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CLOSED-LOOP NONLINEAR COVARIANCE ANALYSIS FOR
GN&C APPLICATIONS

Quinn P. Moon*, Brandon A. Jones†, and Ryan P. Russell ‡

The standard format of Closed-Loop Linear Covariance Analysis (LinCov) is mod-
ified to include higher-order effects. The propagation step includes higher-order
State Transition Tensors (STTs); an alternative augmented state is used to avoid
splitting the STTs along continuous trajectory segments. The higher-order sensi-
tivities of spacecraft targeting maneuvers are incorporated, capturing the dominant
nonlinear effects arising from engine execution errors and nonlinear targeting so-
lutions. The consistency between the onboard filter and the true estimation errors
are found by approximating the measurement update step to higher-order, yielding
an analytic method to determine appropriate measurement underweighting meth-
ods. The algorithm is called a Generalized Higher-Order Covariance Analysis, or
GenCov and provides an alternative to Monte Carlo simulations by validating Lin-
Cov when nonlinearities are insignificant or by replacing LinCov when significant
nonlinearities are considered. While slower than LinCov, GenCov remains orders
of magnitude faster than Monte Carlo simulations.

INTRODUCTION

Linear Covariance (LinCov) analysis is an increasingly common alternative to Monte Carlo sim-
ulations for closed-loop spacecraft mission analysis [1]. Provided the underlying system has in-
significant nonlinearities, LinCov provides an accurate and rapid approximation of the true state
dispersions and estimation errors based on closed-loop targeting [1]. However, LinCov’s accuracy
deteriorates when either larger state dispersions or stronger nonlinear equations are present; for sig-
nificant nonlinear environments, LinCov either cannot be used at all or requires careful validation
from Monte Carlo simulations. Here, the LinCov paradigm is extended to include nonlinearities,
leading to a closed-loop nonlinear covariance analysis. As a significant body of literature and oper-
ational software tools are built upon the LinCov concept [1–3]—and the various first-order approxi-
mations in LinCov are generalized to a higher-, yet not strictly equal, order—the resulting algorithm
is referred to as a Generalized Higher-Order Covariance Analysis, or GenCov.

Closed-loop analyses implementing and verifying LinCov are prevalent throughout the literature.
Most studies, however, are applied to mission environments where the underlying functions are ei-
ther linear or dominated by linear effects. Indeed certain missions are classically ideal for LinCov.
A few of these significant examples from the literature are highlighted here. Orbital rendezvous
missions frequently linearize about the target spacecraft trajectory, leading to both linear dynamics
and linear rendezvous maneuvers [1, 2]. Powered descent missions to the Moon [4, 5] and Mars [6]
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utilize the linear Apollo descent guidance law. Trajectory Correction Maneuvers (TCMs) for final
state targeting and station keeping linearize about the nominal trajectory with the State Transition
Matrix (STM) [7, 8], providing a linear targeting law. Interplanetary missions similarly use lin-
earized B-plane targeting [9]. For measurement updates with the Extended Kalman Filter (EKF),
LinCov provides an accurate approximation of the true estimation errors as the EKF itself relies on
a local linearization about the filter estimate [10]. In summary, LinCov is well suited for missions
where linearization is used for in-flight systems or models, including the dynamics, targeting and
measurement updates.

LinCov’s ability to handle nonlinear systems is dependent on either weak or insignificant nonlin-
earities. Nonlinearities are weak when either higher-order terms are small (a weak real nonlinearity)
or when state dispersions are small (a weak induced nonlinearity) [11]. Strong nonlinearities may
be insignificant in the presence of multiple linear, Gaussian error sources [11]. Closed-loop mission
analysis assumes Gaussian errors arise from multiple sources—including measurement errors, IMU
errors, engine execution errors, and random process noise—causing the strong system nonlinearities
to become insignificant. As such, LinCov is able to approximate the behavior of nonlinear systems.
Notable missions with strong nonlinear dynamics and nonlinear guidance laws assessed with Lin-
Cov include lunar ascent [12] atmospheric entry [13,14], and navigation analysis in near rectilinear
halo orbits [15].

As the statistics provided by LinCov are approximations, LinCov is frequently validated against
an empirical Monte Carlo analysis before further implementation into autonomous systems or op-
timization routines; many of the cited examples include Monte Carlo validations. Analytic assess-
ments of a system’s nonlinearity provide a faster alternative to Monte Carlo studies. Higher-order
expansions of the dynamics with State Transition Tensors (STTs) are common, with nonlinear-
ity metrics found via statistical moments [16] and nonlinearity indices [17]. Additional nonlin-
earity metrics include tensor eigenpairs [18], induced tensor norms [19, 20], and unscented trans-
forms [21]. Analytic nonlinear checks of linearized systems are powerful, but including higher-order
effects into a complete closed-loop framework remains a ripe area of research [22–24].

Efforts to incorporate higher-order terms into individual aspects of closed-loop mission design
and analysis are more common. Uncertainty propagation beyond linearization methods is a rich
field of study, including STT expansions [16,25], directional STT expansions [26], unscented trans-
forms [21], polynomial chaos expansions [27], conic based analytic models [28, 29], and Gaussian
mixture models [30]. Nonlinear guidance methods are intimately tied to STTs, both in providing
the targeting scheme [16, 31] and analyzing the subsequent impact on the nonlinear dynamics [32].
Higher-order filtering combines aspects of nonlinear propagation and nonlinear measurement ap-
proximations, including the Higher-Order Extended Kalman Filters (HOEKF) [33] and the Un-
scented Kalman Filter (UKF) [21]. However, specific efforts to combine the higher-order expan-
sions of the dynamics, targeting, and measurement update into a single algorithm, like LinCov, for
closed-loop mission analysis are less common. Work by the authors to incorporate higher-order
terms into LinCov include a second-order STT expansion [22] and a second-order expansion of
impulsive correction maneuvers fired with multiplicative engine errors [23].

In this work, a single algorithm generalized to higher-order is introduced for nonlinear closed-
loop mission analysis, combining individual aspects from the existing literature. The resulting tool,
GenCov, incorporates higher-order terms but maintains the basic structure of LinCov. The remain-
ing agenda of the current work follows. First, relevant background from the literature on higher-
order partials and Gaussian moments is provided. Second, an overview of closed-loop mission
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design and LinCov analysis is presented, with discussion provided on the relevant shortcomings of
LinCov. Third, the primary components of LinCov (state propagation, instantaneous state correc-
tion, and state measurement updates) are individually scrutinized and higher-order terms incorpo-
rated. Lastly, a case study is performed for a satellite orbiting Bennu, highlighting the efficacy of
GenCov compared against LinCov.

RELEVANT BACKGROUND

The current work relies heavily on the theory and application of tensors, STTs about a reference
trajectory, and mapping Gaussian moments with higher-order expansions. This section provides an
overview of the necessary equations and notations, summarizing contributions from the literature
for completeness in the current work [16, 34].

Tensors and Einstein Notation

The notation necessary to include higher-order tensors in GenCov is presented in this section,
specifically with respect to dynamics and STTs; for further reading see [16]. The nonlinear dynam-
ics ϕ (representing the numerically integrated ordinary differential equations) map an initial state
x0 to the final state xf according to xf = ϕ(x0). The STTs represent the partials of the flow about
a reference trajectory, i.e., the pth-order sensitivity of the final state xf with respect to the initial
state x0 is [16]

ϕi,k1···kp :=
∂xif

∂xk10 · · · ∂x
kp
0

. (1)

The superscript notation (i, k1 · · · kp) denotes the partial of the ith state with respect to the states k1
through kp. The final state dispersion can be approximated with the sth-order Taylor series [16]

δxif ≈
s∑

p=1

1

p!
ϕi,k1···kpδxk10 · · · δx

kp
0 , (2)

where repeated indices in the superscript are summed using Einstein’s convention. The notation in
Eqs. 1 and 2 is valid for any nonlinear, differentiable function.

