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CUSTOMIZED FIRST-ORDER METHOD FOR LOW-THRUST
TRAJECTORY OPTIMIZATION USING CONVEX PROGRAMMING

Gonçalo Oliveira Pinho*, Carmine Giordano†, and Francesco Topputo‡

This paper presents a customized Proportional-Integral Projected Gradient (PIPG)
solver for onboard interplanetary low-thrust trajectory optimization. The solver
targets the convex subproblems generated by sequential convex programming and
aims to reduce the memory and computational costs associated with general-purpose
conic solvers on embedded spacecraft hardware. The proposed approach exploits
the structure of the discretized optimal-control problem through problem-specific
matrix-vector products, closed-form projection operators, and warm starting. The
customized solver is benchmarked against ECOS, CLARABEL, and a standard
PIPG implementation on a ZCU102 embedded board over diverse interplanetary
transfer scenarios. The results show that the customized PIPG implementation
preserves solution quality and convergence robustness while reducing computa-
tion time over the considered benchmark set. In addition, a preliminary FPGA im-
plementation of the inner PIPG loop is demonstrated for a representative transfer,
showing numerical consistency with the software implementation and reducing the
complete SCP runtime by 5.63× with respect to ECOS. These results indicate that
structure-exploiting first-order methods are promising candidates for embedded
onboard low-thrust guidance.

INTRODUCTION

In recent years, the space industry has significantly shifted towards the miniaturization of satel-
lites and their components, resulting in a proliferation of launches due to reduced costs. Nonethe-
less, the current paradigm of flight dynamic operations relies on expensive, dedicated ground-based
teams and infrastructure. This operational paradigm becomes increasingly restrictive for deep-space
small spacecraft, for which communication delays, limited contact windows, and reduced ground
support motivate higher levels of onboard autonomy. To address such incongruity, autonomous
deep-space guidance, navigation, and control (GNC) emerges as a viable solution for future small-
body, interplanetary, and distributed space missions.1–3

Focusing on deep-space onboard guidance algorithms, these must be reliable, robust, and compu-
tationally efficient given the limited resources embedded onboard systems present. At each guidance
update, the spacecraft must compute a feasible trajectory that satisfies missions constraints, typically
by solving an optimization problem. Among the current state-of-the-art approaches, convex opti-
mization is ideal for onboard guidance because, once the original problem has been transformed
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into a convex form, the resulting problem can be solved reliably by means of polynomial-time algo-
rithms.4 For low-thrust trajectory optimization, previous works have shown that this can be achieved
through Sequential Convex Programming (SCP), where the nonlinear optimal control problem is
approximated by a sequence of convex subproblems.4, 5

In the low-thrust case, the guidance problem is demanding since the spacecraft trajectory is
shaped by continuous thrust arcs over long time horizons. As a result, accurate discretizations
may require a large number of nodes, leading to optimization problems with many decision vari-
ables and constraints. Moreover, onboard guidance algorithms must be executed repeatedly during
the mission under strict limits on computation time, memory usage, and power consumption. These
requirements motivate the development of optimization algorithms that are not only reliable, but
also tailored to the underlying structure of the problem.

After convexification, the subproblems arising in low-thrust trajectory optimization can often be
formulated as quadratic programs (QPs) or second-order cone programs (SOCPs). State-of-the-
art conic solvers such as ECOS6 and CLARABEL7 are highly effective for solving these problems
and are based on interior-point methods (IPMs). However, their use in an onboard environment
can be challenging because they typically require the repeated solution of large linear systems and
rely on sparse linear algebra routines whose memory access patterns and factorization costs can
become expensive on embedded hardware. Although well suited to desktop-class processors, these
operations can limit real-time onboard implementation on resource-constrained platforms.

First-order optimization algorithms provide a practical alternative for resource-constrained ap-
plications. These methods rely on simpler linear algebra such as matrix-vector products, vector
updates, and projection operations, avoiding the large matrix factorizations required by IPMs. In
addition, first-order methods are naturally compatible with warm-starting, which is especially useful
within SCP, where consecutive convex subproblems are closely related. Their main drawback is a
stronger sensitivity to problem conditioning and the possible need for a larger number of iterations
to achieve high accuracy, aspects that must be taken into account during implementation.

Among first-order methods, the Proportional-Integral Projected Gradient (PIPG) algorithm has
recently been shown to be well suited for trajectory optimization problems.8 When applied to struc-
tured optimal control problems, the method can exploit the structured block-sparse dynamics and
separable path constraints to completely eliminate large sparse matrix operations. Previous work has
demonstrated the potential of PIPG in terms of computational efficiency, memory allocation, verifi-
cation and validation, and its suitability as a conic optimization solver within SCP-based guidance
algorithms.9

