 = (Δx)2 + ⎛
⎝Δy⎞⎠2 + (Δz)2 − (cΔt)2

=
⎛
⎝
⎜Δx′ + vΔt′

1 − v2 /c2

⎞
⎠
⎟

2

+ ⎛
⎝Δy′⎞⎠2 + (Δz′)2 −

⎛

⎝
⎜
⎜c

Δt′ + vΔx′
c2

1 − v2 /c2

⎞

⎠
⎟
⎟

2

= (Δx′)2 + ⎛
⎝Δy′⎞⎠2 + (Δz′)2 − (cΔt′)2

= Δs′2.

In addition, the Lorentz transformation changes the coordinates of an event in time and space similarly to how a three-
dimensional rotation changes old coordinates into new coordinates:

Lorentz transformation Axis – rotation around z-axis
(x, t coordinates): (x, y coordinates):
x′ = (γ)x + ⎛

⎝−βγ⎞⎠ct x′ = (cos θ)x + (sin θ)y

ct′ = (−βγ)x + (γ)ct y′ = (−sin θ)x + (cos θ)y

where γ = 1
1 − β2

; β = v/c.

Lorentz transformations can be regarded as generalizations of spatial rotations to space-time. However, there are some
differences between a three-dimensional axis rotation and a Lorentz transformation involving the time axis, because of
differences in how the metric, or rule for measuring the displacements Δr and Δs, differ. Although Δr is invariant under
spatial rotations and Δs is invariant also under Lorentz transformation, the Lorentz transformation involving the time axis
does not preserve some features, such as the axes remaining perpendicular or the length scale along each axis remaining the
same.

Note that the quantity Δs2 can have either sign, depending on the coordinates of the space-time events involved. For pairs

of events that give it a negative sign, it is useful to define Δτ2 as −Δs2. The significance of Δτ as just defined follows
by noting that in a frame of reference where the two events occur at the same location, we have Δx = Δy = Δz = 0 and

therefore (from the equation for Δs2 = − Δτ2⎞⎠:

Δτ2 = − Δs2 = (Δt)2.

Therefore Δτ is the time interval Δt in the frame of reference where both events occur at the same location. It is the same
interval of proper time discussed earlier. It also follows from the relation between Δs and that Δτ that because Δs is
Lorentz invariant, the proper time is also Lorentz invariant. All observers in all inertial frames agree on the proper time
intervals between the same two events.

38.5 Check Your Understanding Show that if a time increment dt elapses for an observer who sees the 
particle moving with velocity v, it corresponds to a proper time particle increment for the particle of dτ = γdt.
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We can deal with the difficulty of visualizing and sketching graphs in four dimensions by imagining the three spatial 
coordinates to be represented collectively by a horizontal axis, and the vertical axis to be the ct-axis. Starting with a 
particular event in space-time as the origin of the space-time graph shown, the world line of a particle that remains at rest at 
the initial location of the event at the origin then is the time axis. Any plane through the time axis parallel to the spatial axes 
contains all the events that are simultaneous with each other and with the intersection of the plane and the time axis, as seen 
in the rest frame of the event at the origin.

It is useful to picture a light cone on the graph, formed by the world lines of all light beams passing through the origin event 
A, as shown in Figure 38.15. The light cone, according to the postulates of relativity, has sides at an angle of 45° if the 
time axis is measured in units of ct, and, according to the postulates of relativity, the light cone remains the same in all 
inertial frames. Because the event A is arbitrary, every point in the space-time diagram has a light cone associated with it.

Figure 38.15 The light cone consists of all the world 
lines followed by light from the event A at the vertex of the 
cone.

Consider now the world line of a particle through space-time. Any world line outside of the cone, such as one passing from
A through C, would involve speeds greater than c, and would therefore not be possible. Events such as C that lie outside the
light cone are said to have a space-like separation from event A. They are characterized by:

ΔsAC
2 = (xA − xB)2 + (xA − xB)2 + (xA − xB)2 − (cΔt)2 > 0.

An event like B that lies in the upper cone is reachable without exceeding the speed of light in vacuum, and is characterized
by

ΔsAB
2 = (xA − xB)2 + (xA − xB)2 + (xA − xB)2 − (cΔt)2 < 0.

The event is said to have a time-like separation from A. Time-like events that fall into the upper half of the light cone occur
at greater values of t than the time of the event A at the vertex and are in the future relative to A. Events that have time-like
separation from A and fall in the lower half of the light cone are in the past, and can affect the event at the origin. The region
outside the light cone is labeled as neither past nor future, but rather as “elsewhere.”

For any event that has a space-like separation from the event at the origin, it is possible to choose a time axis that will
make the two events occur at the same time, so that the two events are simultaneous in some frame of reference. Therefore,
which of the events with space-like separation comes before the other in time also depends on the frame of reference of
the observer. Since space-like separations can be traversed only by exceeding the speed of light; this violation of which
event can cause the other provides another argument for why particles cannot travel faster than the speed of light, as well as
potential material for science fiction about time travel. Similarly for any event with time-like separation from the event at
the origin, a frame of reference can be found that will make the events occur at the same location. Because the relations

ΔsAC
2 = (xA − xB)2 + (xA − xB)2 + (xA − xB)2 − (cΔt)2 > 0
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Δs2
AB = (xA − xB)2 + (xA − xB)2 + (xA − xB)2 − (cΔt)2 < 0.

are Lorentz invariant, whether two events are time-like and can be made to occur at the same place or space-like and can be 
made to occur at the same time is the same for all observers. All observers in different inertial frames of reference agree on 
whether two events have a time-like or space-like separation.

The twin paradox seen in space-time
The twin paradox discussed earlier involves an astronaut twin traveling at near light speed to a distant star system, and 
returning to Earth. Because of time dilation, the space twin is predicted to age much less than the earthbound twin. This 
seems paradoxical because we might have expected at first glance for the relative motion to be symmetrical and naively 
thought it possible to also argue that the earthbound twin should age less.

To analyze this in terms of a space-time diagram, assume that the origin of the axes used is fixed in Earth. The world line of 
the earthbound twin is then along the time axis.
The world line of the astronaut twin, who travels to the distant star and then returns, must deviate from a straight line path 
in order to allow a return trip. As seen in Figure 38.16, the circumstances of the two twins are not at all symmetrical. 
Their paths in space-time are of manifestly different length. Specifically, the world line of the earthbound twin has length 
2cΔt, which then gives the proper time that elapses for the earthbound twin as 2Δt. The distance to the distant star system 
is Δx = vΔt. The proper time that elapses for the space twin is 2Δτ where

c2 Δτ2 = − Δs2 = (cΔt)2 − (Δx)2.

This is considerably shorter than the proper time for the earthbound twin by the ratio

cΔτ
cΔt = (cΔt)2 − (Δx)2

(cΔt)2 = (cΔt)2 − (vΔt)2

(cΔt)2

= 1 − v2

c2 = 1
γ .

consistent with the time dilation formula. The twin paradox is therefore seen to be no paradox at all. The situation of the
two twins is not symmetrical in the space-time diagram. The only surprise is perhaps that the seemingly longer path on the
space-time diagram corresponds to the smaller proper time interval, because of how Δτ and Δs depend on Δx and Δt.

Figure 38.16 The space twin and the earthbound twin, in 
the twin paradox example, follow world lines of different 
length through space-time.

v
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Lorentz transformations in space-time
We have already noted how the Lorentz transformation leaves

Δs2 = (Δx)2 + ⎛⎝Δy⎞⎠2 + (Δz)2 − (cΔt)2

unchanged and corresponds to a rotation of axes in the four-dimensional space-time. If the S and S′ frames are in relative 
motion along their shared x-direction the space and time axes of S′ are rotated by an angle α as seen from S, in the way 
shown in shown in Figure 38.17, where:

tanα = c = β.
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symmetrically in a scissors-like way, as shown. The rotation of the time and space axes are both through the same angle.
The mesh of dashed lines parallel to the two axes show how coordinates of an event would be read along the primed axes.
This would be done by following a line parallel to the x′ and one parallel to the t′ -axis, as shown by the dashed lines. The
length scale of both axes are changed by:

ct′ = ct 1 + β2

1 − β2; x′ = x 1 + β2

1 − β2.

The line labeled “v = c” at 45° to the x-axis corresponds to the edge of the light cone, and is unaffected by the Lorentz
transformation, in accordance with the second postulate of relativity. The “v = c” line, and the light cone it represents, are
the same for both the S and S′ frame of reference.

Figure 38.17 The Lorentz transformation results in new 
space and time axes rotated in a scissors-like way with respect 
to the original axes.

Simultaneity
Simultaneity of events at separated locations depends on the frame of reference used to describe them, as given by the 
scissors-like “rotation” to new time and space coordinates as described. If two events have the same t values in the unprimed 
frame of reference, they need not have the same values measured along the ct′-axis, and would then not be simultaneous 
in the primed frame.

As a specific example, consider the near-light-speed train in which flash lamps at the two ends of the car have flashed 
simultaneously in the frame of reference of an observer on the ground. The space-time graph is shown Figure 38.18. 
The flashes of the two lamps are represented by the dots labeled “Left flash lamp” and “Right flash lamp” that lie on the 
light cone in the past. The world line of both pulses travel along the edge of the light cone to arrive at the observer on the 
ground simultaneously. Their arrival is the event at the origin. They therefore had to be emitted simultaneously in the 
unprimed frame, as represented by the point labeled as t(both). But time is measured along the ct′-axis in the frame of 
reference of the observer seated in the middle of the train car. So in her frame of reference, the emission event of the bulbs 
labeled as t′(left) and t′ (right) were not simultaneous.
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Figure 38.18 The train example revisited. The flashes occur at the same 
time t(both) along the time axis of the ground observer, but at different times, 
along
the t′ time axis of the passenger.

In terms of the space-time diagram, the two observers are merely using different time axes for the same events because 
they are in different inertial frames, and the conclusions of both observers are equally valid. As the analysis in terms of the 
space-time diagrams further suggests, the property of how simultaneity of events depends on the frame of reference results 
from the properties of space and time itself, rather than from anything specifically about electromagnetism.

38.6 | Relativistic Velocity Transformation

Learning Objectives

By the end of this section, you will be able to:

38.6.1 Derive the equations consistent with special relativity for transforming velocities in 
one inertial frame of reference into another.
38.6.2 Apply the velocity transformation equations to objects moving at relativistic speeds.
38.6.3 Examine how the combined velocities predicted by the relativistic transformation 
equations compare with those expected classically.

Remaining in place in a kayak in a fast-moving river takes effort. The river current pulls the kayak along. Trying to paddle
against the flow can move the kayak upstream relative to the water, but that only accounts for part of its velocity relative to
the shore. The kayak’s motion is an example of how velocities in Newtonian mechanics combine by vector addition. The
kayak’s velocity is the vector sum of its velocity relative to the water and the water’s velocity relative to the riverbank.
However, the relativistic addition of velocities is quite different.
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Imagine a car traveling at night along a straight road, as in Figure 38.19. The driver sees the light leaving the 
headlights at speed c within the car’s frame of reference. If the Galilean transformation applied to light, then the light 
from the car’s headlights would approach the pedestrian at a speed u = v + c, contrary to Einstein’s postulates.

Figure 38.19 According to experimental results and the second postulate of relativity, light from the car’s headlights moves 
away from the car at speed c and toward the observer on the sidewalk at speed c.

Both the distance traveled and the time of travel are different in the two frames of reference, and they must differ in a way 
that makes the speed of light the same in all inertial frames. The correct rules for transforming velocities from one frame to 
another can be obtained from the Lorentz transformation equations.

Relativistic Transformation of Velocity
Suppose an object P is moving at constant velocity u = ⎛⎝u′x, u′y, u′z⎞⎠ as measured in the S′ frame. The S′ frame is moving

along its x′-axis at velocity v. In an increment of time dt′ , the particle is displaced by dx′ along the x′-axis. Applying 
the Lorentz transformation equations gives the corresponding increments of time and displacement in the unprimed axes:

dt = γ⎛⎝dt′ + vdx′ /c2⎞⎠
dx = γ(dx′ + vdt′)
dy = dy′
dz = dz′.

The velocity components of the particle seen in the unprimed coordinate system are then

dx
dt = γ(dx′ + vdt′)

γ⎛⎝dt′ + vdx′/c2⎞⎠
=

dx′
dt′ + v

1 + v
c2

dx′
dt′

dy
dt = dy′

γ⎛⎝dt′ + vdx′/c2⎞⎠
=

dy′
dt′

γ⎛⎝1 + v
c2

dx′
dt′
⎞
⎠

dz
dt = dz′

γ⎛⎝dt′ + vdx′/c2⎞⎠
=

dz′
dt′

γ⎛⎝1 + v
c2

dx′
dt′
⎞
⎠
.
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ux =
⎛
⎝
⎜ ux′ + v
1 + vux′ /c2

⎞
⎠
⎟, uy =

⎛
⎝
⎜ uy′ /γ
1 + vux′ /c2

⎞
⎠
⎟, uz =

⎛
⎝
⎜ uz′ /γ
1 + vux′ /c2

⎞
⎠
⎟.

Compare this with how the Galilean transformation of classical mechanics says the velocities transform, by adding simply
as vectors:

ux = ux′ + u, uy = uy′ , uz = uz′ .

When the relative velocity of the frames is much smaller than the speed of light, that is, when v ≪ c, the special relativity
velocity addition law reduces to the Galilean velocity law. When the speed v of S′ relative to S is comparable to the speed
of light, the relativistic velocity addition law gives a much smaller result than the classical (Galilean) velocity addition
does.

Example 38.9

Velocity Transformation Equations for Light

Suppose a spaceship heading directly toward Earth at half the speed of light sends a signal to us on a laser-
produced beam of light (Figure 38.20). Given that the light leaves the ship at speed c as observed from the 
ship, calculate the speed at which it approaches Earth.

Figure 38.20 How fast does a light signal approach Earth if sent from 
a spaceship traveling at 0.500c?

Solution
Because the light and the spaceship are moving at relativistic speeds, we cannot use simple velocity addition.
Instead, we determine the speed at which the light approaches Earth using relativistic velocity addition.

Solution
a. Identify the knowns: v = 0.500c; u′ = c.

b. Identify the unknown: u.

c. Express the answer as an equation: u = v + u′
1 + vu′

c2
.

d. Do the calculation:
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u = v + u′
1 + vu′

c2

= 0.500c + c
1 + (0.500c)(c)

c2

= (0.500 + 1)c
⎛
⎝c

2 + 0.500c2

c2
⎞
⎠

= c.

Significance
Relativistic velocity addition gives the correct result. Light leaves the ship at speed c and approaches Earth at
speed c. The speed of light is independent of the relative motion of source and observer, whether the observer is
on the ship or earthbound.

Velocities cannot add to greater than the speed of light, provided that v is less than c and u′ does not exceed c. The
following example illustrates that relativistic velocity addition is not as symmetric as classical velocity addition.

Example 38.10

Relativistic Package Delivery

Suppose the spaceship in the previous example approaches Earth at half the speed of light and shoots a canister 
at a speed of 0.750c (Figure 38.21). (a) At what velocity does an earthbound observer see the canister if it is 
shot directly toward Earth? (b) If it is shot directly away from Earth?

Figure 38.21 A canister is fired at 0.7500c toward Earth or away from Earth.

Solution
Because the canister and the spaceship are moving at relativistic speeds, we must determine the speed of the 
canister by an earthbound observer using relativistic velocity addition instead of simple velocity addition.

Solution
a. Identify the knowns: v = 0.500c; u′ = 0.750c.

b. Identify the unknown: u.
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c. Express the answer as an equation: u = v + u′
1 + vu′

c2
.

d. Do the calculation:

u = v + u′
1 + vu′

c2

= 0.500c + 0.750c
1 + (0.500c)(0.750c)

c2

= 0.909c.

Solution
a. Identify the knowns: v = 0.500c; u′ = −0.750c.

b. Identify the unknown: u.

c. Express the answer as an equation: u = v + u′
1 + vu′

c2
.

d. Do the calculation:

u = v + u′
1 + vu′

c2

= 0.500c + (−0.750c)
1 + (0.500c)(−0.750c)

c2

= −0.400c.

Significance
The minus sign indicates a velocity away from Earth (in the opposite direction from v), which means the canister
is heading toward Earth in part (a) and away in part (b), as expected. But relativistic velocities do not add as
simply as they do classically. In part (a), the canister does approach Earth faster, but at less than the vector
sum of the velocities, which would give 1.250c. In part (b), the canister moves away from Earth at a velocity
of −0.400c, which is faster than the −0.250c expected classically. The differences in velocities are not even
symmetric: In part (a), an observer on Earth sees the canister and the ship moving apart at a speed of 0.409c, and
at a speed of 0.900c in part (b).

38.6 Check Your Understanding Distances along a direction perpendicular to the relative motion of the 
two frames are the same in both frames. Why then are velocities perpendicular to the x-direction different in the 
two frames?
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Learning Objectives

By the end of this section, you will be able to:

38.7.1 Explain the origin of the shift in frequency and wavelength of the observed 
wavelength when observer and source moved toward or away from each other
38.7.2 Derive an expression for the relativistic Doppler shift
38.7.3 Apply the Doppler shift equations to real-world examples

As discussed in the chapter on sound, if a source of sound and a listener are moving farther apart, the listener encounters 
fewer cycles of a wave in each second, and therefore lower frequency, than if their separation remains constant. For the 
same reason, the listener detects a higher frequency if the source and listener are getting closer. The resulting Doppler shift 
in detected frequency occurs for any form of wave. For sound waves, however, the equations for the Doppler shift differ 
markedly depending on whether it is the source, the observer, or the air, which is moving. Light requires no medium, and 
the Doppler shift for light traveling in vacuum depends only on the relative speed of the observer and source.

The Relativistic Doppler Effect
Suppose an observer in S sees light from a source in S′ moving away at velocity v (Figure 38.22). The wavelength of 
the
light could be measured within S′ —for example, by using a mirror to set up standing waves and measuring the distance

between nodes. These distances are proper lengths with S′ as their rest frame, and change by a factor 1 − v2/c2 when
measured in the observer’s frame S, where the ruler measuring the wavelength in S′ is seen as moving.

Figure 38.22 (a) When a light wave is emitted by a source fixed 
in
the moving inertial frame S′, the observer in S sees the wavelength

measured in S′. to be shorter by a factor 1 − v2 /c2. (b) Because the 
observer sees the source moving away within S, the wave pattern 
reaching the observer in S is also stretched by the factor
(cΔt + vΔt)/(cΔt) = 1 + v/c.
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motion of S′ relative to S, considered solely within S, the observer sees the wave pattern, and therefore the wavelength,
stretched out by a factor of

cΔtperiod + vΔtperiod
cΔtperiod

= 1 + v
c

as illustrated in (b) of Figure 38.22. The overall increase from both effects gives

λobs = λsrc
⎛
⎝1 + v

c
⎞
⎠ 1

1 − v2

c2

= λsrc
⎛
⎝1 + v

c
⎞
⎠ 1
⎛
⎝1 + v

c
⎞
⎠
⎛
⎝1 − v

c
⎞
⎠

= λsrc
⎛
⎝1 + v

c
⎞
⎠

⎛
⎝1 − v

c
⎞
⎠

where λsrc is the wavelength of the light seen by the source in S′ and λobs is the wavelength that the observer detects

within S.

Red Shifts and Blue Shifts
The observed wavelength λobs of electromagnetic radiation is longer (called a “red shift”) than that emitted by the source

when the source moves away from the observer. Similarly, the wavelength is shorter (called a “blue shift”) when the source
moves toward the observer. The amount of change is determined by

λobs = λs
1 + v

c
1 − v

c

where λs is the wavelength in the frame of reference of the source, and v is the relative velocity of the two frames S and

S′. The velocity v is positive for motion away from an observer and negative for motion toward an observer. In terms of
source frequency and observed frequency, this equation can be written as

fobs = fs
1 − v

c
1 + v

c
.

Notice that the signs are different from those of the wavelength equation.

Example 38.11

Calculating a Doppler Shift

Suppose a galaxy is moving away from Earth at a speed 0.825c. It emits radio waves with a wavelength of
0.525 m. What wavelength would we detect on Earth?

Solution
Because the galaxy is moving at a relativistic speed, we must determine the Doppler shift of the radio waves using
the relativistic Doppler shift instead of the classical Doppler shift.

Solution
a. Identify the knowns: u = 0.825c; λs = 0.525 m.

b. Identify the unknown: λobs.

c. Express the answer as an equation:

λobs = λs
1 + v

c
1 − v

c
.
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d. Do the calculation:

λobs = λs
1 + v

c
1 − v

c

= (0.525 m) 1 + 0.825c
c

1 − 0.825c
c

= 1.70 m.

Significance
Because the galaxy is moving away from Earth, we expect the wavelengths of radiation it emits to be redshifted. 
The wavelength we calculated is 1.70 m, which is redshifted from the original wavelength of 0.525 m. You will 
see in ... that detecting redshifted radiation led to present-day understanding of the origin and evolution of the 
universe.

38.7 Check Your Understanding Suppose a space probe moves away from Earth at a speed 0.350c. It sends 
a radio-wave message back to Earth at a frequency of 1.50 GHz. At what frequency is the message received 
on Earth?

The relativistic Doppler effect has applications ranging from Doppler radar storm monitoring to providing information on 
the motion and distance of stars. We describe some of these applications in the exercises.

38.8 | Relativistic Momentum

Learning Objectives

By the end of this section, you will be able to:

38.8.1 Define relativistic momentum in terms of mass and velocity
38.8.2 Show how relativistic momentum relates to classical momentum
38.8.3 Show how conservation of relativistic momentum limits objects with mass to speeds 
less than c

Momentum is a central concept in physics. The broadest form of Newton’s second law is stated in terms of momentum. 
Momentum is conserved whenever the net external force on a system is zero. This makes momentum conservation a 
fundamental tool for analyzing collisions (Figure 38.23). Much of what we know about subatomic structure comes 
from the analysis of collisions of accelerator-produced relativistic particles, and momentum conservation plays a crucial 
role in this analysis.
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Figure 38.23 Momentum is an important concept for these 
football players from the University of California at Berkeley 
and the University of California at Davis. A player with the 
same velocity but greater mass collides with greater impact 
because his momentum is greater. For objects moving at 
relativistic speeds, the effect is even greater.

The first postulate of relativity states that the laws of physics are the same in all inertial frames. Does the law of conservation
of momentum survive this requirement at high velocities? It can be shown that the momentum calculated as merely

p→ = md x→
dt , even if it is conserved in one frame of reference, may not be conserved in another after applying the

Lorentz transformation to the velocities. The correct equation for momentum can be shown, instead, to be the classical
expression in terms of the increment dτ of proper time of the particle, observed in the particle’s rest frame:

p→ = md x→
dτ = md x→

dt
dt
dτ

= md x→
dt

1
1 − u2 /c2

= m u→

1 − u2 /c2
= γm u→ .

Relativistic Momentum

Relativistic momentum p→ is classical momentum multiplied by the relativistic factor γ:

p→ = γm u→

where m is the rest mass of the object, u→ is its velocity relative to an observer, and γ is the relativistic factor:

γ = 1

1 − u2

c2

.
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38.8

With p expressed in this way, total momentum ptot is conserved whenever the net external force is zero, just as in 
classical physics. Again we see that the relativistic quantity becomes virtually the same as the classical quantity at low 
velocities, where u/c is small and γ is very nearly equal to 1. Relativistic momentum has the same intuitive role as classical

momentum. It is greatest for large masses moving at high velocities, but because of the factor γ, relativistic momentum

approaches infinity as u approaches c (Figure 38.24). This is another indication that an object with mass cannot reach 
the speed of light. If it did, its momentum would become infinite—an unreasonable value.

Figure 38.24 Relativistic momentum approaches infinity as 
the velocity of an object approaches the speed of light.

The relativistically correct definition of momentum as p = γmu is sometimes taken to imply that mass varies with velocity:

mvar = γm, particularly in older textbooks. However, note that m is the mass of the object as measured by a person at rest

relative to the object. Thus, m is defined to be the rest mass, which could be measured at rest, perhaps using gravity. When
a mass is moving relative to an observer, the only way that its mass can be determined is through collisions or other means
involving momentum. Because the mass of a moving object cannot be determined independently of momentum, the only
meaningful mass is rest mass. Therefore, when we use the term “mass,” assume it to be identical to “rest mass.”

Relativistic momentum is defined in such a way that conservation of momentum holds in all inertial frames. Whenever the
net external force on a system is zero, relativistic momentum is conserved, just as is the case for classical momentum. This
has been verified in numerous experiments.

Check Your Understanding What is the momentum of an electron traveling at a speed 0.985c? The rest
mass of the electron is 9.11 × 10−31 kg.

38.9 | Relativistic Energy

Learning Objectives

By the end of this section, you will be able to:

38.9.1 Explain how the work-energy theorem leads to an expression for the relativistic 
kinetic energy of an object
38.9.2 Show how the relativistic energy relates to the classical kinetic energy, and sets a limit 
on the speed of any object with mass
38.9.3 Describe how the total energy of a particle is related to its mass and velocity
38.9.4 Explain how relativity relates to energy-mass equivalence, and some of the 
practical implications of energy-mass equivalence

The tokamak in Figure 38.25 is a form of experimental fusion reactor, which can change mass to energy. Nuclear 
reactors are proof of the relationship between energy and matter.
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each form can be converted to any other. We know that classically, the total amount of energy in a system remains constant.
Relativistically, energy is still conserved, but energy-mass equivalence must now be taken into account, for example, in the
reactions that occur within a nuclear reactor. Relativistic energy is intentionally defined so that it is conserved in all inertial
frames, just as is the case for relativistic momentum. As a consequence, several fundamental quantities are related in ways
not known in classical physics. All of these relationships have been verified by experimental results and have fundamental
consequences. The altered definition of energy contains some of the most fundamental and spectacular new insights into
nature in recent history.

Figure 38.25 The National Spherical Torus Experiment
(NSTX) is a fusion reactor in which hydrogen isotopes undergo 
fusion to produce helium. In this process, a relatively small mass 
of fuel is converted into a large amount of energy. (credit: 
Princeton Plasma Physics Laboratory)

Kinetic Energy and the Ultimate Speed Limit
The first postulate of relativity states that the laws of physics are the same in all inertial frames. Einstein showed that the
law of conservation of energy of a particle is valid relativistically, but for energy expressed in terms of velocity and mass in
a way consistent with relativity.

Consider first the relativistic expression for the kinetic energy. We again use u for velocity to distinguish it from
relative velocity v between observers. Classically, kinetic energy is related to mass and speed by the familiar expression
K = 1

2 mu2. The corresponding relativistic expression for kinetic energy can be obtained from the work-energy theorem.

This theorem states that the net work on a system goes into kinetic energy. Specifically, if a force, expressed as

F
→

= d p→

dt = m
d⎛⎝γ u→ ⎞⎠
dt , accelerates a particle from rest to its final velocity, the work done on the particle should be equal

to its final kinetic energy. In mathematical form, for one-dimensional motion:

K = ⌠⌡Fdx = ⌠⌡m
d
dt (γu)dx

= m⌠⌡
d(γu)
dt

dx
dt dt = m⌠⌡u

d
dt
⎛
⎝
⎜ u

1 − (u/c)2

⎞
⎠
⎟dt.

