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DYNAMICAL MODELS FOR SPACECRAFT LANDINGS IN
LOW-GRAVITY ENVIRONMENTS USING POLYNOMIAL CHAOS.

losto Fodde; Lucia Francesca Civati; Alessia Cremasco; and Fabio Ferrari*

Landings on the surface of small solar-system bodies (SSB) are incredibly valu-
able in terms of scientific return, however there is also a high risk associated to
them as seen for the Philae and MINERVA probes. One of the main problems
is the complex modeling of the interaction between the lander and the surface of
the SSB. This work presents novel ways of combining high fidelity simulations
with data-driven methods to obtain dynamical models of the spacecraft-surface
interactions. A polynomial chaos method is employed, which takes as input a
small set of high-fidelity simulation runs, and generates a polynomial model from
it that accurately describes the input-output relation of the original model. This
PCE model can then be used to perform sensitivity and reliability analyses, which
for the original model is infeasible due to numerical constraints. The generated
model is shown to be highly accurate and versatile, allowing mission designers to
perform robust and efficient landings of a spacecraft on the surface of SSBs.

INTRODUCTION

Landings on the surface of small solar-system bodies (SSB) are incredibly valuable in terms of
scientific return as the spacecraft-surface interaction provides direct information on the internal
structure and material properties of the SSB while their instruments can do some in-situ measure-
ments to characterize the SSB in more depth. Many missions have attempted, or are planning to
attempt, landings on the surface of a SSB. For example, the upcoming Hera mission will attempt to
land its two CubeSats on the surface of asteroids Didymos and Dimorphos,! while JAXA’s Martian
Moons eXploration (MMX) will deploy a rover on the surface of the Martian moon Phobos.? Even
though several missions succeeded in deploying their landers safely, many others have had more
problems and difficulties. For example, Philae experienced unintentional bouncing which resulted
in the lander being lost on the surface for a long period of time, and the MINERVA lander, part of
the Hayabusa mission, also did not succeed in landing on the surface of Itokawa. One of the main
problems is the uncertainty related to the surface properties of SSBs. A large number of SSBs are
thought to have a large amount of granular material, also known as regolith, and boulders on their
surface.> The interactions between the individual regolith particles, the boulders, and the lander
itself are governed by complex contact forces and hard to model on Earth due to the low-gravity
environment on these SSBs.
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Most research on designing lander trajectories and determining the effect of bouncing on the
surface use so-called hard surface methods.* These hard surface methods use a small amount of
parameters that abstract away the different effects of the internal interactions happening within the
regolith when in contact with the lander. This allows for fast and efficient modeling to perform sta-
tistical analyses and determine lander safety, but are generally not highly accurate and are thus also
hard to use when doing inverse modeling to determine important surface properties. On the other
hand, soft surface methods model the regolith using a large number of discrete bodies and simulate
fully their interactions.” This increases the fidelity of the model greatly and works well when trying
to estimate surface properties from observing the landing, but drastically increases the numerical
complexity and thus making statistical analysis using Monte Carlo approaches impractical.

In this work, a novel approach is proposed which aims to generate an efficient dynamical model
of the spacecraft-surface interaction like the hard surface models, but which retains the accuracy of
the soft surface model. This is achieved using a data-driven approach where a small number of soft
surface simulations are used to fit a model that can be more efficiently used. This model is created
by a non-intrusive polynomial chaos method, which samples the initial conditions and system
parameters in an optimal way, and takes the input-output relationship of these sample simulations
to create a fit based on a family of orthogonal polynomials that represent the prior distribution
of the input variables. This polynomial model can be used to perform large scale sensitivity and
reliability assessments of the landing without sacrificing the accuracy greatly.

SOFT SURFACE MODELLING

A discrete element modelling (DEM) technique is used to simulate the motion of the surface par-
ticles, the lander, and their interaction. In this work, specifically the GRAINS software developed
in® is used, which is built upon the Chrono physics engine.’