This paper investigates the use of a customized PIPG solver for interplanetary low-thrust trajec-
tory optimization. The low-thrust minimum-fuel problem is transcribed into a sequence of convex
subproblems using first-order-hold control discretization, virtual variables, and trust-region regu-
larization. The resulting subproblem is then structured to be compatible with a projection-based
first-order solver. By exploiting the sparsity and block structure of the discretized dynamics, a
customized PIPG implementation is developed that avoids dynamic memory allocation and re-
places generic sparse matrix operations with problem-specific linear algebra routines. The solver
is benchmarked against ECOS, CLARABEL, and a standard PIPG implementation across multiple
interplanetary transfer scenarios and discretization sizes. Finally, preliminary results toward an
FPGA-oriented implementation are presented to assess the suitability of the proposed approach for
embedded onboard guidance applications.
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LOW-THRUST TRAJECTORY OPTIMIZATION PROBLEM FORMULATION

Continuous-Time Nonconvex Optimal Control Problem

This paper considers a fixed-time minimum-fuel interplanetary low-thrust trajectory optimization
problem. The continuous-time nonconvex optimal control can be written as:4

min
α(t), σ(t)

−m(tf ) (1a)

subject to: ẋ(t) = f(x(t),α(t), σ(t)) (1b)

0 ≤ σ(t) ≤ 1 (1c)

∥α(t)∥2 = 1 (1d)

r(0) = ri, v(0) = vi, m(0) = mi (1e)

r(tf ) = rf , v(tf ) = vf (1f)

where vector x(t) = [r(t), v(t), m(t)], with r(t) ∈ R3, v(t) ∈ R3, and m(t) ∈ R denoting the
position, velocity and mass of the spacecraft, respectively. σ(t) ∈ [0, 1] is the throttle factor, and
α(t) ∈ R3 the thrust direction unit vector. Eqs. (1e) - (1f) impose the boundary conditions at the
initial and final times respectively. The two-body dynamics imposed in Eq. (1b) are governed by:

ṙ(t) = v(t) (2a)

v̇(t) = − µ

∥r(t)∥32
r(t) + σ(t)

Tmax

m(t)
α(t) (2b)

ṁ(t) = −σ(t) Tmax

g0 Isp
(2c)

where µ denotes the gravitational parameter of the primary body, g0 the gravitational acceleration
at sea level, Tmax the maximum available thrust provided by the propulsion system, and Isp the
specific impulse.

Sequential Convex Programming

The continuous-time nonconvex optimal control problem is cast into a sequence of finite-dimensional
convex subproblems by a specific change of variables, the introduction of auxiliary variables and
linearization of a set of equations.5

Eq. (1b) is nonlinear and nonconvex as the state and control are coupled by the nonlinear term:

σ(t)
Tmax

m(t)
α(t) (3)

Exploiting the following change of variables:
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Γ(t) := σ(t)
Tmax

m(t)
(4a)

τ (t) := σ(t)
Tmax

m(t)
α(t) (4b)

w(t) := lnm(t) (4c)

the states and controls are now defined as x := [r(t), v(t), w(t)] and u := [τ (t), Γ(t)], respec-
tively.

Due to the change of variables, the constraint ∥α(t)∥2 = 1 changes and is relaxed to the second-
order cone ∥τ (t)∥2 ≤ Γ(t). The constraint 0 ≤ σ(t) ≤ 1 is updated and further linearized about
the reference w̄ as:

0 ≤ Γ(t) ≤ Tmaxe
−w̄ [1− w(t) + w̄(t)] (5)

The dynamics in Eq. (1b) are now written as:

f(x(t),u(t)) =

 v(t)
− µ

∥r(t)∥32
r(t)

0

+

 03×4

I3×3 03×1

01×3 − 1/(g0 Isp)

[τ (t)
Γ(t)

]
(6)

To alleviate the nonconvexity, we perform a first-order Taylor series approximation of Eq. (6)
about an arbitrary reference trajectory (x̄(t), ū(t)) which yields a linear time-varying (LTV) system,
given by:

ẋ(t) ≈ A(t)x(t) +B(t)u(t) + c(t) (7)

where

A(t) :=
∂f

∂x

∣∣∣∣
x=x̄(t),u=ū(t)

(8a)

B(t) :=
∂f

∂u

∣∣∣∣
x=x̄(t),u=ū(t)

(8b)

c(t) := f(x̄(t), ū(t))−A(t)x̄(t)−B(t)ū(t) (8c)

The matrices A(t) and B(t), together with the affine term c(t), are fixed within each convex sub-
problem and recomputed at every SCP iteration from the updated reference trajectory. Depending
on the thruster model considered, B(t) may be constant; however, the time-dependent notation is
retained for consistency with the general LTV formulation.
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Discretization. The continuous-time optimal control problem must be discretized as a finite-
dimensional optimization problem. We start by discretizing the time grid t ∈ [0,ToF] into N − 1
equally spaced segments:10

0 = t1 < ... < tN = ToF (9)

where N denotes the number of discretization points. Afterward, we adopt a first-order-hold
(FOH) parameterization of the control input signal. This scheme is chosen because it provides a
more accurate representation of the continuous control profile than zero-order hold while preserving
the block-sparse structure of the discrete dynamics.10, 11 With FOH, the continuous-time control
input signal is obtained by linearly interpolating between the discrete values at successive nodes as:

u(t) =

(
tk+1 − t

tk+1 − tk

)
︸ ︷︷ ︸

λ−
k (t)

uk +

(
t− tk

tk+1 − tk

)
︸ ︷︷ ︸

λ+
k (t)

uk+1, ∀t ∈ [tk, tk+1] (10)

with k = 1, ..., N − 1.