Integrate this by parts to obtain
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1 − (u/c)2 |0u − m⌠⌡
u

1 − (u/c)2
du
dt dt

= mu2

1 − (u/c)2
− m⌠⌡

u
1 − (u/c)2

du

= mu2

1 − (u/c)2
− mc2 ⎛⎝ 1 − (u/c)2⎞⎠|0

u

= mu2

1 − (u/c)2
+ mc2

1 − (u/c)2
− mc2

= mc2
⎡
⎣
⎢(u2 /c2) + 1 − (u2 /c2)

1 − (u/c)2

⎤
⎦
⎥− mc2

K = mc2

1 − (u/c)2
− mc2.

Relativistic Kinetic Energy

Relativistic kinetic energy of any particle of mass m is

Krel = (γ − 1)mc2.

When an object is motionless, its speed is u = 0 and

γ = 1

1 − u2

c2

= 1

so that Krel = 0 at rest, as expected. But the expression for relativistic kinetic energy (such as total energy and rest energy)

does not look much like the classical 1
2 mu2. To show that the expression for Krel reduces to the classical expression for

kinetic energy at low speeds, we use the binomial expansion to obtain an approximation for (1 + ε)n valid for small ε :

(1 + ε)n = 1 + nε + n(n − 1)
2! ε2 + n(n − 1)(n − 2)

3! ε3 + ⋯ ≈ 1 + nε

by neglecting the very small terms in ε2 and higher powers of ε. Choosing ε = −u2/c2 and n = − 1
2 leads to the

conclusion that γ at nonrelativistic speeds, where ε = u/c is small, satisfies

γ = ⎛⎝1 − u2/c2⎞⎠
−1/2

≈ 1 + 1
2
⎛
⎝u

2

c2
⎞
⎠.

A binomial expansion is a way of expressing an algebraic quantity as a sum of an infinite series of terms. In some cases, as
in the limit of small speed here, most terms are very small. Thus, the expression derived here for γ is not exact, but it is a

very accurate approximation. Therefore, at low speed:

γ − 1 = 1
2
⎛
⎝u

2

c2
⎞
⎠.

Entering this into the expression for relativistic kinetic energy gives

Krel = ⎡⎣12
⎛
⎝u

2

c2
⎞
⎠
⎤
⎦mc2 = 1

2 mu2 = Kclass.

That is, relativistic kinetic energy becomes the same as classical kinetic energy when u<<c.
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of light. We know that γ becomes infinite as u approaches c, so that Krel also becomes infinite as the velocity approaches
the speed of light (Figure 38.26). The increase in Krel is far larger than in Kclass as v approaches c. An infinite amount 

of work (and, hence, an infinite amount of energy input) is required to accelerate a mass to the speed of light.

The Speed of Light

No object with mass can attain the speed of light.

The speed of light is the ultimate speed limit for any particle having mass. All of this is consistent with the fact that velocities
less than c always add to less than c. Both the relativistic form for kinetic energy and the ultimate speed limit being c have
been confirmed in detail in numerous experiments. No matter how much energy is put into accelerating a mass, its velocity
can only approach—not reach—the speed of light.

Figure 38.26 This graph of Krel versus velocity shows how 

kinetic energy increases without bound as velocity approaches
the speed of light. Also shown is Kclass, the classical kinetic 

energy.

Example 38.12

Comparing Kinetic Energy

An electron has a velocity v = 0.990c. (a) Calculate the kinetic energy in MeV of the electron. (b) Compare this

with the classical value for kinetic energy at this velocity. (The mass of an electron is 9.11 × 10−31 kg. )

Solution
The expression for relativistic kinetic energy is always correct, but for (a), it must be used because the velocity
is highly relativistic (close to c). First, we calculate the relativistic factor γ, and then use it to determine

the relativistic kinetic energy. For (b), we calculate the classical kinetic energy (which would be close to the
relativistic value if v were less than a few percent of c) and see that it is not the same.

Solution
For part (a):
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a. Identify the knowns: v = 0.990c; m = 9.11 × 10−31 kg.

b. Identify the unknown: Krel.

c. Express the answer as an equation: Krel = (γ − 1)mc2 with γ = 1
1 − u2 /c2

.

d. Do the calculation. First calculate γ. Keep extra digits because this is an intermediate calculation:

γ = 1

1 − u2

c2

= 1

1 − (0.990c)2

c2

= 7.0888.

Now use this value to calculate the kinetic energy:

Krel = (γ − 1)mc2

= (7.0888 − 1)(9.11 × 10−31 kg⎞⎠
⎛
⎝3.00 × 108 m/s)

= 4.9922 × 10−13 J.
e. Convert units:

Krel = (4.9922 × 10−13 J)⎛⎝ 1 MeV
1.60 × 10−13 J

⎞
⎠

= 3.12 MeV.

Solution
For part (b):

a. List the knowns: v = 0.990c; m = 9.11 × 10−31 kg.

b. List the unknown: Krel.

c. Express the answer as an equation: Kclass = 1
2 mu2.

d. Do the calculation:

Kclass = 1
2 mu2

= 1
2(9.11 × 10−31 kg⎞⎠(0.990)2 (3.00 × 108 m/s)2

= 4.0179 × 10−14 J.
e. Convert units:

Kclass = 4.0179 × 10−14 J⎛⎝ 1 MeV
1.60 × 10−13 J

⎞
⎠

= 0.251 Mev.

Significance
As might be expected, because the velocity is 99.0% of the speed of light, the classical kinetic energy differs
significantly from the correct relativistic value. Note also that the classical value is much smaller than the
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close to the speed of light. Much more energy is needed than predicted classically. Ever-increasing amounts of
energy are needed to get the velocity of a mass a little closer to that of light. An energy of 3 MeV is a very small
amount for an electron, and it can be achieved with present-day particle accelerators. SLAC, for example, can
accelerate electrons to over 50 × 109 eV = 50,000 MeV.

Is there any point in getting v a little closer to c than 99.0% or 99.9%? The answer is yes. We learn a great deal by doing this. 
The energy that goes into a high-velocity mass can be converted into any other form, including into entirely new particles. 
In the Large Hadron Collider in Figure 38.27, charged particles are accelerated before entering the ring-like 
structure. There, two beams of particles are accelerated to their final speed of about 99.7% the speed of light in opposite 
directions, and made to collide, producing totally new species of particles. Most of what we know about the 
substructure of matter and the collection of exotic short-lived particles in nature has been learned this way. Patterns in the 
characteristics of these previously unknown particles hint at a basic substructure for all matter. These particles and some of 
their characteristics will be discussed in a later chapter on particle physics.

Figure 38.27 The European Organization for Nuclear 
Research (called CERN after its French name) operates the 
largest particle accelerator in the world, straddling the border 
between France and Switzerland.

Total Relativistic Energy
The expression for kinetic energy can be rearranged to:

E = mu2

1 − u2 /c2
= K + mc2.

50

Einstein argued in a separate article, also later published in 1905, that if the energy of a particle changes by ΔE, its mass

changes by Δm = ΔE/c2. Abundant experimental evidence since then confirms that mc2 corresponds to the energy that 
the particle of mass m has when at rest. For example, when a neutral pion of mass m at rest decays into two photons, the
photons have zero mass but are observed to have total energy corresponding to mc2 for the pion. Similarly, when a particle 
of mass m decays into two or more particles with smaller total mass, the observed kinetic energy imparted to the products
of the decay corresponds to the decrease in mass. Thus, E is the total relativistic energy of the particle, and mc2 is its rest 
energy.
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Total energy E of a particle is

E = γmc2

where m is mass, c is the speed of light, γ = 1

1 − u2

c2

, and u is the velocity of the mass relative to an observer.

Rest Energy

Rest energy of an object is

E0 = mc2.

This is the correct form of Einstein’s most famous equation, which for the first time showed that energy is related to the
mass of an object at rest. For example, if energy is stored in the object, its rest mass increases. This also implies that mass
can be destroyed to release energy. The implications of these first two equations regarding relativistic energy are so broad
that they were not completely recognized for some years after Einstein published them in 1905, nor was the experimental
proof that they are correct widely recognized at first. Einstein, it should be noted, did understand and describe the meanings
and implications of his theory.

Example 38.13

Calculating Rest Energy

Calculate the rest energy of a 1.00-g mass.

Solution
One gram is a small mass—less than one-half the mass of a penny. We can multiply this mass, in SI units, by the
speed of light squared to find the equivalent rest energy.

Solution

a. Identify the knowns: m = 1.00 × 10−3 kg; c = 3.00 × 108 m/s.

b. Identify the unknown: E0.

c. Express the answer as an equation: E0 = mc2.

d. Do the calculation:

E0 = mc2 = (1.00 × 10−3 kg⎞⎠(3.00 × 108 m/s)2

= 9.00 × 1013 kg · m2 /s2.

e. Convert units. Noting that 1 kg · m2 /s2 = 1 J, we see the rest energy is:

E0 = 9.00 × 1013 J.

Significance
This is an enormous amount of energy for a 1.00-g mass. Rest energy is large because the speed of light c is a
large number and c2 is a very large number, so that mc2 is huge for any macroscopic mass. The 9.00 × 1013 J
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times the kinetic energy of a large aircraft carrier.

Today, the practical applications of the conversion of mass into another form of energy, such as in nuclear weapons and 
nuclear power plants, are well known. But examples also existed when Einstein first proposed the correct form of relativistic 
energy, and he did describe some of them. Nuclear radiation had been discovered in the previous decade, and it had been 
a mystery as to where its energy originated. The explanation was that, in some nuclear processes, a small amount of mass 
is destroyed and energy is released and carried by nuclear radiation. But the amount of mass destroyed is so small that it is 
difficult to detect that any is missing. Although Einstein proposed this as the source of energy in the radioactive salts then 
being studied, it was many years before there was broad recognition that mass could be and, in fact, commonly is, converted 
to energy (Figure 38.28).

Figure 38.28 (a) The sun and (b) the Susquehanna Steam Electric Station both convert mass into energy—the sun via 
nuclear fusion, and the electric station via nuclear fission. (credit a: modification of work by NASA; credit b: modification 
of work by “ChNPP”/Wikimedia Commons)

Because of the relationship of rest energy to mass, we now consider mass to be a form of energy rather than something
separate. There had not been even a hint of this prior to Einstein’s work. Energy-mass equivalence is now known to be the
source of the sun’s energy, the energy of nuclear decay, and even one of the sources of energy keeping Earth’s interior hot.

Stored Energy and Potential Energy
What happens to energy stored in an object at rest, such as the energy put into a battery by charging it, or the energy stored
in a toy gun’s compressed spring? The energy input becomes part of the total energy of the object and thus increases its rest
mass. All stored and potential energy becomes mass in a system. In seeming contradiction, the principle of conservation
of mass (meaning total mass is constant) was one of the great laws verified by nineteenth-century science. Why was it not
noticed to be incorrect? The following example helps answer this question.

Example 38.14

Calculating Rest Mass

A car battery is rated to be able to move 600 ampere-hours (A · h) of charge at 12.0 V. (a) Calculate the increase
in rest mass of such a battery when it is taken from being fully depleted to being fully charged, assuming none of
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20.0 kg?

Solution
In part (a), we first must find the energy stored as chemical energy Ebatt in the battery, which equals the electrical

energy the battery can provide. Because Ebatt = qV , we have to calculate the charge q in 600 A · h, which

is the product of the current I and the time t. We then multiply the result by 12.0 V. We can then calculate the
battery’s increase in mass using Ebatt = (Δm)c2. Part (b) is a simple ratio converted into a percentage.

Solution

a. Identify the knowns: I · t = 600 A · h; V = 12.0 V; c = 3.00 × 108 m/s.

b. Identify the unknown: Δm.

c. Express the answer as an equation:

Ebatt = (Δm)c2

Δm = Ebatt
c2

= qV
c2

= (It)V
c2 .

d. Do the calculation:

Δm = (600 A · h⎞⎠⎛⎝12.0 V⎞⎠
(3.00 × 108)2 .

Write amperes A as coulombs per second (C/s), and convert hours into seconds:

Δm =
(600 C/s · h)⎛⎝3600 s

1 h
⎞
⎠(12.0 J/C)

(3.00 × 108 m/s)2

= 2.88 × 10−10 kg.

where we have used the conversion 1 kg · m2 /s2 = 1 J.

Solution
For part (b):

a. Identify the knowns: Δm = 2.88 × 10−10 kg; m = 20.0 kg.

b. Identify the unknown: % change.

c. Express the answer as an equation: % increase = Δm
m × 100%.

d. Do the calculation:
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38.9

% increase = Δm
m × 100%

= 2.88 × 10−10 kg
20.0 kg × 100%

= 1.44 × 10−9%.

Significance
Both the actual increase in mass and the percent increase are very small, because energy is divided by c2, a
very large number. We would have to be able to measure the mass of the battery to a precision of a billionth of a
percent, or 1 part in 1011, to notice this increase. It is no wonder that the mass variation is not readily observed.
In fact, this change in mass is so small that we may question how anyone could verify that it is real. The answer is
found in nuclear processes in which the percentage of mass destroyed is large enough to be measured accurately.
The mass of the fuel of a nuclear reactor, for example, is measurably smaller when its energy has been used. In
that case, stored energy has been released (converted mostly into thermal energy to power electric generators) and
the rest mass has decreased. A decrease in mass also occurs from using the energy stored in a battery, except that
the stored energy is much greater in nuclear processes, making the change in mass measurable in practice as well
as in theory.

Relativistic Energy and Momentum
We know classically that kinetic energy and momentum are related to each other, because:

Kclass = p2

2m = (mu)2

2m = 1
2 mu2.

Relativistically, we can obtain a relationship between energy and momentum by algebraically manipulating their defining
equations. This yields:

E2 = (pc)2 + (mc2)2,

where E is the relativistic total energy, E = mc2 / 1 − u2 /c2, and p is the relativistic momentum. This relationship
between relativistic energy and relativistic momentum is more complicated than the classical version, but we can gain some
interesting new insights by examining it. First, total energy is related to momentum and rest mass. At rest, momentum is
zero, and the equation gives the total energy to be the rest energy mc2 (so this equation is consistent with the discussion
of rest energy above). However, as the mass is accelerated, its momentum p increases, thus increasing the total energy. At
sufficiently high velocities, the rest energy term (mc2)2 becomes negligible compared with the momentum term (pc)2;
thus, E = pc at extremely relativistic velocities.

If we consider momentum p to be distinct from mass, we can determine the implications of the equation
E2 = (pc)2 + (mc2)2, for a particle that has no mass. If we take m to be zero in this equation, then E = pc, orp = E/c.
Massless particles have this momentum. There are several massless particles found in nature, including photons (which

are packets of electromagnetic radiation). Another implication is that a massless particle must travel at speed c and only at
speed c. It is beyond the scope of this text to examine the relationship in the equation E2 = (pc)2 + (mc2)2 in detail, but

you can see that the relationship has important implications in special relativity.

Check Your Understanding What is the kinetic energy of an electron if its speed is 0.992c?
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event

first postulate of special relativity

Galilean relativity

Galilean transformation

inertial frame of reference

length contraction

Lorentz transformation

Michelson-Morley experiment

proper length

proper time

relativistic kinetic energy

relativistic momentum

relativistic velocity addition

rest energy

rest frame

rest mass

second postulate of special relativity

special theory of relativity

speed of light

time dilation

KEY TERMS
classical (Galilean) velocity addition method of adding velocities when v<<c; velocities add like regular numbers

in one-dimensional motion: u = v + u′, where v is the velocity between two observers, u is the velocity of an object
relative to one observer, and u′ is the velocity relative to the other observer

occurrence in space and time specified by its position and time coordinates (x, y, z, t) measured relative to a frame of
reference

laws of physics are the same in all inertial frames of reference

if an observer measures a velocity in one frame of reference, and that frame of reference is moving
with a velocity past a second reference frame, an observer in the second frame measures the original velocity as the
vector sum of these velocities

relation between position and time coordinates of the same events as seen in different
reference frames, according to classical mechanics

reference frame in which a body at rest remains at rest and a body in motion moves at a
constant speed in a straight line unless acted on by an outside force

decrease in observed length of an object from its proper length L0 to length L when its length is

observed in a reference frame where it is traveling at speed v

relation between position and time coordinates of the same events as seen in different reference
frames, according to the special theory of relativity

investigation performed in 1887 that showed that the speed of light in a vacuum is the
same in all frames of reference from which it is viewed

L0; the distance between two points measured by an observer who is at rest relative to both of the points;

for example, earthbound observers measure proper length when measuring the distance between two points that are
stationary relative to Earth

Δτ is the time interval measured by an observer who sees the beginning and end of the process that the time
interval measures occur at the same location

kinetic energy of an object moving at relativistic speeds

p→ , the momentum of an object moving at relativistic velocity; p→ = γm u→

method of adding velocities of an object moving at a relativistic speeds

energy stored in an object at rest: E0 = mc2

frame of reference in which the observer is at rest

mass of an object as measured by an observer at rest relative to the object

light travels in a vacuum with the same speed c in any direction in all inertial
frames

theory that Albert Einstein proposed in 1905 that assumes all the laws of physics have the
same form in every inertial frame of reference, and that the speed of light is the same within all inertial frames

ultimate speed limit for any particle having mass

lengthening of the time interval between two events when seen in a moving inertial frame rather than the rest
frame of the events (in which the events occur at the same location)

CHAPTER 38 REVIEW
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total energy

world line

sum of all energies for a particle, including rest energy and kinetic energy, given for a particle of mass m and
speed u by E = γmc2, where γ = 1

1 − u2

c2

path through space-time

KEY EQUATIONS
Time dilation Δt = Δτ

1 − v2

c2

= γτ

Lorentz factor γ = 1

1 − v2

c2

Length contraction L = L0 1 − v2

c2 = L0
γ

Galilean transformation x = x′ + vt, y = y′, z = z′, t = t′

Lorentz transformation t = t′ + vx′/c2

1 − v2 /c2

x = x′ + vt′
1 − v2 /c2

y = y′
z = z′

Inverse Lorentz transformation t′ = t − vx/c2

1 − v2 /c2

x′ = x − vt
1 − v2 /c2

y′ = y
z′ = z

Space-time invariants (Δs)2 = (Δx)2 + ⎛
⎝Δy⎞⎠2 + (Δz)2 − c2 (Δt)2

(Δτ)2 = −(Δs)2 /c2 = (Δt)2 −
⎡
⎣(Δx)2 + ⎛

⎝Δy⎞⎠2 + (Δz)2⎤⎦
c2

Relativistic velocity addition ux =
⎛
⎝
⎜ ux′ + v
1 + vux′ /c2

⎞
⎠
⎟, uy =

⎛
⎝
⎜ uy′ /γ
1 + vux′ /c2

⎞
⎠
⎟, uz =

⎛
⎝
⎜ uz′ /γ
1 + vux′ /c2

⎞
⎠
⎟

Relativistic Doppler effect for wavelength λobs = λs
1 + v

c
1 − v

c

Relativistic Doppler effect for frequency fobs = fs
1 − v

c
1 + v

c

Relativistic momentum p→ = γm u→ = m u→

1 − u2
c

Relativistic total energy E = γmc2, where γ = 1

1 − u2

c2

Relativistic kinetic energy Krel = (γ − 1)mc2, where γ = 1

1 − u2

c2

56

  

Chapter 38 |  Relativity



SAMPLE CHAPTERS 
NOT FINAL DRAFT

• Relativity is the study of how observers in different reference frames measure the same event.

• Modern relativity is divided into two parts. Special relativity deals with observers in uniform (unaccelerated)
motion, whereas general relativity includes accelerated relative motion and gravity. Modern relativity is consistent
with all empirical evidence thus far and, in the limit of low velocity and weak gravitation, gives close agreement
with the predictions of classical (Galilean) relativity.

• An inertial frame of reference is a reference frame in which a body at rest remains at rest and a body in motion
moves at a constant speed in a straight line unless acted upon by an outside force.

• Modern relativity is based on Einstein’s two postulates. The first postulate of special relativity is that the laws of
physics are the same in all inertial frames of reference. The second postulate of special relativity is that the speed of
light c is the same in all inertial frames of reference, independent of the relative motion of the observer and the light
source.

• The Michelson-Morley experiment demonstrated that the speed of light in a vacuum is independent of the motion
of Earth about the sun.

38.2 Relativity of Simultaneity
• Two events are defined to be simultaneous if an observer measures them as occurring at the same time (such as by

receiving light from the events).

• Two events at locations a distance apart that are simultaneous for an observer at rest in one frame of reference are
not necessarily simultaneous for an observer at rest in a different frame of reference.

38.3 Time Dilation
• Two events are defined to be simultaneous if an observer measures them as occurring at the same time. They are not

necessarily simultaneous to all observers—simultaneity is not absolute.

• Time dilation is the lengthening of the time interval between two events when seen in a moving inertial frame rather
than the rest frame of the events (in which the events occur at the same location).

• Observers moving at a relative velocity v do not measure the same elapsed time between two events. Proper time
Δτ is the time measured in the reference frame where the start and end of the time interval occur at the same
location. The time interval Δt measured by an observer who sees the frame of events moving at speed v is related
to the proper time interval Δτ of the events by the equation:

Δt = Δτ

1 − v2

c2

= γΔτ

where:

γ = 1

1 − v2

c2

.

• The premise of the twin paradox is faulty because the traveling twin is accelerating. The journey is not symmetrical
for the two twins.

• Time dilation is usually negligible at low relative velocities, but it does occur, and it has been verified by
experiment.

• The proper time is the shortest measure of any time interval. Any observer who is moving relative to the system
being observed measures a time interval longer than the proper time.

Chapter 38 |  Relativity
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• All observers agree upon relative speed.

• Distance depends on an observer’s motion. Proper length L0 is the distance between two points measured by an

observer who is at rest relative to both of the points.

• Length contraction is the decrease in observed length of an object from its proper length L0 to length L when its

length is observed in a reference frame where it is traveling at speed v.

• The proper length is the longest measurement of any length interval. Any observer who is moving relative to the
system being observed measures a length shorter than the proper length.

38.5 The Lorentz Transformation
• The Galilean transformation equations describe how, in classical nonrelativistic mechanics, the position, velocity,

and accelerations measured in one frame appear in another. Lengths remain unchanged and a single universal time
scale is assumed to apply to all inertial frames.

• Newton’s laws of mechanics obey the principle of having the same form in all inertial frames under a Galilean
transformation, given by

x = x′ + vt, y = y′, z = z′, t = t′.

The concept that times and distances are the same in all inertial frames in the Galilean transformation, however, is
inconsistent with the postulates of special relativity.

• The relativistically correct Lorentz transformation equations are

Lorentz transformation Inverse Lorentz transformation

t = t′ + vx′/c2

1 − v2 /c2
t′ = t − vx/c2

1 − v2 /c2

x = x′ + vt′
1 − v2 /c2

x′ = x − vt
1 − v2 /c2

y = y′ y′ = y
z = z′ z′ = z

We can obtain these equations by requiring an expanding spherical light signal to have the same shape and speed of
growth, c, in both reference frames.

• Relativistic phenomena can be explained in terms of the geometrical properties of four-dimensional space-time, in
which Lorentz transformations correspond to rotations of axes.

• The Lorentz transformation corresponds to a space-time axis rotation, similar in some ways to a rotation of space
axes, but in which the invariant spatial separation is given by Δs rather than distances Δr, and that the Lorentz
transformation involving the time axis does not preserve perpendicularity of axes or the scales along the axes.

• The analysis of relativistic phenomena in terms of space-time diagrams supports the conclusion that these
phenomena result from properties of space and time itself, rather than from the laws of electromagnetism.

38.6 Relativistic Velocity Transformation
• With classical velocity addition, velocities add like regular numbers in one-dimensional motion: u = v + u′,

where v is the velocity between two observers, u is the velocity of an object relative to one observer, and u′ is the
velocity relative to the other observer.

• Velocities cannot add to be greater than the speed of light.

• Relativistic velocity addition describes the velocities of an object moving at a relativistic velocity.
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• An observer of electromagnetic radiation sees relativistic Doppler effects if the source of the radiation is moving
relative to the observer. The wavelength of the radiation is longer (called a red shift) than that emitted by the source
when the source moves away from the observer and shorter (called a blue shift) when the source moves toward the
observer. The shifted wavelength is described by the equation:

λobs = λs
1 + v

c
1 − v

c

where λobs is the observed wavelength, λs is the source wavelength, and v is the relative velocity of the source to

the observer.

38.8 Relativistic Momentum
• The law of conservation of momentum is valid for relativistic momentum whenever the net external force is zero.

The relativistic momentum is p = γmu, where m is the rest mass of the object, u is its velocity relative to an

observer, and the relativistic factor is γ = 1

1 − u2

c2

.

• At low velocities, relativistic momentum is equivalent to classical momentum.

• Relativistic momentum approaches infinity as u approaches c. This implies that an object with mass cannot reach
the speed of light.

38.9 Relativistic Energy

• The relativistic work-energy theorem is Wnet = E − E0 = γmc2 − mc2 = (γ − 1)mc2.

• Relativistically, Wnet = Krel where Krel is the relativistic kinetic energy.

• An object of mass m at velocity u has kinetic energy Krel = (γ − 1)mc2, where γ = 1

1 − u2

c2

.

• At low velocities, relativistic kinetic energy reduces to classical kinetic energy.

• No object with mass can attain the speed of light, because an infinite amount of work and an infinite amount of
energy input is required to accelerate a mass to the speed of light.

• Relativistic energy is conserved as long as we define it to include the possibility of mass changing to energy.

• The total energy of a particle with mass m traveling at speed u is defined as E = γmc2, where γ = 1

1 − u2

c2

and

u denotes the velocity of the particle.

• The rest energy of an object of mass m is E0 = mc2, meaning that mass is a form of energy. If energy is stored in

an object, its mass increases. Mass can be destroyed to release energy.

• We do not ordinarily notice the increase or decrease in mass of an object because the change in mass is so small
for a large increase in energy. The equation E2 = (pc)2 + (mc2)2 relates the relativistic total energy E and the

relativistic momentum p. At extremely high velocities, the rest energy mc2 becomes negligible, and E = pc.

CONCEPTUAL QUESTIONS

 Relativity
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1. Which of Einstein’s postulates of special relativity
includes a concept that does not fit with the ideas of
classical physics? Explain.

2. Is Earth an inertial frame of reference? Is the sun?
Justify your response.

3. When you are flying in a commercial jet, it may appear
to you that the airplane is stationary and Earth is moving
beneath you. Is this point of view valid? Discuss briefly.

38.3 Time Dilation
4. (a) Does motion affect the rate of a clock as measured
by an observer moving with it? (b) Does motion affect how
an observer moving relative to a clock measures its rate?

