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MONTE CARLO CONJUNCTION ANALYSIS USING IMPORTANCE
SAMPLING AND TAYLOR POLYNOMIAL EXPANSION

Shripad Sant; Ryan Ketzner] Tarek A. Elgohary*

Accurate and efficient collision probability estimation is critical for conjunction
analysis. While traditional Monte Carlo methods provide unbiased estimates, they
are computationally expensive, especially in rare-event scenarios where collision
probabilities are very low. This article proposes a fast surrogate-assisted Monte
Carlo framework for rare-event estimation that combines high-order Taylor expan-
sions with importance sampling guided by the cross-entropy method. The Taylor
expansions, constructed using generalized dual numbers, provide analytical sur-
rogates that approximate the nonlinear mapping from uncertain initial conditions
to the distance and time of closest approach, enabling rapid evaluation of prop-
agated samples without repeatedly solving the equations of motion numerically.
Importance sampling is used to bias the sample distribution toward the most rel-
evant regions of the initial probability density functions, reducing the number of
samples needed and the variance of the resulting estimate. Numerical experiments
are conducted on representative short-duration conjunction scenarios drawn from
the CelesTrak SOCRATES catalog and long-duration scenarios from Alfano’s test
set. The results demonstrate that surrogate-assisted methods can be combined
with cross-entropy importance sampling without any reduction in accuracy of the
probability of collision estimate, while substantially reducing computational cost.

INTRODUCTION

The proliferation of artificial satellites, particularly due to collisions and the recent deployment
of several large mega-constellations, has resulted in an increasingly congested orbital environment,
leading to a substantial rise in the frequency of conjunction events between active satellites and
space debris. To prevent further damage to the space environment, it is crucial to monitor such
events closely. NASA’s Conjunction Assessment and Risk Analysis (CARA) program highlights
the importance of timely assessment and mitigation of such threats to ensure the safety and sustain-
ability of space operations.! Conjunction analysis relies on propagating the orbits of space objects
and evaluating the collision risk over a given time window. As the number of conjunction events
continue to rise, it is more critical than ever to improve both the speed and accuracy of conjunc-
tion assessments to prevent catastrophic collisions and minimize unnecessary collision avoidance
maneuvers.

Conjunctions are generally classified according to the duration of the encounter (i.e., the time
interval of substantial probability accumulation), and specialized analytical and numerical methods
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have been developed for both short and long-encounter conjunctions. Short encounters occur on
times scales of no more than a few seconds, and were the focus of much of the early work on
probability of collision (PC) computation, since they are simpler to model and occur more often in
practice than long encounters. The most commonly used methods for computing the PC for short
encounters rely on an integral in the relative position at the time of closest approach (TCA).
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Where, r,, is the relative position vector in the encounter plane (normal to the relative velocity
direction), and 3., is the relative position covariance matrix marginalized in the relative velocity
direction. The solution to Equation 1 has been the focus of most research on short-encounter PC
estimation, as developed by Foster et al. ,2 Akella and Alfriend,? Patera,* Alfano,> Chan,® Xu ez al.,’
Serra et al.,® and Garcia-Pelayo et al.,’ among others. These works are discussed and compared in
detail in the recent review article article by Xu et al.”

Another class of analytical and semi-analytical methods have been developed for conjunctions
where the relative motion of the satellites near the TCA cannot be credibly modeled as linear,
which is generally the case for long-duration conjunctions. These methods compute an integral of
the collision rate over time by considering the flux of trajectories over a sphere fixed in the relative
position space of the two objects. This approach allows for arbitrary relative motion between the two
satellites, and models the effect of uncertainty in the velocity over the course of the encounter. This
technique was first introduced by Coppola,'® and later extended to model more complex scenarios
(such as non-Gaussian distributions) by DeMars et al.,'" Shelton and Junkins,'? and Hall.!> Hall’s

method is used operationally by NASA to estimate PC for long-encounter conjunctions!# .

Although the rate-based methods are generally more capable than the earlier 2D-PC methods,
they still require several simplifying assumptions. First, the probability density function must be
represented in Cartesian coordinates to integrate in the relative position space, which requires a
transformation from the more commonly used equinoctial representation.'> This is typically ac-
complished via a linear transformation of the covariance, which can potentially bias the resulting
PC value severely.'? Additionally, the rate-based methods are derived using the explicit assumption
that trajectories may only collide a single time, so they struggle to effectively model multi-encounter
conjunctions. > 1°

When any of these simplifying assumptions break down, Monte Carlo simulation becomes the
tool of choice, since it in principal requires virtually no simplifying assumptions. NASA’s oper-
ational conjunction assessment tool employs a multi-step approach which applies PC estimation
algorithms in order of increasing fidelity, starting with 2D-PC, then moving onto the rate-based
methods, and finally, if necessary, employing brute-force Monte Carlo simulation when it is deter-
mined that no other method can accurately model the conjunction.!* A typical brute-force Monte
Carlo simulation takes several hours to estimate the PC, since it involves propagating millions of
satellite trajectories individually using a high-fidelity propagator. !