The exact discretization of Eq. (7) can be computed as:

xk+1 = Akxk +B−
k uk +B+

k uk+1 + ck (11)

where

Ak := Φ(tk+1, tk) (12a)

B−
k := Ak

∫ tk+1

tk

Φ−1(t, tk)λ
−
k (t)B(t) dt (12b)

B+
k := Ak

∫ tk+1

tk

Φ−1(t, tk)λ
+
k (t)B(t) dt (12c)

ck := Ak

∫ tk+1

tk

Φ−1(t, tk)c(t) dt (12d)

and Φ(t, tk) is the state transition matrix for the linear time-varying system in Eq. (7).

Each set of N-1 matrices given in Eq. (12) is computed by numerically integrating the integrands
along with the state vector, for which a fixed-step RK8 integration routine was implemented.

Trust Region and Virtual Terms. As the nonconvex constraints are approximated using a first-
order Taylor series expansion which is only accurate close to the reference trajectory, it is important
to restrict the search space to a region where the linearization is sufficiently accurate, thus preserving
the validity. In addition, linearization can render the cost unbounded from below when the solution
is not enforced to lie in the neighborhood of the reference. Therefore, we impose a soft trust region
by augmenting the objective function with a quadratic penalty term for the deviation between the
solution state x and control u from the reference x̄ and ū, respectively.12
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Furthermore, when nonlinear constraints are linearized about a reference solution, we may en-
counter an infeasible convex subproblem even if there exists a feasible solution to the original non-
convex problem. To mitigate this, an unconstrained virtual control variable is added to the linearized
dynamical constraints in Eq. (11), therefore ensuring that the subproblem is feasible. While these
terms maintain feasibility, they also result in constraint violations when active. To ensure these
virtual control variables go to zero at convergence for a solution to be feasible with respect to the
original nonconvex problem, we incorporate them in our objective function with a sufficiently large
penalty term.12

In addition, auxiliary virtual state variables are introduced to decouple the variables appearing in
the linearized dynamics from those used to enforce the boundary and path constraints. Specifically,
we define the virtual state ξk ∈ R7 as a virtual copy of the state xk, while βk ∈ R is introduced
as a virtual copy of the logarithmic mass wk. The variable ξk is used to impose state bounds and
boundary constraints, whereas βk is used in the linearized upper bound on the thrust magnitude
variable. To ensure that both the dynamics and the path constraints are satisfied at convergence, we
penalize the squared deviations between the primary and virtual variables x - ξ and w − β directly
within the objective function.

Discretized Convex Subproblem. The discretized convex subproblem is therefore written as:

min
z

− wN +WTR

(
N∑
k=1

∥xk − x̄k∥22 +
N∑
k=1

∥uk − ūk∥22

)

+WV S

N∑
k=1

∥xk − ξk∥
2
2 +WV S

N∑
k=1

(wk − βk)
2 +WV C

N−1∑
k=1

∥νk∥22 (13a)

subject to: xk+1 = Akxk +B−
k uk +B+

k uk+1 + ck + νk, ∀k = 1, ..., N − 1 (13b)

Γk ≤ Tmaxe
−w̄k(1− βk + w̄k), ∀k = 1, ..., N (13c)

∥τ k∥2 ≤ Γk, ∀k = 1, ..., N (13d)

ξ1 = [ri,vi, wi] (13e)

rξ,N = rf ,vξ,N = vf (13f)

xl ≤ ξk ≤ xu, ul ≤ uk ≤ uu, ∀k = 1, . . . , N (13g)

where z = [x, ξ,β,u,ν] is a single high-dimensional vector where the decision variables are
stacked, νk ∈ Rnx is the virtual control variable associated with the dynamical constraint, WTR,
WV S and WV C are the large penalty terms for the trust region, virtual states and virtual control
terms, respectively. For the initial guess of the SCP framework, a shape-based cubic interpolation
or a sub-optimal trajectory from a modified Q-law guidance algorithm are used.4

The resulting optimization problem is a second-order cone program with affine equality con-
straints, box constraints, second-order cone constraints, singleton constraints, and a problem-specific
affine upper bound on the thrust magnitude variable. This structure is suitable for a projection-
based first-order method because the equality constraints correspond to discrete dynamics while
the remaining constraints are separable across the adopted time grid and admit closed-form projec-
tion operators. This particular structure motivates the use of the solver described in the following
section.
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PIPG

The convex subproblems generated at each SCP iteration are solved using the Proportional-
Integral Projected Gradient (PIPG) method.13 The method is well suited to the present problem
because each iteration requires only matrix-vector products and projections onto simple convex sets,
avoiding the matrix factorizations required by second-order conic solvers. The algorithm has been
used effectively to solve convex subproblems for powered-descent guidance problems, spacecraft
rendezvous guidance problems and multi-phase landing problems.8

The convex subproblem is therefore written in the following PIPG standard form:

min
z

1

2
zTQz + qTz (14a)

subject to Hz − h = 0 (14b)

z ∈ D (14c)

where z is the decision vector previously defined, Q is a positive definite matrix, and the set D is
a Cartesian product of simple sets that admits a closed-form projection operation.14

Following the formulation strategy adopted in Reference 8, all constraints that admit efficient
closed-form projections are assigned to the set D rather than being imposed through the affine
equality constraint Hz − h = 0. This is done since the constraints included in D are enforced at
every PIPG iteration through the projection step, whereas the equality constraints associated with
the discretized dynamics are only recovered asymptotically as the primal-dual iterations converge.
Additionally, keeping as many constraints as possible in projected form avoids the introduction of
additional auxiliary variables that would otherwise be required by conic reformulation.