For the case considered here, all objects in the simulation move under a constant acceleration,
equal to the surface acceleration of the chosen body. A more complex gravitational model can also
be used; however, during the surface contact moment the gravitational force is not as important as
the contact forces. Thus, a constant acceleration for this short time period is sufficient. At the start
of each timestep a collision detection is performed to determine which bodies in the simulation are
in contact and where the contact points are located. Once the contact points are found, the related
contact force is calculated. A smooth contact model is chosen as this works best for cases where
continuous contacts are present, as is the case for the settled surface that is modeled here. For all
the found contact points, the contact force is then calculated using a visco-elastic force model as
follows:

F, = k,0bn — yp61v,, (D
Fy = —kd;0; — nofve, 2)

where k and -y are the stiffness and damping coefficients respectively, with the subscripts denot-
ing their normal and tangential directions. The exponents p, g, s are chosen based on the specific



contact model. In this work the Hertzian model is used, for whichp = 3/2,¢ = 1/4,and s = 1/2.
The tangential force is calculated using the Coulomb friction condition. This condition states:
|F¢| < u|F,| where p is the friction coefficient. So when |F;| > u|F,|, d; is scaled such that

[Fe| = p[F.

The stiffness and damping coefficients can be used to obtain the desired contact properties. Using
Hertzian theory, a relation can be found between these material properties and the spring-dashpot

coefficients:3
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where E is the effective Young’s modulus and G as the effective shear modulus, given by:
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Here ¢ and j are the two bodies in contact. [ is related to the coefficient of restitution e as

follows:
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Finally, at the point of contact the effective radius of curvature and mass are R = (R;1 +R]71 )1
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The total equations of motion of each individual object in the simulation is:
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Figure 1: The creation of the SSB surface in GRAINS.

where m;, I;, r;, and w; are the mass, inertia tensor, position, and angular velocity of body i,
respectively. The set of all contact points is denoted by . Finally, T is the torque of the particle
given by off-center collisions and other contact related torques.

The first step in setting up the simulation environment is the creation of the surface. This process
starts with the generation of a number of particles randomly placed inside a large volume. Each
individual particles is created by generating a cloud of points and fitting a convex envelope around
these points. The sizes of the particles are kept constant here but in case the surface is observed to
have a specific size distribution then these particles can be generated as well to follow this distri-
bution. Once the particles are generated, a container is placed below the volume and a simulation
is started with a similar constant acceleration to the final landing simulation. This allows for the
particles within the volume to naturally fall into the container and settle under the local surface
acceleration. This process is shown in Figure 1. Once the surface has been created, the lander
is simulated by generating a rigid geometry, placing it above the surface, and giving it an initial
velocity magnitude and direction. The simulation is then run until the lander is far away enough of
the surface that no interaction is possible anymore. An example simulation of a lander interacting
with the settled surface is presented in Figure 2, where a constant acceleration of 0.5 - 10~% m/s? is
used, representing roughly the surface acceleration of bodies like Didymos and Apophis.

POLYNOMIAL CHAOS EXPANSION

The simulation is mathematically modelled a forward model f defined as follows:
y = f(X(t0)7£)7 (12)

where y € R™ is a vector containing the output variables, x(t¢) is the initial state, and £ € R"
is the model parameter vector. Here, the initial state x(¢y) is considered fixed and the model
parameters are considered independent random variables; therefore the state dependency can be
dropped and the model can be written as: f(&).

The main concept behind polynomial chaos expansion (PCE) is that the model can be represented
using a set of orthogonal polynomials as follows:



Figure 2: A snapshot of an example simulation of a landing on an SSB surface.

F&) =Poa(®) = Y aW®i(8), (13)
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where d is the degree of the polynomial, n is the number of variables of the polynomial, i €
[0,d]™ C N"is a vector of indices with | i |= 4 = >, 4,, {¢;} are a set of coefficients, and
{Ui(€) = a4y (&0) - @iy (&1) - ... - @4, (€4) } are multivariate basis functions generated using a tensor
product of univariate polynomials. The polynomial basis functions {¥;} are orthogonal under the
weight function p:

(W, W) = / U, ()W (€)p(€)dE = (V2)5, . (14)

The size of the expansion, i.e. the number of terms of the polynomial, is given by N = ("zlrd),

where d is the maximum degree of the polynomial.