Strategies for reducing the runtime of these simulations generally fall into one of two categories:
either to reduce the propagation time for each sample by employing a surrogate model for the
propagation step, or to reduce the number of samples using rare-event estimation techniques. Sur-
rogate models previously employed in the literature have included neural network propagators,'?
polynomial chaos expansion,'®!® and Taylor polynomial expansions obtained via automatic differ-



entiation.!”~2! Of these, Taylor polynomial expansions have proved especially promising for Monte
Carlo PC estimation. Morselli et al. demonstrate that, for typical initial uncertainties and a max-
imum propagation window of one week, the average error in the Taylor expansion of the distance
of closest approach between two satellites was less than one meter using a third-order expansion.'”
They later demonstrated that Taylor polynomial expansions could be used to reduce the runtime for
short-encounter PC estimation by several orders of magnitude without compromising accuracy.?’

On the other hand, rare event estimation techniques applied to Monte Carlo conjunction analy-
sis have included importance sampling, line sampling,?® and subset sampling.?>%3-2* Importance
sampling is especially appealing since it requires only a small deviation from the conventional
Monte Carlo method: rather than drawing samples directly from the original probability density
function (called the target), samples are instead drawn from a proxy distribution (called the pro-
posal) which exaggerates the frequency of the rare event. Then, an unbiased estimate of the PC can
be recovered by weighting these samples by the likelihood ratio of the target and proposal. Ketzner
and Elgohary describe how the cross-entropy method can be used to find the optimal importance
sampling distribution for PC estimation, thereby drastically reducing the number of samples re-
quired for convergence.?

In this work, we propose using a Taylor polynomial surrogate model together with importance
sampling and the cross-entropy method to rapidly compute the PC. The multivariate Taylor maps are
generated using generalized dual numbers, which encode the system’s sensitivity to small perturba-
tions in the initial states and final time. When embedded directly into the Monte Carlo framework,
these expansions allow efficient computation of the time and distance of closest approach for each
sample using polynomial evaluation only. This provides a scalable and accurate foundation for high-
fidelity conjunction analysis with significantly reduced computational effort. Since the accuracy of
a Taylor polynomial expansion quickly decreases away from the expansion point, the choice of the
expansion point is of interest. In the absence of additional information, it is reasonable to center the
expansions about the mean of the target PDF. However, the optimal proposal distribution produced
by the cross-entropy method is centered closer to the event set, which is the set of all points in the
initial random variable space leading to collision. Thus, centering the Taylor polynomial expan-
sion on the mean of the importance sampling distribution could potential improve performance by
insuring that the Taylor polynomial is most accurate in the regions where collisions are likely to
occur. The effect of the choice of expansion point on accuracy and performance is evaluated in our
numerical experiments.

The remainder of the article is organized as follows. In the first section, we describe the use
of multivariate Taylor expansions in orbit propagation and their automatic computation using the
truncated Taylor algebra. In the second section, we give an overview of importance sampling and
the cross entropy method. Next, we demonstrate the performance and accuracy of our method
combining Taylor polynomials with importance sampling on both short-duration and long-duration
conjunctions; the output of the importance sampling estimator and Taylor-accelerated importance
sampling estimator are compared to assess the performance and efficiency of each method.

MULTIVARIATE TAYLOR EXPANSIONS AND THE TRUNCATED TAYLOR ALGEBRA

The Taylor series expansion is a mathematical tool that approximates a smooth function about the
expansion point using the derivatives of the function. While the one-dimensional Taylor expansion
uses successive derivatives of the function with respect to a single variable, the multivariate Taylor
expansion generalizes the concept to a function of several variables. This is specifically useful when



analyzing systems where the outputs depend on multiple inputs. The second-order multivariate
Taylor series approximation of a scalar function near a point xg can be expressed compactly using
the gradient and Hessian as follows?°

f(x) =~ f(x0) + Vf(xo)T(x —xq) + %(x — XO)THf(xo)(x - X0) 2)

where V f is the gradient vector and H is the Hessian matrix of second partial derivatives.