Therefore, matrix Q and vector q will define the quadratic and linear part of the cost function
in Eq. (13a). Matrix H enforces the first-order-hold discretized dynamics in Eq. (13b), while h
contains the corresponding constant terms. The set D contains the remaining constraints satisfied
via the following closed-form projections:15

Combined thrust
vector projection

{
Γk ≤ Tmaxe

−w̄k(1− βk + w̄k) (15a)

∥τ k∥2 ≤ Γk (15b)

Singleton ξ1 = [ri, vi, wi] (15c)

Singleton rξ,N = rf , vξ,N = vf (15d)

Box xl ≤ ξk ≤ xu, ul ≤ uk ≤ uu (15e)

The singleton and box projections in Eqs. (15c) - (15e) admit direct closed-form expressions.15

The two thrust constraints in Eqs. (15a) - (15b), however, share the variable Γk and are therefore
projected jointly at each discretization node. Defining:

ak = Tmax exp(−w̄k), bk = ak(1 + w̄k) (16)

the local thrust projection set is:
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Tk = {(βk, τ k,Γk) : ∥τ k∥2 ≤ Γk, Γk + akβk ≤ bk} (17)

This set combines the second-order cone thrust-magnitude constraint with the affine upper bound
obtained by linearizing Tmaxe

−wk about the SCP reference w̄k. For this paper, the implementa-
tion uses the exact euclidean projection onto Tk, rather than alternating projections between the
cone and the affine halfspace. A sequential projection onto the second-order cone and the affine
halfspace would not, in general, be equivalent to the euclidean projection onto their intersection.
Alternating projections are mainly feasibility methods, and computing the exact metric projection
onto an intersection of convex sets generally requires additional correction schemes.16 For this
reason, a closed-form node-wise projection is derived for the local thrust set Tk.

For each node k, given a tentative point (τ ⋆
k,Γ

⋆
k, β

⋆
k), the closest point satisfying Eq. (17) is found

by solving the projection problem:

min
τk,Γk,βk

∥τ k − τ ⋆
k∥

2
2 + (Γk − Γ⋆

k)
2 + (βk − β⋆

k)
2 (18a)

subject to ∥τ k∥2 ≤ Γk (18b)

Γk + akβk ≤ bk (18c)

The projection problem is simplified by using Γk as the coupling variable between the two thrust
constraints. For a fixed value of Γk, the second-order cone constraint reduces to the projection of τ ⋆

k

onto a ball of radius Γk, while the affine thrust bound reduces to the projection of β⋆
k onto a scalar

upper bound. Therefore, once Γk is fixed, the optimal values of τ k and βk are known in closed
form:15

τ k(Γk) =


τ ⋆
k, ∥τ ⋆

k∥2 ≤ Γk

Γk∥∥τ ⋆
k

∥∥
2

τ ⋆
k, otherwise

βk(Γk) =


β⋆
k, Γk ≤ bk − akβ

⋆
k

bk − Γk

ak
, otherwise

(19)

Substituting Eq. (19) into Eq. (18) reduces the combined projection to a scalar minimization in
Γ. Thus, the closed-form projection is obtained by evaluating the candidate minimizers over well-
defined intervals and then recovering τ and β from Eq. (19).

After defining the projection operators, the scaling of the quadratic conic subproblem is crucial
for efficient PIPG convergence. Being a first-order method, the problem is sensitive to condition-
ing and typically performs poorly on ill-conditioned problems such as the convex subproblem in
Eq. (13) due to the presence of heavy weights on the objective function. The hypersphere precondi-
tioning procedure presented in Reference 17 is applied since it minimizes the condition number of
the resulting Karush-Kuhn-Tucker (KKT) matrix by optimally scaling the objective function while
preserving the structure of the preconditioned problem.

Since Q is positive definite, it can be expressed as Q = LLT , where L is the lower-triangular
Cholesky factor of Q. Applying a change of variables, the transformed primal variable is defined
as:
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ẑ = LTz, z = L−T ẑ (20)

for which are defined the following preconditioned equality matrix and vector, and the precondi-
tioned linear cost term:

Ĥ = DrHL−T , ĥ = Drh, q̂ = L−1q (21)

where Dr is the diagonal matrix that normalizes each row of the original preconditioned matrix
HL−T to unit norms.

A new set D̂ =
{
ẑ : L−T ẑ ∈ D

}
is also defined. For the implemented algorithm, the constraints

are projected in the preconditioned coordinates apart from the combined thrust vector projection.
This projection is performed on the corresponding segment of the primal vector, after temporarily
mapping the variables back to their original scaling.