5. To whom does the elapsed time for a process seem
to be longer, an observer moving relative to the process
or an observer moving with the process? Which observer
measures the interval of proper time?

6. (a) How could you travel far into the future of Earth
without aging significantly? (b) Could this method also
allow you to travel into the past?

38.4 Length Contraction
7. To whom does an object seem greater in length, an
observer moving with the object or an observer moving
relative to the object? Which observer measures the
object’s proper length?

8. Relativistic effects such as time dilation and length
contraction are present for cars and airplanes. Why do these
effects seem strange to us?

9. Suppose an astronaut is moving relative to Earth at
a significant fraction of the speed of light. (a) Does he
observe the rate of his clocks to have slowed? (b) What
change in the rate of earthbound clocks does he see? (c)
Does his ship seem to him to shorten? (d) What about the
distance between two stars that lie in the direction of his
motion? (e) Do he and an earthbound observer agree on his
velocity relative to Earth?

38.7 Doppler Effect for Light
10. Explain the meaning of the terms “red shift” and “blue
shift” as they relate to the relativistic Doppler effect.

11. What happens to the relativistic Doppler effect when
relative velocity is zero? Is this the expected result?

12. Is the relativistic Doppler effect consistent with the
classical Doppler effect in the respect that λobs is larger for 

motion away?

13. All galaxies farther away than about 50 × 106 ly
exhibit a red shift in their emitted light that is proportional

to distance, with those farther and farther away having 
progressively greater red shifts. What does this imply, 
assuming that the only source of red shift is relative 
motion?

38.8 Relativistic Momentum
14. How does modern relativity modify the law of
conservation of momentum?

15. Is it possible for an external force to be acting on
a system and relativistic momentum to be conserved?
Explain.

38.9 Relativistic Energy
16. How are the classical laws of conservation of energy
and conservation of mass modified by modern relativity?

17. What happens to the mass of water in a pot when it
cools, assuming no molecules escape or are added? Is this
observable in practice? Explain.

18. Consider a thought experiment. You place an
expanded balloon of air on weighing scales outside in the
early morning. The balloon stays on the scales and you
are able to measure changes in its mass. Does the mass
of the balloon change as the day progresses? Discuss the
difficulties in carrying out this experiment.

19. The mass of the fuel in a nuclear reactor decreases by
an observable amount as it puts out energy. Is the same true
for the coal and oxygen combined in a conventional power
plant? If so, is this observable in practice for the coal and
oxygen? Explain.

20. We know that the velocity of an object with mass
has an upper limit of c. Is there an upper limit on its
momentum? Its energy? Explain.

21. Given the fact that light travels at c , can it have mass?
Explain.

22. If you use an Earth-based telescope to project a laser
beam onto the moon, you can move the spot across the
moon’s surface at a velocity greater than the speed of light.
Does this violate modern relativity? (Note that light is
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23. (a) What is γ if v = 0.250c? (b) If v = 0.500c?

24. (a) What is γ if v = 0.100c? (b) If v = 0.900c?

25. Particles called π -mesons are produced by accelerator
beams. If these particles travel at 2.70 × 108 m/s and live

2.60 × 10−8 s when at rest relative to an observer, how
long do they live as viewed in the laboratory?

26. Suppose a particle called a kaon is created by cosmic
radiation striking the atmosphere. It moves by you at
0.980c, and it lives 1.24 × 10−8 s when at rest relative
to an observer. How long does it live as you observe it?

27. A neutral π -meson is a particle that can be created
by accelerator beams. If one such particle lives
1.40 × 10−16 s as measured in the laboratory, and

0.840 × 10−16 s when at rest relative to an observer, what
is its velocity relative to the laboratory?

28. A neutron lives 900 s when at rest relative to an
observer. How fast is the neutron moving relative to an
observer who measures its life span to be 2065 s?

29. If relativistic effects are to be less than 1%, then
γ must be less than 1.01. At what relative velocity is

γ = 1.01?

30. If relativistic effects are to be less than 3%, then 
γ must be less than 1.03. At what relative velocity is

γ = 1.03?

38.4 Length Contraction
31. A spaceship, 200 m long as seen on board, moves by 
the Earth at 0.970c. What is its length as measured by an 
earthbound observer?

32. How fast would a 6.0 m-long sports car have to be 
going past you in order for it to appear only 5.5 m long?

33. (a) How far does the muon in ... travel 
according to the earthbound observer? (b) How far does 
it travel as viewed 

by an observer moving with it? Base your calculation on its
velocity relative to the Earth and the time it lives (proper
time). (c) Verify that these two distances are related through
length contraction γ = 3.20.

34. (a) How long would the muon in ... have 
lived as observed on Earth if its velocity was 0.0500c? 
(b) How far would it have traveled as observed on Earth? 
(c) What distance is this in the muon’s frame?

35. Unreasonable Results A spaceship is heading 
directly toward Earth at a velocity of 0.800c. The astronaut 
on board claims that he can send a canister toward the Earth 
at 1.20c relative to Earth. (a) Calculate the velocity the 
canister must have relative to the spaceship. (b) What is 
unreasonable about this result? (c) Which assumptions are 
unreasonable or inconsistent? 

38.5 The Lorentz Transformation
36. Describe the following physical occurrences as events, 
that is, in the form (x, y, z, t): (a) A postman rings a doorbell 
of a house precisely at noon. (b) At the same time as the 
doorbell is rung, a slice of bread pops out of a toaster that 
is located 10 m from the door in the east direction from the 
door. (c) Ten seconds later, an airplane arrives at the airport, 
which is 10 km from the door in the east direction and 2 km 
to the south.

37. Describe what happens to the angle α = tan(v/c), and 
therefore to the transformed axes in Figure 38.17, as 

the relative velocity v of the S and S′ frames of reference
approaches c.

38. Describe the shape of the world line on a space-
time diagram of (a) an object that remains at rest at a
specific position along the x-axis; (b) an object that moves
at constant velocity u in the x-direction; (c) an object that
begins at rest and accelerates at a constant rate of in the
positive x-direction.

39. A man standing still at a train station watches two boys
throwing a baseball in a moving train. Suppose the train is
moving east with a constant speed of 20 m/s and one of the
boys throws the ball with a speed of 5 m/s with respect to
himself toward the other boy, who is 5 m west from him.
What is the velocity of the ball as observed by the man on
the station?

 Relativity

being sent from the Earth to the moon, not across the 
surface of the moon.)
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Earth and Mars appear to move in opposite directions with
speeds 108,000 km/h and 86,871 km/h, respectively. What
is the speed of Mars at this instant when observed from
Earth?

41. A man is running on a straight road perpendicular to
a train track and away from the track at a speed of 12 m/
s. The train is moving with a speed of 30 m/s with respect
to the track. What is the speed of the man with respect to a
passenger sitting at rest in the train?

42. A man is running on a straight road that makes 30°
with the train track. The man is running in the direction on
the road that is away from the track at a speed of 12 m/s.
The train is moving with a speed of 30 m/s with respect to
the track. What is the speed of the man with respect to a
passenger sitting at rest in the train?

43. In a frame at rest with respect to the billiard table, a
billiard ball of mass m moving with speed v strikes another
billiard ball of mass m at rest. The first ball comes to rest
after the collision while the second ball takes off with speed
v in the original direction of the motion of the first ball.
This shows that momentum is conserved in this frame. (a)
Now, describe the same collision from the perspective of a
frame that is moving with speed v in the direction of the
motion of the first ball. (b) Is the momentum conserved in
this frame?

44. In a frame at rest with respect to the billiard table,
two billiard balls of same mass m are moving toward each
other with the same speed v. After the collision, the two
balls come to rest. (a) Show that momentum is conserved
in this frame. (b) Now, describe the same collision from
the perspective of a frame that is moving with speed v
in the direction of the motion of the first ball. (c) Is the
momentum conserved in this frame?

45. In a frame S, two events are observed: event 1: a
pion is created at rest at the origin and event 2: the pion
disintegrates after time τ . Another observer in a frame S′
is moving in the positive direction along the positive x-
axis with a constant speed v and observes the same two
events in his frame. The origins of the two frames coincide
at t = t′ = 0. (a) Find the positions and timings of these
two events in the frame S′ (a) according to the Galilean
transformation, and (b) according to the Lorentz
transformation.

38.6 Relativistic Velocity Transformation
46. If two spaceships are heading directly toward each
other at 0.800c, at what speed must a canister be shot from
the first ship to approach the other at 0.999c as seen by the
second ship?

47. Two planets are on a collision course, heading directly
toward each other at 0.250c. A spaceship sent from one
planet approaches the second at 0.750c as seen by the
second planet. What is the velocity of the ship relative to
the first planet?

48. When a missile is shot from one spaceship toward
another, it leaves the first at 0.950c and approaches the
other at 0.750c. What is the relative velocity of the two
ships?

49. What is the relative velocity of two spaceships if one
fires a missile at the other at 0.750c and the other observes
it to approach at 0.950c?

50. Prove that for any relative velocity v between two
observers, a beam of light sent from one to the other will
approach at speed c (provided that v is less than c, of
course).

51. Show that for any relative velocity v between two
observers, a beam of light projected by one directly away
from the other will move away at the speed of light
(provided that v is less than c, of course).

38.7 Doppler Effect for Light
52. A highway patrol officer uses a device that measures
the speed of vehicles by bouncing radar off them and
measuring the Doppler shift. The outgoing radar has a
frequency of 100 G Hz and the returning echo has a
frequency 15.0 kHz higher. What is the velocity of the
vehicle? Note that there are two Doppler shifts in echoes.
Be certain not to round off until the end of the problem,
because the effect is small.

38.8 Relativistic Momentum
53. Find the momentum of a helium nucleus having a
mass of 6.68 × 10−27 kg that is moving at 0.200c.

54. What is the momentum of an electron traveling at
0.980c?

55. (a) Find the momentum of a 1.00 × 109 -kg asteroid

heading towards Earth at 30.0 km/s. (b) Find the ratio of
this momentum to the classical momentum. (Hint: Use the
approximation that γ = 1 + (1/2)v2 /c2 at low velocities.)

56. (a) What is the momentum of a 2000-kg satellite
orbiting at 4.00 km/s? (b) Find the ratio of this momentum
to the classical momentum. (Hint: Use the approximation
that γ = 1 + (1/2)v2 /c2 at low velocities.)
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58. Find the velocity of a proton that has a momentum of
4.48 × 10−19 kg · m/s.

38.9 Relativistic Energy
59. What is the rest energy of an electron, given its mass is
9.11 × 10−31 kg? Give your answer in joules and MeV.

60. Find the rest energy in joules and MeV of a proton,
given its mass is 1.67 × 10−27 kg.

61. If the rest energies of a proton and a neutron (the
two constituents of nuclei) are 938.3 and 939.6 MeV,
respectively, what is the difference in their mass in
kilograms?

62. The Big Bang that began the universe is estimated
to have released 1068 J of energy. How many stars could
half this energy create, assuming the average star’s mass is
4.00 × 1030 kg ?

63. A supernova explosion of a 2.00 × 1031 kg star

produces 1.00 × 1044 J of energy. (a) How many
kilograms of mass are converted to energy in the explosion?
(b) What is the ratio Δm/m of mass destroyed to the
original mass of the star?

64. (a) Using data from [link]Table 08_01_01[/link],
calculate the mass converted to energy by the fission of
1.00 kg of uranium. (b) What is the ratio of mass destroyed
to the original mass, Δm/m?

65. (a) Using data from [link]Table 08_01_01[/link],
calculate the amount of mass converted to energy by the
fusion of 1.00 kg of hydrogen. (b) What is the ratio of
mass destroyed to the original mass, Δm/m ? (c) How
does this compare with Δm/m for the fission of 1.00 kg of
uranium?

66. There is approximately 1034 J of energy available
from fusion of hydrogen in the world’s oceans. (a) If
1033 J of this energy were utilized, what would be the
decrease in mass of the oceans? (b) How great a volume
of water does this correspond to? (c) Comment on whether
this is a significant fraction of the total mass of the oceans.

67. A muon has a rest mass energy of 105.7 MeV, and it
decays into an electron and a massless particle. (a) If all
the lost mass is converted into the electron’s kinetic energy,
find γ for the electron. (b) What is the electron’s velocity?

68. A π -meson is a particle that decays into a muon and a
massless particle. The π -meson has a rest mass energy of
139.6 MeV, and the muon has a rest mass energy of 105.7
MeV. Suppose the π -meson is at rest and all of the missing
mass goes into the muon’s kinetic energy. How fast will the
muon move?

69. (a) Calculate the relativistic kinetic energy of a
1000-kg car moving at 30.0 m/s if the speed of light were
only 45.0 m/s. (b) Find the ratio of the relativistic kinetic
energy to classical.

70. Alpha decay is nuclear decay in which a helium
nucleus is emitted. If the helium nucleus has a mass of
6.80 × 10−27 kg and is given 5.00 MeV of kinetic energy,

what is its velocity?

71. (a) Beta decay is nuclear decay in which an electron
is emitted. If the electron is given 0.750 MeV of kinetic
energy, what is its velocity? (b) Comment on how the high
velocity is consistent with the kinetic energy as it compares
to the rest mass energy of the electron.

72. (a) At what relative velocity is γ = 1.50? (b) At what

relative velocity is γ = 100?

73. (a) At what relative velocity is γ = 2.00? (b) At what

relative velocity is γ = 10.0?

74. Unreasonable Results (a) Find the value of γ
required for the following situation. An earthbound
observer measures 23.9 h to have passed while signals from
a high-velocity space probe indicate that 24.0 h have passed
on board. (b) What is unreasonable about this result? (c)
Which assumptions are unreasonable or inconsistent?

75. (a) How long does it take the astronaut in ... to travel
4.30 ly at 0.99944c (as measured by the earthbound 
observer)? (b) How long does it take according to the 
astronaut? (c) Verify that these two times are related 
through time dilation with γ = 30.00 as given.

76. (a) How fast would an athlete need to be running
for a 100- m race to look 100 yd long? (b) Is the answer 
consistent with the fact that relativistic effects are difficult 
to observe in ordinary circumstances? Explain. 

57. What is the velocity of an electron that has a
momentum of 3.04 × 10−21 kg · m/s ? Note that you
must calculate the velocity to at least four digits to see the 
difference from c.
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astronaut measures the length of his spaceship to be 100 m,
while an earthbound observer measures it to be 25.0 m. (b)
What is the speed of the spaceship relative to Earth?

78. A clock in a spaceship runs one-tenth the rate at which
an identical clock on Earth runs. What is the speed of the
spaceship?

79. An astronaut has a heartbeat rate of 66 beats per
minute as measured during his physical exam on Earth. The
heartbeat rate of the astronaut is measured when he is in
a spaceship traveling at 0.5c with respect to Earth by an
observer (A) in the ship and by an observer (B) on Earth.
(a) Describe an experimental method by which observer B
on Earth will be able to determine the heartbeat rate of the
astronaut when the astronaut is in the spaceship. (b) What
will be the heartbeat rate(s) of the astronaut reported by
observers A and B?

80. A spaceship (A) is moving at speed c/2 with respect
to another spaceship (B). Observers in A and B set their
clocks so that the event at (x, y, z, t) of turning on a laser in
spaceship B has coordinates (0, 0, 0, 0) in A and also (0, 0,
0, 0) in B. An observer at the origin of B turns on the laser
at t = 0 and turns it off at t = τ in his time. What is the
time duration between on and off as seen by an observer in
A?

81. Same two observers as in the preceding exercise, but
now we look at two events occurring in spaceship A. A
photon arrives at the origin of A at its time t = 0 and
another photon arrives at (x = 1.00 m, 0, 0) at t = 0 in
the frame of ship A. (a) Find the coordinates and times of
the two events as seen by an observer in frame B. (b) In
which frame are the two events simultaneous and in which
frame are they are not simultaneous?

82. Same two observers as in the preceding exercises. A
rod of length 1 m is laid out on the x-axis in the frame of
B from origin to (x = 1.00 m, 0, 0). What is the length of
the rod observed by an observer in the frame of spaceship
A?

83. An observer at origin of inertial frame S sees a
flashbulb go off at x = 150 km, y = 15.0 km, and

z = 1.00 km at time t = 4.5 × 10−4 s. At what time and
position in the S ′ system did the flash occur, if S ′ is
moving along shared x-direction with S at a velocity
v = 0.6c?

84. An observer sees two events 1.5 × 10−8 s apart at
a separation of 800 m. How fast must a second observer

be moving relative to the first to see the two events occur
simultaneously?

85. An observer standing by the railroad tracks sees two
bolts of lightning strike the ends of a 500-m-long train
simultaneously at the instant the middle of the train passes
him at 50 m/s. Use the Lorentz transformation to find the
time between the lightning strikes as measured by a
passenger seated in the middle of the train.

86. Two astronomical events are observed from Earth to
occur at a time of 1 s apart and a distance separation of
1.5 × 109 m from each other. (a) Determine whether
separation of the two events is space like or time like. (b)
State what this implies about whether it is consistent with
special relativity for one event to have caused the other?

87. Two astronomical events are observed from Earth to
occur at a time of 0.30 s apart and a distance separation of
2.0 × 109 m from each other. How fast must a spacecraft
travel from the site of one event toward the other to make
the events occur at the same time when measured in the
frame of reference of the spacecraft?

88. A spacecraft starts from being at rest at the origin and
accelerates at a constant rate g, as seen from Earth, taken to
be an inertial frame, until it reaches a speed of c/2. (a) Show
that the increment of proper time is related to the elapsed

time in Earth’s frame by: dτ = 1 − v2/c2dt.

(b) Find an expression for the elapsed time to reach speed
c/2 as seen in Earth’s frame. (c) Use the relationship in (a)
to obtain a similar expression for the elapsed proper time to
reach c/2 as seen in the spacecraft, and determine the ratio
of the time seen from Earth with that on the spacecraft to
reach the final speed.

89. (a) All but the closest galaxies are receding from our
own Milky Way Galaxy. If a galaxy 12.0 × 109 ly away

is receding from us at 0.900c, at what velocity relative to
us must we send an exploratory probe to approach the other
galaxy at 0.990c as measured from that galaxy? (b) How
long will it take the probe to reach the other galaxy as
measured from Earth? You may assume that the velocity of
the other galaxy remains constant. (c) How long will it then
take for a radio signal to be beamed back? (All of this is
possible in principle, but not practical.)

90. Suppose a spaceship heading straight toward the Earth
at 0.750c can shoot a canister at 0.500c relative to the ship.
(a) What is the velocity of the canister relative to Earth, if it
is shot directly at Earth? (b) If it is shot directly away from
Earth?

91. Repeat the preceding problem with the ship heading
directly away from Earth.
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a message capsule is sent toward it at 0.100c relative to
Earth, what is the speed of the capsule relative to the ship?

93. (a) Suppose the speed of light were only 3000 m/s.
A jet fighter moving toward a target on the ground at 800
m/s shoots bullets, each having a muzzle velocity of 1000
m/s. What are the bullets’ velocity relative to the target?
(b) If the speed of light was this small, would you observe
relativistic effects in everyday life? Discuss.

94. If a galaxy moving away from the Earth has a speed
of 1000 km/s and emits 656 nm light characteristic of
hydrogen (the most common element in the universe). (a)
What wavelength would we observe on Earth? (b) What
type of electromagnetic radiation is this? (c) Why is the
speed of Earth in its orbit negligible here?

95. A space probe speeding towards the nearest star moves
at 0.250c and sends radio information at a broadcast
frequency of 1.00 GHz. What frequency is received on
Earth?

96. Near the center of our galaxy, hydrogen gas is moving
directly away from us in its orbit about a black hole. We
receive 1900 nm electromagnetic radiation and know that it
was 1875 nm when emitted by the hydrogen gas. What is
the speed of the gas?

97. (a) Calculate the speed of a 1.00-μg particle of dust

that has the same momentum as a proton moving at 0.999c.
(b) What does the small speed tell us about the mass of
a proton compared to even a tiny amount of macroscopic
matter?

98. (a) Calculate γ for a proton that has a momentum of

1.00 kg · m/s. (b) What is its speed? Such protons form a

rare component of cosmic radiation with uncertain origins.

99. Show that the relativistic form of Newton’s second law
is (a) F = mdu

dt
1

⎛
⎝1 − u2/c2⎞⎠

3/2; (b) Find the force needed

to accelerate a mass of 1 kg by 1 m/s2 when it is traveling
at a velocity of c/2.

100. A positron is an antimatter version of the electron,
having exactly the same mass. When a positron and an
electron meet, they annihilate, converting all of their mass
into energy. (a) Find the energy released, assuming
negligible kinetic energy before the annihilation. (b) If this
energy is given to a proton in the form of kinetic energy,
what is its velocity? (c) If this energy is given to another
electron in the form of kinetic energy, what is its velocity?

101. What is the kinetic energy in MeV of a π-meson
that lives 1.40 × 10−16 s as measured in the laboratory,

and 0.840 × 10−16 s when at rest relative to an observer,
given that its rest energy is 135 MeV?

102. Find the kinetic energy in MeV of a neutron with a
measured life span of 2065 s, given its rest energy is 939.6
MeV, and rest life span is 900s.

103. (a) Show that (pc)2 /(mc2)2 = γ2 − 1. This means

that at large velocities pc > > mc2. (b) Is E ≈ pc when

γ = 30.0, as for the astronaut discussed in the twin

paradox?

104. One cosmic ray neutron has a velocity of 0.250c
relative to the Earth. (a) What is the neutron’s total energy
in MeV? (b) Find its momentum. (c) Is E ≈ pc in this

situation? Discuss in terms of the equation given in part (a)
of the previous problem.

105. What is γ for a proton having a mass energy of 938.3

MeV accelerated through an effective potential of 1.0 TV
(teravolt)?

106. (a) What is the effective accelerating potential for
electrons at the Stanford Linear Accelerator, if
γ = 1.00 × 105 for them? (b) What is their total energy

(nearly the same as kinetic in this case) in GeV?

107. (a) Using data from [link]Table 08_01_01[/link], find
the mass destroyed when the energy in a barrel of crude oil
is released. (b) Given these barrels contain 200 liters and
assuming the density of crude oil is 750kg/m3, what is

the ratio of mass destroyed to original mass, Δm/m?

108. (a) Calculate the energy released by the destruction
of 1.00 kg of mass. (b) How many kilograms could be lifted
to a 10.0 km height by this amount of energy?

109. A Van de Graaff accelerator utilizes a 50.0 MV
potential difference to accelerate charged particles such as
protons. (a) What is the velocity of a proton accelerated by
such a potential? (b) An electron?

110. Suppose you use an average of 500 kW · h of
electric energy per month in your home. (a) How long
would 1.00 g of mass converted to electric energy with an
efficiency of 38.0% last you? (b) How many homes could
be supplied at the 500 kW · h per month rate for one year
by the energy from the described mass conversion?
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nuclear fission into electricity with an efficiency of 35.0%.
How much mass is destroyed in one year to produce a
continuous 1000 MW of electric power? (b) Do you think it
would be possible to observe this mass loss if the total mass
of the fuel is 104 kg?

112. Nuclear-powered rockets were researched for some
years before safety concerns became paramount. (a) What
fraction of a rocket’s mass would have to be destroyed
to get it into a low Earth orbit, neglecting the decrease
in gravity? (Assume an orbital altitude of 250 km, and
calculate both the kinetic energy (classical) and the
gravitational potential energy needed.) (b) If the ship has a
mass of 1.00 × 105 kg (100 tons), what total yield nuclear

explosion in tons of TNT is needed?

113. The sun produces energy at a rate of 3.85 × 1026 W
by the fusion of hydrogen. About 0.7% of each kilogram
of hydrogen goes into the energy generated by the Sun.
(a) How many kilograms of hydrogen undergo fusion each
second? (b) If the sun is 90.0% hydrogen and half of this
can undergo fusion before the sun changes character, how
long could it produce energy at its current rate? (c) How
many kilograms of mass is the sun losing per second? (d)
What fraction of its mass will it have lost in the time found
in part (b)?

114. Show that E2 − p2 c2 for a particle is invariant

under Lorentz transformations.

66 Chapter 38 |  Relativity

  



SAMPLE CHAPTERS 
NOT FINAL DRAFT

Chapter Outline
39.1 Blackbody Radiation

39.2 Photoelectric Effect

39.3 The Compton Effect

39.4 Bohr’s Model of the Hydrogen Atom 

39.5 De Broglie’s Matter Waves

39.6 Wave-Particle Duality

Introduction

Figure 39.1 In this image of pollen taken with an electron microscope, the bean-shaped grains are about 50μm long. Electron

microscopes can have a much higher resolving power than a conventional light microscope because electron wavelengths can be 
100,000 times shorter than the wavelengths of visible-light photons. (credit: modification of work by Dartmouth College Electron 
Microscope Facility)

Two of the most revolutionary concepts of the twentieth century were the description of light as a collection of particles, 
and the treatment of particles as waves. These wave properties of matter have led to the discovery of technologies such as 
electron microscopy, which allows us to examine submicroscopic objects such as grains of pollen, as shown above.

In this chapter, you will learn about the energy quantum, a concept that was introduced in 1900 by the German physicist 
Max Planck to explain blackbody radiation. We discuss how Albert Einstein extended Planck’s concept to a quantum of 
light (a “photon”) to explain the photoelectric effect. We also show how American physicist Arthur H. Compton used the 
photon concept in 1923 to explain wavelength shifts observed in X-rays. After a discussion of Bohr’s model of hydrogen, we 
describe how matter waves were postulated in 1924 by Louis-Victor de Broglie to justify Bohr’s model and we examine the 
experiments conducted in 1923–1927 by Clinton Davisson and Lester Germer that confirmed the existence of de Broglie’s 
matter waves.
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Learning Objectives

By the end of this section you will be able to:

39.1.1 Apply Wien’s and Stefan’s laws to analyze radiation emitted by a blackbody 
39.1.2 Explain Planck’s hypothesis of energy quanta

All bodies emit electromagnetic radiation over a range of wavelengths. In an earlier chapter, we learned that a cooler body 
radiates less energy than a warmer body. We also know by observation that when a body is heated and its temperature rises, 
the perceived wavelength of its emitted radiation changes from infrared to red, and then from red to orange, and so forth. 
As its temperature rises, the body glows with the colors corresponding to ever-smaller wavelengths of the electromagnetic 
spectrum. This is the underlying principle of the incandescent light bulb: A hot metal filament glows red, and when heating 
continues, its glow eventually covers the entire visible portion of the electromagnetic spectrum. The temperature (T) of the 
object that emits radiation, or the emitter, determines the wavelength at which the radiated energy is at its maximum. For 
example, the Sun, whose surface temperature is in the range between 5000 K and 6000 K, radiates most strongly in a range 
of wavelengths about 560 nm in the visible part of the electromagnetic spectrum. Your body, when at its normal temperature 
of about 300 K, radiates most strongly in the infrared part of the spectrum.

Radiation that is incident on an object is partially absorbed and partially reflected. At thermodynamic equilibrium, the rate 
at which an object absorbs radiation is the same as the rate at which it emits it. Therefore, a good absorber of radiation (any 
object that absorbs radiation) is also a good emitter. A perfect absorber absorbs all electromagnetic radiation incident on it; 
such an object is called a blackbody.