This general formulation is now applied to the propagation of a satellite’s state using a nonlinear
mapping based on the two-body problem dynamics. The motion of a satellite can be described by a
statey = [w, Yy 25 Vg, Uy, vz} T € IR®. Assuming the two-body problem dynamics, this state evolves
over time under the influence of gravity. Let y( denote the state of the satellite at time ¢ = 0, and
y(T') the final state after a fixed time interval 7". The evolution of the satellite state over time 7" can
be described by a nonlinear function

y(T) = ®(yo) 3)

where ® : IR® — IR represents the solution of the integrated equations of motion from¢ = Otot =
T. Estimates of the satellite’s state are subject to errors that are most often modeled as a Gaussian
distribution about a nominal trajectory. Propagating this uncertainty by drawing many samples and
numerically integrating each initial state is computationally expensive. Instead, employing a high-
order Taylor series approximation to map initial deviation Ayq directly is far more efficient.

Ayo = Y0 — Yref 4)
Substituting into the function ®, the final state becomes

y(T) = ®(yo) = (yret + Ayo) 5)

Assuming the function ® is smooth, it is expanded using a multivariate Taylor series about the
nominal reference state yef, giving

1
y(T) = <I:’(Yref + AYO) ~ q)()’ref) + D<I>(yref)Ayo + iAygDQQ(Yref)Ayo + - (6)
where

o D®(yt) € IR®*C is the Jacobian matrix
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Generalized Dual Numbers for Higher-Order Derivatives

A generalized dual number of order m is the truncated Taylor expansion of a smooth function
f about a point a. They are the multivariate generalization of dual numbers, which are used in
forward-mode automatic differentiation of univariate functions.?’” Generalized dual numbers pro-
vide a convenient way to automatically compute high-order Taylor approximations of multivariate
functions in software. The basic idea is to overload all arithmetic operations (addition, subtraction,
multiplication, division) and any necessary elementary functions (trigonometric functions, loga-
rithms, etc.) to operate on truncated Taylor polynomials instead of ordinary floating point numbers.
These arithmetic operations are straightforward to define, since they are identical to ordinary poly-
nomial arithmetic, except that all terms beyond the truncation order m are discarded. Each arith-
metic operation on truncated polynomials corresponds exactly to the truncation of that operation
on the original functions: that is, given two functions f and g, and their order-m truncated Taylor
expansions T and Ty", Tj" £ Ty = T}, Tf' + Ty" = Tfl . and Tj" /T" = T7) " These
properties allow high-order partial derivatives to be exactly propagated algebraically, since arith-
metic on generalized dual numbers automatically carries forward all derivative information about
the expansion point up to order m.

To illustrate the concept of generalized dual numbers, consider the function f(z,y) = 2%y + y*
expanded about the point (z,y) = (1,2) and truncated to second order. First, the variables x and y
are represented as truncated Taylor polynomials

r=1+dr e, y=2+dy-¢ (10)

where €, €, are infinitesimal elements. Then, each arithmetic operation is applied step-by-step
using the truncated Taylor polynomial algebra

2= (14de-e)? =1+2dx - e, +da’ - € (11

y® =8+ 12dy - €, + 6dy” - €, (12)

Substituting back into the original function yields



flx,y) =2’y +y® =10+ 4dx - ¢; + 13dy - €y + 2dzdy - ez, + 2da” - €2 + 6dy® - 2 (13)

which is the second-order multivariate Taylor expansion of the original function. Note that the
truncation to order 2 is imposed for equations (12) and (13) by discarding e-terms whose total order
is higher than 2.

Generalized Dual Number Compatibility with Numerical Solvers

Many standard numerical integrators for solving ordinary differential equations (ODEs) are con-
structed using only elementary arithmetic operations. For instance, fixed-step explicit Runge-Kutta
methods, unlike their adaptive-stepping counterparts, do not require any control flow statements.
These methods compute the state evolution over time by evaluating a set of function calls that in-
clude additions, multiplications, and scalar-vector operations between states and their derivatives.
If the algorithm operates on generalized dual numbers instead of ordinary floating point numbers,
the ODE solver will automatically propagate the partial derivatives of the state together with the
nominal solution. After a single integration pass, the final state vector is returned as a high-order
multivariate polynomial that maps perturbations in the initial conditions to perturbations in the final
states.”’” Hence, numerical integrators are transformed into high-order Taylor map generators with
minimal effort.