The resulting objective is then scaled by the factor λ =
√

σmin/2, where σmin is the square of
the smallest singular value of Ĥ .17 This value can be estimated using the shifted power iteration
method.18 The choice of λ minimizes the condition number of the resulting KKT matrix and is
therefore critical to the convergence behavior of the algorithm.17 Further details about this precon-
ditioning procedure can be found in Reference 17.

The resulting preconditioned version of the conic subproblem described in Problem (14) is:

min
ẑ

λ

2
ẑT ẑ + q̂T ẑ (22a)

subject to Ĥẑ − ĥ = 0 (22b)

ẑ ∈ D̂ (22c)

In this form, the scaled problem (22) has the same structure as the original PIPG standard form,
but with improved conditioning. It is solved using the preconditioned extrapolated PIPG algorithm
described in Algorithm 1. The inputs ρ ∈ [1.5, 1.9] and ω ∈ R++ are hyperparameters used
in the extrapolation factor and choice of primal and dual step sizes, respectively.19 The input σ
corresponds to the maximum eigenvalue of Ĥ

T
Ĥ , computed through a power iteration algorithm.8

The solver terminates either upon reaching a maximum number of iterations jmax or when con-
vergence is achieved. Convergence occurs when the difference between two consecutive iterates
becomes sufficiently small given an absolute accuracy tolerance ϵabs and a relative accuracy tol-
erance ϵrel, a condition typically used in first-order solvers.8 The stop condition is checked every
jcheck iterations.
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Algorithm 1 Preconditioned extrapolated PIPG

Inputs: Ĥ, ĥ, q̂, D̂,L,L−T , λ, σ, ρ, ω, jmax, z
0, ŷ0

1: ζ0 ← LTz0 ▷ initialize transformed primal variable
2: η0 ← ŷ0 ▷ initialize transformed dual variable
3: α← 2

λ+
√
λ2+4σω2

▷ primal step-size
4: γ ← ω2α ▷ dual step-size

5: for j = 0, . . . , jmax − 1 do
6: ẑj+1 ← ΠD̂

(
ζj − α

(
λζj + q̂ + Ĥ

T
ηj
))

▷ primal update

7: ŷj+1 ← ηj + γ
(
Ĥ(2ẑj+1 − ζj)− ĥ

)
▷ dual update

8: ζj+1 ← (1− ρ)ζj + ρẑj+1 ▷ extrapolate primal variable
9: ηj+1 ← (1− ρ)ηj + ρŷj+1 ▷ extrapolate dual variable

10: if (j + 1) mod jcheck = 0 then ▷ check stopping criterion
11: if ∥ẑj+1 − ẑj∥∞ ≤ ϵabs + ϵrel max{∥ẑj+1∥∞, ∥ẑj∥∞} and then

∥ŷj+1 − ŷj∥∞ ≤ ϵabs + ϵrel max{∥ŷj+1∥∞, ∥ŷj∥∞}
12: break
13: end if
14: end if
15: end for

Return: z = L−T ẑj+1, ŷj+1

Customized Solver

Algorithm 1 identifies the operations required at each iteration: projections, products with Ĥ and
Ĥ

T
, and transformations involving the Cholesky factor. The customized implementation focuses

on evaluating these operations by exploiting the structure of the discretized low-thrust trajectory
optimization problem to replace generic sparse linear algebra routines. Although the PIPG algo-
rithm can be written compactly in terms of the stacked matrices Q and H , explicitly assembling
and manipulating these matrices as generic sparse objects introduces memory overhead and indi-
rect access patterns that are undesirable for embedded implementations.20 Instead, the customized
solver differs from a generic sparse PIPG implementation in how the products Ĥẑ and Ĥ

T
η are

evaluated.

The matrix Ĥ inherits the block-banded structure of the discretized dynamics for which the
implementation stores the preconditioned equality matrix and its transpose as node-local dense
blocks. Therefore, the forward product is evaluated by sweeping over the nodes and assembling
each dynamics residual block directly considering the corresponding components of ẑ. Similarly,
the transpose product considers the node-local matrices multiplied by the respective block of the
dual variable and stored in the corresponding primal-variable segments. This process avoids indi-
rect sparse-matrix access inside the algorithm loop and replaces generic matrix-vector operations
with fixed-size dense operations.
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Furthermore, the Cholesky factor of matrix Q is assembled analytically from the known block
structure obtained by expanding the quadratic components of the objective function in Eq. (13a),
since the penalty weights are fixed within the considered SCP framework.8 With the decision vector
z defined above, the quadratic cost contains only local couplings between variables associated with
the same discretization node. For notational clarity, the following block representation is written in
a grouped ordering of the decision variables, obtained by collecting the locally coupled components
together.