Although the blackbody is an idealization, because no physical object absorbs 100% of incident radiation, we can construct 
a close realization of a blackbody in the form of a small hole in the wall of a sealed enclosure known as a cavity radiator, 
as shown in Figure 39.2. The inside walls of a cavity radiator are rough and blackened so that any radiation that 
enters through a tiny hole in the cavity wall becomes trapped inside the cavity. At thermodynamic equilibrium (at 
temperature T), the cavity walls absorb exactly as much radiation as they emit. Furthermore, inside the cavity, the 
radiation entering the hole is balanced by the radiation leaving it. The emission spectrum of a blackbody can be obtained 
by analyzing the light radiating from the hole. Electromagnetic waves emitted by a blackbody are called blackbody 
radiation.

Figure 39.2 A blackbody is physically realized by a small 
hole in the wall of a cavity radiator.
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The intensity I(λ, T) of blackbody radiation depends on the wavelength λ of the emitted radiation and on the temperature T 
of the blackbody (Figure 39.3). The function I(λ, T) is the power intensity that is radiated per unit wavelength; in other 
words, it is the power radiated per unit area of the hole in a cavity radiator per unit wavelength. According to this 
definition, I(λ, T)dλ is the power per unit area that is emitted in the wavelength interval from λ to λ + dλ. The intensity
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century. Generally, radiation emitted by materials only approximately follows the blackbody radiation curve (Figure 
39.4); however, spectra of common stars do follow the blackbody radiation curve very closely.

Figure 39.3 The intensity of blackbody radiation versus the wavelength of the emitted radiation. Each 
curve corresponds to a different blackbody temperature, starting with a low temperature (the lowest curve) to 
a high temperature (the highest curve).

Figure 39.4 The spectrum of radiation emitted from a 
quartz surface (blue curve) and the blackbody radiation curve 
(black curve) at 600 K.

Two important laws summarize the experimental findings of blackbody radiation: Wien’s displacement law and Stefan’s law. 
Wien’s displacement law is illustrated in Figure 39.3 by the curve connecting the maxima on the intensity curves. In 
these
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(39.2)

(39.3)

39.1

curves, we see that the hotter the body, the shorter the wavelength corresponding to the emission peak in the radiation curve.
Quantitatively, Wien’s law reads

(39.1)λmaxT = 2.898 × 10−3 m · K

where λmax is the position of the maximum in the radiation curve. In other words, λmax is the wavelength at which a 
blackbody radiates most strongly at a given temperature T. Note that in Equation 39.1, the temperature is in kelvins. 
Wien’s displacement law allows us to estimate the temperatures of distant stars by measuring the wavelength of radiation 
they emit.

Example 1.1

Temperatures of Distant Stars

On a clear evening during the winter months, if you happen to be in the Northern Hemisphere and look up at the 
sky, you can see the constellation Orion (The Hunter). One star in this constellation, Rigel, flickers in a blue color 
and another star, Betelgeuse, has a reddish color, as shown in Figure 39.5. Which of these two stars is 
cooler, Betelgeuse or Rigel?

Solution
We treat each star as a blackbody. Then according to Wien’s law, its temperature is inversely proportional to the
wavelength of its peak intensity. The wavelength λmax

(blue) of blue light is shorter than the wavelength λmax
(red) of 

red light. Even if we do not know the precise wavelengths, we can still set up a proportion.

Solution
Writing Wien’s law for the blue star and for the red star, we have

λmax
(red) T(red) = 2.898 × 10−3 m · K = λmax

(blue) T(blue) 

When simplified, Equation 39.2 gives

T(red) = λmax
(blue)

λmax
(red) T(blue) < T(blue)

Therefore, Betelgeuse is cooler than Rigel.

Significance
Note that Wien’s displacement law tells us that the higher the temperature of an emitting body, the shorter the
wavelength of the radiation it emits. The qualitative analysis presented in this example is generally valid for
any emitting body, whether it is a big object such as a star or a small object such as the glowing filament in an
incandescent lightbulb.

Check Your Understanding The flame of a peach-scented candle has a yellowish color and the flame of
a Bunsen’s burner in a chemistry lab has a bluish color. Which flame has a higher temperature?
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Figure 39.5 In the Orion constellation, the red star Betelgeuse, which usually takes on a yellowish tint, appears as the 
figure’s right shoulder (in the upper left). The giant blue star on the bottom right is Rigel, which appears as the hunter ’s left 
foot. (credit left: modification of work by NASA c/o Matthew Spinelli)

The second experimental relation is Stefan’s law, which concerns the total power of blackbody radiation emitted across the 
entire spectrum of wavelengths at a given temperature. In Figure 39.3, this total power is represented by the area under 
the blackbody radiation curve for a given T. As the temperature of a blackbody increases, the total emitted power also 
increases. Quantitatively, Stefan’s law expresses this relation as

(39.4)P(T) = σAT 4

where A is the surface area of a blackbody, T is its temperature (in kelvins), and σ is the Stefan–Boltzmann constant,

σ = 5.670 × 10−8 W/(m2 · K4). Stefan’s law enables us to estimate how much energy a star is radiating by remotely
measuring its temperature.

Example 39.2

Power Radiated by Stars

A star such as our Sun will eventually evolve to a “red giant” star and then to a “white dwarf” star. A typical white
dwarf is approximately the size of Earth, and its surface temperature is about 2.5 × 104 K. A typical red giant

has a surface temperature of 3.0 × 103 K and a radius ~100,000 times larger than that of a white dwarf. What is
the average radiated power per unit area and the total power radiated by each of these types of stars? How do they
compare?

Solution
If we treat the star as a blackbody, then according to Stefan’s law, the total power that the star radiates is
proportional to the fourth power of its temperature. To find the power radiated per unit area of the surface, we do
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(39.5)

(39.6)

(39.7)

(39.8)

39.3

not need to make any assumptions about the shape of the star because P/A depends only on temperature. However,
to compute the total power, we need to make an assumption that the energy radiates through a spherical surface
enclosing the star, so that the surface area is A = 4πR2, where R is its radius.

Solution
A simple proportion based on Stefan’s law gives

Pdwarf /Adwarf
Pgiant /Agiant

=
σTdwarf

4

σTgiant
4 =

⎛
⎝
⎜Tdwarf
Tgiant

⎞
⎠
⎟

4

= ⎛⎝2.5 × 104

3.0 × 103
⎞
⎠

4
= 4820

The power emitted per unit area by a white dwarf is about 5000 times that the power emitted by a red giant.
Denoting this ratio by a = 4.8 × 103, Equation 39.5 gives

Pdwarf
Pgiant

= aAdwarf
Agiant

= a
4πRdwarf

2

4πRgiant
2 = a

⎛
⎝
⎜Rdwarf
Rgiant

⎞
⎠
⎟

2

= 4.8 × 103
⎛
⎝
⎜ Rdwarf
105Rdwarf

⎞
⎠
⎟

2

= 4.8 × 10−7

We see that the total power emitted by a white dwarf is a tiny fraction of the total power emitted by a red giant.
Despite its relatively lower temperature, the overall power radiated by a red giant far exceeds that of the white
dwarf because the red giant has a much larger surface area. To estimate the absolute value of the emitted power
per unit area, we again use Stefan’s law. For the white dwarf, we obtain

Pdwarf
Adwarf

= σTdwarf
4 = 5.670 × 10−8 W

m2 · K4
⎛
⎝2.5 × 104 K⎞⎠

4
= 2.2 × 1010 W/m2

The analogous result for the red giant is obtained by scaling the result for a white dwarf:

Pgiant
Agiant

= 2.2 × 1010

4.82 × 103
W
m2 = 4.56 × 106 W

m2 ≅ 4.6 × 106 W
m2

Significance
To estimate the total power emitted by a white dwarf, in principle, we could use Equation 39.7. However, to 
find its surface area, we need to know the average radius, which is not given in this example. Therefore, the 
solution stops here. The same is also true for the red giant star.

39.2 Check Your Understanding An iron poker is being heated. As its temperature rises, the poker begins 
to glow—first dull red, then bright red, then orange, and then yellow. Use either the blackbody radiation curve 
or Wien’s law to explain these changes in the color of the glow.

Check Your Understanding Suppose that two stars, α and β, radiate exactly the same total power. If

the radius of star α is three times that of star β, what is the ratio of the surface temperatures of these stars?

Which one is hotter?
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The term “blackbody” was coined by Gustav R. Kirchhoff in 1862. The blackbody radiation curve was known 
experimentally, but its shape eluded physical explanation until the year 1900. The physical model of a blackbody at 
temperature T is that of the electromagnetic waves enclosed in a cavity (see Figure 39.2) and at thermodynamic 
equilibrium with the cavity walls. The waves can exchange energy with the walls. The objective here is to find the 
energy density distribution among various modes of vibration at various wavelengths (or frequencies). In other words, 
we want to know how much energy is carried by a single wavelength or a band of wavelengths. Once we know the 
energy distribution, we can use standard statistical methods (similar to those studied in a previous chapter) to obtain the 
blackbody radiation curve,
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same as the experimental curves.

In a classical approach to the blackbody radiation problem, in which radiation is treated as waves (as you have studied in 
previous chapters), the modes of electromagnetic waves trapped in the cavity are in equilibrium and continually exchange 
their energies with the cavity walls. There is no physical reason why a wave should do otherwise: Any amount of energy can 
be exchanged, either by being transferred from the wave to the material in the wall or by being received by the wave from 
the material in the wall. This classical picture is the basis of the model developed by Lord Rayleigh and, independently, 
by Sir James Jeans. The result of this classical model for blackbody radiation curves is known as the Rayleigh–Jeans law. 
However, as shown in Figure 39.6, the Rayleigh–Jeans law fails to correctly reproduce experimental results. In the limit 
of short wavelengths, the Rayleigh–Jeans law predicts infinite radiation intensity, which is inconsistent with the 
experimental results in which radiation intensity has finite values in the ultraviolet region of the spectrum. This 
divergence between the results of classical theory and experiments, which came to be called the ultraviolet catastrophe, 
shows how classical physics fails to explain the mechanism of blackbody radiation.

Figure 39.6 The ultraviolet catastrophe: The Rayleigh–Jeans 
law does not explain the observed blackbody emission spectrum.

The blackbody radiation problem was solved in 1900 by Max Planck. Planck used the same idea as the Rayleigh–Jeans
model in the sense that he treated the electromagnetic waves between the walls inside the cavity classically, and assumed
that the radiation is in equilibrium with the cavity walls. The innovative idea that Planck introduced in his model is the
assumption that the cavity radiation originates from atomic oscillations inside the cavity walls, and that these oscillations
can have only discrete values of energy. Therefore, the radiation trapped inside the cavity walls can exchange energy with
the walls only in discrete amounts. Planck’s hypothesis of discrete energy values, which he called quanta, assumes that
the oscillators inside the cavity walls have quantized energies. This was a brand new idea that went beyond the classical
physics of the nineteenth century because, as you learned in a previous chapter, in the classical picture, the energy of an
oscillator can take on any continuous value. Planck assumed that the energy of an oscillator ( En ) can have only discrete,
or quantized, values:

(39.9)En = nh f , where n = 1, 2, 3, ...

In Equation 39.9, f is the frequency of Planck’s oscillator. The natural number n that enumerates these discrete energies 
is called a quantum number. The physical constant h is called Planck’s constant:

(39.10)h = 6.626 × 10−34 J · s = 4.136 × 10−15 eV · s

Each discrete energy value corresponds to a quantum state of a Planck oscillator. Quantum states are enumerated by
quantum numbers. For example, when Planck’s oscillator is in its first n = 1 quantum state, its energy is E1 = h f ; when

it is in the n = 2 quantum state, its energy is E2 = 2h f ; when it is in the n = 3 quantum state, E3 = 3h f ; and so on.
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2hf, 3hf,…, (n – 1)hf, nhf, (n + 1)hf,…}. Each two consecutive quantum states in this sequence are separated by an energy 
jump, ΔE = h f . An oscillator in the wall can receive energy from the radiation in the cavity (absorption), or it can give

away energy to the radiation in the cavity (emission). The absorption process sends the oscillator to a higher quantum state, 
and the emission process sends the oscillator to a lower quantum state. Whichever way this exchange of energy goes, the 
smallest amount of energy that can be exchanged is hf. There is no upper limit to how much energy can be exchanged, but 
whatever is exchanged must be an integer multiple of hf. If the energy packet does not have this exact amount, it is neither 
absorbed nor emitted at the wall of the blackbody.

Planck’s Quantum Hypothesis

Planck’s hypothesis of energy quanta states that the amount of energy emitted by the oscillator is carried by the
quantum of radiation, ΔE :

(39.11)ΔE = h f

Recall that the frequency of electromagnetic radiation is related to its wavelength and to the speed of light by the 
fundamental relation f λ = c. This means that we can express Equation 39.11 equivalently in terms of wavelength λ. 
When included in the computation of the energy density of a blackbody, Planck’s hypothesis gives the following 
theoretical expression for the power intensity of emitted radiation per unit wavelength:

(39.12)I(λ, T) = 2πhc2

λ5
1

e
hc /λkBT

− 1

where c is the speed of light in vacuum and kB is Boltzmann’s constant, kB = 1.380 × 10−23 J/K . The theoretical formula 
expressed in Equation 39.12 is called Planck’s blackbody radiation law. This law is in agreement with the experimental 
blackbody radiation curve (see Figure 39.7). In addition, Wien’s displacement law and Stefan’s law can both be derived 
from Equation 39.12. To derive Wien’s displacement law, we use differential calculus to find the maximum of the 
radiation intensity curve I(λ, T). To derive Stefan’s law and find the value of the Stefan–Boltzmann constant, we use 
integral

calculus and integrate I(λ, T) to find the total power radiated by a blackbody at one temperature in the entire spectrum of
wavelengths from λ = 0 to λ = ∞. This derivation is left as an exercise later in this chapter.

Figure 39.7 Planck’s theoretical result (continuous curve) 
and the experimental blackbody radiation curve (dots).
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39.4

Example 39.3

Planck’s Quantum Oscillator

A quantum oscillator in the cavity wall in Figure 39.2 is vibrating at a frequency of 5.0 × 1014 Hz. 
Calculate the spacing between its energy levels.

Solution
Energy states of a quantum oscillator are given by Equation 39.9. The energy spacing ΔE is obtained by 
finding the energy difference between two adjacent quantum states for quantum numbers n + 1 and n.

Solution
We can substitute the given frequency and Planck’s constant directly into the equation:

ΔE = En + 1 − En = (n + 1)h f − nh f = h f = (6.626 × 10−34 J · s)(5.0 × 1014 Hz) = 3.3 × 10−19 J

Significance
Note that we do not specify what kind of material was used to build the cavity. Here, a quantum oscillator is a 
theoretical model of an atom or molecule of material in the wall.

Check Your Understanding A molecule is vibrating at a frequency of 5.0 × 1014 Hz. What is the
smallest spacing between its vibrational energy levels?

Example 39.4

Quantum Theory Applied to a Classical Oscillator

A 1.0-kg mass oscillates at the end of a spring with a spring constant of 1000 N/m. The amplitude of these 
oscillations is 0.10 m. Use the concept of quantization to find the energy spacing for this classical oscillator. Is 
the energy quantization significant for macroscopic systems, such as this oscillator?

Solution
We use Equation 39.11 as though the system were a quantum oscillator, but with the frequency f of the 
mass vibrating on a spring. To evaluate whether or not quantization has a significant effect, we compare the 
quantum energy spacing with the macroscopic total energy of this classical oscillator.

Solution

For the spring constant, k = 1.0 × 103 N/m, the frequency f of the mass, m = 1.0kg, is

f = 1
2π

k
m = 1

2π
1.0 × 103 N/m

1.0kg ≃ 5.0 Hz

The energy quantum that corresponds to this frequency is

ΔE = h f = (6.626 × 10−34 J · s)(5.0Hz) = 3.3 × 10−33 J

When vibrations have amplitude A = 0.10m, the energy of oscillations is
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E = 1
2kA

2 = 1
2(1000N/m)(0.1m)2 = 5.0J

Significance
Thus, for a classical oscillator, we have ΔE /E ≈ 10−34. We see that the separation of the energy levels is
immeasurably small. Therefore, for all practical purposes, the energy of a classical oscillator takes on continuous
values. This is why classical principles may be applied to macroscopic systems encountered in everyday life
without loss of accuracy.

Check Your Understanding Would the result in Example 39.4 be different if the mass were not 1.0 kg
but a tiny mass of 1.0 µg, and the amplitude of vibrations were 0.10 µm?

When Planck first published his result, the hypothesis of energy quanta was not taken seriously by the physics community 
because it did not follow from any established physics theory at that time. It was perceived, even by Planck himself, as 
a useful mathematical trick that led to a good theoretical “fit” to the experimental curve. This perception was changed in 
1905 when Einstein published his explanation of the photoelectric effect, in which he gave Planck’s energy quantum a new 
meaning: that of a particle of light.

39.2 | Photoelectric Effect

Learning Objectives

By the end of this section you will be able to:

39.2.1 Describe physical characteristics of the photoelectric effect
39.2.2 Explain why the photoelectric effect cannot be explained by classical physics
39.2.3 Describe how Einstein’s idea of a particle of radiation explains the photoelectric effect
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When a metal surface is exposed to a monochromatic electromagnetic wave of sufficiently short wavelength (or 
equivalently, above a threshold frequency), the incident radiation is absorbed and the exposed surface emits electrons. This 
phenomenon is known as the photoelectric effect. Electrons that are emitted in this process are called photoelectrons.

The experimental setup to study the photoelectric effect is shown schematically in Figure 39.8. The target material 
serves as the anode, which becomes the emitter of photoelectrons when it is illuminated by monochromatic radiation. We 
call this electrode the photoelectrode. Photoelectrons are collected at the cathode, which is kept at a lower potential 
with respect to the anode. The potential difference between the electrodes can be increased or decreased, or its polarity can 
be reversed. The electrodes are enclosed in an evacuated glass tube so that photoelectrons do not lose their kinetic energy 
on collisions with air molecules in the space between electrodes.

When the target material is not exposed to radiation, no current is registered in this circuit because the circuit is broken 
(note, there is a gap between the electrodes). But when the target material is connected to the negative terminal of a battery 
and exposed to radiation, a current is registered in this circuit; this current is called the photocurrent. Suppose that we now 
reverse the potential difference between the electrodes so that the target material now connects with the positive terminal 
of a battery, and then we slowly increase the voltage. The photocurrent gradually dies out and eventually stops flowing 
completely at some value of this reversed voltage. The potential difference at which the photocurrent stops flowing is called 
the stopping potential.
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Figure 39.8 An experimental setup to study the photoelectric effect. 
The anode and cathode are enclosed in an evacuated glass tube. The 
voltmeter measures the electric potential difference between the 
electrodes, and the ammeter measures the photocurrent. The incident 
radiation is monochromatic.

Characteristics of the Photoelectric Effect
The photoelectric effect has three important characteristics that cannot be explained by classical physics: (1) the absence of 
a lag time, (2) the independence of the kinetic energy of photoelectrons on the intensity of incident radiation, and (3) the 
presence of a cut-off frequency. Let’s examine each of these characteristics.

The absence of lag time
When radiation strikes the target material in the electrode, electrons are emitted almost instantaneously, even at very low 
intensities of incident radiation. This absence of lag time contradicts our understanding based on classical physics. Classical 
physics predicts that for low-energy radiation, it would take significant time before irradiated electrons could gain sufficient 
energy to leave the electrode surface; however, such an energy buildup is not observed.

The intensity of incident radiation and the kinetic energy of photoelectrons
Typical experimental curves are shown in Figure 39.9, in which the photocurrent is plotted versus the applied 
potential difference between the electrodes. For the positive potential difference, the current steadily grows until it reaches 
a plateau. Furthering the potential increase beyond this point does not increase the photocurrent at all. A higher intensity 
of radiation produces a higher value of photocurrent. For the negative potential difference, as the absolute value of 
the potential difference increases, the value of the photocurrent decreases and becomes zero at the stopping potential. For 
any intensity of incident radiation, whether the intensity is high or low, the value of the stopping potential always stays at 
one value.

To understand why this result is unusual from the point of view of classical physics, we first have to analyze the 
energy of photoelectrons. A photoelectron that leaves the surface has kinetic energy K. I t gained this energy from the 
incident electromagnetic wave. In the space between the electrodes, a photoelectron moves in the electric potential and
its energy changes by the amount qΔV , where ΔV is the potential difference and q = −e. Because no forces are

present but electric force, by applying the work-energy theorem, we obtain the energy balance ΔK − eΔV = 0 for
the photoelectron, where ΔK is the change in the photoelectron’s kinetic energy. When the stopping potential −ΔVs
is applied, the photoelectron loses its initial kinetic energy Ki and comes to rest. Thus, its energy balance becomes
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that a photoelectron can have is its initial kinetic energy, which it has at the surface of the photoelectrode. Therefore, the

largest kinetic energy of photoelectrons can be directly measured by measuring the stopping potential:

(39.13)Kmax = eΔVs

At this point we can see where the classical theory is at odds with the experimental results. I n classical theory, the 
photoelectron absorbs electromagnetic energy in a continuous way; this means that when the incident radiation has a high 
intensity, the kinetic energy in Equation 39.13 is expected to be high. Similarly, when the radiation has a low 
intensity, the kinetic energy is expected to be low. But the experiment shows that the maximum kinetic energy of 
photoelectrons is independent of the light intensity.

Figure 39.9 The detected photocurrent plotted versus the 
applied potential difference shows that for any intensity of 
incident radiation, whether the intensity is high (upper curve) or 
low (lower curve), the value of the stopping potential is always 
the same.

The presence of a cut-off frequency
For any metal surface, there is a minimum frequency of incident radiation below which photocurrent does not occur. The 
value of this cut-off frequency for the photoelectric effect is a physical property of the metal: Different materials have 
different values of cut-off frequency. Experimental data show a typical linear trend (see Figure 39.10). The kinetic energy 
of photoelectrons at the surface grows linearly with the increasing frequency of incident radiation. Measurements for all 
metal surfaces give linear plots with one slope. None of these observed phenomena is in accord with the classical 
understanding of nature. According to the classical description, the kinetic energy of photoelectrons should not depend on 
the frequency of incident radiation at all, and there should be no cut-off frequency. Instead, in the classical picture, 
electrons receive energy from the incident electromagnetic wave in a continuous way, and the amount of energy they 
receive depends only on the intensity of the incident light and nothing else. So in the classical understanding, as long as 
the light is shining, the photoelectric effect is expected to continue.
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Figure 39.10 Kinetic energy of photoelectrons at the 
surface versus the frequency of incident radiation. The 
photoelectric
effect can only occur above the cut-off frequency fc.
Measurements for all metal surfaces give linear plots with one 
slope. Each metal surface has its own cut-off frequency.

The Work Function
The photoelectric effect was explained in 1905 by A. Einstein. Einstein reasoned that if Planck’s hypothesis about energy
quanta was correct for describing the energy exchange between electromagnetic radiation and cavity walls, it should also
work to describe energy absorption from electromagnetic radiation by the surface of a photoelectrode. He postulated that an
electromagnetic wave carries its energy in discrete packets. Einstein’s postulate goes beyond Planck’s hypothesis because it
states that the light itself consists of energy quanta. In other words, it states that electromagnetic waves are quantized.

In Einstein’s approach, a beam of monochromatic light of frequency f is made of photons. A photon is a particle of light.
Each photon moves at the speed of light and carries an energy quantum E f . A photon’s energy depends only on its

frequency f. Explicitly, the energy of a photon is

(39.14)E f = h f

where h is Planck’s constant. In the photoelectric effect, photons arrive at the metal surface and each photon gives away
all of its energy to only one electron on the metal surface. This transfer of energy from photon to electron is of the “all or 
nothing” type, and there are no fractional transfers in which a photon would lose only part of its energy and survive. The 
essence of a quantum phenomenon is either a photon transfers its entire energy and ceases to exist or there is no transfer 
at all. This is in contrast with the classical picture, where fractional energy transfers are permitted. Having this quantum 
understanding, the energy balance for an electron on the surface that receives the energy E f from a photon is

E f = Kmax + ϕ

where Kmax is the kinetic energy, given by Equation 39.13, that an electron has at the very instant it gets detached from 

the surface. In this energy balance equation, ϕ is the energy needed to detach a photoelectron from the surface. This energy

ϕ is called the work function of the metal. Each metal has its characteristic work function, as illustrated in Table 39.1. To

obtain the kinetic energy of photoelectrons at the surface, we simply invert the energy balance equation and use Equation 
39.14 to express the energy of the absorbed photon. This gives us the expression for the kinetic energy of 
photoelectrons, which explicitly depends on the frequency of incident radiation:

(39.15)Kmax = h f − ϕ

This equation has a simple mathematical form but its physics is profound. We can now elaborate on the physical meaning 
behind Equation 39.15.
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Metal ϕ (eV)

Na 2.46

Al 4.08

Pb 4.14

Zn 4.31

Fe 4.50

Cu 4.70

Ag 4.73

Pt 6.35

Table 39.1

In Einstein’s interpretation, interactions take place between individual electrons and individual photons. The absence of 
a lag time means that these one-on-one interactions occur instantaneously. This interaction time cannot be increased by 
lowering the light intensity. The light intensity corresponds to the number of photons arriving at the metal surface per unit 
time. Even at very low light intensities, the photoelectric effect still occurs because the interaction is between one electron 
and one photon. As long as there is at least one photon with enough energy to transfer it to a bound electron, a photoelectron 
will appear on the surface of the photoelectrode.

The existence of the cut-off frequency fc for the photoelectric effect follows from Equation 39.15 because the 
kinetic
energy Kmax of the photoelectron can take only positive values. This means that there must be some threshold frequency

for which the kinetic energy is zero, 0 = h fc − ϕ. In this way, we obtain the explicit formula for cut-off frequency:

(39.16)fc = ϕ
h

Cut-off frequency depends only on the work function of the metal and is in direct proportion to it. When the work function
is large (when electrons are bound fast to the metal surface), the energy of the threshold photon must be large to produce a
photoelectron, and then the corresponding threshold frequency is large. Photons with frequencies larger than the threshold
frequency fc always produce photoelectrons because they have Kmax > 0. Photons with frequencies smaller than fc
do not have enough energy to produce photoelectrons. Therefore, when incident radiation has a frequency below the cut-

off frequency, the photoelectric effect is not observed. Because frequency f and wavelength λ of electromagnetic waves
are related by the fundamental relation λ f = c (where c is the speed of light in vacuum), the cut-off frequency has its

corresponding cut-off wavelength λc :

(39.17)λc = c
fc

= c
ϕ /h = hc

ϕ

In this equation, hc = 1240 eV · nm. Our observations can be restated in the following equivalent way: When the incident
radiation has wavelengths longer than the cut-off wavelength, the photoelectric effect does not occur.

Example 1.5

Photoelectric Effect for Silver

Radiation with wavelength 300 nm is incident on a silver surface. Will photoelectrons be observed?