For a differentiable nonlinear multivariate function f , the first-order partial of f with respect to
a vector x is commonly denoted as Fx, yielding a matrix [1–4]. The notation Fxx thus denotes the
second-order tensor of f with respect to x. As tensor algebra is facilitated with Einstein’s notation,
it is more convenient to express matrices and tensors according to their individual elements as

f i,jk
xx :=

∂f i

∂xj∂xk
, (3)

where the partial of the ith component of f is taken with respect to the jth and kth component of
x. In similar fashion, the notation commonly utilized for sub-matrices of the STM, Φr,v denotes
the first-order sensitivity of the final position r with respect to the initial velocity v, is extended to
tensor notation. Eq. 4 denotes the second-order partial of the ith final position with respect to the
jth initial position and the kth initial velocity:

ϕi,jk
r,rv :=

∂rif

∂rj0∂v
k
0

. (4)
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Lastly, the elements of any matrix can be expressed using Einstein notation according to A = Aij .
The partial of the ijth element of a matrix with respect to the kth state of x is denoted as

Aij,k
x =

∂Aij

∂xk
. (5)

As vectors and matrices are frequently marked with superscripts for closed-loop analyses, the su-
perscript notations “-” and “+” commonly denote before and after, respectively, an instantaneous
change to the state occurs, the ith element of a vector x+ is noted as [x+]i.

Mapping Gaussian Moments

Random variables in aerospace applications are frequently assumed to be Gaussian, as the Gaus-
sian distribution is completely described by its mean m and covariance P . LinCov follows the
Gaussian assumption, as linearization preserves Gaussianity. Expanding the Taylor series and in-
cluding higher Gaussian moments improves the approximation of the mean and covariance; for
further reading, see [16, 33]. For a normally distributed random variable δx ∼ N (δm,P ), the
higher-order moments are completely described with the mean and covariance using Isserlis’ theo-
rem [34]. The first four non-central Gaussian moments are reported as [16]

E[δxi] = δmi, (6)

E[δxiδxj ] = δmiδmj+P ij , (7)

E[δxiδxjδxk] = δmiδmjδmk+
(
δmiP jk+δmjP ik+δmkP ij

)
, (8)

E[δxiδxjδxkδxl] = δmiδmjδmkδml + P ijP kl+P ikP jl+P ilP jk+(
δmiδmjP kl+δmiδmkP jl+δmjδmkP il+δmiδmlP jk+δmjδmlP ik+δmkδmlP ij

)
. (9)

The mean and covariance of a nonlinear function are expressed, using the STTs as an example, to
the sth-order via [16]

δmi
f ≈

s∑
p=1

1

p!
ϕi,k1···kpE

[
δxk10 · · ·δx

kp
0

]
, (10)

P ij
f ≈

 s∑
p=1

s∑
q=1

1

p!q!
ϕi,k1···kpϕj,l1···lqE

[
δxk10 · · ·δx

kp
0 δxl10 · · ·δx

lq
0

]− δmi
fδm

j
f . (11)

GENCOV FRAMEWORK IN RELATION TO LINCOV

In this section, the necessary framework and notations for closed-loop covariance analysis is
provided. The framework for GenCov is identical to that of LinCov [1–4] and is included in the
current work for completeness and to give context to the advancements provided by GenCov.

Closed-loop mission analysis is the study of a spacecraft’s behavior with respect to a nominal
trajectory x̄. The true state x is unknown, estimated using filtering techniques to provide a filter
state, or nav state x̂. Three quantities of interest for closed-loop mission analysis are the true
dispersions δx, the nav dispersions δx̂, and the true estimation errors δe, defined as [1, 2]

δx = x− x̄, δx̂ = x̂− x̄, δe = x− x̂. (12)
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The mean of the dispersions in Eq. 12 are, in order, δmx, δmx̂, and δme. Via a Monte Carlo study,
the individual dispersions and estimation errors are collected from the N runs and the covariances
empirically computed as

Dtrue≈
1

N − 1

N∑
i=1

(δxi−δmx)(δxi−δmx)
T, Dnav ≈

1

N − 1

N∑
i=1

(δx̂i−δmx̂)(δx̂i−δmx̂)
T,

P ≈ 1

N − 1

N∑
i=1

(δei − δme)(δei − δme)
T, (13)

The empirical Monte Carlo statistics are treated as the actual representation of the dispersions,
provided sufficiently large N .

LinCov linearizes about the nominal trajectory to provide analytic approximations of the desired
covariances in Eq. 13; LinCov assumes the means are zero. The linearized augmented state δxa

consists of the true dispersion δx and the nav dispersion δx̂, leading to an augmented covariance
Ca. The covariances of interest in Eq. 13 are obtained by extracting the corresponding components
of Ca according to [1, 2]

Dtrue=
[
In×n, 0n×n̂

]
Ca

[
In×n, 0n×n̂

]T
, Dnav=

[
0n̂×n, I n̂×n̂

]
Ca

[
0n̂×n, I n̂×n̂

]T
,

P =
[
Mx, −I n̂×n̂

]
Ca

[
Mx, −I n̂×n̂

]T
, (14)

where n and n̂ are the number of true states and nav states, respectively. The matrices I and 0 are
the identity matrix and the zero matrix, respectively. Generally, there are more true states than nav
states, n ≥ n̂, thus, the matrix Mx consists of identity matrices that map the desired elements from
the true state x to the nav state x̂, yielding the estimation error δe.

An additional pseudo-metric is the onboard estimation error δê, which is never calculated di-
rectly [2]. The covariance of δê is represented by the onboard filter covariance P̂ . The formulation
of δê is necessary to develop the onboard filter update equations, whereas the true estimation co-
variance P is the performance of the estimation errors. The onboard filter covariance P̂ is designed
to represent the true estimation error covariance P , but may fail to do so if significant system non-
linearities are present; this inconsistency is one of the motivations for the current work.

Addressing the Shortcomings of LinCov with GenCov

Some aspects of closed-loop mission analysis taken for granted in LinCov only become apparent
when a Monte Carlo analysis is performed. Beyond simply misrepresenting the covariance, LinCov
omits the mean of the dispersions in Eq. 12. LinCov assumes the initial means are zero, starting
at the nominal state, and never become non-zero. However, changes to the mean are captured with
the second-order approximation in Eq. 10. The mean true dispersion δmx primarily arises from
nonlinear dynamics and spacecraft targeting schemes. For example, first-order targeting methods
once applied to the true state and propagated through the nonlinear dynamics yield a non-zero mean
dispersion δmx ultimately omitted by LinCov. The filtering bias, represented by δme, is similarly
ignored in a LinCov study.

The onboard filter consistency can be quantified with LinCov using the Normalized Estimation
Error Squared (NEES), or ε, but may be inaccurate since the filter bias δme is omitted. For Monte
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Carlo studies, the NEES is calculated using the filter covariance P̂ and the true estimation error δe
according to [10]

ε = δeTP̂
−1

δe. (15)

The expected value of ε, or ε̄, is equal to the number of filter states n̂. Within the LinCov framework,
the expected NEES ε̄ is expressed in tensor notation using the true estimation errors and the filter
design covariance P̂ as

ε̄ =
[
P̂−1

]ij (
P ij − δmi

eδm
j
e

)
. (16)

In LinCov, if the expected NEES value ε̄ is greater than the number of filter states n̂, then the
onboard filter is inconsistent. LinCov captures filter inconsistency due to dynamic or measurement
mismodeling [1]. However, even a filter with no modeling error can become biased or inconsistent
due to the filter’s design. LinCov omits the mean estimation error δme, misrepresenting the bias
and inconsistency of the onboard filter.