For each node k, the non-mass state components form repeated 2 × 2 blocks involving the pairs
(xk,j , ξk,j), with j = 1, . . . , 6:

Qxξ = 2

[
WTR +WVS −WVS

−WVS WVS

]
(23)

while for the logarithmic mass component, the coupled variables are (wk, ξk,7, βk), where ξk,7
denotes the seventh component of the virtual state ξk. These variables form the local 3× 3 block:

Qwξ7β = 2

WTR + 2WVS −WVS −WVS

−WVS WVS 0
−WVS 0 WVS

 (24)

The blocks associated with the control u and virtual control ν are diagonal. Therefore, in the
grouped notation, the quadratic matrix can be written as:

Q = blkdiag
(
I6N ⊗Qxξ, IN ⊗Qwξ7β, 2WTRI4N , 2WVCI7(N−1)

)
(25)

Being block diagonal in the defined local components, the Cholesky factor of Q can be obtained
by factorizing only the small local blocks:

Qxξ = LxξL
⊤
xξ, Qwξ7β = Lwξ7βL

⊤
wξ7β (26)

Thus, in the same grouped ordering:

L = blkdiag
(
I6N ⊗Lxξ, IN ⊗Lwξ7β,

√
2WTRI4N ,

√
2WVCI7(N−1)

)
(27)

where Lxξ and Lwξ7β are the Cholesky factors of the local blocks defined in Eqs. (23) - (24). The
Cholesky factors of the control and virtual-control blocks are directly obtained from their diagonal
structure. Since L is block diagonal in this grouped representation, its inverse can be evaluated
through the inverses of the corresponding local blocks.

Figure 1 presents the sparsity pattern of the equality matrix before and after preconditioning. The
original matrix H contains nonzero blocks associated with the discretized dynamics constraints.
Following Eq. (21), the matrix Ĥ presents additional local nonzero blocks due to the structure of
the customized Cholesky factor in Eq. (27). The row normalization matrix Dr is a left diagonal
scaling and therefore does not alter the sparsity pattern. Despite the modified sparsity pattern,
the preconditioned equality matrix retains a node-local structure that can still be exploited by the
customized implementation.
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Figure 1: Equality matrix sparsity for the low-thrust interplanetary problem with N = 5 nodes.

The same customization principle is applied to the power and shifted power methods. These
routines use the same matrix-free products adopted inside the PIPG loop, avoiding the need for
generic sparse matrix-vector multiplications during both solver setup and online iterations.

Additionally, to reduce the number of iterations required to solve each SCP subproblem, the
primal-dual solution of the last-accepted subproblem is used as an initial guess to warm-start the
algorithm. The power and shifted-power iterations used to estimate σ and σmin are warm-started in
the same way using the eigenvector estimates from the previous SCP iteration.

All work vectors used by the solver are allocated at compile time, avoiding dynamic memory
allocation during the solver iterations and making the implementation suitable for embedded de-
ployment.

FPGA Implementation

The FPGA implementation targets the inner PIPG solve performed at each SCP iteration. This
is the most computationally expensive and repetitive part of the SCP algorithm: once the convex
subproblem has been formed and preconditioned, the PIPG iterations require products with the
preconditioned equality matrix, simple vector updates, and projections onto the sets described pre-
viously. This structure is well suited for FPGA acceleration as the inner solver does not require
large matrix factorizations and is composed mainly of regular, bounded operations.

The hardware kernel does not implement the complete SCP algorithm due to the limited resources
available. Instead, the workload is divided such that the CPU performs the SCP-level operations
while the FPGA executes the repeated inner PIPG iterations. This division keeps the hardware
kernel simple and deterministic, limiting the FPGA implementation to the operations that dominate
the repeated online solve.

Despite the PIPG iterations being sequential, as each update depends on the previous primal and
dual iterates, the operations within each iteration can be exploited for computational efficiency.
Therefore, the FPGA implementation exploits parallelism inside the matrix-vector products, vector
updates, and node-wise projections, rather than attempting to parallelize across PIPG iterations.21

Moreover, instead of implementing generic sparse linear algebra routines, the kernel exploits the
fixed sparsity pattern of the low-thrust optimal-control problem. In particular, the products involving
Ĥ and Ĥ

T
are evaluated using the same node-local structure adopted in the customized software

implementation.

The main differences with respect to the software implementation are therefore implementation-
related rather than algorithmic. The FPGA kernel uses fixed-size arrays and static loop bounds
whenever possible. In the current implementation, the bitstream is generated for a fixed number of

12



discretization nodes, N = 150. This choice enables compile-time optimization of loop structures
and memory layouts, although it also means that changing the number of nodes requires regenerat-
ing the hardware kernel.

To distinguish between implementation and precision effects, the current FPGA version uses
double-precision floating-point arithmetic, matching the software implementation. The problem
data are packed by the host and transferred to the FPGA before the inner PIPG solve, while the
final primal-dual iterate is returned after the kernel terminates. Additionally, the data layout and
packaging are organized to reduce host-kernel transfer overhead. Mixed-precision implementations
could further reduce resource usage and improve throughput, but their impact on the convergence of
both the inner PIPG solve and the outer SCP loop is left for future work. The resulting kernel is used
in the following section to compare the generic solver, the customized software implementation, and
the FPGA-accelerated implementation in terms of runtime and solution consistency.