18 Chapter 39 |  Photons and Matter Waves

  



SAMPLE CHAPTERS 
NOT FINAL DRAFT

Solution
Photoelectrons can be ejected from the metal surface only when the incident radiation has a shorter wavelength 
than the cut-off wavelength. The work function of silver is ϕ = 4.73 eV (Table 39.1). To make the estimate, we 
use Equation 39.17.

Solution
The threshold wavelength for observing the photoelectric effect in silver is

λc = hc
ϕ = 1240 eV · nm

4.73 eV = 262 nm

The incident radiation has wavelength 300 nm, which is longer than the cut-off wavelength; therefore,
photoelectrons are not observed.

Significance
If the photoelectrode were made of sodium instead of silver, the cut-off wavelength would be 504 nm and
photoelectrons would be observed.

Equation 39.15 in Einstein’s model tells us that the maximum kinetic energy of photoelectrons is a linear function of 
the frequency of incident radiation, which is illustrated in Figure 39.10. For any metal, the slope of this plot has a 
value of
Planck’s constant. The intercept with the Kmax -axis gives us a value of the work function that is characteristic for the metal.
On the other hand, Kmax can be directly measured in the experiment by measuring the value of the stopping potential ΔVs 
(see Equation 39.13) at which the photocurrent stops. These direct measurements allow us to determine experimentally 
the value of Planck’s constant, as well as work functions of materials.

Einstein’s model also gives a straightforward explanation for the photocurrent values shown in Figure 39.9. For 
example, doubling the intensity of radiation translates to doubling the number of photons that strike the surface per unit 
time. The larger the number of photons, the larger is the number of photoelectrons, which leads to a larger 
photocurrent in the circuit. This is how radiation intensity affects the photocurrent. The photocurrent must reach a 
plateau at some value of potential difference because, in unit time, the number of photoelectrons is equal to the number of 
incident photons and the number of incident photons does not depend on the applied potential difference at all, but only 
on the intensity of incident radiation. The stopping potential does not change with the radiation intensity because the 
kinetic energy of photoelectrons (see Equation 39.15) does not depend on the radiation intensity.

Example 39.6

Work Function and Cut-Off Frequency

When a 180-nm light is used in an experiment with an unknown metal, the measured photocurrent drops to zero 
at potential – 0.80 V. Determine the work function of the metal and its cut-off frequency for the photoelectric 
effect.

Solution
To find the cut-off frequency fc, we use Equation 39.16, but first we must find the work function ϕ. To find ϕ, 
we use Equation 39.13 and Equation 39.15. Photocurrent drops to zero at the stopping value of potential, so 
we identify ΔVs = 0.8V.

Solution
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We use Equation 39.13 to find the kinetic energy of the photoelectrons:

Kmax = eΔVs = e(0.80V) = 0.80 eV

Now we solve Equation 39.15 for ϕ :

ϕ = h f − Kmax = hc
λ − Kmax = 1240 eV · nm

180 nm − 0.80 eV = 6.09 eV

Finally, we use Equation 39.16 to find the cut-off frequency:

fc = ϕ
h = 6.09 eV

4.136 × 10−15 eV · s
= 1.47 × 10−15 Hz

Significance
In calculations like the one shown in this example, it is convenient to use Planck’s constant in the units of eV · s
and express all energies in eV instead of joules.

Example 1.7

The Photon Energy and Kinetic Energy of Photoelectrons

A 430-nm violet light is incident on a calcium photoelectrode with a work function of 2.71 eV.

Find the energy of the incident photons and the maximum kinetic energy of ejected electrons.

Solution
The energy of the incident photon is E f = h f = hc / λ, where we use f λ = c. To obtain the maximum energy of 

the ejected electrons, we use Equation 39.17.

Solution

E f = hc
λ = 1240 eV · nm

430 nm = 2.88 eV, Kmax = E f − ϕ = 2.88 eV − 2.71 eV = 0.17 eV

Significance
In this experimental setup, photoelectrons stop flowing at the stopping potential of 0.17 V.

Check Your Understanding A yellow 589-nm light is incident on a surface whose work function is 1.20
eV. What is the stopping potential? What is the cut-off wavelength?

39.7 Check Your Understanding Cut-off frequency for the photoelectric effect in some materials 
is 8.0 × 1013 Hz. When the incident light has a frequency of 1.2 × 1014 Hz, the stopping potential is 
measured as – 0.16 V. Estimate a value of Planck’s constant from these data (in units J · s and eV · s ) and 
determine the percentage error of your estimation.
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Learning Objectives

By the end of this section, you will be able to:

39.3.1 Describe Compton’s experiment
39.3.2 Explain the Compton wavelength shift
39.3.3 Describe how experiments with X-rays confirm the particle nature of radiation

Two of Einstein’s influential ideas introduced in 1905 were the theory of special relativity and the concept of a light
quantum, which we now call a photon. Beyond 1905, Einstein went further to suggest that freely propagating
electromagnetic waves consisted of photons that are particles of light in the same sense that electrons or other massive
particles are particles of matter. A beam of monochromatic light of wavelength λ (or equivalently, of frequency f) can be
seen either as a classical wave or as a collection of photons that travel in a vacuum with one speed, c (the speed of light),
and all carrying the same energy, E f = h f . This idea proved useful for explaining the interactions of light with particles

of matter.

Momentum of a Photon
Unlike a particle of matter that is characterized by its rest mass m0, a photon is massless. In a vacuum, unlike a particle

of matter that may vary its speed but cannot reach the speed of light, a photon travels at only one speed, which is exactly
the speed of light. From the point of view of Newtonian classical mechanics, these two characteristics imply that a photon
should not exist at all. For example, how can we find the linear momentum or kinetic energy of a body whose mass is zero?
This apparent paradox vanishes if we describe a photon as a relativistic particle. According to the theory of special relativity,
any particle in nature obeys the relativistic energy equation

(39.18)E2 = p2 c2 + m0
2 c4

This relation can also be applied to a photon. In Equation 39.18, E is the total energy of a particle, p is its linear 
momentum, and m0 is its rest mass. For a photon, we simply set m0 = 0 in this equation. This leads to the 
expression for the momentum p f of a photon

(39.19)
p f =

E f
c

Here the photon’s energy E f is the same as that of a light quantum of frequency f, which we introduced to explain the

photoelectric effect:

(39.20)E f = h f = hc
λ

The wave relation that connects frequency f with wavelength λ and speed c also holds for photons:

(39.21)λ f = c

21Chapter 39 |  Photons and Matter Waves



SAMPLE CHAPTERS 
NOT FINAL DRAFTTherefore, a photon can be equivalently characterized by either its energy and wavelength, or its frequency and momentum. 

Equation 39.20 and Equation 39.21 can be combined into the explicit relation between a photon’s momentum and 
its wavelength:

(39.22)p f = h
λ

Notice that this equation gives us only the magnitude of the photon’s momentum and contains no information about the
direction in which the photon is moving. To include the direction, it is customary to write the photon’s momentum as a
vector:

(39.23)p→ f = ℏ k→

k
In Equation 39.23, ℏ = h /2π is the reduced Planck’s constant (pronounced “h-bar”), which is just Planck’s constant

divided by the factor 2π. Vector 
→ 

is called the “wave vector” or propagation vector (the direction in which a photon is
moving). The propagation vector shows the direction of the photon’s linear momentum vector. The magnitude of the wave
vector is k = | k→ | = 2π /λ and is called the wave number. Notice that this equation does not introduce any new physics.

22

We can verify that the magnitude of the vector in Equation 39.23 is the same as that given by Equation 39.19.

The Compton Effect
The Compton effect is the term used for an unusual result observed when X-rays are scattered on some materials. By 
classical theory, when an electromagnetic wave is scattered off atoms, the wavelength of the scattered radiation is expected 
to be the same as the wavelength of the incident radiation. Contrary to this prediction of classical physics, observations show 
that when X-rays are scattered off some materials, such as graphite, the scattered X-rays have different wavelengths from 
the wavelength of the incident X-rays. This classically unexplainable phenomenon was studied experimentally by Arthur 
H. Compton and his collaborators, and Compton gave its explanation in 1923.

To explain the shift in wavelengths measured in the experiment, Compton used Einstein’s idea of light as a particle. The 
Compton effect has a very important place in the history of physics because it shows that electromagnetic radiation cannot 
be explained as a purely wave phenomenon. The explanation of the Compton effect gave a convincing argument to the 
physics community that electromagnetic waves can indeed behave like a stream of photons, which placed the concept of a 
photon on firm ground.

The schematics of Compton’s experimental setup are shown in Figure 39.11. The idea of the experiment is 
straightforward: Monochromatic X-rays with wavelength λ are incident on a sample of graphite (the “target”), where they 
interact with
atoms inside the sample; they later emerge as scattered X-rays with wavelength λ′. A detector placed behind the target can 
measure the intensity of radiation scattered in any direction θ with respect to the direction of the incident X-ray beam. This
scattering angle, θ, is the angle between the direction of the scattered beam and the direction of the incident beam. In this 
experiment, we know the intensity and the wavelength λ of the incoming (incident) beam; and for a given scattering
angle θ, we measure the intensity and the wavelength λ′ of the outgoing (scattered) beam. Typical results of these 
measurements are shown in Figure 39.12, where the x-axis is the wavelength of the scattered X-rays and the y-axis is the 
intensity of the scattered X-rays, measured for different scattering angles (indicated on the graphs). For all scattering angles 
(except for θ = 0°), we measure two intensity peaks. One peak is located at the wavelength λ, which is the wavelength

of the incident beam. The other peak is located at some other wavelength, λ′. The two peaks are separated by Δλ, which
depends on the scattering angle θ of the outgoing beam (in the direction of observation). The separation Δλ is called the 
Compton shift.
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Figure 39.11 Experimental setup for studying 
Compton scattering.

Figure 39.12 Experimental data show the Compton effect for X-rays scattering off graphite at various angles: The intensity of 
the scattered beam has two peaks. One peak appears at the wavelength λ of the incident radiation and the second peak appears
at wavelength λ′. The separation Δλ between the peaks depends on the scattering angle θ, which is the angular position of
the detector in Figure 39.11. The experimental data in this figure are plotted in arbitrary units so that the height of the profile 
reflects the intensity of the scattered beam above background noise.

Compton Shift
As given by Compton, the explanation of the Compton shift is that in the target material, graphite, valence electrons are 
loosely bound in the atoms and behave like free electrons. Compton assumed that the incident X-ray radiation is a stream 
of photons. An incoming photon in this stream collides with a valence electron in the graphite target. In the course of this 
collision, the incoming photon transfers some part of its energy and momentum to the target electron and leaves the scene 
as a scattered photon. This model explains in qualitative terms why the scattered radiation has a longer wavelength than 
the incident radiation. Put simply, a photon that has lost some of its energy emerges as a photon with a lower frequency, or 
equivalently, with a longer wavelength. To show that his model was correct, Compton used it to derive the expression for 
the Compton shift. In his derivation, he assumed that both photon and electron are relativistic particles and that the collision 
obeys two commonsense principles: (1) the conservation of linear momentum and (2) the conservation of total relativistic 
energy.

In the following derivation of the Compton shift, E f and p→ f denote the energy and momentum, respectively, of an

incident photon with frequency f. The photon collides with a relativistic electron at rest, which means that immediately
before the collision, the electron’s energy is entirely its rest mass energy, m0 c

2. Immediately after the collision, the

electron has energy E and momentum p→

p̃
→

, both of which satisfy Equation 39.20. Immediately after the collision, 

the f , and frequency f ′. The direction of the incident photon is horizontaloutgoing photon has energy Ẽ 
f , momentum

from left to right, and the direction of the outgoing photon is at the angle θ, as illustrated in Figure 39.11. The scattering

angle θ is the angle between the momentum vectors p→ f and p̃
→

f , and we can write their scalar product:
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→
f = p f p̃ f cosθ

Following Compton’s argument, we assume that the colliding photon and electron form an isolated system. This assumption
is valid for weakly bound electrons that, to a good approximation, can be treated as free particles. Our first equation is the
conservation of energy for the photon-electron system:

(39.25)E f + m0 c
2 = Ẽ f + E

The left side of this equation is the energy of the system at the instant immediately before the collision, and the right
side of the equation is the energy of the system at the instant immediately after the collision. Our second equation is the
conservation of linear momentum for the photon–electron system where the electron is at rest at the instant immediately
before the collision:

(39.26)p→ f = p̃
→

f + p→

⎡
⎣
⎛
⎝ ˜ ⎞⎠

⎛
⎝ ˜ ˜

The left side of this equation is the momentum of the system right before the collision, and the right side of the equation 
is the momentum of the system right after collision. The entire physics of Compton scattering is contained in these three 
preceding equations––the remaining part is algebra. At this point, we could jump to the concluding formula for the Compton 
shift, but it is beneficial to highlight the main algebraic steps that lead to Compton’s formula, which we give here as follows.

We start with rearranging the terms in Equation 39.25 and squaring it:

E f − E f + m0 c
2⎤⎦

2 
= E2

In the next step, we substitute Equation 39.20 for E2, simplify, and divide both sides by c2 to obtain

E f /c − E f /c
⎞
⎠
2 

+ 2m0 c
⎛
⎝E f /c − E f /c

⎞
⎠ = p2

Now we can use Equation 39.22 to express this form of the energy equation in terms of momenta. The result is

(39.27)⎛
⎝p f − p̃ f

⎞
⎠
2

+ 2m0 c
⎛
⎝p f − p̃ f

⎞
⎠ = p2

To eliminate p2, we turn to the momentum equation Equation 39.26, rearrange its terms, and square it to obtain

⎛
⎝ p→ f − p̃

→
f
⎞
⎠

2
= p2 and ⎛⎝ p→ f − p̃

→
f
⎞
⎠

2
= p f

2 + p̃ f
2 − 2 p→ f · p̃

→
f

⎛
⎝

⎞
⎠

⎞
⎠ 2

f
2

The product of the momentum vectors is given by Equation 39.24. When we substitute this result for p2 in Equation 
39.27, we obtain the energy equation that contains the scattering angle θ :

p f − p̃ f 
2 

+ 2m0 c
⎛
⎝p f − p̃ f = p f + p̃ − 2p f p̃ f cosθ

With further algebra, this result can be simplified to

(39.28)1
p̃ f

− 1
p f

= 1
m0 c(1 − cosθ)

Now recall Equation 39.22 and write: 1/ p̃ f = λ′ /h and 1/ p f = λ /h. When these relations are substituted into 

Equation 39.28, we obtain the relation for the Compton shift:

(39.29)λ′ − λ = h
m0 c(1 − cosθ)

The factor h /m0 c is called the Compton wavelength of the electron:

(39.30)λc = h
m0 c = 0.00243 nm = 2.43 pm
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(39.31)Δλ = λc(1 − cosθ)

This formula for the Compton shift describes outstandingly well the experimental results shown in Figure 39.12. 
Scattering data measured for molybdenum, graphite, calcite, and many other target materials are in accord with this 
theoretical result. The nonshifted peak shown in Figure 39.12 is due to photon collisions with tightly bound inner 
electrons in the target material. Photons that collide with the inner electrons of the target atoms in fact collide with the 
entire atom. In this extreme case, the rest mass in Equation 39.30 must be changed to the rest mass of the atom. This 
type of shift is four orders of magnitude smaller than the shift caused by collisions with electrons and is so small that it 
can be neglected.

Compton scattering is an example of inelastic scattering, in which the scattered radiation has a longer wavelength than the 
wavelength of the incident radiation. In today’s usage, the term “Compton scattering” is used for the inelastic scattering of 
photons by free, charged particles. In Compton scattering, treating photons as particles with momenta that can be transferred 
to charged particles provides the theoretical background to explain the wavelength shifts measured in experiments; this is 
the evidence that radiation consists of photons.

Example 39.8

Compton Scattering

An incident 71-pm X-ray is incident on a calcite target. Find the wavelength of the X-ray scattered at a 30°
angle. What is the largest shift that can be expected in this experiment?

Solution
To find the wavelength of the scattered X-ray, first we must find the Compton shift for the given scattering 
angle, θ = 30°. We use Equation 39.31. Then we add this shift to the incident wavelength to obtain the 
scattered wavelength. The largest Compton shift occurs at the angle θ when 1 − cosθ has the largest value, 
which is for the angle θ = 180°.

Solution
The shift at θ = 30° is

Δλ = λc(1 − cos30°) = 0.134λc = (0.134)(2.43) pm = 0.325 pm

This gives the scattered wavelength:

λ′ = λ + Δλ = (71 + 0.325) pm = 71.325 pm

The largest shift is

(Δλ)max = λc(1 − cos1800) = 2(2.43 pm) = 4.86 pm

Significance
The largest shift in wavelength is detected for the backscattered radiation; however, most of the photons from the 
incident beam pass through the target and only a small fraction of photons gets backscattered (typically, less than 
5%). Therefore, these measurements require highly sensitive detectors.

39.8 Check Your Understanding An incident 71-pm X-ray is incident on a calcite target. Find 
the wavelength of the X-ray scattered at a 60° angle. What is the smallest shift that can be expected in 
this experiment?
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Learning Objectives

By the end of this section, you will be able to:

39.4.1 Explain the difference between the absorption spectrum and the emission spectrum 
of radiation emitted by atoms
39.4.2 Describe the Rutherford gold foil experiment and the discovery of the atomic nucleus 
39.4.3 Explain the atomic structure of hydrogen
39.4.4 Describe the postulates of the early quantum theory for the hydrogen atom
39.4.5 Summarize how Bohr’s quantum model of the hydrogen atom explains the 
radiation spectrum of atomic hydrogen

Historically, Bohr’s model of the hydrogen atom is the very first model of atomic structure that correctly explained the 
radiation spectra of atomic hydrogen. The model has a special place in the history of physics because it introduced an early 
quantum theory, which brought about new developments in scientific thought and later culminated in the development of 
quantum mechanics. To understand the specifics of Bohr’s model, we must first review the nineteenth-century discoveries 
that prompted its formulation.

When we use a prism to analyze white light coming from the sun, several dark lines in the solar spectrum are observed 
(Figure 39.13). Solar absorption lines are called Fraunhofer lines after Joseph von Fraunhofer, who accurately 
measured their wavelengths. During 1854–1861, Gustav Kirchhoff and Robert Bunsen discovered that for the various 
chemical elements, the line emission spectrum of an element exactly matches its line absorption spectrum. The 
difference between the absorption spectrum and the emission spectrum is explained in Figure 39.14. An absorption 
spectrum is observed when light passes through a gas. This spectrum appears as black lines that occur only at certain 
wavelengths on the background of the continuous spectrum of white light (Figure 39.13). The missing wavelengths tell us 
which wavelengths of the radiation are absorbed by the gas. The emission spectrum is observed when light is emitted 
by a gas. This spectrum is seen as colorful lines on the black background (see Figure 39.15 and Figure 39.16). 
Positions of the emission lines tell us which wavelengths of the radiation are emitted by the gas. Each chemical element 
has its own characteristic emission spectrum. For each element, the positions of its emission lines are exactly the same 
as the positions of its absorption lines. This means that atoms of a specific element absorb radiation only at specific 
wavelengths and radiation that does not have these wavelengths is not absorbed by the element at all. This also means that 
the radiation emitted by atoms of each element has exactly the same wavelengths as the radiation they absorb.

Figure 39.13 In the solar emission spectrum in the visible range from 380 nm to 710 nm, Fraunhofer lines are observed 
as vertical black lines at specific spectral positions in the continuous spectrum. Highly sensitive modern instruments 
observe thousands of such lines.
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Figure 39.14 Observation of line spectra: (a) setup to observe absorption lines; (b) setup to 
observe emission lines. (a) White light passes through a cold gas that is contained in a glass 
flask. A prism is used to separate wavelengths of the passed light. In the spectrum of the passed 
light, some wavelengths are missing, which are seen as black absorption lines in the continuous 
spectrum on the viewing screen. (b) A gas is contained in a glass discharge tube that has 
electrodes at its ends. At a high potential difference between the electrodes, the gas glows and 
the light emitted from the gas passes through the prism that separates its wavelengths. In the 
spectrum of the emitted light, only specific wavelengths are present, which are seen as colorful 
emission lines on the screen.

Figure 39.15 The emission spectrum of atomic hydrogen: The spectral positions of emission lines are characteristic 
for hydrogen atoms. (credit: “Merikanto”/Wikimedia Commons)

Figure 39.16 The emission spectrum of atomic iron: The spectral positions of emission lines are characteristic for iron atoms.

Emission spectra of the elements have complex structures; they become even more complex for elements with higher 
atomic numbers. The simplest spectrum, shown in Figure 39.15, belongs to the hydrogen atom. Only four lines are 
visible to the human eye. As you read from right to left in Figure 39.15, these lines are: red (656 nm), called the H- α 
line; aqua (486 nm), blue (434 nm), and violet (410 nm). The lines with wavelengths shorter than 400 nm appear in the 
ultraviolet part of the spectrum (Figure 39.15, far left) and are invisible to the human eye. There are infinitely many 
invisible spectral lines in the series for hydrogen.

An empirical formula to describe the positions (wavelengths) λ of the hydrogen emission lines in this series was discovered 
in 1885 by Johann Balmer. It is known as the Balmer formula:

(39.32)1
λ = RH

⎛
⎝ 1

22 − 1
n2
⎞
⎠

The constant RH = 1.09737 × 107 m−1 is called the Rydberg constant for hydrogen. In Equation 39.32, the positive 

integer n takes on values n = 3, 4, 5, 6 for the four visible lines in this series. The series of emission lines given by the
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39.9

Balmer formula is called the Balmer series for hydrogen. Other emission lines of hydrogen that were discovered in the
twentieth century are described by the Rydberg formula, which summarizes all of the experimental data:

(39.33)
1
λ = RH

⎛
⎝
⎜ 1
n f

2 − 1
ni

2

⎞
⎠
⎟, where ni = n f + 1, n f + 2, n f + 3, ...

When n f = 1, the series of spectral lines is called the Lyman series. When n f = 2, the series is called the Balmer

series, and in this case, the Rydberg formula coincides with the Balmer formula. When n f = 3, the series is called the

Paschen series. When n f = 4, the series is called the Brackett series. When n f = 5, the series is called the Pfund

series. When n f = 6, we have the Humphreys series. As you may guess, there are infinitely many such spectral bands

in the spectrum of hydrogen because n f can be any positive integer number.

The Rydberg formula for hydrogen gives the exact positions of the spectral lines as they are observed in a laboratory;
however, at the beginning of the twentieth century, nobody could explain why it worked so well. The Rydberg formula
remained unexplained until the first successful model of the hydrogen atom was proposed in 1913.

Example 39.9

Limits of the Balmer Series

Calculate the longest and the shortest wavelengths in the Balmer series.

Solution
We can use either the Balmer formula or the Rydberg formula. The longest wavelength is obtained when 1/ni
is largest, which is when ni = n f + 1 = 3, because n f = 2 for the Balmer series. The smallest wavelength is

obtained when 1/ni is smallest, which is 1/ni → 0 when ni → ∞.

Solution
The long-wave limit:

1
λ = RH

⎛
⎝ 1

22 − 1
32
⎞
⎠ = (1.09737 × 107) 1

m
⎛
⎝14 − 1

9
⎞
⎠⇒ λ = 656.3 nm

The short-wave limit:

1
λ = RH

⎛
⎝ 1

22 − 0⎞⎠ = (1.09737 × 107) 1
m
⎛
⎝14
⎞
⎠⇒ λ = 364.6 nm

Significance
Note that there are infinitely many spectral lines lying between these two limits.

Check Your Understanding What are the limits of the Lyman series? Can you see these spectral lines?

The key to unlocking the mystery of atomic spectra is in understanding atomic structure. Scientists have long known that
matter is made of atoms. According to nineteenth-century science, atoms are the smallest indivisible quantities of matter.
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particles, such as electrons, protons, and neutrons.

The electron was discovered and identified as the smallest quantity of electric charge by J.J. Thomson in 1897 in his
cathode ray experiments, also known as β-ray experiments: A β-ray is a beam of electrons. In 1904, Thomson proposed
the first model of atomic structure, known as the “plum pudding” model, in which an atom consisted of an unknown
positively charged matter with negative electrons embedded in it like plums in a pudding. Around 1900, E. Rutherford,
and independently, Paul Ulrich Villard, classified all radiation known at that time as α -rays, β-rays, and γ-rays (a γ-
ray is a beam of highly energetic photons). In 1907, Rutherford and Thomas Royds used spectroscopy methods to show
that positively charged particles of α -radiation (called α -particles) are in fact doubly ionized atoms of helium. In 1909,
Rutherford, Ernest Marsden, and Hans Geiger used α -particles in their famous scattering experiment that disproved
Thomson’s model (see [link]Introduction to Linear Momentum and Collisions[/link]).

In the Rutherford gold foil experiment (also known as the Geiger–Marsden experiment), α -particles were incident on
a thin gold foil and were scattered by gold atoms inside the foil (see Figure 09_04_models). The outgoing particles were
detected by a 360° scintillation screen surrounding the gold target (for a detailed description of the experimental setup, see
[link]Introduction to Linear Momentum and Collisions[/link]). When a scattered particle struck the screen, a tiny flash of
light (scintillation) was observed at that location. By counting the scintillations seen at various angles with respect to the
direction of the incident beam, the scientists could determine what fraction of the incident particles were scattered and what
fraction were not deflected at all. If the plum pudding model were correct, there would be no back-scattered α -particles.
However, the results of the Rutherford experiment showed that, although a sizable fraction of α -particles emerged from
the foil not scattered at all as though the foil were not in their way, a significant fraction of α -particles were back-scattered
toward the source. This kind of result was possible only when most of the mass and the entire positive charge of the gold
atom were concentrated in a tiny space inside the atom.

In 1911, Rutherford proposed a nuclear model of the atom. In Rutherford’s model, an atom contained a positively charged
nucleus of negligible size, almost like a point, but included almost the entire mass of the atom. The atom also contained
negative electrons that were located within the atom but relatively far away from the nucleus. Ten years later, Rutherford
coined the name proton for the nucleus of hydrogen and the name neutron for a hypothetical electrically neutral particle
that would mediate the binding of positive protons in the nucleus (the neutron was discovered in 1932 by James Chadwick).
Rutherford is credited with the discovery of the atomic nucleus; however, the Rutherford model of atomic structure does
not explain the Rydberg formula for the hydrogen emission lines.

Bohr’s model of the hydrogen atom, proposed by Niels Bohr in 1913, was the first quantum model that correctly explained
the hydrogen emission spectrum. Bohr’s model combines the classical mechanics of planetary motion with the quantum
concept of photons. Once Rutherford had established the existence of the atomic nucleus, Bohr’s intuition that the negative
electron in the hydrogen atom must revolve around the positive nucleus became a logical consequence of the inverse-square-
distance law of electrostatic attraction. Recall that Coulomb’s law describing the attraction between two opposite charges
has a similar form to Newton’s universal law of gravitation in the sense that the gravitational force and the electrostatic
force are both decreasing as 1/r2, where r is the separation distance between the bodies. In the same way as Earth
revolves around the sun, the negative electron in the hydrogen atom can revolve around the positive nucleus. However,
an accelerating charge radiates its energy. Classically, if the electron moved around the nucleus in a planetary fashion, it
would be undergoing centripetal acceleration, and thus would be radiating energy that would cause it to spiral down into the
nucleus. Such a planetary hydrogen atom would not be stable, which is contrary to what we know about ordinary hydrogen
atoms that do not disintegrate. Moreover, the classical motion of the electron is not able to explain the discrete emission
spectrum of hydrogen.