Expanding LinCov to higher-order captures the means {δmx, δme}, and properly represents the
augmented covariance Ca and the expected NEES metric ε̄. With the expanded GenCov tool, the
viability of both targeting and filter strategies are properly addressed. To incorporate higher-order
terms into LinCov, the three primary components of closed-loop mission analysis are considered.
First, propagation of the state through nonlinear dynamics. Second, the instantaneous correction of
the state through translational maneuvers. Third, the measurement update of the nav state with an
onboard filter. Each component exhibits its own challenges for implementation and performance,
and each is discussed in detail in the following sections.

COVARIANCE PROPAGATION

State and covariance propagation with higher-order STTs is a well studied field [16,33]. In Fig. 1,
the nonlinear spacecraft dispersion is depicted along with the first- and second-order approxima-
tion. LinCov approximates the dynamics to first-order using the nominal STMs, but expanding to
higher-order better represents the nonlinear dynamics. Though STTs are well studied for spacecraft
propagation and targeting [16, 26, 31], incorporating STTs to the propagation step in LinCov is a
more recent endeavor [22]. This section discusses how higher-order STTs are incorporated into the
LinCov framework by introducing a modified augmented state and covariance. The STT expansions
are presented to second-order for brevity, but can be extended to arbitrary order.

Figure 1: First- and second-order approximations {δr(1), δr(2)} of the nonlinear dispersion δr(∞).
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One method of incorporating STTs into LinCov expands the dynamics to higher-order between
measurement times tm1 and tm2 [22]. The augmented state dispersion is approximated to second-
order with the augmented STT ϕ

i,k1···kp
a according to

δxia(tm2) = ϕi,α
a (tm2 , tm1)δx

α
a (tm1) +

1

2
ϕi,αβ
a (tm2 , tm1)δx

α
a (tm1)δx

β
a(tm1). (17)

The approach in Eq. 17 under-utilizes the STTs by splitting the flow of the true dynamics whenever
a measurement is taken, losing information from the STT expansion [33]. For first-order dynamics,
no fidelity is lost when chaining the STMs. However, chaining second-order dynamics introduces
higher-order terms that are neglected when the chained expression is truncated to second-order.
To maintain the flow of the true dynamics, an alternative augmented state is introduced to avoid
interrupting the true state propagation.

The true state x is propagated continuously until an instantaneous correction is performed (e.g.,
an impulsive ∆v maneuver). The nav state x̂, equal to x+ δe, is more frequently updated through
measurement processing, though only the measurement error is altered. Therefore, a more effec-
tive implementation of the STTs is introduced by decoupling the estimation error δe from the nav
state. Instead of using Eq. 17, the true dispersion is propagated from an initial time t0 to the next
discontinuity at time t∆v, or until final time tf if no maneuvers are present, according to

δxi(t∆v) = ϕi,α(t∆v, t0)δx
α(t0) +

1

2
ϕi,αβ(t∆v, t0)δx

α(t0)δx
β(t0). (18)

The estimation errors are propagated from one measurement time tm1 to the next measurement time
tm2 according to

δei(tm2) = ϕi,α(tm2 , tm1)δe
α(tm1) +

1

2
ϕi,αβ(tm2 , tm1)δe

α(tm1)δe
β(tm1). (19)

A simple linear mapping decouples the estimation errors δe from the nav state, creating an alterna-
tive augmented state dispersion δx′

a via

δx′
a :=

[
δx
δe

]
=

[
In×n 0n×n̂

Mx −I n̂×n̂

] [
δx
δx̂

]
,

δx′
a = Maδxa, (20)

where Mx maps the true states to the nav states, previously discussed in Eq. 14. Conveniently,
the matrix Ma maps the alternative augmented state δx′

a back to δxa (M2
a = I). The mean and

covariance of δx′
a are expressed as δm′

a and C′
a, respectively. Thus, the higher-order mapping

using the STTs remains uninterrupted until a maneuver is fired.

The steps of the propagation phase in GenCov, implementing Eqs. 18 and 19, are shown in Alg. 1.
Essentially, the propagation step is performed linearly between arbitrary times tk to tk+1, adding
in the higher-order effects calculated from time t0 to tk+1. Though more intricate, the GenCov
propagation in Alg. 1 more accurately captures the state dispersions than the sequential method in
Eq 17. The higher-order propagation is intimately tied to the targeting phase of GenCov, discussed
in greater detail in the next section
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Algorithm 1 GenCov propagation algorithm: no targeting performed.
Input: a) initial mean and covariance {δma(t0),Ca(t0)},

b) measurement indices k in time array t,
c) maneuver time t∆v .

1: while tk ≤ t∆v do
2: {δma(tk+1),Ca(tk+1)} ←first-order propagation of {δma(tk),Ca(tk)}. ▷ See LinCov [1–4]
3: {δm′

a(tk+1),C′
a(tk+1)} ← mapping Ma of {δma(tk+1),Ca(tk+1)}. ▷ Eq. 20

4: {δmx(tk+1),Dxx(tk+1)}(p) ← pth-order mapping of {δma(t0),Ca(t0)}. ▷ Eqs. 10, 11, and 18
5: {δm′

x(tk+1),D
′
xx(tk+1)} ← {δmx(tk+1),Dxx(tk+1)}(p)

6: Modify {δm′
e(tk+1),D

′
ee(tk+1)} by adding higher-order terms. ▷ Eqs. 10, 11, and 19

7: {δma(tk+1),Ca(tk+1)} ← mapping Ma of {δm′
a(tk+1),C′

a(tk+1)}. ▷ Eq. 20
8: end while

CORRECTION STEP AND NONLINEAR TARGETING

The correction step refers to any instantaneous change to the true state x, subsequently tracked by
an instantaneous change to the nav state x̂. The corrections of interest in this work are translational
maneuvers altering the spacecraft’s velocity. The current section provides an overview of closed-
loop spacecraft targeting errors [1, 2], highlighting the necessity for instantaneous higher-order co-
variance corrections [23]. Next, the higher-order sensitivities of nonlinear targeting solutions are
presented based on the reference STTs. Lastly, the higher-order sensitivities of the dynamics im-
plicit on the fired maneuvers are derived via the multivariate implicit value theorem [35], introduced
for closed-loop targeting analysis. As before, the higher-order expansions are presented to second-
order for brevity but can be expanded to arbitrary order; see Appendix A.