High-Order State Mapping via Generalized Dual Numbers

To construct a high-order Taylor map for a satellite’s final state, generalized dual numbers are
utilized to encode perturbations in the initial conditions. The satellite dynamics are governed by a
system of ODEs, and y(T') € IR, is computed via numerical integration from a known initial state
yo. Due to observational uncertainties, the initial state is subject to small deviations Ayq about a
reference condition y.r and the final state can be expressed as:

y(T) = ®(yret + Ayg) (14)

where ® is a smooth, nonlinear function. Each component of the initial state is represented using a

generalized dual number
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where €1, - - - , €5 are infinitesimal elements satisfying the truncation property efv 1 = 0 and all
cross-term products ¢;'¢’" whose total order exceeds n + m > N are discarded. N is the desired
order of expansion of the Taylor polynomial.
In addition to encoding the initial condition, the time variable is also represented using a generalized
dual number

t=T+ Ate; (16)

where T is the nominal TCA, At is the size of the time perturbation. This representation enables
the construction of a time-expanded Taylor map that describes how the state evolves locally around



time 7'.

The generalized dual number-encoded initial condition is passed into a standard numerical inte-
gration routine such as RK6, which is composed entirely of elementary arithmetic operators. The
integration routine propagates the nominal state and simultaneously tracks all mixed and higher-
order interactions between perturbations through the algebraic rules of the generalized dual number
system.

As a result, each component of y;(7") of the final states is expressed as a multivariate Taylor poly-
nomial. The polynomials encode the full sensitivity of the system with respect to both the initial
condition deviations and time. Collectively, they form a high-order multivariate Taylor map'®

yv(T + At) = ®(Ayyo, At) a7

Time of Closest Approach

The high-order Taylor maps constructed through generalized dual numbers are utilized to estimate
the time and distance of closest approach between two satellites. Assuming that the nominal TCA
has been obtained, it is then treated as the expansion point about which the satellite’s state vector
is integrated using generalized dual number arithmetic and returns a Taylor map for each satellite’s
orbit evolution.

From the Taylor-expanded position vectors, the relative displacement between both satellites is
computed
Ar(t) =r1(t) — ra(t) (18)

and the squared relative distance is defined

D*(t) = ||Ar(t)][? (19)
Since each component of Ar(t) is a polynomial in At, the squared distance is also a scalar polyno-
mial in time. The TCA corresponds to the point where this distance is minimized

d o
ZD (=0 (20)

The Newton-Raphson method is applied to this polynomial to solve for the time offset At* that
satisfies the stationary condition. The refined TCA is then given by

trca =T + At* (2D

IMPORTANCE SAMPLING AND THE CROSS ENTROPY METHOD

The brute-force Monte Carlo estimator for the probability of collision P, using n random samples
is given as,

n

S f@i), xR p(a) (22)

i=1

1
P.=—
n

where p(z) is the initial combined (12D) probability density function for the satellite states and
f(x) is an indicator function for the collision event. The importance sampling estimator gives an

alternative way to estimate the same quantity more efficiently by drawing samples from a proposal
distribution ¢(x) which exaggerates the event frequency, and reweighting by the likelihood ratio.
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If the importance sampling (proposal) distribution is selected optimally, it will converge much
faster than the brute-force Monte Carlo estimator.”> The cross entropy method provides a standard
algorithm for finding the optimal proposal distribution within a parametric family (e.g., the family
of Gaussian distributions). To be compatible with the cross entropy method, the event indicator
function must be represented in the form S(x) < R, where S(z) is a scoring function representing
the “distance” to the event set, and R is some threshold value. For the P, estimation problem, S(x)
is taken as the distance of closest approach over the time interval of interest and R as the combined
hard body radius.

The cross entropy algorithm works using successive rounds of importance sampling, iteratively
approaching the optimal proposal distribution by fitting a new proposal distribution to the top-
scoring fraction p of samples at each iteration. This process continues until the fraction p consists
entirely of samples less than the target threshold R. Hence, the final proposal distribution output by
the cross-entropy method will have been constructed by fitting a Gaussian distribution to samples
drawn exclusively from the event set. The algorithm can be summarized as follows:>

1. Define the initial proposal distribution ¢° as the target distribution p. Set the iteration counter
k<« 0.

2. Generate N samples from ¢* and compute the performance function S(x) for each. Sort the
samples by descending order of S(z). Then, locate the (1 — p) quantile R* of the perfor-
mances. If R < R, set R* to R.

3. Use the samples from the previous step to find the weighted-sample maximum likelihood
estimate for the parameters of ¢**! over the samples which satisfy the indicator function
It (2)<rry- For the Gaussian family, this consists of finding the weighted mean and covari-
p(z)
a*(x)

4. Terminate if either RF = Ror k = K; else set k + k + 1 and return to step 2.

ance of these samples, using the likelihood ratios as weights.