To circumvent these two difficulties, Bohr proposed the following three postulates of Bohr’s model:

1. The negative electron moves around the positive nucleus (proton) in a circular orbit. All electron orbits are centered
at the nucleus. Not all classically possible orbits are available to an electron bound to the nucleus.

2. The allowed electron orbits satisfy the first quantization condition: In the nth orbit, the angular momentum Ln of
the electron can take only discrete values:

(39.34)Ln = nℏ, where n = 1, 2, 3, ...
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radius of the nth orbit and the electron’s speed in it, the first quantization condition can be expressed explicitly as

(39.35)me vn rn = nℏ
3. An electron is allowed to make transitions from one orbit where its energy is En to another orbit where its energy is

Em. When an atom absorbs a photon, the electron makes a transition to a higher-energy orbit. When an atom emits
a photon, the electron transits to a lower-energy orbit. Electron transitions with the simultaneous photon absorption
or photon emission take place instantaneously. The allowed electron transitions satisfy the second quantization
condition:

(39.36)h f = |En − Em|

where h f is the energy of either an emitted or an absorbed photon with frequency f. The second quantization

condition states that an electron’s change in energy in the hydrogen atom is quantized.

These three postulates of the early quantum theory of the hydrogen atom allow us to derive not only the Rydberg formula,
but also the value of the Rydberg constant and other important properties of the hydrogen atom such as its energy levels,
its ionization energy, and the sizes of electron orbits. Note that in Bohr’s model, along with two nonclassical quantization
postulates, we also have the classical description of the electron as a particle that is subjected to the Coulomb force, and its
motion must obey Newton’s laws of motion. The hydrogen atom, as an isolated system, must obey the laws of conservation
of energy and momentum in the way we know from classical physics. Having this theoretical framework in mind, we are
ready to proceed with our analysis.

Electron Orbits
To obtain the size rn of the electron’s nth orbit and the electron’s speed vn in it, we turn to Newtonian mechanics. As
a charged particle, the electron experiences an electrostatic pull toward the positively charged nucleus in the center of its
circular orbit. This electrostatic pull is the centripetal force that causes the electron to move in a circle around the nucleus.
Therefore, the magnitude of centripetal force is identified with the magnitude of the electrostatic force:

(39.37)me vn2
rn = 1

4πε0
e2

rn2

Here, e denotes the value of the elementary charge. The negative electron and positive proton have the same value of 
charge, |q| = e. When Equation 39.37 is combined with the first quantization condition given by Equation 39.35, we 
can solve for the speed, vn, and for the radius, rn :

(39.38)vn = 1
4πε0

e2

ℏ
1
n

(39.39)rn = 4πε0
ℏ2

me e2n
2
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Note that these results tell us that the electron’s speed as well as the radius of its orbit depend only on the index n 
that enumerates the orbit because all other quantities in the preceding equations are fundamental constants. We see from 
Equation 39.39 that the size of the orbit grows as the square of n. This means that the second orbit is four times as large 
as the first orbit, and the third orbit is nine times as large as the first orbit, and so on. We also see from Equation 39.38 that 
the electron’s speed in the orbit decreases as the orbit size increases. The electron’s speed is largest in the first Bohr orbit, 
for n = 1, which is the orbit closest to the nucleus. The radius of the first Bohr orbit is called the Bohr radius of 
hydrogen,
denoted as a0. Its value is obtained by setting n = 1 in Equation 39.39:
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ℏ2

me e2 = 5.29 × 10−11 m = 0.529 Å

We can substitute a0 in Equation 39.39 to express the radius of the nth orbit in terms of a0 :

(39.41)rn = a0n
2

This result means that the electron orbits in hydrogen atom are quantized because the orbital radius takes on only specific 
values of a0, 4a0, 9a0, 16a0, ... given by Equation 39.41, and no other values are allowed.

Electron Energies
The total energy En of an electron in the nth orbit is the sum of its kinetic energy Kn and its electrostatic potential energy 

Un. Utilizing Equation 39.38, we find that

(39.42)
Kn = 1

2me vn2 = 1
32π2 ε0

2
me e4

ℏ2
1
n2

Recall that the electrostatic potential energy of interaction between two charges q1 and q2 that are separated by a distance 

r12 is (1 /4πε0)q1 q2 /r12. Here, q1 = + e is the charge of the nucleus in the hydrogen atom (the charge of the proton), q2 = 

−e is the charge of the electron and r12 = rn is the radius of the nth orbit. Now we use Equation 39.39 to find the 

potential energy of the electron:

(39.43)
Un = − 1

4πε0
e2
rn = − 1

16π2 ε0
2
me e4

ℏ2
1
n2

The total energy of the electron is the sum of Equation 39.42 and Equation 39.43:

(39.44)
En = Kn + Un = − 1

32π2 ε0
2
me e4

ℏ2
1
n2

Note that the energy depends only on the index n because the remaining symbols in Equation 39.44 are physical 
constants. The value of the constant factor in Equation 39.44 is

(39.45)
E0 = 1

32π2 ε0
2
me e4

ℏ2 = 1
8ε0

2
me e4

h2 = 2.17 × 10−18 J = 13.6 eV

It is convenient to express the electron’s energy in the nth orbit in terms of this energy, as

(39.46)En = −E0
1
n2

Now we can see that the electron energies in the hydrogen atom are quantized because they can have only discrete values of
−E0, −E0 /4, −E0 /9, −E0 /16, ... given by Equation 39.46, and no other energy values are allowed. This set of allowed 
electron energies is called the energy spectrum of hydrogen (Figure 39.17). The index n that enumerates energy levels 
in Bohr’s model is called the energy quantum number. We identify the energy of the electron inside the hydrogen atom
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cannot have energy smaller than that. This smallest value of the electron energy in the hydrogen atom is called the ground
state energy of the hydrogen atom and its value is

(39.47)E1 = −E0 = −13.6 eV

The hydrogen atom may have other energies that are higher than the ground state. These higher energy states are known as 
excited energy states of a hydrogen atom.

There is only one ground state, but there are infinitely many excited states because there are infinitely many values of n
in Equation 39.46. We say that the electron is in the “first exited state” when its energy is E2 (when n = 2 ), the 
second
excited state when its energy is E3 (when n = 3 ) and, in general, in the nth exited state when its energy is En + 1. There 

is no highest-of-all excited state; however, there is a limit to the sequence of excited states. I f we keep increasing n in
Equation 39.46, we find that the limit is −n →lim∞E0 /n

2 = 0. In this limit, the electron is no longer bound to the nucleus 
but becomes a free electron. An electron remains bound in the hydrogen atom as long as its energy is negative. An electron 
that orbits the nucleus in the first Bohr orbit, closest to the nucleus, is in the ground state, where its energy has the smallest 
value. In the ground state, the electron is most strongly bound to the nucleus and its energy is given by Equation 
39.47.
If we want to remove this electron from the atom, we must supply it with enough energy, E∞, to at least balance out its
ground state energy E1 : (39.48)E∞ + E1 = 0 ⇒ E∞ = −E1 = −(−E0) = E0 = 13.6 eV

The energy that is needed to remove the electron from the atom is called the ionization energy. The ionization energy E∞ 

that is needed to remove the electron from the first Bohr orbit is called the ionization limit of the hydrogen atom. 
The
ionization limit in Equation 39.48 that we obtain in Bohr’s model agrees with experimental value.
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Figure 39.17 The energy spectrum of the hydrogen atom. 
Energy levels (horizontal lines) represent the bound states of an 
electron in the atom. There is only one ground state, n = 1, 
and infinite quantized excited states. The states are enumerated
by the quantum number n = 1, 2, 3, 4, .... Vertical lines
illustrate the allowed electron transitions between the states.
Downward arrows illustrate transitions with an emission of a
photon with a wavelength in the indicated spectral band.

Spectral Emission Lines of Hydrogen
To obtain the wavelengths of the emitted radiation when an electron makes a transition from the nth orbit to the mth orbit, 
we use the second of Bohr’s quantization conditions and Equation 39.46 for energies. The emission of energy from 
the atom can occur only when an electron makes a transition from an excited state to a lower-energy state. In the course of 
such a transition, the emitted photon carries away the difference of energies between the states involved in the 
transition. The transition cannot go in the other direction because the energy of a photon cannot be negative, which means 
that for emission
we must have En > Em and n > m. Therefore, the third of Bohr’s postulates gives

(39.49)
h f = |En − Em| = En − Em = −E0

1
n2 + E0

1
m2 = E0

⎛
⎝ 1
m2 − 1

n2
⎞
⎠

Now we express the photon’s energy in terms of its wavelength, h f = hc / λ, and divide both sides of Equation 39.49 by 

hc. The result is
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λ = E0
hc
⎛
⎝ 1
m2 − 1

n2
⎞
⎠

The value of the constant in this equation is

(39.51)E0
hc = 13.6 eV

(4.136 × 10−15 eV · s)(2.997 × 108 m/s)
= 1.097 × 107 1

m

This value is exactly the Rydberg constant RH in the Rydberg heuristic formula Equation 39.33. In fact, Equation 39.50
is identical to the Rydberg formula, because for a given m, we have n = m + 1, m + 2, .... In this way, the Bohr quantum
model of the hydrogen atom allows us to derive the experimental Rydberg constant from first principles and to express it in 
terms of fundamental constants. Transitions between the allowed electron orbits are illustrated in Figure 39.17.

We can repeat the same steps that led to Equation 39.50 to obtain the wavelength of the absorbed radiation; this 
again gives Equation 39.50 but this time for the positions of absorption lines in the absorption spectrum of 
hydrogen. The only difference is that for absorption, the quantum number m is the index of the orbit occupied by the 
electron before the transition (lower-energy orbit) and the quantum number n is the index of the orbit to which the electron 
makes the transition (higher-energy orbit). The difference between the electron energies in these two orbits is the energy of 
the absorbed photon.

Example 1.10

Size and Ionization Energy of the Hydrogen Atom in an Excited State

If a hydrogen atom in the ground state absorbs a 93.7-nm photon, corresponding to a transition line in the Lyman 
series, how does this affect the atom’s energy and size? How much energy is needed to ionize the atom when it is 
in this excited state? Give your answers in absolute units, and relative to the ground state.

Solution
Before the absorption, the atom is in its ground state. This means that the electron transition takes place from the 
orbit m = 1 to some higher nth orbit. First, we must determine n for the absorbed wavelength λ = 93.7 nm. 
Then, we can use Equation 39.46 to find the energy En of the excited state and its ionization energy E∞, n,

and use Equation 39.41 to find the radius rn of the atom in the excited state. To estimate n, we use 
Equation 39.50.

Solution
Substitute m = 1 and λ = 93.7 nm in Equation 39.50 and solve for n. You should not expect to obtain a perfect 
integer answer because of rounding errors, but your answer will be close to an integer, and you can estimate n by 
taking the integral part of your answer:

1
λ = RH

⎛
⎝ 1

12 − 1
n2
⎞
⎠⇒ n = 1

1 − 1
λRH

= 1
1 − 1

(93.7 × 10−9 m)(1.097 × 107 m−1)

= 6.07 ⇒ n = 6

The radius of the n = 6 orbit is

rn = a0n
2 = a0 62 = 36a0 = 36(0.529 × 10−10 m) = 19.04 × 10−10 m ≅ 19.0 Å

Thus, after absorbing the 93.7-nm photon, the size of the hydrogen atom in the excited n = 6 state is 36 times
larger than before the absorption, when the atom was in the ground state. The energy of the fifth excited state (
n = 6 ) is:

En = − E0
n2 = − E0

62 = − E0
36 = − 13.6 eV

36 ≅ − 0.378 eV
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After absorbing the 93.7-nm photon, the energy of the hydrogen atom is larger than it was before the absorption.
Ionization of the atom when it is in the fifth excited state ( n = 6 ) requites 36 times less energy than is needed
when the atom is in the ground state:

E∞, 6 = −E6 = −(−0.378 eV) = 0.378 eV

Significance
We can analyze any spectral line in the spectrum of hydrogen in the same way. Thus, the experimental
measurements of spectral lines provide us with information about the atomic structure of the hydrogen atom.

39.10 Check Your Understanding When an electron in a hydrogen atom is in the first excited state, 
what prediction does the Bohr model give about its orbital speed and kinetic energy? What is the magnitude 
of its orbital angular momentum?

Bohr’s model of the hydrogen atom also correctly predicts the spectra of some hydrogen-like ions. Hydrogen-like ions 
are atoms of elements with an atomic number Z larger than one ( Z = 1 for hydrogen) but with all electrons removed 
except one. For example, an electrically neutral helium atom has an atomic number Z = 2. This means it has two electrons 
orbiting the nucleus with a charge of q = + Ze. When one of the orbiting electrons is removed from the helium atom (we 
say, when the helium atom is singly ionized), what remains is a hydrogen-like atomic structure where the remaining electron 
orbits the nucleus with a charge of q = + Ze. This type of situation is described by the Bohr model. Assuming that the

charge of the nucleus is not +e but +Ze, we can repeat all steps, beginning with Equation 39.37, to obtain the 
results for a hydrogen-like ion:

(39.52)rn = a0
Z n2

where a0 is the Bohr orbit of hydrogen, and

(39.53)En = −Z2E0
1
n2

where E0 is the ionization limit of a hydrogen atom. These equations are good approximations as long as the atomic

number Z is not too large.

The Bohr model is important because it was the first model to postulate the quantization of electron orbits in atoms. Thus,
it represents an early quantum theory that gave a start to developing modern quantum theory. It introduced the concept of
a quantum number to describe atomic states. The limitation of the early quantum theory is that it cannot describe atoms
in which the number of electrons orbiting the nucleus is larger than one. The Bohr model of hydrogen is a semi-classical
model because it combines the classical concept of electron orbits with the new concept of quantization. The remarkable
success of this model prompted many physicists to seek an explanation for why such a model should work at all, and to
seek an understanding of the physics behind the postulates of early quantum theory. This search brought about the onset of
an entirely new concept of “matter waves.”
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Learning Objectives

By the end of this section, you will be able to:

39.5.1 Describe de Broglie’s hypothesis of matter waves
39.5.2 Explain how the de Broglie’s hypothesis gives the rationale for the quantization of 
angular momentum in Bohr’s quantum theory of the hydrogen atom
39.5.3 Describe the Davisson–Germer experiment
39.5.4 Interpret de Broglie’s idea of matter waves and how they account for electron 
diffraction phenomena

Compton’s formula established that an electromagnetic wave can behave like a particle of light when interacting with
matter. In 1924, Louis de Broglie proposed a new speculative hypothesis that electrons and other particles of matter
can behave like waves. Today, this idea is known as de Broglie’s hypothesis of matter waves. In 1926, De Broglie’s
hypothesis, together with Bohr’s early quantum theory, led to the development of a new theory of wave quantum
mechanics to describe the physics of atoms and subatomic particles. Quantum mechanics has paved the way for new
engineering inventions and technologies, such as the laser and magnetic resonance imaging (MRI). These new technologies
drive discoveries in other sciences such as biology and chemistry.

According to de Broglie’s hypothesis, massless photons as well as massive particles must satisfy one common set of
relations that connect the energy E with the frequency f, and the linear momentum p with the wavelength λ. We have
discussed these relations for photons in the context of Compton’s effect. We are recalling them now in a more general
context. Any particle that has energy and momentum is a de Broglie wave of frequency f and wavelength λ :

(39.54)E = h f

(39.55)λ = h
p

Here, E and p are, respectively, the relativistic energy and the momentum of a particle. De Broglie’s relations are usually

expressed in terms of the wave vector k→ , k = 2π /λ, and the wave frequency ω = 2π f , as we usually do for waves:

(39.56)E = ℏω
(39.57)p→ = ℏ k→

Wave theory tells us that a wave carries its energy with the group velocity. For matter waves, this group velocity is the
velocity u of the particle. Identifying the energy E and momentum p of a particle with its relativistic energy mc2 and its
relativistic momentum mu, respectively, it follows from de Broglie relations that matter waves satisfy the following relation:

(39.58)λ f = ω
k = E /ℏ

p /ℏ = E
p = mc2

mu = c2
u = c

β

where β = u /c. When a particle is massless we have u = c and Equation 39.58 becomes λ f = c.
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(39.59)

Example 39.11

How Long Are de Broglie Matter Waves?

Calculate the de Broglie wavelength of: (a) a 0.65-kg basketball thrown at a speed of 10 m/s, (b) a nonrelativistic 
electron with a kinetic energy of 1.0 eV, and (c) a relativistic electron with a kinetic energy of 108 keV.

Solution
We use Equation 39.58 to find the de Broglie wavelength. When the problem involves a nonrelativistic object 
moving with a nonrelativistic speed u, such as in (a) when β = u /c ≪ 1, we use nonrelativistic momentum p. 
When the nonrelativistic approximation cannot be used, such as in (c), we must use the relativistic momentum

p = mu = m0 γu = E0 γβ, where the rest mass energy of a particle is E0 = m0 c
2 and γ is the Lorentz

factor γ = 1/ 1 − β2. The total energy E of a particle is given by Equation 39.54 and the kinetic energy
is K = E − E0 = (γ − 1)E0. When the kinetic energy is known, we can invert ... to find the momentum

p = (E2 − E0
2) /c2 = K(K + 2E0) /c and substitute in Equation 39.58 to obtain

λ = h
p = hc

K(K + 2E0)

Depending on the problem at hand, in this equation we can use the following values for hc:
hc = (6.626 × 10−34 J · s)(2.998 × 108 m/s) = 1.986 × 10−25 J · m = 1.241 eV · μm

Solution
a. For the basketball, the kinetic energy is

K = m0u
2 /2 = (0.65kg)(10m/s)2 /2 = 32.5J

and the rest mass energy is

E0 = m0 c
2 = (0.65kg)(2.998 × 108 m/s)2 = 5.84 × 1016 J.

We see that K / (K + E0) ≪ 1 and use p = m0u = (0.65kg)(10m/s) = 6.5 J · s/m :

λ = h
p = 6.626 × 10−34 J · s

6.5J · s/m = 1.02 × 10−34 m

b. For the nonrelativistic electron,

E0 = m0 c
2 = (9.109 × 10−31 kg)(2.998 × 108 m/s)2 = 511 keV

and when K = 1.0 eV, we have K / (K + E0) = (1 /512) × 10−3 ≪ 1, so we can use the nonrelativistic formula. 

However, it is simpler here to use Equation 39.59:

λ = h
p = hc

K(K + 2E0)
= 1.241 eV · μm

(1.0 eV)[1.0 eV+2(511 keV)]
= 1.23 nm

If we use nonrelativistic momentum, we obtain the same result because 1 eV is much smaller than the rest mass
of the electron.

c. For a fast electron with K = 108 keV, relativistic effects cannot be neglected because its total energy is
E = K + E0 = 108 keV + 511 keV = 619 keV and K /E = 108/619 is not negligible:
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λ = h
p = hc

K(K + 2E0)
= 1.241 eV · μm

108 keV[108 keV + 2(511 keV)]
= 3.55 pm

Significance
We see from these estimates that De Broglie’s wavelengths of macroscopic objects such as a ball are
immeasurably small. Therefore, even if they exist, they are not detectable and do not affect the motion of
macroscopic objects.

Check Your Understanding What is de Broglie’s wavelength of a nonrelativistic proton with a kinetic
energy of 1.0 eV?

Using the concept of the electron matter wave, de Broglie provided a rationale for the quantization of the electron’s angular 
momentum in the hydrogen atom, which was postulated in Bohr’s quantum theory. The physical explanation for the first 
Bohr quantization condition comes naturally when we assume that an electron in a hydrogen atom behaves not like a particle 
but like a wave. To see it clearly, imagine a stretched guitar string that is clamped at both ends and vibrates in one of its 
normal modes. If the length of the string is l (Figure 39.18), the wavelengths of these vibrations cannot be arbitrary but 
must be such that an integer k number of half-wavelengths λ /2 fit exactly on the distance l between the ends. This is the 
condition l = kλ /2 for a standing wave on a string. Now suppose that instead of having the string clamped at the walls, 
we bend its length into a circle and fasten its ends to each other. This produces a circular string that vibrates in normal 
modes, satisfying the same standing-wave condition, but the number of half-wavelengths must now be an even number 
k, k = 2n, and the length l is now connected to the radius rn of the circle. This means that the radii are not arbitrary but 
must satisfy the following standing-wave condition:

(39.60)2πrn = 2nλ2

If an electron in the nth Bohr orbit moves as a wave, by Equation 39.60 its wavelength must be equal to λ = 2πrn /n. 
Assuming that Equation 39.59 is valid, the electron wave of this wavelength corresponds to the electron’s linear
momentum, p = h / λ = nh / (2πrn) = nℏ /rn. In a circular orbit, therefore, the electron’s angular momentum must be

(39.61)Ln = rn p = rn nℏ
rn = nℏ

This equation is the first of Bohr’s quantization conditions, given by ... . Providing a physical explanation for Bohr’s 
quantization condition is a convincing theoretical argument for the existence of matter waves.

Figure 39.18 Standing-wave pattern: (a) a stretched string clamped at the walls; (b) an electron wave trapped in the third 
Bohr orbit in the hydrogen atom.
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Example 39.12

The Electron Wave in the Ground State of Hydrogen

Find the de Broglie wavelength of an electron in the ground state of hydrogen.

Solution
We combine the first quantization condition in Equation 39.61 with ... and use ... for the first 
Bohr radius with n = 1.

Solution
When n = 1 and rn = a0 = 0.529 Å, the Bohr quantization condition gives a0 p = 1 · ℏ ⇒ p = ℏ /a0. The 

electron wavelength is:

λ = h / p = h /ℏ /a0 = 2πa0 = 2π(0.529 Å) = 3.324 Å

Significance
We obtain the same result when we use Equation 39.59 directly.

Check Your Understanding Find the de Broglie wavelength of an electron in the third excited state of
hydrogen.

Experimental confirmation of matter waves came in 1927 when C. Davisson and L. Germer performed a series of electron-
scattering experiments that clearly showed that electrons do behave like waves. Davisson and Germer did not set up their 
experiment to confirm de Broglie’s hypothesis: The confirmation came as a byproduct of their routine experimental studies 
of metal surfaces under electron bombardment.

In the particular experiment that provided the very first evidence of electron waves (known today as the Davisson–Germer 
experiment), they studied a surface of nickel. Their nickel sample was specially prepared in a high-temperature oven to 
change its usual polycrystalline structure to a form in which large single-crystal domains occupy the volume. Figure 
39.19 shows the experimental setup. Thermal electrons are released from a heated element (usually made of tungsten) in 
the electron gun and accelerated through a potential difference ΔV , becoming a well-collimated beam of electrons 
produced by an electron gun. The kinetic energy K of the electrons is adjusted by selecting a value of the potential 
difference in the electron gun. This produces a beam of electrons with a set value of linear momentum, in accordance with 
the conservation of energy:

(39.62)
eΔV = K = p2

2m ⇒ p = 2meΔV

The electron beam is incident on the nickel sample in the direction normal to its surface. At the surface, it scatters in various
directions. The intensity of the beam scattered in a selected direction φ is measured by a highly sensitive detector. The

detector’s angular position with respect to the direction of the incident beam can be varied from φ = 0° to φ = 90°. The

entire setup is enclosed in a vacuum chamber to prevent electron collisions with air molecules, as such thermal collisions
would change the electrons’ kinetic energy and are not desirable.
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Figure 39.19 Schematics of the experimental setup of the 
Davisson–Germer diffraction experiment. A well-collimated 
beam of electrons is scattered off the nickel target. The kinetic 
energy of electrons in the incident beam is selected by adjusting
a variable potential, ΔV , in the electron gun. Intensity of the
scattered electron beam is measured for a range of scattering
angles φ, whereas the distance between the detector and the

target does not change.

When the nickel target has a polycrystalline form with many randomly oriented microscopic crystals, the incident electrons 
scatter off its surface in various random directions. As a result, the intensity of the scattered electron beam is much the same 
in any direction, resembling a diffuse reflection of light from a porous surface. However, when the nickel target has a regular 
crystalline structure, the intensity of the scattered electron beam shows a clear maximum at a specific angle and the results 
show a clear diffraction pattern (see Figure 39.20). Similar diffraction patterns formed by X-rays scattered by various 
crystalline solids were studied in 1912 by father-and-son physicists William H. Bragg and William L. Bragg. The Bragg 
law in X-ray crystallography provides a connection between the wavelength λ of the radiation incident on a crystalline
lattice, the lattice spacing, and the position of the interference maximum in the diffracted radiation (see [link]Introduction 
to Diffraction[/link]).

The lattice spacing of the Davisson–Germer target, determined with X-ray crystallography, was measured to be
a = 2.15 Å. Unlike X-ray crystallography in which X-rays penetrate the sample, in the original Davisson–Germer 
experiment, only the surface atoms interact with the incident electron beam. For the surface diffraction, the maximum 
intensity of the reflected electron beam is observed for scattering angles that satisfy the condition nλ = asinφ (see

Figure 39.21). The first-order maximum (for n = 1 ) is measured at a scattering angle of φ ≈ 50° at ΔV ≈ 54V, which

gives the wavelength of the incident radiation as λ = (2.15 Å)sin50° = 1.64 Å. On the other hand, a 54-V potential

accelerates the incident electrons to kinetic energies of K = 54 eV. Their momentum, calculated from Equation 39.62, is 
p = 2.478 × 10−5 eV · s /m. When we substitute this result in Equation 39.59, the de Broglie wavelength is obtained as

(39.63)λ = h
p = 4.136 × 10−15 eV · s

2.478 × 10−5 eV · s /m
= 1.67 Å

The same result is obtained when we use K = 54 eV in Equation 39.62. The proximity of this theoretical result to the 
Davisson–Germer experimental value of λ = 1.64 Å is a convincing argument for the existence of de Broglie matter waves.
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Figure 39.20 The experimental results of electron diffraction 
on a nickel target for the accelerating potential in the electron 
gun of about ΔV = 54V : The intensity maximum is 
registered at the scattering angle of about φ = 50°.

Figure 39.21 In the surface diffraction of a monochromatic 
electromagnetic wave on a crystalline lattice structure, the in-
phase incident beams are reflected from atoms on the surface. A 
ray reflected from the left atom travels an additional distance
D = asinθ to the detector, where a is the lattice spacing. The 
reflected beams remain in-phase when D is an integer multiple
of their wavelength λ. The intensity of the reflected waves has
pronounced maxima for angles φ satisfying nλ = asinφ.