Closed-Loop Correction Modeling

For closed-loop maneuvers, the commanded maneuver uc is calculated from the nav state x̂ and
then corrupted according to the maneuver execution model proposed by Geller [1]. The resulting
true maneuver u is modeled according to [2]:

u = (I3×3 + diag(su) + [eu×])uc + bu, (21)

where the parameter su is the three-dimensional scaling error, eu is the misalignment error, and
bu is the engine bias. The true maneuver u in Eq. 21 is added directly to the true velocity. The
true maneuver is sensed by the onboard IMUs and an instantaneous, integrated measurement is
expressed as

y = (I3×3 + diag(sy) + [ey×])u+ by, (22)

where the parameter sy is the IMU scaling error, ey is the IMU misalignment error, and by is the
IMU bias. The IMU nav states provide an estimated maneuver û, and the nav velocity updated
accordingly [1]. The estimated maneuver is expressed as

û = (I3×3 − diag(ŝy)− [êy×])
(
y − b̂y

)
. (23)

The maneuver execution and IMU models in Eqs. 21- 23 are implemented for closed-loop target-
ing in most LinCov analyses, with minor variations presented throughout the literature to include
attitude misalignment or random noise.
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The nonlinear correction altering the true and nav velocity is expressed as a nonlinear function of
the augmented state

x+
a = d(x−

a ), (24)

where the superscripts “-” and “+” denote before and after the correction. The nonlinear function d
representing a TCM fired based on the nav dispersion δx̂ is called a stochastic maneuver or zero-
nominal maneuver; under nominal conditions no correction is necessary. In LinCov, the first-order
partial di,j

xa omits the multiplicative engine errors {su, eu} and IMU errors {sy, ey, ŝy, êy}. Once
analyzed at the nominal state for a stochastic TCM, the first-order sensitivities with respect to the
multiplicative engine and IMU errors become zero. The engine and IMU multiplicative errors are
nonlinear, necessitating a higher-order covariance correction. The second-order expansion of Eq. 24
is [

δx+a
]i

= di,α
xa

[
δx−a

]α
+

1

2
di,αβ
xaxa

[
δx−a

]α [
δx−a

]β
. (25)

Implementing a quadratic expansion captures the dominant terms of the multiplicative engine and
IMU errors.

In summary, the impact of the engine errors {su, eu} on the true dispersions δx and the IMU er-
rors {sy, ey, ŝy, êy} on the estimation errors δe are omitted in LinCov, but represented in GenCov.
A study on the engine execution errors with linearized dynamics is presented by the authors in [23].
Additional higher-order terms arise from instantaneous corrections due to nonlinear dynamics and
targeting methods.

Closed-Loop Higher-Order Targeting Sensitivities

For closed-loop targeting about a reference trajectory, the most common objective is to steer the
spacecraft back to the reference at some final time tf . Given an initial nav dispersion δr̂0, the
root-solved nonlinear targeting solution u∗ drives the final dispersion δr̂f to zero under nonlinear
dynamics. The nonlinear targeting solution u∗ is numerically obtained through shooting meth-
ods [31]. Alternatively, first-order maneuvers u(1) [7] approximate the nonlinear targeting solution
u∗ using the reference STMs

u(1) = −Φ−1
rvΦrrδr̂ − δv̂. (26)

First-order maneuvers are ideal for LinCov as the maneuver itself is linear. Assuming no measure-
ment errors or engine execution errors, the first-order maneuver reaches the target state according
to linear dynamics, depicted below in Fig. 2. The first-order maneuver applied to the true state
and propagated through the nonlinear dynamics misses the final target. This discrepancy is ignored
in LinCov as a linear approximation is implemented. Expanding the dynamics to higher-order in
GenCov better represents the nonlinear dynamics, depicted in Fig. 2. Though first-order maneuvers
are appealing for in-flight use due to their simplicity, the nonlinear targeting solution u∗ may be
required under stronger nonlinear conditions.

Figure 3 depicts the nonlinear dynamics, and the first- and second-order approximations of the
dynamics, after the maneuver u∗ is fired under perfect conditions, i.e., no engine execution errors or
state estimation errors. Note that the linear and quadratic approximations reach the final target, as
well as the nonlinear dynamics [24]. In order to incorporate the nonlinear targeting solution u∗ into
GenCov, the higher-order sensitivities of the maneuver and the maneuver’s impact on the dynamics
are needed. A thorough discussion of nonlinear targeting solutions is provided in [24] based on the
multivariate implicit value theorem [35], with specific applications to closed-loop implementation
presented here.
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Figure 2: The first-order maneuver u(1) applied to the nav state reaches the final target under linear

dynamics (δr(1)f = 0), but misses under second-order δr(2)f and nonlinear dynamics δr(∞)
f .

Figure 3: The nonlinear targeting solution u∗ applied to the nav state reaches the final target under
all dynamics approximations according to the implicit value theorem [24, 35]. The second-order
approximation δr(2) outperforms the first-order approximation δr(1) prior to the final time.

Targeting solutions are found using the model dynamics ϕ̂; the model dynamics differ from the
true dynamics ϕ due to simulation fidelity. Consider the final position nav dispersion δr̂f defined
by the nonlinear model dynamics ϕ̂, defined as a function of the current nav dispersion δr̂0 and the
maneuver u∗:

δx̂f = ϕ̂ (δr̂0,u
∗(δr̂0)) . (27)

The nonlinear targeting solution u∗ drives the final position dispersion δr̂f to zero. As such the
sensitivities of δr̂f with respect to δr̂0 are also zero. The first- and second-order closed-loop target-
ing sensitivities, u∗i,jr̂ and u∗i,jkr̂r̂ are found by taking the partials of the position elements of Eq. 27
with respect to the initial position and isolating the sensitivities [24], yielding

u∗i,jr̂ = −
[
ϕ̂−1
r̂,v̂

]i,α
ϕ̂α,j
r̂,r̂ , (28)

u∗i,jkr̂r̂ = −
[
ϕ̂−1
r̂,v

]i,α (
ϕ̂α,jk
r̂,r̂r̂ + ϕ̂α,jβ

r̂,r̂v̂ u
∗β,k
r̂ + ϕ̂α,βk

r̂,v̂r̂ u
∗β,j
r̂ + ϕ̂α,βγ

r̂,v̂v̂ u
∗β,j
r̂ u∗γ,kr̂

)
. (29)
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Note that several first-order sensitivities u∗i,jr̂ are embedded in the second-order sensitivity and are
computed using the nav, or model, STTs ϕ̂i,k1···kp . The third-order targeting sensitivity is presented
in Appendix A; for further reading see [24, 35].

The nonlinear targeting solution u∗ is then plugged into Eq. 21 as the commanded maneuver
and is subsequently corrupted by the engine execution errors. Figure 4 depicts the closed-loop u∗

maneuver fired and the subsequent first- and second-order approximations of the true nonlinear
dynamics. Note that none of the approximations reach the final target, as the maneuver is computed
based on the nav state x̂ and corrupted by engine error. To approximate the nonlinear dynamics
implicit on a maneuver u∗, the STTs are combined with the targeting sensitivities in Eqs. 28 and
29.

Figure 4: The nonlinear targeting solution u∗ is corrupted to produce u and is applied to the true
state. The first-order approximation δr(1) no longer reaches the target due to the error, while the
second-order approximation δr(2) better captures the true miss δr(∞).