RESULTS

We benchmark the SCP algorithm using ECOS, CLARABEL, a standard PIPG implementation,
and the proposed customized PIPG implementation as solvers for the recursively generated con-
vex subproblems.6, 7 All algorithms were implemented in C++ and profiled on the AMD Zynq
UltraScale+ MPSoC ZCU102 Evaluation Kit.22 Since this board is representative of the type of
embedded hardware used in CubeSat-class computers, it provides a suitable platform for assessing
the feasibility of the proposed solver for onboard optimization.

The benchmark set consists of more than 50 low-thrust interplanetary scenarios, including trans-
fers from Earth to Mars, Venus, and asteroid targets. The scenarios differ in time of flight, ini-
tial spacecraft mass, and initial and final boundary conditions. Across all scenarios, a constant
low-thrust propulsion model is considered, with Tmax = 2 mN and Isp = 2000 s. To evalu-
ate problem scaling, the comparison is performed for three different discretization sizes, namely
N ∈ {100, 200, 300}.

Figure 2 shows a representative Earth-to-Mars solution returned by the SCP algorithm using N =
300, where the arrows indicate the thrust direction along the transfer trajectory. The corresponding
thrust profile is also shown.
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Figure 2: Transfer trajectory and thrust profile for a representative Earth-to-Mars case.
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Figure 3 summarizes the aggregate performance of the tested solvers across different problem
sizes. The benchmark set used in this comparison includes scenarios for which at least one solver
converged for at least one tested discretization. The convergence rate in Figure 3a is computed over
this filtered benchmark set, while the propellant mass, SCP iteration count, and computation time
are reported only for converged runs.
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Figure 3: Solver comparison on the ZCU102 board for the considered interplanetary scenarios.

Figure 3a shows that all solvers converge for a large fraction of the tested cases. The PIPG-based
solvers maintain high convergence rates as the number of discretization nodes increases, indicating
that the first-order approach remains effective for the larger problem sizes considered. Additionally,
the customized PIPG implementation does not introduce a loss of robustness with respect to the
standard PIPG implementation, since both methods solve the same preconditioned subproblems
with the same underlying algorithmic structure.

The final propellant-mass solution distributions in Figure 3b largely overlap across the different
solvers and discretization sizes. This indicates that, for the cases where the SCP algorithm con-
verged, the different solvers lead to comparable local solutions of the original nonlinear trajectory
optimization problem. Therefore, the computational advantage of the customized PIPG implemen-
tation is not obtained at the cost of a visibly different propellant-optimal solution.

Figure 3c reports the number of outer SCP iterations required for convergence. For larger dis-
cretizations, the PIPG-based solvers generally require fewer outer SCP iterations than ECOS and
CLARABEL. Therefore, for the selected tolerances and SCP acceptance criteria, the PIPG-based up-
dates appear to provide effective corrections within the outer loop, allowing the nonlinear problem
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to converge in fewer SCP iterations.

This behavior directly affects the full SCP runtime reported in Figure 3d. The computation time
shown in this figure corresponds to the complete SCP solve, including all outer iterations, rather
than to a single convex subproblem. Therefore, the reduction in the number of outer SCP iterations
contributes to the lower total runtime observed for the PIPG-based solvers. For each discretization
size, the computation time of each solver is normalized by the computation time of the standard
PIPG implementation. Therefore, values below one indicate a faster complete SCP solve than stan-
dard PIPG, while values above one indicate a slower solve time.

The customized PIPG implementation consistently reduces the computation time with respect
to the standard PIPG implementation, presenting a speedup of roughly 1.25×–1.4× compared to
the standard PIPG runtime over the tested discretization sizes and scenarios. This reduction is ob-
tained without modifying the mathematical formulation of the convex subproblem or the outer SCP
strategy. Instead, it results from exploiting the fixed sparsity and block structure of the discretized
optimal-control problem in the matrix-vector products and projection operations.

Therefore, the comparison with ECOS and CLARABEL reflects both effects: the cost of each
convex subproblem solve and the number of outer SCP iterations required to reach convergence.
Although CLARABEL remains competitive and can be faster than the standard PIPG implementation
for some discretization sizes, the customized PIPG implementation provides the lowest average
relative computation time across the considered benchmark set.

Overall, these results show that the customized PIPG solver preserves the solution quality and
convergence robustness of the reference implementations while providing a consistent reduction in
computation time compared to the other off-the-shelf solvers. This makes it a promising candidate
for embedded implementation and motivates the FPGA deployment discussed next.

FPGA Deployment Results

The previous results compared software implementations running on the processing system of
the ZCU102 board. To assess the feasibility of deploying the customized PIPG solver on the chosen
hardware, the inner PIPG loop was also implemented as an FPGA kernel. This implementation is
evaluated on a representative Earth-to-Mars transfer with N = 150 nodes, which corresponds to the
fixed problem size used to generate the current bitstream. The resource cost of the current design is
listed in Table 1.

Table 1: Resource utilization of the customized PIPG FPGA kernel on the ZCU102.