Diffraction lines measured with low-energy electrons, such as those used in the Davisson–Germer experiment, are quite 
broad (see Figure 39.20) because the incident electrons are scattered only from the surface. The resolution of 
diffraction images greatly improves when a higher-energy electron beam passes through a thin metal foil. This occurs 
because the diffraction image is created by scattering off many crystalline planes inside the volume, and the maxima 
produced in scattering at Bragg angles are sharp (see Figure 39.22).
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Figure 39.22 Diffraction patterns obtained in scattering on a crystalline solid: (a) with X-rays, and (b) with electrons. The 
observed pattern reflects the symmetry of the crystalline structure of the sample.

Since the work of Davisson and Germer, de Broglie’s hypothesis has been extensively tested with various experimental 
techniques, and the existence of de Broglie waves has been confirmed for numerous elementary particles. Neutrons have 
been used in scattering experiments to determine crystalline structures of solids from interference patterns formed by 
neutron matter waves. The neutron has zero charge and its mass is comparable with the mass of a positively charged proton. 
Both neutrons and protons can be seen as matter waves. Therefore, the property of being a matter wave is not specific to
electrically charged particles but is true of all particles in motion. Matter waves of molecules as large as carbon C60 have 

been measured. All physical objects, small or large, have an associated matter wave as long as they remain in motion. The 
universal character of de Broglie matter waves is firmly established.

Example 39.13

3
2

Neutron Scattering

Suppose that a neutron beam is used in a diffraction experiment on a typical crystalline solid. Estimate the kinetic 
energy of a neutron (in eV) in the neutron beam and compare it with kinetic energy of an ideal gas in equilibrium 
at room temperature.

Solution
We assume that a typical crystal spacing a is of the order of 1.0 Å. To observe a diffraction pattern on such 
a lattice, the neutron wavelength λ must be on the same order of magnitude as the lattice spacing. We use
Equation 39.62 to find the momentum p and kinetic energy K. To compare this energy with the energy ET of 
ideal gas in equilibrium at room temperature T = 300K , we use the relation K = kB T , where kB = 8.62 × 10−5 

eV/K is the Boltzmann constant.
Solution
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39.13

We evaluate pc to compare it with the neutron’s rest mass energy E0 = 940 MeV :

p = h
λ ⇒ pc = hc

λ = 1.241 × 10−6 eV · m
10−10 m

= 12.41 keV

We see that p2 c2 ≪ E0
2 so K ≪ E0 and we can use the nonrelativistic kinetic energy:

K = p2

2mn
= h2

2λ2mn
= (6.63 × 10−34 J · s)2

(2 × 10−20 m2)(1.66 × 10−27 kg)
= 1.32 × 10−20 J = 82.7 meV

Kinetic energy of ideal gas in equilibrium at 300 K is:

KT = 3
2kBT = 3

2(8.62 × 10−5 eV/K)(300K) = 38.8 MeV

We see that these energies are of the same order of magnitude.

Significance
Neutrons with energies in this range, which is typical for an ideal gas at room temperature, are called “thermal
neutrons.”

Example 39.14

Wavelength of a Relativistic Proton

In a supercollider at CERN, protons can be accelerated to velocities of 0.75c. What are their de Broglie
wavelengths at this speed? What are their kinetic energies?

Solution

The rest mass energy of a proton is E0 = m0 c
2 = (1.672 × 10−27 kg)(2.998 × 108 m/s)2 = 938 MeV. When

the proton’s velocity is known, we have β = 0.75 and βγ = 0.75/ 1 − 0.752 = 1.714. We obtain the

wavelength λ and kinetic energy K from relativistic relations.

Solution

λ = h
p = hc

pc = hc
βγE0

= 1.241 eV · μm
1.714(938 MeV) = 0.77 fm

K = E0(γ − 1) = 938 MeV(1/ 1 − 0.752 − 1) = 480.1 MeV

Significance
Notice that because a proton is 1835 times more massive than an electron, if this experiment were performed with
electrons, a simple rescaling of these results would give us the electron’s wavelength of (1835)0.77fm = 1.4 pm
and its kinetic energy of 480.1 MeV/1835 = 261.6 keV.

Check Your Understanding Find the de Broglie wavelength and kinetic energy of a free electron that
travels at a speed of 0.75c.
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Learning Objectives

By the end of this section, you will be able to:

39.6.1 Identify phenomena in which electromagnetic waves behave like a beam of photons 
and particles behave like waves
39.6.2 Describe the physics principles behind electron microscopy
39.6.3 Summarize the evolution of scientific thought that led to the development of 
quantum mechanics

The energy of radiation detected by a radio-signal receiving antenna comes as the energy of an electromagnetic wave. The 
same energy of radiation detected by a photocurrent in the photoelectric effect comes as the energy of individual photon 
particles. Therefore, the question arises about the nature of electromagnetic radiation: Is a photon a wave or is it a particle?
Similar questions may be asked about other known forms of energy. For example, an electron that forms part of an electric 
current in a circuit behaves like a particle moving in unison with other electrons inside the conductor. The same electron 
behaves as a wave when it passes through a solid crystalline structure and forms a diffraction image. I s an electron a 
wave or is it a particle? The same question can be extended to all particles of matter—elementary particles, as well as 
compound molecules—asking about their true physical nature. At our present state of knowledge, such questions about the 
true nature of things do not have conclusive answers. All we can say is that wave-particle duality exists in nature: Under 
some experimental conditions, a particle appears to act as a particle, and under different experimental conditions, a particle 
appears to act a wave. Conversely, under some physical circumstances electromagnetic radiation acts as a wave, and under 
other physical circumstances, radiation acts as a beam of photons.

This dualistic interpretation is not a new physics concept brought about by specific discoveries in the twentieth century. 
I t was already present in a debate between I saac Newton and Christiaan Huygens about the nature of light, beginning 
in the year 1670. According to Newton, a beam of light is a collection of corpuscles of light. According to Huygens, 
light is a wave. The corpuscular hypothesis failed in 1803, when Thomas Young announced his double-slit interference 
experiment with light (see Figure 39.23), which firmly established light as a wave. In James Clerk Maxwell’s theory 
of electromagnetism (completed by the year 1873), light is an electromagnetic wave. Maxwell’s classical view of 
radiation as an electromagnetic wave is still valid today; however, it is unable to explain blackbody radiation and the 
photoelectric effect, where light acts as a beam of photons.
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Figure 39.23 Young’s double-slit experiment explains the 
interference of light by making an analogy with the interference 
of water waves. Two waves are generated at the positions of two 
slits in an opaque screen. The waves have the same wavelengths. 
They travel from their origins at the slits to the viewing screen 
placed to the right of the slits. The waves meet on the viewing 
screen. At the positions marked “Max” on the screen, the 
meeting waves are in-phase and the combined wave amplitude is 
enhanced. At positions marked “Min,” the combined wave 
amplitude is zero. For light, this mechanism creates a bright-
and-dark fringe pattern on the viewing screen.

A similar dichotomy existed in the interpretation of electricity. From Benjamin Franklin’s observations of electricity in 
1751 until J.J. Thomson’s discovery of the electron in 1897, electric current was seen as a flow in a continuous electric 
medium. Within this theory of electric fluid, the present theory of electric circuits was developed, and electromagnetism 
and electromagnetic induction were discovered. Thomson’s experiment showed that the unit of negative electric charge (an 
electron) can travel in a vacuum without any medium to carry the charge around, as in electric circuits. This discovery 
changed the way in which electricity is understood today and gave the electron its particle status. In Bohr’s early quantum 
theory of the hydrogen atom, both the electron and the proton are particles of matter. Likewise, in the Compton scattering of 
X-rays on electrons, the electron is a particle. On the other hand, in electron-scattering experiments on crystalline structures, 
the electron behaves as a wave.

A skeptic may raise a question that perhaps an electron might always be nothing more than a particle, and that the diffraction 
images obtained in electron-scattering experiments might be explained within some macroscopic model of a crystal and a 
macroscopic model of electrons coming at it like a rain of ping-pong balls. As a matter of fact, to investigate this question, 
we do not need a complex model of a crystal but just a couple of simple slits in a screen that is opaque to electrons. In other 
words, to gather convincing evidence about the nature of an electron, we need to repeat the Young double-slit experiment 
with electrons. If the electron is a wave, we should observe the formation of interference patterns typical for waves, such as 
those described in Figure 39.23, even when electrons come through the slits one by one. However, if the electron is a not 
a wave but a particle, the interference fringes will not be formed.

The very first double-slit experiment with a beam of electrons, performed by Claus Jönsson in Germany in 1961, 
demonstrated that a beam of electrons indeed forms an interference pattern, which means that electrons collectively behave 
as a wave. The first double-slit experiments with single electrons passing through the slits one-by-one were performed by 
Giulio Pozzi in 1974 in I taly and by Akira Tonomura in 1989 in Japan. They show that interference fringes are formed 
gradually, even when electrons pass through the slits individually. This demonstrates conclusively that electron-diffraction 
images are formed because of the wave nature of electrons. The results seen in double-slit experiments with electrons are 
illustrated by the images of the interference pattern in Figure 39.24.
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39.14

Figure 39.24 Computer-simulated interference fringes seen in the Young double-slit experiment with electrons. One pattern 
is gradually formed on the screen, regardless of whether the electrons come through the slits as a beam or individually one-by-
one.

Example 39.15

Double-Slit Experiment with Electrons

In one experimental setup for studying interference patterns of electron waves, two slits are created in a gold-
coated silicon membrane. Each slit is 62-nm wide and 4-μm long, and the separation between the slits is 272 nm.

The electron beam is created in an electron gun by heating a tungsten element and by accelerating the electrons
across a 600-V potential. The beam is subsequently collimated using electromagnetic lenses, and the collimated
beam of electrons is sent through the slits. Find the angular position of the first-order bright fringe on the viewing
screen.

Solution
Recall that the angular position θ of the nth order bright fringe that is formed in Young’s two-slit interference
pattern (discussed in a previous chapter) is related to the separation, d, between the slits and to the wavelength,
λ, of the incident light by the equation dsinθ = nλ, where n = 0, ± 1, ± 2, .... The separation is given and
is equal to d = 272 nm. For the first-order fringe, we take n = 1. The only thing we now need is the wavelength
of the incident electron wave.

Since the electron has been accelerated from rest across a potential difference of ΔV = 600V, its kinetic energy
is K = eΔV = 600 eV. The rest-mass energy of the electron is E0 = 511 keV.

We compute its de Broglie wavelength as that of a nonrelativistic electron because its kinetic energy K is much
smaller than its rest energy E0, K ≪ E0.

Solution
The electron’s wavelength is

λ = h
p = h

2meK
= h

2E0 /c2K
= hc

2E0K
= 1.241 × 10−6 eV · m

2(511 keV)(600 eV)
= 0.050 nm

This λ is used to obtain the position of the first bright fringe:

sinθ = 1 · λ
d = 0.050 nm

272 nm = 0.000184 ⇒ θ = 0.010°

Significance
Notice that this is also the angular resolution between two consecutive bright fringes up to about n = 1000. For
example, between the zero-order fringe and the first-order fringe, between the first-order fringe and the second-
order fringe, and so on.

Check Your Understanding

For the situation described in Example 39.15, find the angular position of the fifth-order bright fringe on 
the viewing screen.
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within one unified classical theory because separately neither a classical particle approach nor a classical wave approach 
can fully explain the observed phenomena. This limitation of the classical approach was realized by the year 1928, and a 
foundation for a new statistical theory, called quantum mechanics, was put in place by Bohr, Edwin Schrödinger, Werner 
Heisenberg, and Paul Dirac. Quantum mechanics takes de Broglie’s idea of matter waves to be the fundamental property of 
all particles and gives it a statistical interpretation. According to this interpretation, a wave that is associated with a particle 
carries information about the probable positions of the particle and about its other properties. A single particle is seen as a 
moving wave packet such as the one shown in Figure 39.25. We can intuitively sense from this example that if a particle 
is a wave packet, we will not be able to measure its exact position in the same sense as we cannot pinpoint a location of a 
wave packet in a vibrating guitar string. The uncertainty, Δx, in measuring the particle’s position is connected to the
uncertainty, Δp, in the simultaneous measuring of its linear momentum by Heisenberg’s uncertainty principle:

(39.64)ΔxΔp ≥ 1
2ℏ

Heisenberg’s principle expresses the law of nature that, at the quantum level, our perception is limited. For example, if we 
know the exact position of a body (which means that Δx = 0 in Equation 39.64) at the same time we cannot know its 
momentum, because then the uncertainty in its momentum becomes infinite (because Δp ≥ 0.5ℏ /Δx in Equation 39.64). 
The Heisenberg uncertainty principle sets the limit on the precision of simultaneous measurements of position and 
momentum of a particle; it shows that the best precision we can obtain is when we have an equals sign ( = ) in Equation 
39.64, and we cannot do better than that, even with the best instruments of the future. Heisenberg’s principle is a 
consequence of the wave nature of particles.

Figure 39.25 In this graphic, a particle is shown as a 
wave packet and its position does not have an exact value.

We routinely use many electronic devices that exploit wave-particle duality without even realizing the sophistication of the 
physics underlying their operation. One example of a technology based on the particle properties of photons and electrons 
is a charge-coupled device, which is used for light detection in any instrumentation where high-quality digital data are 
required, such as in digital cameras or in medical sensors. An example in which the wave properties of electrons is exploited 
is an electron microscope.

In 1931, physicist Ernst Ruska—building on the idea that magnetic fields can direct an electron beam just as lenses can 
direct a beam of light in an optical microscope—developed the first prototype of the electron microscope. This development 
originated the field of electron microscopy. I n the transmission electron microscope (TEM), shown in Figure 
39.26, electrons are produced by a hot tungsten element and accelerated by a potential difference in an electron gun, 
which gives them up to 400 keV in kinetic energy. After leaving the electron gun, the electron beam is focused by 
electromagnetic lenses (a system of condensing lenses) and transmitted through a specimen sample to be viewed. The 
image of the sample is reconstructed from the transmitted electron beam. The magnified image may be viewed either 
directly on a fluorescent screen or indirectly by sending it, for example, to a digital camera or a computer monitor. The 
entire setup consisting of the electron gun, the lenses, the specimen, and the fluorescent screen are enclosed in a vacuum 
chamber to prevent the energy loss from the beam. Resolution of the TEM is limited only by spherical aberration (discussed 
in a previous chapter). Modern high-resolution models of a TEM can have resolving power greater than 0.5 Å and 
magnifications higher than 50 million times. For comparison, the best resolving power obtained with light microscopy is 
currently about 97 nm. A limitation of
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chemical “fixing” to stabilize them for ultrathin slicing.

Figure 39.26 TEM: An electron beam produced by an electron gun is collimated by 
condenser lenses and passes through a specimen. The transmitted electrons are projected on a 
screen and the image is sent to a camera. (credit: modification of work by Dr. Graham Beards)

Such limitations do not appear in the scanning electron microscope (SEM), which was invented by Manfred von Ardenne 
in 1937. In an SEM, a typical energy of the electron beam is up to 40 keV and the beam is not transmitted through a sample 
but is scattered off its surface. Surface topography of the sample is reconstructed by analyzing back-scattered electrons, 
transmitted electrons, and the emitted radiation produced by electrons interacting with atoms in the sample. The resolving 
power of an SEM is better than 1 nm, and the magnification can be more than 250 times better than that obtained with a light 
microscope. The samples scanned by an SEM can be as large as several centimeters but they must be specially prepared, 
depending on electrical properties of the sample.

High magnifications of the TEM and SEM allow us to see individual molecules. High resolving powers of the TEM and 
SEM allow us to see fine details, such as those shown in the SEM micrograph of pollen at the beginning of this chapter 
(... ).

Example 39.16

Resolving Power of an Electron Microscope

If a 1.0-pm electron beam of a TEM passes through a 2.0-μm circular opening, what is the angle between the

two just-resolvable point sources for this microscope?

Solution
We can directly use a formula for the resolving power, Δθ, of a microscope (discussed in a previous chapter)
when the wavelength of the incident radiation is λ = 1.0 pm and the diameter of the aperture is D = 2.0μm :

Δθ = 1.22 λ
D = 1.221.0 pm

2.0μm = 6.10 × 10−7 rad = 3.50 × 10−5 degree

Significance
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which means that all of the fine details in the image would be blurred.

39.15 Check Your Understanding

Suppose that the diameter of the aperture in Example 39.16 is halved. How does it affect the resolving 

power?
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absorber

absorption spectrum

Balmer formula

Balmer series

blackbody

blackbody radiation

Bohr radius of hydrogen

Bohr’s model of the hydrogen atom

Brackett series

Compton effect

Compton shift

Compton wavelength

cut-off frequency

cut-off wavelength

Davisson–Germer experiment

De Broglie wave

De Broglie’s hypothesis of matter waves

double-slit interference experiment

electron microscopy

emission spectrum

emitter

energy of a photon

energy spectrum of hydrogen

excited energy states of the H atom

Fraunhofer lines

ground state energy of the hydrogen atom

group velocity

Heisenberg uncertainty principle

Humphreys series

hydrogen-like atom

inelastic scattering

ionization energy

ionization limit of the hydrogen atom

Lyman series

CHAPTER 39 REVIEW

KEY TERMS
any object that absorbs radiation

wavelengths of absorbed radiation by atoms and molecules

describes the emission spectrum of a hydrogen atom in the visible-light range

spectral lines corresponding to electron transitions to/from the n = 2 state of the hydrogen atom,
described by the Balmer formula

perfect absorber/emitter

radiation emitted by a blackbody

radius of the first Bohr’s orbit

first quantum model to explain emission spectra of hydrogen

spectral lines corresponding to electron transitions to/from the n = 4 state

the change in wavelength when an X-ray is scattered by its interaction with some materials

difference between the wavelengths of the incident X-ray and the scattered X-ray

physical constant with the value λc = 2.43 pm

frequency of incident light below which the photoelectric effect does not occur

wavelength of incident light that corresponds to cut-off frequency

historically first electron-diffraction experiment that revealed electron waves

matter wave associated with any object that has mass and momentum

particles of matter can behave like waves

Young’s double-slit experiment, which shows the interference of waves

microscopy that uses electron waves to “see” fine details of nano-size objects

wavelengths of emitted radiation by atoms and molecules

any object that emits radiation

quantum of radiant energy, depends only on a photon’s frequency

set of allowed discrete energies of an electron in a hydrogen atom

energy state other than the ground state

dark absorption lines in the continuum solar emission spectrum

energy of an electron in the first Bohr orbit of the hydrogen atom

velocity of a wave, energy travels with the group velocity

sets the limits on precision in simultaneous measurements of momentum and
position of a particle

spectral lines corresponding to electron transitions to/from the n = 6 state

ionized atom with one electron remaining and nucleus with charge +Ze

scattering effect where kinetic energy is not conserved but the total energy is conserved

energy needed to remove an electron from an atom

ionization energy needed to remove an electron from the first Bohr orbit

spectral lines corresponding to electron transitions to/from the ground state
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nuclear model of the atom

Pashen series

Pfund series

photocurrent

photoelectric effect

photoelectrode

photoelectron

photon

Planck’s hypothesis of energy quanta

postulates of Bohr’s model

power intensity

propagation vector

quantized energies

quantum number

quantum number

quantum phenomenon

quantum state of a Planck’s oscillator

reduced Planck’s constant

Rutherford’s gold foil experiment

Rydberg constant for hydrogen

Rydberg formula

scattering angle

Stefan–Boltzmann constant

stopping potential

wave number

wave quantum mechanics

wave-particle duality

work function

α -particle

α -ray

β-ray

γ-ray

heavy positively charged nucleus at the center is surrounded by electrons, proposed by
Rutherford

spectral lines corresponding to electron transitions to/from the n = 3 state

spectral lines corresponding to electron transitions to/from the n = 5 state

in a circuit, current that flows when a photoelectrode is illuminated

emission of electrons from a metal surface exposed to electromagnetic radiation of the proper
frequency

in a circuit, an electrode that emits photoelectrons

electron emitted from a metal surface in the presence of incident radiation

particle of light

energy exchanges between the radiation and the walls take place only in the
form of discrete energy quanta

three assumptions that set a frame for Bohr’s model

energy that passes through a unit surface per unit time

vector with magnitude 2π /λ that has the direction of the photon’s linear momentum

discrete energies; not continuous

positive integer that enumerates energy values of Planck’s oscillator

index that enumerates energy levels

in interaction with matter, photon transfers either all its energy or nothing

any mode of vibration of Planck’s oscillator, enumerated by quantum number

Planck’s constant divided by 2π

first experiment to demonstrate the existence of the atomic nucleus

physical constant in the Balmer formula

experimentally found positions of spectral lines of hydrogen atom

angle between the direction of the scattered beam and the direction of the incident beam

physical constant in Stefan’s law

in a circuit, potential difference that stops photocurrent

magnitude of the propagation vector

theory that explains the physics of atoms and subatomic particles

particles can behave as waves and radiation can behave as particles

energy needed to detach photoelectron from the metal surface

doubly ionized helium atom

beam of α -particles (alpha-particles)

beam of electrons

beam of highly energetic photons

KEY EQUATIONS
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NOT FINAL DRAFTWien’s displacement law λmaxT = 2.898 × 10−3 m ⋅ K

Stefan’s law P(T) = σAT 4

Planck’s constant h = 6.626 × 10−34 J ⋅ s = 4.136 × 10−15 eV ⋅ s
Energy quantum of radiation ΔE = h f

Planck’s blackbody radiation law I(λ, T) = 2πhc2

λ5
1

e
hc /λkBT

− 1
Maximum kinetic energy
of a photoelectron

Kmax = eΔVs

Energy of a photon E f = h f
Energy balance for photoelectron Kmax = h f − ϕ

Cut-off frequency fc = ϕ
h

Relativistic invariant
energy equation E2 = p2 c2 + m0

2 c4

Energy-momentum relation
for photon

p f =
E f
c

Energy of a photon E f = h f = hc
λ

Magnitude of photon’s momentum p f = h
λ

Photon’s linear
momentum vector p→ f = ℏ k

→

The Compton wavelength
of an electron

λc = h
m0 c = 0.00243 nm

The Compton shift Δλ = λc(1 − cosθ)

The Balmer formula 1
λ = RH

⎛
⎝ 1

22 − 1
n2
⎞
⎠

The Rydberg formula 1
λ = RH

⎛
⎝
⎜ 1
n f

2 − 1
ni

2

⎞
⎠
⎟, ni = n f + 1, n f + 2, …

Bohr’s first quantization condition Ln = nℏ, n = 1, 2, …
Bohr’s second quantization condition h f = |En − Em|
Bohr’s radius of hydrogen a0 = 4πε0

ℏ2

me e2 = 0.529Å

Bohr’s radius of the nth orbit rn = a0n
2

Ground-state energy value,
ionization limit

E0 = 1
8ε0

2
me e4

h2 = 13.6 eV

Electron’s energy in
the nth orbit

En = − E0
1
n2

Ground state energy of
hydrogen

E1 = − E0 = − 13.6 eV

The nth orbit of
hydrogen-like ion rn = a0

Z n2

The nth energy
of hydrogen-like ion

En = − Z2E0
1
n2

Energy of a matter wave E = h f

The de Broglie wavelength λ = h
p

The frequency-wavelength relation
for matter waves

λ f = c
β

Heisenberg’s uncertainty principle Δx Δp ≥ 1
2ℏ
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• All bodies radiate energy. The amount of radiation a body emits depends on its temperature. The experimental
Wien’s displacement law states that the hotter the body, the shorter the wavelength corresponding to the emission
peak in the radiation curve. The experimental Stefan’s law states that the total power of radiation emitted across the
entire spectrum of wavelengths at a given temperature is proportional to the fourth power of the Kelvin temperature
of the radiating body.

• Absorption and emission of radiation are studied within the model of a blackbody. In the classical approach, the
exchange of energy between radiation and cavity walls is continuous. The classical approach does not explain the
blackbody radiation curve.

• To explain the blackbody radiation curve, Planck assumed that the exchange of energy between radiation and cavity
walls takes place only in discrete quanta of energy. Planck’s hypothesis of energy quanta led to the theoretical
Planck’s radiation law, which agrees with the experimental blackbody radiation curve; it also explains Wien’s and
Stefan’s laws.

39.2 Photoelectric Effect
• The photoelectric effect occurs when photoelectrons are ejected from a metal surface in response to monochromatic

radiation incident on the surface. It has three characteristics: (1) it is instantaneous, (2) it occurs only when the
radiation is above a cut-off frequency, and (3) kinetic energies of photoelectrons at the surface do not depend of the
intensity of radiation. The photoelectric effect cannot be explained by classical theory.

• We can explain the photoelectric effect by assuming that radiation consists of photons (particles of light). Each
photon carries a quantum of energy. The energy of a photon depends only on its frequency, which is the frequency
of the radiation. At the surface, the entire energy of a photon is transferred to one photoelectron.

• The maximum kinetic energy of a photoelectron at the metal surface is the difference between the energy of the
incident photon and the work function of the metal. The work function is the binding energy of electrons to the
metal surface. Each metal has its own characteristic work function.

39.3 The Compton Effect
• In the Compton effect, X-rays scattered off some materials have different wavelengths than the wavelength of the

incident X-rays. This phenomenon does not have a classical explanation.

• The Compton effect is explained by assuming that radiation consists of photons that collide with weakly bound
electrons in the target material. Both electron and photon are treated as relativistic particles. Conservation laws of
the total energy and of momentum are obeyed in collisions.

• Treating the photon as a particle with momentum that can be transferred to an electron leads to a theoretical
Compton shift that agrees with the wavelength shift measured in the experiment. This provides evidence that
radiation consists of photons.

• Compton scattering is an inelastic scattering, in which scattered radiation has a longer wavelength than that of
incident radiation.

39.4 Bohr’s Model of the Hydrogen Atom
• Positions of absorption and emission lines in the spectrum of atomic hydrogen are given by the experimental

Rydberg formula. Classical physics cannot explain the spectrum of atomic hydrogen.

• The Bohr model of hydrogen was the first model of atomic structure to correctly explain the radiation spectra of
atomic hydrogen. It was preceded by the Rutherford nuclear model of the atom. In Rutherford’s model, an atom
consists of a positively charged point-like nucleus that contains almost the entire mass of the atom and of negative
electrons that are located far away from the nucleus.

• Bohr’s model of the hydrogen atom is based on three postulates: (1) an electron moves around the nucleus in a
circular orbit, (2) an electron’s angular momentum in the orbit is quantized, and (3) the change in an electron’s
energy as it makes a quantum jump from one orbit to another is always accompanied by the emission or absorption

SUMMARY

39.1 Blackbody Radiation
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with the new concept of quantization (postulates 2 and 3).

• Bohr’s model of the hydrogen atom explains the emission and absorption spectra of atomic hydrogen and hydrogen-
like ions with low atomic numbers. It was the first model to introduce the concept of a quantum number to describe
atomic states and to postulate quantization of electron orbits in the atom. Bohr’s model is an important step in the
development of quantum mechanics, which deals with many-electron atoms.