The true maneuver is thus a nonlinear function of the true state and the nav state. The true state
x at arbitrary time t is a function of the true dynamics ϕ implicit on the maneuver fired at time t0

xt = ϕ (x0,u(x0, x̂0)) . (30)

Taking the first and second-order partials of the nonlinear dynamics in Eq. 30 yields the sensitivities
of the dynamics implicit on the closed-loop targeting. To first-order, the sensitivities of xt with
respect to x0 and x̂0 are

∂xit

∂xj0
= ϕi,j

x,x + ϕi,α
x,vu

α,j
x ,

∂xit

∂x̂j0
= ϕi,α

x,vu
α,j
x̂ . (31)

The tensor ϕi,j
x,x is simply the first-order TCM. The second-order sensitivities are

∂2xit

∂xj0∂x
k
0

= ϕi,jk
x,xx+ϕi,jα

x,xvu
α,k
x +ϕi,αk

x,vxu
α,j
x +ϕi,αβ

x,vvu
α,j
x uβ,kx +ϕi,α

x,vu
α,jk
xx ,

∂2xit

∂xj0∂x̂
k
0

= ϕi,jα
x,xvu

α,k
x̂ +ϕi,αβ

x,vvu
α,j
x uβ,kx̂ +ϕi,α

x,vu
α,jk
xx̂ ,
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∂2xit

∂x̂j0∂x
k
0

= ϕi,αk
x,vxu

α,j
x̂ +ϕi,αβ

x,vvu
α,j
x̂ uβ,kx +ϕi,α

x,vu
α,jk
x̂x ,

∂2xit

∂x̂j0∂x̂
k
0

= ϕi,αβ
x,vvu

α,j
x̂ uβ,kx̂ +ϕi,α

x,vu
α,jk
x̂x̂ . (32)

Equations 31 and 32 are the first- and second-order sensitivities of the targeting implicit dynam-
ics; the individual components compose a new set of tensors denoted as ϕ̃i,k1···kp , referred to as the
targeting STTs. The true state dispersion at time t is expressed to second-order using the targeting
STTs and the augmented state δxa before the maneuver time t∆v

δxi(t) = ϕ̃i,α(t, t∆v)
[
δx−a (t∆v)

]α
+

1

2
ϕ̃i,αβ(t, t∆v)

[
δx−a (t∆v)

]α [
δx−a (t∆v)

]β
. (33)

With the targeting STTs, the impact of nonlinear targeting methods on the true dynamics are
properly captured. Algorithm 2 describes how GenCov utilizes the higher-order expansions to in-
stantaneously correct the augmented covariance and subsequently propagate the true state disper-
sions. Similar to the propagation algorithm in Alg. 1, the targeting algorithm in Alg. 2 is more
intricate than LinCov, but better represents the mean and covariance from nonlinear engine execu-
tion errors and nonlinear targeting methods. Prior to a targeting maneuver, the mean and covariance
are propagated using Alg. 1; after a targeting maneuver, Alg. 2 is used instead.

Algorithm 2 GenCov targeting and propagation algorithm.

Input: a) mean and covariance prior to targeting {δm−
a (t∆v),C−

a (t∆v)},
b) measurement indices k in time array t,
c) maneuver time t∆v .

1: {δm+
a (t∆v),C+

a (t∆v)} ← higher-order correction of {δm+
a (t∆v),C+

a (t∆v)}. ▷ Eqs. 10, 11, 25- 29
2: ϕ̃i,k1···kp ← Compute targeting STTs. ▷ Eqs. 31- 32
3: while tk ≤ t∆v do
4: {δma(tk+1),Ca(tk+1)} ←first-order propagation of {δma(tk),Ca(tk)}. ▷ See LinCov [1–4]
5: {δm′

a(tk+1),C′
a(tk+1)} ← mapping Ma of {δma(tk+1),Ca(tk+1)}. ▷ Eq. 20

6: {δmx(tk+1),Dxx(tk+1)}(p) ← pth-order mapping of {δm−
a (t∆v),C−

a (t∆v)} ▷ Eqs. 10, 11, 33
using the targeting STTs ϕ̃i,k1···kp .

7: {δm′
x(tk+1),D

′
xx(tk+1)} ← {δmx(tk+1),Dxx(tk+1)}(p)

8: Modify {δm′
e(tk+1),D

′
ee(tk+1)} by adding higher-order terms. ▷ Eqs. 10, 11, and 19

9: {δma(tk+1),Ca(tk+1)} ← mapping Ma of {δm′
a(tk+1),C′

a(tk+1)}. ▷ Eq. 20
10: end while

MEASUREMENT UPDATE

In this section, the measurement update produced by an EKF and its impact on the nav state x̂ and
true estimation errors δe are discussed. The objective is to introduce a higher-order expansion of
the measurement update to assess whether the filter’s estimation error δê is consistent with the true
estimation error δe. It is crucial to note that a higher-order expansion of the measurement update
is not equivalent to a nonlinear Kalman filter, such as the HOEKF or the UKF; the former assesses
the filter’s performance, while the latter changes the filter’s performance.
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Kalman Filter Design and LinCov Implementation

The onboard Kalman filter updates the nav state x̂ with true measurements h, predicted measure-
ments ĥ, and the Kalman gain K̂ according to [10]

x̂+ = x̂− + K̂(x̂−)
(
h(x−,ν)− ĥ(x̂−)

)
, (34)

where the true measurement h is corrupted by random measurement noise ν. As before, the nota-
tion “-” and “+” denotes before and after a measurement update, respectively. The outputs of the
measurement functions h and ĥ are frequently expressed as z and ẑ, respectively, with δẑ = z− ẑ.
The Kalman gain is computed according to the filter’s estimation errors δê and the measurement
difference δẑ according to [10]

K = PxzP
−1
zz = E[δêδẑT]

(
E[δẑδẑT]

)−1
. (35)

The expectations in Eq. 35 are zero-mean, linearized about the current state estimate. For in-flight
implementation, the EKF utilizes a first-order expansion about the current nav state x̂ to approxi-
mate the expectation operations in Eq. 35, yielding

K̂ = P̂ Ĥ
T
x̂

(
Ĥx̂P̂ Ĥ

T
x̂ +R

)−1
, (36)

where P̂ is the filter covariance, Ĥ x̂ is the first-order measurement sensitivity with respect to the
nav state, and R is the measurement noise covariance.

If the measurement function is strongly nonlinear, the estimation errors are large, or the mea-
surement noise is small, the EKF’s filter estimation error δê may become inconsistent with the
true estimation error δe. As such, the Kalman gain in Eq. 35 can be approximated to higher-order
with the HOEKF [33] or the UKF [21]. Alternatively, underweighting the measurements via Lear’s
method [36] approximates the effects of a second-order Kalman filter according to

K̂ = P̂ Ĥ
T
x̂

(
(1 + β)Ĥx̂P̂ Ĥ

T
x̂ +R

)−1
, (37)

where β is frequently set to 0.2 [36]; for further reading on measurement underweighting methods,
see [37].

Regardless of what kind of Kalman filter is used, in LinCov the filter design errors δê are modeled
by propagating and updating the covariance along the nominal trajectory [1, 2, 10]. The first-order
expansion of the measurement update is found by linearizing Eq. 34 according to

δx̂+ = δx̂− + K̂
(
Hxδx

− − Ĥx̂δx̂
−
)
+ K̂δν. (38)

The linearization in Eq. 38 is then implemented to update the augmented covariance Ca, extracting
the true estimation error covariance P as needed using Eq. 14.