The control parameters for the algorithm are [V, the number of samples drawn at each iteration,
p, the fraction of samples used at each iteration to fit the next iteration’s proposal distribution, and
K, the maximum number of iterations.

RESULTS & DISCUSSION
Short-Encounter Conjunctions

This section presents and analyzes the results of four simulations designed to evaluate the accu-
racy and computational efficiency of Taylor polynomial approximations of the distance of closest
approach in conjunction with importance sampling (IS) for satellite collision probability estimation.
The differential algebra system for Taylor polynomial computation is implemented in PyAudi, an
open-source Python library.?” Simulation 1 validates the Python implementation by replicating a
reference numerical experiment documented by Ketzner and Elgohary.?> The subsequent simula-
tions assess Taylor polynomial surrogates as alternatives to direct numerical integration, exploring



the effect of the expansion point location and truncation order on accuracy and performance. The
conjunctions analyzed are short-duration encounters from the CelesTrak SOCRATES catalog.?®

All simulations used the same encounter window, force model, and initial covariance. The satel-
lite states are provided by the SOCRATES catalogue at the time of closest approach. For each case,
initial states were generated by propagating backward from the TCA by either 10, 000 seconds or 2
days. Satellite trajectories were propagated using a two-body model with J2 perturbation. Numer-
ical integration was performed using the RK6 method with a fixed 15-second step size, which was
confirmed to yield sub-5cm position error over the full propagation interval. The initial probability
distribution was defined as a 12-dimensional Gaussian centered at the initial states. The covariance
structure was block-diagonal, with position variances set to 1 x 10~2km? and velocity variances to
1 x 10~8km? /s? for both satellites. The CE method selected the top 10% of samples (p = 0.1)
from N = 5000 candidates per iteration and was run for a maximum of K = 10 iterations. For
the IS step used to produce the P, estimate, the same total number of samples was used across all
simulations. For Simulation 1, CE and IS phases were parallelized using 24 logical processors to
reduce computation time. Simulations 2-4 were executed without parallelization, as their runtimes
were sufficiently low. To allow consistent comparison of wall-clock times across simulations, the
reported time for Simulation 1 was scaled by a factor of 24 to estimate the equivalent non-parallel
runtime.

Simulation 1 was conducted to validate the implementation of the propagation and sampling
framework by replicating results reported by Ketzner and Elgohary.>> For each sample, forward
propagation was performed using RK6 from the initial epoch (10, 000s or 2 days before the nominal
TCA) until 100 seconds prior to the expected TCA. From this point, the relative radial velocity
between the satellites was monitored at each integration step to detect a sign change, indicating a
local extremum in relative distance. Once detected, Brent’s method was used to refine the time
of closest approach to within 10~% seconds, and the corresponding minimum separation distance
was computed. This distance served as the score function for both the CE and IS procedures. The
number of IS samples was adaptively chosen to ensure a 1% relative error at 95% confidence. To
enable consistent comparisons across subsequent simulations, the CE random seed, the resulting
proposal distribution, and the IS random seed were saved and reused in Simulation 2-4.

Simulation 2 was designed to evaluate the accuracy and computational performance of the Taylor
map surrogate when used in place of direct numerical propagation during IS. The CE procedure
was not rerun; instead, the proposal distribution obtained from Simulation 1 was reused. To ensure
a fair comparison, the same IS seed and total number of samples were used, resulting in an identical
sample set to Simulation 1. The only change from Simulation 1 was the replacement of RK6 prop-
agation with a Taylor map centered at the nominal initial state (the mean of the target distribution).
Taylor maps of order 2, 3, and 4 were pre-generated and tested. For each sample, the displacement
from the nominal state was substituted into the Taylor-expanded expression for squared relative dis-
tance as a function of time offset. The TCA was determined by minimizing this expression using
Newton’s method, initialized at the nominal TCA with a solver tolerance of 10~ 1° seconds and a
maximum of 100 iterations. The resulting distance of closest approach served as the score function
during IS.

Simulation 3 was designed to evaluate whether centering the Taylor map at the mean of the op-
timal proposal distribution—rather than at the mean of the target distribution—could substantially
improve accuracy. The CE procedure was not rerun; the saved optimal proposal distribution from
Simulation 1 was reused to define the new expansion point. All other elements remained unchanged:



the same IS seed and total number of samples were used, resulting in an identical sample set to Sim-
ulation 1. Since the proposal distribution mean defines a different trajectory than the the target
distribution mean, the corresponding TCA was first determined using the same RK6-based proce-
dure implemented in Simulation 1. This updated TCA was then used as the expansion point for
generating Taylor maps of order 2, 3, and 4.