39.5 De Broglie’s Matter Waves
• De Broglie’s hypothesis of matter waves postulates that any particle of matter that has linear momentum is also a

wave. The wavelength of a matter wave associated with a particle is inversely proportional to the magnitude of the
particle’s linear momentum. The speed of the matter wave is the speed of the particle.

• De Broglie’s concept of the electron matter wave provides a rationale for the quantization of the electron’s angular
momentum in Bohr’s model of the hydrogen atom.

• In the Davisson–Germer experiment, electrons are scattered off a crystalline nickel surface. Diffraction patterns of
electron matter waves are observed. They are the evidence for the existence of matter waves. Matter waves are
observed in diffraction experiments with various particles.

39.6 Wave-Particle Duality
• Wave-particle duality exists in nature: Under some experimental conditions, a particle acts as a particle; under other

experimental conditions, a particle acts as a wave. Conversely, under some physical circumstances, electromagnetic
radiation acts as a wave, and under other physical circumstances, radiation acts as a beam of photons.

• Modern-era double-slit experiments with electrons demonstrated conclusively that electron-diffraction images are
formed because of the wave nature of electrons.

• The wave-particle dual nature of particles and of radiation has no classical explanation.

• Quantum theory takes the wave property to be the fundamental property of all particles. A particle is seen as
a moving wave packet. The wave nature of particles imposes a limitation on the simultaneous measurement of
the particle’s position and momentum. Heisenberg’s uncertainty principle sets the limits on precision in such
simultaneous measurements.

• Wave-particle duality is exploited in many devices, such as charge-couple devices (used in digital cameras) or in the
electron microscopy of the scanning electron microscope (SEM) and the transmission electron microscope (TEM).

CONCEPTUAL QUESTIONS 

39.1 Blackbody Radiation

1. Which surface has a higher temperature – the surface of
a yellow star or that of a red star?

2. Describe what you would see when looking at a body
whose temperature is increased from 1000 K to 1,000,000
K.

3. Explain the color changes in a hot body as its
temperature is increased.

4. Speculate as to why UV light causes sunburn, whereas
visible light does not.

5. Two cavity radiators are constructed with walls made of
different metals. At the same temperature, how would their
radiation spectra differ?

6. Discuss why some bodies appear black, other bodies
appear red, and still other bodies appear white.

7. If everything radiates electromagnetic energy, why can
we not see objects at room temperature in a dark room?

8. How much does the power radiated by a blackbody
increase when its temperature (in K) is tripled?

39.2 Photoelectric Effect
9. For the same monochromatic light source, would the
photoelectric effect occur for all metals?

10. In the interpretation of the photoelectric effect, how
is it known that an electron does not absorb more than one
photon?

11. Explain how you can determine the work function
from a plot of the stopping potential versus the frequency of
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12. Suppose that in the photoelectric-effect experiment
we make a plot of the detected current versus the applied
potential difference. What information do we obtain from
such a plot? Can we determine from it the value of Planck’s
constant? Can we determine the work function of the
metal?

13. Speculate how increasing the temperature of a
photoelectrode affects the outcomes of the photoelectric
effect experiment.

14. Which aspects of the photoelectric effect cannot be
explained by classical physics?

15. Is the photoelectric effect a consequence of the wave
character of radiation or is it a consequence of the particle
character of radiation? Explain briefly.

16. The metals sodium, iron, and molybdenum have work
functions 2.5 eV, 3.9 eV, and 4.2 eV, respectively. Which
of these metals will emit photoelectrons when illuminated
with 400 nm light?

39.3 The Compton Effect
17. Discuss any similarities and differences between the
photoelectric and the Compton effects.

18. Which has a greater momentum: an UV photon or an
IR photon?

19. Does changing the intensity of a monochromatic light
beam affect the momentum of the individual photons in the
beam? Does such a change affect the net momentum of the
beam?

20. Can the Compton effect occur with visible light? If so,
will it be detectable?

21. Is it possible in the Compton experiment to observe
scattered X-rays that have a shorter wavelength than the
incident X-ray radiation?

22. Show that the Compton wavelength has the dimension
of length.

23. At what scattering angle is the wavelength shift in the
Compton effect equal to the Compton wavelength?

39.4 Bohr’s Model of the Hydrogen Atom
24. Explain why the patterns of bright emission spectral
lines have an identical spectral position to the pattern of
dark absorption spectral lines for a given gaseous element.

25. Do the various spectral lines of the hydrogen atom
overlap?

26. The Balmer series for hydrogen was discovered before
either the Lyman or the Paschen series. Why?

27. When the absorption spectrum of hydrogen at room
temperature is analyzed, absorption lines for the Lyman
series are found, but none are found for the Balmer series.
What does this tell us about the energy state of most
hydrogen atoms at room temperature?

28. Hydrogen accounts for about 75% by mass of the
matter at the surfaces of most stars. However, the
absorption lines of hydrogen are strongest (of highest
intensity) in the spectra of stars with a surface temperature
of about 9000 K. They are weaker in the sun spectrum
and are essentially nonexistent in very hot (temperatures
above 25,000 K) or rather cool (temperatures below 3500
K) stars. Speculate as to why surface temperature affects
the hydrogen absorption lines that we observe.

29. Discuss the similarities and differences between
Thomson’s model of the hydrogen atom and Bohr’s model
of the hydrogen atom.

30. Discuss the way in which Thomson’s model is
nonphysical. Support your argument with experimental
evidence.

31. If, in a hydrogen atom, an electron moves to an orbit
with a larger radius, does the energy of the hydrogen atom
increase or decrease?

32. How is the energy conserved when an atom makes a
transition from a higher to a lower energy state?

33. Suppose an electron in a hydrogen atom makes a
transition from the (n+1)th orbit to the nth orbit. Is the
wavelength of the emitted photon longer for larger values
of n, or for smaller values of n?

34. Discuss why the allowed energies of the hydrogen
atom are negative.

35. Can a hydrogen atom absorb a photon whose energy is
greater than 13.6 eV?

36. Why can you see through glass but not through wood?

the incident radiation in a photoelectric effect experiment. 
Can you determine the value of Planck’s constant from this 
plot?
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atomic energy levels?

38. Show that Planck’s constant has the dimensions of
angular momentum.

39.5 De Broglie’s Matter Waves
39. Which type of radiation is most suitable for the
observation of diffraction patterns on crystalline solids;
radio waves, visible light, or X-rays? Explain.

40. Speculate as to how the diffraction patterns of a typical
crystal would be affected if γ-rays were used instead of X-

rays.

41. If an electron and a proton are traveling at the same
speed, which one has the shorter de Broglie wavelength?

42. If a particle is accelerating, how does this affect its de
Broglie wavelength?

43. Why is the wave-like nature of matter not observed
every day for macroscopic objects?

44. What is the wavelength of a neutron at rest? Explain.

45. Why does the setup of Davisson–Germer experiment
need to be enclosed in a vacuum chamber? Discuss what
result you expect when the chamber is not evacuated.

39.6 Wave-Particle Duality
46. Give an example of an experiment in which light
behaves as waves. Give an example of an experiment in
which light behaves as a stream of photons.

47. Discuss: How does the interference of water waves
differ from the interference of electrons? How are they
analogous?

48. Give at least one argument in support of the matter-
wave hypothesis.

49. Give at least one argument in support of the particle-
nature of radiation.

50. Explain the importance of the Young double-slit
experiment.

51. Does the Heisenberg uncertainty principle allow a
particle to be at rest in a designated region in space?

52. Can the de Broglie wavelength of a particle be known
exactly?

53. Do the photons of red light produce better resolution
in a microscope than blue light photons? Explain.

54. Discuss the main difference between an SEM and a
TEM.

PROBLEMS

39.1 Blackbody Radiation
55. A 200-W heater emits a 1.5-µm radiation. (a) What
value of the energy quantum does it emit? (b) Assuming
that the specific heat of a 4.0-kg body is 0.83kcal /kg · K,
how many of these photons must be absorbed by the body

to increase its temperature by 2 K? (c) How long does 
the heating process in (b) take, assuming that all radiation 
emitted by the heater gets absorbed by the body?

56. A 900-W microwave generator in an oven generates
energy quanta of frequency 2560 MHz. (a) How many
energy quanta does it emit per second? (b) How many
energy quanta must be absorbed by a pasta dish placed in
the radiation cavity to increase its temperature by 45.0 K?
Assume that the dish has a mass of 0.5 kg and that its
specific heat is 0.9 kcal /kg · K. (c) Assume that all energy

quanta emitted by the generator are absorbed by the pasta 
dish. How long must we wait until the dish in (b) is ready?

57. (a) For what temperature is the peak of blackbody
radiation spectrum at 400 nm? (b) If the temperature of a

blackbody is 800 K, at what wavelength does it radiate the
most energy?

58. The tungsten elements of incandescent light bulbs
operate at 3200 K. At what frequency does the filament
radiate maximum energy?

59. Interstellar space is filled with radiation of wavelength
970μm. This radiation is considered to be a remnant of

the “big bang.” What is the corresponding blackbody 
temperature of this radiation?

60. The radiant energy from the sun reaches its maximum
at a wavelength of about 500.0 nm. What is the
approximate temperature of the sun’s surface?

39.2 Photoelectric Effect
61. A photon has energy 20 keV. What are its frequency
and wavelength?
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approximately 400 to 750 nm. What is the corresponding
range of photon energies for visible light?

63. What is the longest wavelength of radiation that can
eject a photoelectron from silver? Is it in the visible range?

64. What is the longest wavelength of radiation that can
eject a photoelectron from potassium, given the work
function of potassium 2.24 eV? Is it in the visible range?

65. Estimate the binding energy of electrons in
magnesium, given that the wavelength of 337 nm is the
longest wavelength that a photon may have to eject a
photoelectron from magnesium photoelectrode.

66. The work function for potassium is 2.26 eV. What
is the cutoff frequency when this metal is used as
photoelectrode? What is the stopping potential when for the
emitted electrons when this photoelectrode is exposed to
radiation of frequency 1200 THz?

67. Estimate the work function of aluminum, given that
the wavelength of 304 nm is the longest wavelength that a
photon may have to eject a photoelectron from aluminum
photoelectrode.

68. What is the maximum kinetic energy of photoelectrons
ejected from sodium by the incident radiation of
wavelength 450 nm?

69. A 120-nm UV radiation illuminates a gold-plated
electrode. What is the maximum kinetic energy of the
ejected photoelectrons?

70. A 400-nm violet light ejects photoelectrons with a
maximum kinetic energy of 0.860 eV from sodium
photoelectrode. What is the work function of sodium?

71. A 600-nm light falls on a photoelectric surface and
electrons with the maximum kinetic energy of 0.17 eV are
emitted. Determine (a) the work function and (b) the cutoff
frequency of the surface. (c) What is the stopping potential
when the surface is illuminated with light of wavelength
400 nm?

72. The cutoff wavelength for the emission of
photoelectrons from a particular surface is 500 nm. Find
the maximum kinetic energy of the ejected photoelectrons
when the surface is illuminated with light of wavelength
600 nm.

73. Find the wavelength of radiation that can eject
2.00-eV electrons from calcium electrode. The work
function for calcium is 2.71 eV. In what range is this
radiation?

74. Find the wavelength of radiation that can eject
0.10-eV electrons from potassium electrode. The work
function for potassium is 2.24 eV. In what range is this
radiation?

75. Find the maximum velocity of photoelectrons ejected
by an 80-nm radiation, if the work function of
photoelectrode is 4.73 eV.

39.3 The Compton Effect
76. What is the momentum of a 589-nm yellow photon?

77. What is the momentum of a 4-cm microwave photon?

78. In a beam of white light (wavelengths from 400 to 750
nm), what range of momentum can the photons have?

79. What is the energy of a photon whose momentum is
3.0 × 10−24 kg · m/s ?

80. What is the wavelength of (a) a 12-keV X-ray photon;
(b) a 2.0-MeV γ -ray photon?

81. Find the momentum and energy of a 1.0-Å photon.

82. Find the wavelength and energy of a photon with
momentum 5.00 × 10−29 kg · m/s.

83. A γ -ray photon has a momentum of

8.00 × 10−21 kg · m/s. Find its wavelength and energy.

84. (a) Calculate the momentum of a 2.5-µm photon. (b)

Find the velocity of an electron with the same momentum.
(c) What is the kinetic energy of the electron, and how does
it compare to that of the photon?

85. Show that p = h /λ and E f = h f are consistent with

the relativistic formula E2 = p2 c2 + m0
2 c2.

86. Show that the energy E in eV of a photon is given by
E = 1.241 × 10−6 eV · m/λ, where λ is its wavelength
in meters.

87. For collisions with free electrons, compare the
Compton shift of a photon scattered as an angle of 30° to
that of a photon scattered at 45°.
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block of carbon. What are the wavelengths of photons 
scattered at (a) 30°; (b) 90°; and, (c) 180° ?

39.4 Bohr’s Model of the Hydrogen Atom
89. Calculate the wavelength of the first line in the Lyman
series and show that this line lies in the ultraviolet part of
the spectrum.

90. Calculate the wavelength of the fifth line in the Lyman
series and show that this line lies in the ultraviolet part of
the spectrum.

91. Calculate the energy changes corresponding to the
transitions of the hydrogen atom: (a) from n = 3 to
n = 4; (b) from n = 2 to n = 1; and (c) from n = 3 to
n = ∞.

92. Determine the wavelength of the third Balmer line
(transition from n = 5 to n = 2 ).

93. What is the frequency of the photon absorbed when
the hydrogen atom makes the transition from the ground
state to the n = 4 state?

94. When a hydrogen atom is in its ground state, what are
the shortest and longest wavelengths of the photons it can
absorb without being ionized?

95. When a hydrogen atom is in its third excided state,
what are the shortest and longest wavelengths of the
photons it can emit?

96. What is the longest wavelength that light can have if it
is to be capable of ionizing the hydrogen atom in its ground
state?

97. For an electron in a hydrogen atom in the n = 2 state,
compute: (a) the angular momentum; (b) the kinetic energy;
(c) the potential energy; and (d) the total energy.

98. Find the ionization energy of a hydrogen atom in the
fourth energy state.

99. It has been measured that it required 0.850 eV to
remove an electron from the hydrogen atom. In what state
was the atom before the ionization happened?

100. What is the radius of a hydrogen atom when the
electron is in the first excited state?

101. Find the shortest wavelength in the Balmer series. In
what part of the spectrum does this line lie?

102. Show that the entire Paschen series lies in the
infrared part of the spectrum.

103. Do the Balmer series and the Lyman series overlap?
Why? Why not? (Hint: calculate the shortest Balmer line
and the longest Lyman line.)

104. (a) Which line in the Balmer series is the first one
in the UV part of the spectrum? (b) How many Balmer
lines lie in the visible part of the spectrum? (c) How many
Balmer lines lie in the UV?

105. A 4.653-μm emission line of atomic hydrogen

corresponds to transition between the states n f = 5 and

ni. Find ni.

39.5 De Broglie’s Matter Waves
106. At what velocity will an electron have a wavelength
of 1.00 m?

107. What is the de Broglie wavelength of an electron
travelling at a speed of 5.0 × 106 m/s ?

108. What is the de Broglie wavelength of an electron that
is accelerated from rest through a potential difference of 20
keV?

109. What is the de Broglie wavelength of a proton whose
kinetic energy is 2.0 MeV? 10.0 MeV?

110. What is the de Broglie wavelength of a 10-kg football
player running at a speed of 8.0 m/s?

111. (a) What is the energy of an electron whose de
Broglie wavelength is that of a photon of yellow light with
wavelength 590 nm? (b) What is the de Broglie wavelength
of an electron whose energy is that of the photon of yellow
light?

112. The de Broglie wavelength of a neutron is 0.01 nm.
What is the speed and energy of this neutron?

113. What is the wavelength of an electron that is moving
at a 3% of the speed of light?

114. At what velocity does a proton have a 6.0-fm
wavelength (about the size of a nucleus)? Give your answer
in units of c.

115. What is the velocity of a 0.400-kg billiard ball if its
wavelength is 7.50 fm?
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117. An AM radio transmitter radiates 500 kW at a
frequency of 760 kHz. How many photons per second does
the emitter emit?

118. Find the Lorentz factor γ and de Broglie’s

wavelength for a 50-GeV electron in a particle accelerator.

119. Find the Lorentz factor γ and de Broglie’s

wavelength for a 1.0-TeV proton in a particle accelerator.

120. What is the kinetic energy of a 0.01-nm electron in a
TEM?

121. If electron is to be diffracted significantly by a
crystal, its wavelength must be about equal to the spacing,
d, of crystalline planes. Assuming d = 0.250 nm,
estimate the potential difference through which an electron
must be accelerated from rest if it is to be diffracted by
these planes.

122. X-rays form ionizing radiation that is dangerous to
living tissue and undetectable to the human eye. Suppose
that a student researcher working in an X-ray diffraction
laboratory is accidentally exposed to a fatal dose of
radiation. Calculate the temperature increase of the
researcher under the following conditions: the energy of
X-ray photons is 200 keV and the researcher absorbs
4 × 1013 photons per each kilogram of body weight
during the exposure. Assume that the specific heat of the
student’s body is 0.83kcal /kg · K.

123. Solar wind (radiation) that is incident on the top
of Earth’s atmosphere has an average intensity of
1.3kW/m2. Suppose that you are building a solar sail that
is to propel a small toy spaceship with a mass of 0.1 kg in
the space between the International Space Station and the
moon. The sail is made from a very light material, which
perfectly reflects the incident radiation. To assess whether
such a project is feasible, answer the following questions,
assuming that radiation photons are incident only in normal
direction to the sail reflecting surface. (a) What is the
radiation pressure (force per m2 ) of the radiation falling
on the mirror-like sail? (b) Given the radiation pressure
computed in (a), what will be the acceleration of the
spaceship when the sail has of an area of 10.0m2 ? (c)
Given the acceleration estimate in (b), how fast will the
spaceship be moving after 24 hours when it starts from
rest?

124. Treat the human body as a blackbody and determine
the percentage increase in the total power of its radiation
when its temperature increases from 98.6 ° F to 103 ° F.

125. Show that Wien’s displacement law results from
Planck’s radiation law. (Hint: substitute x = hc /λkT and

write Planck’s law in the form I(x, T) = Ax5 / (ex − 1),

where A = 2π(kT)5 / (h4 c3). Now, for fixed T, find the
position of the maximum in I(x,T) by solving for x in the
equation dI(x, T) /dx = 0. )

126. Show that Stefan’s law results from Planck’s
radiation law. Hint: To compute the total power of
blackbody radiation emitted across the entire spectrum of
wavelengths at a given temperature, integrate Planck’s law

over the entire spectrum P(T) = ∫
0

∞
I(λ, T)dλ. Use the

substitution x = hc /λkT and the tabulated value of the

integral ∫
0

∞
dxx3 / (ex − 1) = π4 /15.

127. Determine the power intensity of radiation per unit
wavelength emitted at a wavelength of 500.0 nm by a
blackbody at a temperature of 10,000 K.

128. The HCl molecule oscillates at a frequency of 87.0
THz. What is the difference (in eV) between its adjacent
energy levels?

129. A quantum mechanical oscillator vibrates at a
frequency of 250.0 THz. What is the minimum energy of
radiation it can emit?

130. In about 5 billion years, the sun will evolve to a red
giant. Assume that its surface temperature will decrease to
about half its present value of 6000 K, while its present
radius of 7.0 × 108 m will increase to 1.5 × 1011 m
(which is the current Earth-sun distance). Calculate the
ratio of the total power emitted by the sun in its red giant
stage to its present power.

131. A sodium lamp emits 2.0 W of radiant energy, most
of which has a wavelength of about 589 nm. Estimate the
number of photons emitted per second by the lamp.

132. Photoelectrons are ejected from a photoelectrode and
are detected at a distance of 2.50 cm away from the
photoelectrode. The work function of the photoelectrode is
2.71 eV and the incident radiation has a wavelength of 420
nm. How long does it take a photoelectron to travel to the
detector?
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116. Find the wavelength of a proton that is moving at 
1.00% of the speed of light (when β = 0.01).

39.6 Wave-Particle Duality
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the maximum wavelength that a photon can have to eject a
photoelectron from this metal surface?

134. The work function of a photoelectric surface is 2.00
eV. What is the maximum speed of the photoelectrons
emitted from this surface when a 450-nm light falls on it?

135. A 400-nm laser beam is projected onto a calcium
electrode. The power of the laser beam is 2.00 mW and
the work function of calcium is 2.31 eV. (a) How many
photoelectrons per second are ejected? (b) What net power
is carried away by photoelectrons?

136. (a) Calculate the number of photoelectrons per
second that are ejected from a 1.00-mm2 area of sodium
metal by a 500-nm radiation with intensity 1.30kW/m2

(the intensity of sunlight above Earth’s atmosphere). (b)
Given the work function of the metal as 2.28 eV, what
power is carried away by these photoelectrons?

137. A laser with a power output of 2.00 mW at a 400-nm
wavelength is used to project a beam of light onto a calcium
photoelectrode. (a) How many photoelectrons leave the
calcium surface per second? (b) What power is carried
away by ejected photoelectrons, given that the work
function of calcium is 2.31 eV? (c) Calculate the
photocurrent. (d) If the photoelectrode suddenly becomes
electrically insulated and the setup of two electrodes in the
circuit suddenly starts to act like a 2.00-pF capacitor, how
long will current flow before the capacitor voltage stops it?

138. The work function for barium is 2.48 eV. Find the
maximum kinetic energy of the ejected photoelectrons
when the barium surface is illuminated with: (a) radiation
emitted by a 100-kW radio station broadcasting at 800
kHz; (b) a 633-nm laser light emitted from a powerful He-
Ne laser; and (c) a 434-nm blue light emitted by a small
hydrogen gas discharge tube.

139. (a) Calculate the wavelength of a photon that has the
same momentum as a proton moving with 1% of the speed
of light in a vacuum. (b) What is the energy of this photon
in MeV? (c) What is the kinetic energy of the proton in
MeV?

140. (a) Find the momentum of a 100-keV X-ray photon.
(b) Find the velocity of a neutron with the same
momentum. (c) What is the neutron’s kinetic energy in eV?

141. The momentum of light, as it is for particles, is
exactly reversed when a photon is reflected straight back
from a mirror, assuming negligible recoil of the mirror.
The change in momentum is twice the photon’s incident
momentum, as it is for the particles. Suppose that a beam of
light has an intensity 1.0kW/m2 and falls on a −2.0-m2

area of a mirror and reflects from it. (a) Calculate the
energy reflected in 1.00 s. (b) What is the momentum
imparted to the mirror? (c) Use Newton’s second law to
find the force on the mirror. (d) Does the assumption of no-
recoil for the mirror seem reasonable?

142. A photon of energy 5.0 keV collides with a stationary
electron and is scattered at an angle of 60°. What is the
energy acquired by the electron in the collision?

143. A 0.75-nm photon is scattered by a stationary
electron. The speed of the electron’s recoil is
1.5 × 106 m/s. (a) Find the wavelength shift of the photon.
(b) Find the scattering angle of the photon.

144. Find the maximum change in X-ray wavelength that
can occur due to Compton scattering. Does this change
depend on the wavelength of the incident beam?

145. A photon of wavelength 700 nm is incident on a
hydrogen atom. When this photon is absorbed, the atom
becomes ionized. What is the lowest possible orbit that the
electron could have occupied before being ionized?

146. What is the maximum kinetic energy of an electron
such that a collision between the electron and a stationary
hydrogen atom in its ground state is definitely elastic?

147. Singly ionized atomic helium He+1 is a hydrogen-
like ion. (a) What is its ground-state radius? (b) Calculate
the energies of its four lowest energy states. (c) Repeat the
calculations for the Li2 + ion.

148. A triply ionized atom of beryllium Be3 + is a

hydrogen-like ion. When Be3 + is in one of its excited
states, its radius in this nth state is exactly the same as
the radius of the first Bohr orbit of hydrogen. Find n and
compute the ionization energy for this state of Be3 + .

149. In extreme-temperature environments, such as those
existing in a solar corona, atoms may be ionized by
undergoing collisions with other atoms. One example of
such ionization in the solar corona is the presence of C5 +

ions, detected in the Fraunhofer spectrum. (a) By what

factor do the energies of the C5 + ion scale compare to
the energy spectrum of a hydrogen atom? (b) What is the
wavelength of the first line in the Paschen series of C5 +

? (c) In what part of the spectrum are these lines located?
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151. Experiments are performed with ultracold neutrons
having velocities as small as 1.00 m/s. Find the wavelength
of such an ultracold neutron and its kinetic energy.

152. Find the velocity and kinetic energy of a 6.0-fm
neutron. (Rest mass energy of neutron is E0 = 940 MeV.)

153. The spacing between crystalline planes in the NaCl
crystal is 0.281 nm, as determined by X-ray diffraction
with X-rays of wavelength 0.170 nm. What is the energy
of neutrons in the neutron beam that produces diffraction
peaks at the same locations as the peaks obtained with the
X-rays?

154. What is the wavelength of an electron accelerated
from rest in a 30.0-kV potential difference?

155. Calculate the velocity of a 1.0-μm electron and a

potential difference used to accelerate it from rest to this
velocity.

156. In a supercollider at CERN, protons are accelerated
to velocities of 0.25c. What are their wavelengths at this
speed? What are their kinetic energies? If a beam of protons
were to gain its kinetic energy in only one pass through
a potential difference, how high would this potential
difference have to be? (Rest mass energy of a proton is
E0 = 938 MeV).

157. Find the de Broglie wavelength of an electron
accelerated from rest in an X-ray tube in the potential

difference of 100 keV. (Rest mass energy of an electron is
E0 = 511 keV.)

158. The cutoff wavelength for the emission of
photoelectrons from a particular surface is 500 nm. Find
the maximum kinetic energy of the ejected photoelectrons
when the surface is illuminated with light of wavelength
450 nm.

159. Compare the wavelength shift of a photon scattered
by a free electron to that of a photon scattered at the same
angle by a free proton.

160. The spectrometer used to measure the wavelengths of
the scattered X-rays in the Compton experiment is accurate
to 5.0 × 10−4 nm. What is the minimum scattering angle
for which the X-rays interacting with the free electrons can
be distinguished from those interacting with the atoms?

161. Consider a hydrogen-like ion where an electron is
orbiting a nucleus that has charge q = + Ze. Derive the

formulas for the energy En of the electron in nth orbit and
the orbital radius rn.

162. Assume that a hydrogen atom exists in the n = 2
excited state for 10−8 s before decaying to the ground
state. How many times does the electron orbit the proton
nucleus during this time? How long does it take Earth to
orbit the sun this many times?

163. An atom can be formed when a negative muon is
captured by a proton. The muon has the same charge as the
electron and a mass 207 times that of the electron. Calculate
the frequency of the photon emitted when this atom makes
the transition from n = 2 to the n = 1 state. Assume that
the muon is orbiting a stationary proton.
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150. (a) Calculate the ionization energy for He+ . (b) 
What is the minimum frequency of a photon capable of
ionizing He+ ?
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