Note that the Kalman gain within Eq. 38 represents any Kalman gain, including from the EKF,
HOEKF, UKF, or other filtering strategy. The key takeaway is that LinCov’s first-order expansion in
Eq. 38 approximates updates to the estimation error δe performed by onboard filters. As discussed
previously, LinCov quantifies the filter inconsistency arising from measurement mismodeling, but
does not properly capture the impact of the filter design itself. In practice, filter inconsistencies may
arise from a poor approximation of the expectations in Eq. 35. To properly quantify the performance
of the onboard filter, the first-order approximation in Eq. 38 is expanded to higher-order.
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Higher-Order Expansion of the Measurement Update

The measurement update equation in Eq. 34, presented to first-order in Eq. 38, is expanded to
higher-order to assess whether the filter’s design negatively impacts the true estimation errors δe.
Expanding Eq. 34 with tensor notation yields the higher-order sensitivities of the measurement
update with respect to the true state and nav state. For convenience and notation consistency, the
first-order sensitivities of the measurement update x̂+, corresponding to Eq. 38, are

∂[x̂+]i

∂[x−]j
= K̂iαhα,jx ,

∂[x̂+]i

∂[x̂−]j
= Iij − K̂iαĥα,jx̂ , (39)

where Iij represents the identity tensor. Next, the second-order sensitivities are taken, taking spe-
cific note that the Kalman gain is a function of the nav state x̂−:

∂[x̂+]i

∂[x−]j∂[x−]k
= K̂iαhα,jkxx ,

∂[x̂+]i

∂[x−]j∂[x̂−]k
= K̂iα,k

x̂ hα,jx ,

∂[x̂+]i

∂[x̂−]j∂[x−]k
= K̂iα,j

x̂ hα,kx ,
∂[x̂+]i

∂[x̂−]j∂[x̂−]k
= −K̂iαĥα,jkx̂x̂ − K̂iα,k

x̂ ĥα,jx̂ − K̂iα,j
x̂ ĥα,kx̂ . (40)

The first- and second-order sensitivities in Eqs. 39- 40 apply to the measurement update of any
Kalman filter. However, the partials of the Kalman gain Kij,k1···kp change based on what kind of
filter is used. As the EKF remains the most commonly implemented onboard filter, the partials of
the Kalman gain for an EKF are presented in Appendix B. The second-order expansion captures
the dominant nonlinear effects to the mean and covariance, but for convenience the third-order
sensitivities are presented in Eq. 47 in Appendix A.

For implementation into GenCov, the higher-order approximation of the measurement update is
included at every measurement time tm. GenCov thus directly approximates the filter’s bias (rep-
resented as the mean of the true estimation errors δme) and the filter’s inconsistency (represented
as the expected NEES ε̄ in Eq. 16). GenCov provides an analytic method to determine whether
the onboard filter is tuned properly and, if not, adjust the filter design and underweighting. If the
estimation errors produced by GenCov match those produced by LinCov, the filter is judged to be
performing as desired.

CASE STUDY FOR GENCOV

To demonstrate the improvements provided by GenCov, a case study is performed on an elliptical
orbit about Bennu. The nominal orbit is depicted in Fig. 5, representing a polar orbit with semi-
major axis a = 1.85 km and an eccentricity of e = 0.1351, based roughly on the preliminary
survey orbit of the OSIRIS-REx mission [38]. The correction scheme targets the final position after
approximately one orbital period, or 2.6 days. Bennu is a fast spinner, seen in the body-fixed frame
in Fig. 5.

Landmark based measurements are taken every hour using the pinhole camera equation [39].
Fifty known landmarks are placed across the surface, where each landmark in the body-fixed frame
rBl is rotated to the inertial frame using a 3−1−3 Euler rotation matrix TB

I , found using the body’s
pole prime meridian θp, declination δp, and right ascension αp

TB
I = T 3(θp)T 1

(π
2
− δp

)
T 3

(π
2
+ αp

)
. (41)
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Figure 5: Nominal Bennu orbit.

The relative distance from the landmark to the spacecraft in the inertial frame rI is rotated to the
camera frame via T I

C , then corrupted by a small angle rotation δT [2] due to attitude knowledge
errors:

s = δT (q)T I
C

[
TB
I rBl − rI

]
. (42)

The relative vector s is then projected into the image space using the pinhole camera equation [39]:

h(x) = Mρ(s) = M
[
−x/z, y/z, 1

]T
. (43)

The matrix M denotes a linear map corresponding to the camera’s Field of View (FOV) [39], and for
the current work is set to 20.8◦ based on the camera specifications of OSIRIS-REx [38]. Random,
Gaussian noise is added to the true measurement. Landmark-based navigation using the pinhole
camera equation is strongly nonlinear, making it an interesting case study for nonlinear covariance
analysis.

The closed-loop analysis uses the true state in Eq. 44, consisting of the spacecraft position r and
velocity v, attitude knowledge errors q, pole elements λp consisting of the euler angles {αp, δp, θp}
and the body spin-rate θ̇p according to a principal axis rotation, IMU errors py, and engine execution
errors pu:

x =
[
rT, vT, qT, λp

T, py
T, pu

T
]T

. (44)

The nav state x̂ contains the same state elements with the exception of the engine execution errors
pu. Table 1 records the initial true dispersions and estimation errors of the augmented state xa. The
attitude knowledge errors, engine errors, and IMU errors are modeled as Exponentially Correlated
Random Variables (ECRVs) with a time constant of τ = 1000 s. The true and nav dynamics are the
equivalently modeling using two-body dynamics.
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Table 1: Bennu orbit initial 3σ dispersions and estimation errors.

(a) State dispersions and estimation errors.

Component Value

True position dispersion δr. 10 m
True velocity dispersion δv. 1 mm/s
Position estimation δer. 3 m
Velocity estimation δev . 0.5 mm/s
Pole estimation δeλp

. 3 deg
Spin estimation δeθ̇p . 0.025 deg/hr
Attitude knowledge error δeq . 10 arcsec

(b) Engine, IMU, and camera errors.

Component Value

Engine bias δbu. 15 µm/s
Engine scaling δsu. 1%
Engine misalignment δeu. 10 mrad
IMU bias δby . 1 µm/s
IMU scaling δsy . 0.3%
IMU misalignment δey . 1.5 mrad
Camera Noise ν. 0.15 pixels

Simulation Results

From the initial dispersions in Table 1, 5,000 Monte Carlo runs are generated as a baseline com-
parison to the LinCov and GenCov results. A maneuver is performed 16 hours into the orbit (or
about a fourth of the orbital period) targeting the final nominal position. The final state dispersions
and errors are recorded and presented in the Radial, In-Track, Cross-Track (RIC) frame.

First, consider the final position dispersions depicted in Fig. 6a due to firing a first-order, non-
iterative targeting maneuver using the nominal STMs [7]. The maneuver is fired based on the nav
state x̂ provided by the EKF with no measurement underweighting, i.e., Lear’s coefficient β = 0.
Note that the mean and covariance produced by LinCov under-approximate the true dispersions,
whereas GenCov captures the statistics provided by the Monte Carlo analysis. With the statistics
provided by GenCov, mission designers may determine that the final dispersions provided by the
first-order targeting strategy are too large and too far offset from the nominal.

Next, the first-order maneuver is swapped with the nonlinear targeting solution u∗, where the
maneuver is refined through a shooting method. Figure 6b depicts the final position dispersions
from LinCov, GenCov, and the Monte Carlo data. According to GenCov, the nonlinear targeting
solution u∗ yields smaller final position dispersions, whereas the mean and covariance from LinCov
do not change at all from Fig. 6a to Fig. 6b. The nonlinear targeting solution reduces the final
position dispersion covariance, but the dispersions are still offset by a non-zero mean δmx arising
from the filter’s design.

The filter consistency affects the estimation errors, subsequently impacting the closed-loop tar-
geting performance. Consider the true estimation errors shown in Fig. 7a, depicting the position
errors in the radial direction from time t0 to the maneuver time t∆v. The onboard EKF with no
measurement underweighting, i.e., β = 0, is clearly biased as δme is non-zero. The standardized
expected NEES, or ε̄/n̂, is ideally equal to one, but for the current filter is 4.82. Adopting an ag-
gressive underweighting strategy by setting β = 1.0, the filter bias decreases and the standardized
expected NEES drops to 1.04, shown in Fig. 7b.