Simulation 4 aimed to evaluate the effectiveness of using a fixed Taylor map surrogate throughout
both the CE and IS phases. The surrogate was centered at the target distribution mean, and Taylor
maps of order 2, 3, and 4 were pre-generated. The CE procedure was rerun using the same random
seed saved from Simulation 1, but with the surrogate-based score function replacing numerical
propagation. This allowed the CE process to select elite samples based on minimum separation
distances computed directly from the Taylor-expanded expression, using Newton’s method. The IS
phase reused the same seed and total number of samples as in Simulation 1, resulting in an identical
sample set for all simulations. This setup enabled a direct evaluation of the computational speedup
and accuracy achieved when the Taylor map was used across the entire simulation process.

Tables 1-4 present results for each short-duration encounter. Each table specifies the NORAD
ID, propagation duration (10, 000 seconds or 2 days prior to the nominal TCA), and the number of
samples used for IS. For all simulations and Taylor map orders n, the tables report the estimated
collision probability P, variance estimate 62, relative error e,., and the individual computation times
(in seconds) for the cross-entropy (CE) phase, Taylor map generation (TM), and the importance
sampling (IS) phase.

Table 1. NORAD ID: 51772-39433, 10,000s Propagation, IS sample size 33000.

Simulation n P. &2 € (%) CE(s) TM(s) IS (s)
1 — 3.853x107° 1.176 x 1079 0.960 4927 - 7118
2 3853 x107° 1.268 x 1077 0.997 - 939  1.89

2 3 3853x107° 1.176 x 1079  0.960 - 26.10  4.02
4 3.853x107° 1.176 x 1079  0.960 - 75.30  18.99

2 3853x107° 1.178 x 1072 0.961 - 8.53 137

3 3 3853x107° 1.176 x 1072  0.960 - 26.96  4.15
4 3853x107° 1.176 x 1072 0.960 - 7590 19.83

2 3836x107° 1.176x10"7 0964 090 870 1.33

4 3 3.847x107° 1.281x107Y 1.004 250 2654 4.16
4 3.843x107° 1.279x107° 1.004 1220 77.00 19.83

Simulation 1 validated the full Python-based implementation by successfully reproducing colli-
sion probability estimates, variance estimates, and relative errors consistent with those reported by
Ketzner and Elgohary? across all test cases and propagation durations. This confirms the correct-
ness of the propagation model, root-finding procedure, and CE/IS framework. As such, Simulation
1 establishes a reliable reference baseline for evaluating the accuracy and efficiency of Taylor poly-
nomial surrogates in Simulation 2-4.

Simulation 2 evaluated whether Taylor maps centered at the nominal initial state could replace
numerical propagation during IS without sacrificing accuracy. Results show that for all conjunction
cases and propagation durations, third- and fourth-order Taylor maps produced collision probability
estimates, variances, and relative errors that closely matched those from Simulation 1. However,
third-order accuracy was not consistently sufficient across all cases—only the fourth-order expan-
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Table 2. NORAD ID: 51772-39433, 2 days Propagation, IS sample size 49500.

Simulation n P, &2 € (%) CE(s) TM(s) IS (s)
1 — 3.021 x107% 8510x 1072 0851 97536 - 189900

2 4128 x107% 3482 x1077 12.593 - 153.83  2.01

2 3 3.470x 1076 4.454 x 10719 5358 - 452.79 6.93
4 3.021 x 1076 8.510 x 10712  0.851 - 1311.39  28.64

2 3.023x10°% 6.750 x 1012 0.757 - 154.11 2.07

3 3 3477x107% 4.470 x 10719 5.357 - 459.55 6.13
4 3.021 x107% 8.510 x 10712 0.851 - 1342.34  30.23

2 3.810x107% 2390 x 10~ 1.130 090 149.91 1.77

4 3 3.392x107% 1.326 x 107" 0946 3.60 457.04  7.15
4 3.023x107% 8618x1072 0856 1490 133445 29.39

Table 3. NORAD ID: 43184-46583, 10,000s Propagation, IS sample size 48000.