Resource Used Utilization (%)

LUT 135043 49.27
FF 91975 16.78
BRAM 534.5 58.61
DSP 355 14.09

Clock frequency 100 MHz

Two tests are considered. First, the inner PIPG solve is isolated by forcing the solver to execute
the maximum number of PIPG iterations, jmax = 20000, on the same convex subproblem. This test
removes the outer SCP logic and directly compares the cost of the repeated PIPG operations. The
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results are reported in Table 2 where the fixed-iteration test shows that the FPGA implementation
significantly reduces the cost of the repeated PIPG loop. The FPGA implementation is approxi-
mately 4.91× faster than standard PIPG and approximately 3.89× faster than the custom software
implementation. This indicates that, despite the overhead associated with the data transfer between
the processing system and the FPGA, the kernel is significantly faster than the software implemen-
tation.

Table 2: Fixed-iteration timing comparison for the inner PIPG solve on a representative convex
subproblem. All implementations are forced to run for jmax = 20000 PIPG iterations.

Implementation PIPG iterations Time (ms) Speedup vs. PIPG

PIPG 20000 14371 1.00×
Custom PIPG 20000 11365 1.26×
Custom PIPG FPGA 20000 2924 4.91×

To verify that the FPGA kernel reproduces the customized software implementation, the final
primal and dual iterates obtained after the fixed 20000 PIPG iterations were compared against the
custom software PIPG solution. The infinity-norm differences were

∆z∞ = ∥zFPGA − zSW∥∞ = 5.00× 10−15, ∆y∞ = ∥yFPGA − ySW∥∞ = 3.54× 10−13

These quantities correspond to the largest entry-wise differences between the final FPGA and soft-
ware iterates. Their magnitude is close to double-precision round-off level, indicating that the FPGA
implementation reproduces the custom PIPG iteration with negligible numerical discrepancy for this
fixed-iteration test.

The second test embeds the FPGA kernel inside the complete SCP loop. In this case, the reported
computation time includes the complete nonlinear solve, including all outer SCP iterations and the
repeated calls to the solver. Table 3 reports the results for the representative Earth-to-Mars scenario.

Table 3: Full SCP performance for the representative Earth-to-Mars scenario with N = 150 nodes.
The reported time corresponds to the complete SCP solve.

Solver SCP iterations Time (s) Propellant (kg) Speedup vs. ECOS

ECOS 39 75.903 5.08320 1.00×
PIPG 11 45.054 4.92782 1.68×
Custom PIPG 11 35.358 4.92782 2.15×
Custom PIPG FPGA 11 13.489 4.92782 5.63×

When integrated within the full SCP loop, the FPGA implementation converges in the same
number of outer SCP iterations as the software PIPG implementations and returns the same final
propellant mass. This indicates that the FPGA kernel preserves the convergence behavior of the
customized PIPG solver for the considered representative case. The total SCP runtime is reduced
from 45.054 s for standard PIPG and 35.358 s for custom software PIPG to 13.489 s with the FPGA
implementation. This corresponds to a speedup of approximately 3.34× with respect to standard
PIPG and 2.62× with respect to the custom software implementation.
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The comparison with ECOS further highlights the combined effect of the FPGA acceleration
on the customized PIPG implementation. For this scenario, the FPGA implementation achieves
a speedup of approximately 5.63× with respect to ECOS. In this case, the FPGA implementation
benefits both from the lower number of SCP iterations observed for the PIPG-based solvers and
accelerates the repeated inner PIPG operations through hardware execution.

These results demonstrate that the customized PIPG solver can be deployed on FPGA hard-
ware while preserving the numerical behavior of the software implementation for a representative
trajectory-optimization problem. The current implementation uses double-precision arithmetic and
a bitstream generated for a fixed discretization size, N = 150. Therefore, the result should be in-
terpreted as a feasibility demonstration rather than a complete FPGA benchmark. Further improve-
ments are expected from reducing host-kernel transfer overhead, increasing the level of parallelism
inside the hardware kernel, and investigating mixed-precision implementations.

CONCLUSIONS

This paper presented a customized PIPG-based solver for the solution of convex subproblems
arising in sequential convex programming for low-thrust interplanetary trajectory optimization. The
formulation exploits the structure of the discretized optimal-control problem, including the block
sparsity of the dynamics constraints and the simple projection structure of the admissible set.

The proposed solver was compared against ECOS, CLARABEL, and a standard PIPG implementa-
tion over a benchmark set. The results show that the customized PIPG implementation preserves the
solution quality of the reference solvers, with similar propellant-mass distributions for converged
runs. The PIPG-based methods also required fewer outer SCP iterations for the larger discretiza-
tions considered. When computation time was compared, the customized PIPG solver achieved the
lowest average runtime over the considered benchmark set and solvers.

Finally, the feasibility of hardware deployment was demonstrated by implementing the cus-
tomized PIPG iteration as an FPGA kernel on the ZCU102 board. For a representative Earth-
to-Mars transfer with N = 150 nodes, the FPGA implementation reproduced the custom soft-
ware PIPG iterates with negligible numerical discrepancy and reduced the isolated fixed-iteration
PIPG runtime by 4.91× with respect to standard PIPG. When embedded in the complete SCP loop,
the FPGA implementation presented a speedup factor of approximately 5.63× when compared to
ECOS. These results indicate that structure-exploiting first-order methods are promising candidates
for embedded onboard guidance, although further work is required to extend the FPGA benchmark
set, reduce host-kernel transfer overhead, and investigate mixed-precision implementations.
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