With the underweighted filter, the maneuver fired at t∆v has nearly non-biased estimation errors.
As such, the final position dispersion errors improve once again from Fig. 6b to Fig. 6c. The final
position dispersions are nearly zero-mean and the the covariance once again shrinks. The remaining
discrepancies between LinCov and GenCov in Fig. 6c are primarily due to the engine execution
errors (su, eu), omitted from LinCov but captured in GenCov.
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(c) Final position dispersions δr in the RIC frame from nonlinear targeting, β = 1.0:
||δmr(tf )|| = 0.20 m.

Figure 6: Nonlinear covariance analysis for mission design using GenCov.

Computational Complexity and Applications of GenCov

GenCov more accurately represents the Monte Carlo statistics than LinCov, but is more computa-
tionally expensive to implement. Tensor multiplications are naturally more complicated than matrix
multiplications. Furthermore, the Gaussian moments up to fourth-order, shown earlier in Eq. 11,
are required at every higher-order operation. However, significant time is saved by only expand-
ing the higher-order operations with the function-dependent states. For example, the measurement
equation is not dependent on the IMU states; as such, the dimension of the measurement tensor is
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Figure 7: The impact of measurement underweighting on position estimation errors in the radial
direction.

reduced by excluding the IMU states. Additional time can also be saved by omitting the higher-
order STTs when propagating the true estimation errors δe in Eq. 19, as most closed-loop scenarios
assume a measurement rich environment. For the presented mission simulation about Bennu, Gen-
Cov runs about five times slower than LinCov. While the cost is not trivial, GenCov still runs orders
of magnitude faster than a Monte Carlo study.

The GenCov algorithm presented in the current work, and demonstrated in the closed-simulation
about Bennu, implements a quadratic expansion of the propagation, correction, and measurement
update steps. The expansions presented can be extended to higher-order—and do not have to be
extended to the same order for the propagation, targeting, and measurement update—depending
on the desired application of GenCov. One application of GenCov is to replace the Monte Carlo
validation of LinCov. Instead of running a Monte Carlo to match LinCov, run GenCov; a match
between LinCov and GenCov is a strong indication that the higher-order effects are negligible. If
the quadratic expansion in GenCov matches LinCov, it is unlikely that a higher-order expansion in
GenCov will return differing results. The other application of GenCov replaces LinCov when non-
linearities exist and need to be properly represented to higher-order, as demonstrated for the Bennu
simulation. A full expansion to third-order requires up to the sixth Gaussian moment in Eq. 11, but
can be truncated to only include up to the fourth Gaussian moment, capturing the dominant effects
arising between the first- and third-order partial. The closed-loop targeting-implicit STTs and the
partials of the Kalman gain are derived and presented to third-order in Appendix A.

CONCLUSIONS

Maintaining the basic framework of LinCov, the first-order approximations are generalized to
higher-order, introducing a new Generalized Covariance Analysis, GenCov. The new algorithm
better represents the statistics provided by a Monte Carlo analysis, specifically addressing the non-
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linearities arising from spacecraft propagation, targeting, and measurement updates. Though slower
than LinCov, GenCov runs hundreds of times faster than a Monte Carlo analysis. GenCov presents
an alternative tool to validate the statistics provided by LinCov and, when necessary, replace Lin-
Cov as a closed-loop mission analysis tool. The utility of an analytic nonlinear covariance analysis
expands the application of LinCov to mission environments not traditionally considered, including
missions to small bodies and missions with extended periods of operation. While LinCov is ideal for
understanding how sensor and engine specifications impact mission performance, GenCov provides
an understanding into the targeting and filter design.
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APPENDIX A: THIRD-ORDER TARGETING STTS AND MEASUREMENT UPDATE

The third-order targeting sensitivity of the closed-loop, nonlinear targeting solution u∗ is

u∗i,jklr̂r̂r̂ =−
[
ϕ̂−1
r̂,v̂

]i,α (
ϕ̂α,jkl
r̂,r̂r̂r̂+ϕ̂α,jkβ

r̂,r̂r̂v̂ u
∗β,l
r̂ +ϕ̂α,jβl

r̂,r̂v̂r̂u
∗β,k
r̂ +ϕ̂α,βkl

r̂,v̂r̂r̂ u
∗β,j
r̂ +ϕ̂α,jβγ

r̂,r̂v̂v̂ u
∗β,k
r̂ u∗γ,lr̂

+ϕ̂α,βkγ
r̂,v̂r̂v̂ u∗β,jr̂ u∗γ,lr̂ +ϕ̂α,βγl

r̂,v̂v̂r̂u
∗β,j
r̂ u∗γ,kr̂ +ϕ̂α,βl

r̂,v̂r̂u
∗β,jk
r̂r̂ +ϕ̂α,jβ

r̂,r̂v̂ u
∗β,kl
r̂r̂ +ϕ̂α,βk

r̂,v̂r̂ u
∗β,jl
r̂r̂

+ϕ̂α,βγδ
r,v̂v̂v̂ u

∗β,j
r u∗γ,kr u∗δ,lr +ϕ̂α,βγ

r,v̂v̂

[
u∗β,jlrr u∗γ,kr +u∗β,jr u∗γ,klrr +u∗β,jkrr u∗γ,lr

])
.

(45)

The closed-loop, targeting-implicit third-order STTs are expressed with the sensitivities:

∂δxif

∂δxj0∂δx
k
0∂δx

l
0

= ϕi,jkl
x,xxx+ϕi,jkα

x,xxvu
α,l
x +ϕi,jαl

x,xvxu
α,k
x +ϕi,αkl

x,vxxu
α,j
x +ϕi,jαβ

x,xvvu
α,k
x uβ,lx

+ϕi,αkβ
x,vxvu

α,j
x uβ,lx +ϕi,αβl

x,vvxu
α,j
x uβ,kx +ϕi,αl

x,vxu
α,jk
xx +ϕi,jα

x,xvu
α,kl
xx +ϕi,αk

x,vxu
α,jl
xx

+ϕi,αβγ
x,vvvu

α,j
x uβ,kx uγ,lx +ϕi,αβ

x,vv

[
uα,jlxx uβ,kx +uα,jx uβ,klxx +uα,jkxx uβ,lx

]
+ϕi,α

x,vu
α,jkl
xxx

∂δxif

∂δxj0∂δx
k
0∂δx̂

l
0

= ϕi,jkα
x,xxvu

α,l
x̂ +ϕi,jαβ

x,xvvu
α,k
x uβ,lx̂ +ϕi,αkβ

x,vxvu
α,j
x uβ,lx̂ +ϕi,jα

x,xvu
α,kl
xx̂ +ϕi,αk

x,vxu
α,jl
xx̂

+ϕi,αβγ
x,vvvu

α,j
x uβ,kx uγ,lx̂ +ϕi,αβ

x,vv

[
uα,jlxx̂ uβ,kx +uα,jx uβ,klxx̂ +uα,jkxx uβ,lx̂

]
+ϕi,α

x,vu
α,jkl
xxx̂

∂δxif

∂δxj0∂δx̂
k
0∂δx

l
0

= ϕi,jαl
x,xvxu

α,k
x̂ +ϕi,jαβ

x,xvvu
α,k
x̂ uβ,lx +ϕi,αβl

x,vvxu
α,j
x uβ,kx̂ +ϕi,αl

x,vxu
α,jk
xx̂ +ϕi,jα

x,xvu
α,kl
x̂x

+ϕi,αβγ
x,vvvu

α,j
x uβ,kx̂ uγ,lx +ϕi,αβ

x,vv

[
uα,jlxx uβ,kx̂ +uα,jx uβ,klx̂x +uα,jkxx̂ uβ,lx

]
+ϕi,α

x,vu
α,jkl
xx̂x

∂δxif

∂δx̂j0∂δx
k
0∂δx

l
0

= ϕi,αkl
x,vxxu

α,j
x̂ +ϕi,αkβ

x,vxvu
α,j
x̂ uβ,lx +ϕi,αβl

x,vvxu
α,j
x̂ uβ,kx +ϕi,αl

x,vxu
α,jk
x̂x +ϕi,αk

x,vxu
α,jl
x̂x

+ϕi,αβγ
x,vvvu

α,j
x̂ uβ,kx uγ,lx +ϕi,αβ

x,vv

[
uα,jlx̂x uβ,kx +uα,jx̂ uβ,klxx +uα,jkx̂x uβ,lx

]
+ϕi,α

x,vu
α,jkl
x̂xx

∂δxif

∂δxj0∂δx̂
k
0∂δx̂

l
0

= ϕi,jαβ
x,xvvu

α,k
x̂ uβ,lx̂ +ϕi,jα

x,xvu
α,kl
x̂x̂ +ϕi,αβγ

x,vvvu
α,j
x uβ,kx̂ uγ,lx̂

+ϕi,αβ
x,vv

[
uα,jlxx̂ uβ,kx̂ +uα,jx uβ,klx̂x̂ +uα,jkxx̂ uβ,lx̂

]
+ϕi,α

x,vu
α,jkl
xx̂x̂
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∂δxif

∂δx̂j0∂δx
k
0∂δx̂

l
0

= ϕi,αkβ
x,vxvu

α,j
x̂ uβ,lx̂ +ϕi,αk

x,vxu
α,jl
x̂x̂ +ϕi,αβγ

x,vvvu
α,j
x̂ uβ,kx uγ,lx̂

+ϕi,αβ
x,vv

[
uα,jlx̂x̂ uβ,kx +uα,jx̂ uβ,klxx̂ +uα,jkx̂x uβ,lx̂

]
+ϕi,α

x,vu
α,jkl
x̂xx̂

∂δxif

∂δx̂j0∂δx̂
k
0∂δx

l
0

= ϕi,αβl
x,vvxu

α,j
x̂ uβ,kx̂ +ϕi,αl

x,vxu
α,jk
x̂x̂ +ϕi,αβγ

x,vvvu
α,j
x̂ uβ,kx̂ uγ,lx

+ϕi,αβ
x,vv

[
uα,jlx̂x uβ,kx̂ +uα,jx̂ uβ,klx̂x +uα,jkx̂x̂ uβ,lx

]
+ϕi,α

x,vu
α,jkl
x̂x̂x

∂δxif

∂δx̂j0∂δx̂
k
0∂δx̂

l
0

= ϕi,αβγ
x,vvvu

α,j
x̂ uβ,kx̂ uγ,lx̂ +ϕi,αβ

x,vv

[
uα,jlx̂x̂ uβ,kx̂ +uα,jx̂ uβ,klx̂x̂ +uα,jkx̂x̂ uβ,lx̂

]
+ϕi,α

x,vu
α,jkl
x̂x̂x̂

(46)

Measurement Update Third-Order Sensitivities

The third-order partials of the measurement update are

∂[x̂+]i

∂[x−]j∂[x−]k∂[x−]l
= K̂iαhα,jklxxx ,

∂[x̂+]i

∂[x−]j∂[x−]k∂[x̂−]l
= K̂iα,l

x̂ hα,jkxx ,

∂[x̂+]i

∂[x−]j∂[x̂−]k∂[x−]l
= K̂iα,k

x̂ hα,jlxx ,
∂[x̂+]i

∂[x−]j∂[x̂−]k∂[x̂−]l
= K̂iα,kl

x̂x̂ hα,jx ,

∂[x̂+]i

∂[x̂−]j∂[x−]k∂[x−]l
= K̂iα,j

x̂ hα,klxx ,
∂[x̂+]i

∂[x̂−]j∂[x−]k∂[x̂−]l
= K̂iα,jl

x̂x̂ hα,kx ,

∂[x̂+]i

∂[x̂−]j∂[x̂−]k∂[x−]l
= K̂iα,jk

x̂x̂ hα,lx ,

∂[x̂+]i

∂[x̂−]j∂[x̂−]k∂[x̂−]l
= −K̂iα,jk

x̂x̂ ĥα,lx̂ − K̂iα,jl
x̂x̂ ĥα,kx̂ − K̂iα,kl

x̂x̂ ĥα,jx̂ − ...

K̂iα,j
x̂ hα,klx̂x̂ − K̂iα,k

x̂ hα,jlx̂x̂ − K̂iα,l
x̂ hα,jkx̂x̂ − K̂iαhα,jklx̂x̂x̂ . (47)

Note that the third-order partials presented in Eq. 47 apply for an Kalman filter; the partials of the
Kalman gain K

ij,k1···kp
x̂ are dependent on the filter type, and are presented in Appendix B for an

EKF.

APPENDIX B: PARTIALS OF THE KALMAN GAIN

The Kalman gain, is expressed with the covariances Pxz and Pzz, seen in Eq. 35 [10]. The tensor
form of the Kalman gain is expressed as

K̂ij = [Pxz]
iα[P−1

zz

]αj
, (48)

The first- and second-order partials of the Kalman gain are

K̂ij,k
x̂ = [Pxz]

iα,k
x̂

[
P−1
zz

]αj
+ [Pxz]

iα[P−1
zz

]αj,k
x̂

, (49)

K̂ij,kl
x̂x̂ = [Pxz]

iα,k
x̂

[
P−1
zz

]αj,l
x̂

+[Pxz]
iα,kl
x̂x̂

[
P−1
zz

]αj
+[Pxz]

iα[P−1
zz

]αj,kl
x̂x̂

+[Pxz]
iα,l
x̂

[
P−1
zz

]αj,k
x̂

. (50)
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The partials of the Kalman gain presented in Eqs. 49 and 50 are valid for the EKF, UKF, and
HOEKF. However, the individual partials of Pxz and Pzz change based on the filter type. The
partials of Pxz for the EKF are

[Pxz]
ij,k
x̂ = P̂ iαĥj,αkx̂x̂ , [Pxz]

ij,kl
x̂x̂ = P̂ iαĥj,αklx̂x̂x̂ . (51)

The partials of Pzz for an EKF are

[Pzz]
ij,k
x̂ =

(
ĥi,αkx̂x̂ ĥj,βx̂ + ĥi,αx̂ ĥj,βkx̂x̂

)
P̂αβ, (52)

[Pzz]
ij,kl
x̂x̂ =

(
ĥi,αklx̂x̂x̂ ĥj,βx̂ + ĥi,αkx̂x̂ ĥj,βlx̂ + ĥi,αlx̂x̂ ĥj,βkx̂ + ĥi,αx̂ ĥj,βklx̂x̂x̂

)
P̂αβ. (53)

Lastly the partials of P−1
zz are[

P−1
zz

]ij,k
x̂

= −
[
P−1
zz

]iα[
P−1
zz

]βj
[Pzz]

αβ,k
x̂ , (54)[

P−1
zz

]ij,kl
x̂x̂

=−
[
P−1
zz

]iα,l
x̂

[
P−1
zz

]βj
[Pzz]

αβ,k
x̂ −

[
P−1
zz

]iα[
P−1
zz

]βj,l
x̂

[Pzz]
αβ,k
x̂ ...

−
[
P−1
zz

]iα[
P−1
zz

]βj
[Pzz]

αβ,kl
x̂x̂ . (55)
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