Simulation n P, &2 e (%) CE(s) TM(s) IS(s)
1 — 2558 x107° 6.563 x 10710 0.896 4366 - 10270
2 2434 x107° 6.483 x 10710 0.895 - 8.89  2.03

2 3 2559 %x107° 6.568 x 10710 0.896 - 2644 594
4 2558 x107° 6.563 x 10710 0.896 - 75.00 27.35

2 2557 x 107° 6.557 x 10719 0.896 - 8.65 1.96

3 3 2559 x107° 6.568 x 10710 0.896 - 26.82 592
4 2558 x 107° 6.563 x 10719 0.896 - 7642 2881

2 2536 x107° 5.900 x 1071 0.857  0.80 9.00 1.91

4 3 2540x107° 6.220x 10710 0879 250 2736  6.11
4 2538x107° 6.200x 1070 0.878 11.80 77.52 27.97

sion reliably reproduced the Simulation 1 baseline in every scenario. In contrast, second-order
Taylor expansions showed noticeable degradation in accuracy, particularly for the 2-day propaga-
tion cases, where increased nonlinearity rendered quadratic approximation insufficient.

Replacing RK6 propagation with fourth-order Taylor map surrogates during the IS phase led to a
substantial speedup in runtime while preserving accuracy. Across all test cases, this substitution
accelerated IS computation by several orders of magnitude. For scenarios involving 10, 000s propa-
gation, the Taylor map approach achieved a speedup by a factor of 375, while in 2-day propagation
cases, the speedup exceeded a factor of 6600, compared to the full RK6-based IS in Simulation 1.
The runtime required for IS increased with the order of the Taylor expansion. Higher-order maps
involve the evaluation of more complex multivariate polynomial expressions, which increases com-
putational effort. However, even for fourth-order expansions, the total IS cost remained significantly
lower than that of full numerical propagation, demonstrating the efficiency of using Taylor maps as
surrogates.

Simulation 3 evaluated whether centering the Taylor map at the mean of the proposal distribution,
rather than the nominal initial state, would improve the accuracy of the surrogate model and enable
lower-order expansions to match the RK6 baseline. The results show that this centering strategy
did not lead to meaningful accuracy improvements at any order. Second-order Taylor expansions
continued to show degraded accuracy for the 2-day propagation scenarios due to the increased non-
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Table 4. NORAD ID: 43184-46583, 2 days Propagation, IS sample size 42000.

Simulation n P, &2 € (%) CE(s) TM(s) IS (s)
1 — 1.625x10°% 3.197 x 1072 1.053 101405 - 167038

2 3424 x107% 5.060 x 10~%  62.825 - 153.74 1.71

2 3 1.857x 1076 7.761 x 107 1435 - 448.65 5.94
4 1.625x107% 3.197 x 10712 1.053 - 1315.18  24.28

2 1.633x10°% 2672x10"12 0.957 - 157.11 1.78

3 3 1.814x107% 5798 x 10712 1.270 - 456.69 5.21
4 1.625x107% 3.197 x 10712  1.053 - 1502.42  25.29

2 2416 x107% 1.178 x 10~ 1.359 1.00 154.29 1.67

4 3 1.886x 1076 4.865x107'2 1.118 3.70  462.00 622
4 1622x107% 3.156 x 10712 1.048 1460 1339.65 2443

linearity, while third- and fourth-order expansions produced results nearly identical to those in Sim-
ulation 2. As in Simulation 2, speedups were observed exclusively in the IS phase. For fourth-order
expansions, Simulation 3 achieved a speedup by a factor of 356 for the 10, 000s cases and over 6280
for the 2-day scenarios, compared to the full RK6-based IS in Simulation 1. Overall, Simulation 3
demonstrated that shifting the expansion point to the proposal mean offers no measurable benefit in
accuracy over using the nominal initial state.

Simulation 4 tested whether numerical propagation could be completely replaced by a single fixed
Taylor map applied across both the CE and IS phases. The results show that third- and fourth-order
Taylor expansions maintained accuracy comparable to Simulation 1 across all cases, while second-
order expansions exhibited degraded accuracy, particularly for the 2-day propagation scenarios due
to stronger nonlinearities. Simulation 4 achieved the greatest reduction in total computation time.
CE runtimes dropped from thousands of seconds in Simulation 1 to just a few seconds with the
fourth-order map. IS runtimes saw similar reductions to Simulations 2-3.

The results confirm that Taylor maps can enable substantial computational speedups when ap-
plied across both CE and IS phases. However, maintaining accuracy especially for long-duration
propagation requires using a sufficiently high expansion order.

Long-Encounter Conjunctions

This section analyzes two long-duration conjunction scenarios drawn from Alfano’s test set,?

which were also examined by Ketzner and Elgohary.”> These cases were selected to evaluate the
performance of the Taylor polynomials under increased orbital nonlinearity and extended propaga-
tion intervals.

All simulation settings remain the same as those used for the short-duration encounters, except
for the following differences. First, the dynamics model includes only two-body motion without
J2 perturbation, consistent with the original Alfano test cases.>” Second, the propagation duration
was fixed at two days prior to the nominal TCA. During the CE phase, each iteration used 10, 000
samples as documented by Ketzner and Elgohary.”> For Simulation 1, the minimum separation was
computed using the same root-finding procedure as before, but with a 1419 second window cen-
tered around the nominal TCA, consistent with the setup in Ketzner and Elgohary?® and Alfano.?

Tables 5-6 present results for each long-encounter scenario. Each table specifies the test case, the
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propagation duration (2 days), and the number of samples used for IS. For all simulations and Taylor
map orders n, the tables report the estimated collision probability P, variance estimate 62, relative
error €., and the individual computation times (in seconds) for the cross-entropy (CE) phase, Taylor
map generation (TM), and the importance sampling (IS) phase.

Table 5. Alfano Case 6, 2 days Propagation, IS sample size 13500.

Simulation n P. G2 € (%) CE(s) TM(s) IS (s)
1 — 4314 x107% 6.533x107% 0.999 133330 - 58754
2 4312x107% 6.515x107% 0.999 - 8241  0.52

2 3 4.315x 1072 6.544 x 1075 1.000 - 232.87 2.15
4 4314x107% 6.533x107% 0.999 - 636.40 8.54

2 4313 x 1072 6.520 x 107% 0.999 - 8421 057

3 3 4.315x 1072 6.544 x 107%  1.000 - 238.55 2.18
4 4314x107% 6.533x107% 0.999 - 65849 8.76

2 4328 x 1073 6.526 x107% 0996 130 8585 0.59

4 3 4330x107% 6.721x107% 1.010 6.00 234.10 2.17
4 4341 x1073 6.646 x 1076 1.002 1990 633.73 8.81

Table 6. Alfano Case 7, 2 days Propagation, IS sample size 28500.

Simulation n P, &2 € (%) CE(Gs) TM(s) IS(s)
1 — 1.635x 10°% 4.425 x 1078  1.494 195809 - 130901
2 1.595 x 10~%  1.600 x 10~%  0.921 - 82.65 1.12

2 3 1.664 x 107* 4.873 x 10~% 1.540 - 233.22 4.63
4 1.637x107*% 4.457 x 1078 1.498 - 639.72 18.86

2 1.624x107% 1.641x 108 0916 - 86.82 1.18

3 3 1.659 x 107% 4542 x 1078  1.492 - 24525 467
4 1.636 x 107* 4.456 x 1078 1.498 - 663.99 19.07

2 1.602x10~% 1.533x10~% 0.898 1.80 84.21 1.16

4 3 1.658x107% 1.819x107% 0945 970 24251 453
4 1628x107* 1.729x10"% 0.938 2890 63841 1895

Simulation 1 validated the Python-based implementation for the long-duration Alfano scenarios

by reproducing collision probability estimates, variance estimates, and relative errors consistent
with those reported by Ketzner and Elgohary.?> In contrast to short-duration encounter results,
Simulations 2, 3, and 4 showed that even the second-order Taylor map surrogates produced collision
probability estimates in close agreement with the RK6 baseline.
Centering the Taylor map at the proposal distribution mean (Simulation 3) did not yield meaningful
accuracy gains for any expansion order. Simulation 4 delivered the greatest computational savings
by fully replacing numerical propagation with a surrogate model across both CE and IS phases,
accelerating total runtimes for fourth-order scenarios by a factor of 290 for case 6 and 470 for case
7, relative to Simulation 1 while preserving accuracy.

CONCLUSION

This work evaluated the use of Taylor polynomial maps together with cross-entropy importance
sampling to improve the efficiency of satellite collision probability estimation. The approach aimed
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to reduce computational cost while maintaining accuracy comparable to high-fidelity numerical
propagation. Results from numerical experiments on representative short-duration conjunctions
from SOCRATES and long-duration nonlinear conjunctions from Alfano’s test set demonstrated
that third- and fourth-order Taylor expansions accurately replicated baseline estimates while en-
abling significant computational savings. For short-duration encounters, second-order expansions
exhibited degraded performance due to increased nonlinearity, which rendered quadratic approx-
imations insufficient. In contrast, for long-duration conjunctions, even second-order expansions
produced collision probability estimates in close agreement with the baseline.

These findings confirm that Taylor maps can substantially accelerate conjunction analysis in
a rare-event estimation framework without any loss in accuracy, achieving total computational
speedups ranging from a factor of 100 to nearly 300 across a variety of short- and long-duration
conjunction scenarios when used throughout the cross-entropy and importance sampling phases.
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