The original version of this method was called homogeneous chaos, or also Wiener chaos after
the author.” There, Hermite polynomials were used as basis functions and a Gaussian distribu-
tion was considered. It was found that the expansion exponentially converges to the true output
distribution, mainly due to the fact that the weight function p associated with Hermite polynomi-
als has the same functional form as a Gaussian distribution. This idea was expanded upon in'®
to other orthogonal polynomial families which have other weight functions that are also associ-
ated to different classes of probability density functions through the so-called Askey scheme. This
way, non-Gaussian distributed functions are approximated with exponential convergence as well
by selecting the corresponding polynomial basis from the Askey scheme.

The coefficients {c;} can be found in various different ways, both using intrusive and non-
intrusive methods. Here, a non-intrusive point collocation method is selected due to its found



accuracy. For this method a set of () input parameters, also known as nodes, are samples and
propagated forward through the model. Then, the following problem is solved:

Q
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using a least squares regression technique by inverting the following system:

HC =Y, (16)
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where s = N, &,..., €&, are the nodes, and Y the vector containing all the corresponding

propagated samples y, = f(&,).

The samples can be chosen using various different sampling rules, each of which significantly
changes the accuracy of the expansion. Most of these sampling rules lead to a rapidly grow-
ing amount of samples when the amount of variables grows, as they are extended to multivariate
spaces through tensor products. This is also known as the curse of dimensionality. An alterna-
tive approach, known as the Smolyak sparse grid, was developed in,'! and selects a set of points
based on the extrema of Chebyshev polynomials. An important aspect is that this approach does
not suffer from the curse of dimensionality, as the number of points grows polynomially with the
dimension of the problem instead of exponentially. This property can be seen in Figure 3 where
the amount of samples for a given amount of variables and polynomial degree are given for both a
standard full tensor grid approach and for the Smolyak sparse grid. It can be seen that the amount
of samples for the sparse grid grows much slower than the full tensor grid. The methodology be-
hind this technique is beyond the scope of this work. A more in depth explanation of this method
for uncertainty propagation is given in.!?

There are various properties of the resulting PCE model that can be utilised. First, the PCE
model allows for an analytical formulation of the moments of the output distribution through the
orthogonal property of the polynomial basis:
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Figure 3: The amount of quadrature points for different number of input variables and polynomial
order.
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where the fact that Uy = 1 and E[¥;] = 0, Vi # 0 is used to obtain the final relation. With this
result, the second moment, or the variance, is obtained:
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Using this variance measure, the first order Sobol indices S; can be calculated as well. These
indices measure the expected reduction in the variance of the output y when fixing the input pa-
rameter &;. Thus, they also measure the contribution of the variance of an input parameter to the
output parameter. Mathematically, they are defined as:

_ Var[E(y | &)]
Si= Varly] (22)



For the PCE based sensitivity indices, the basic idea is that the variance can be computed simi-
larly to Eq. (21).13 First, define Zi,....i, as the set of i tuples such that (i1, ..., i5) are nonzero. This
would mean that Z; corresponds to all the terms in Eq. (13) that only depend on &;. Using this
notation, the Sobol indices of Eq. (22) can be written as:
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The main idea of the proposed methodology is thus to create a reduced order model (ROM) of
the interaction between the lander and the SSB surface by generating a low amount of samples,
running the simulation for each of these samples, calculating the resulting output variables, and
then fitting the model to these input-output pairs. Then, the ROM can be used to perform various
statistical analyses, as will be shown in the next section.

RESULTS

This section will show the accuracy of the presented method, and how the resulting ROM can
be used for various types of analyses. For this case, a fixed initial velocity and landing direction is
used. This way, the focus is mainly on the uncertain properties of the SSB surface and how they
influence the motion of the lander. In real-world scenarios, generally the landing velocity direction
and magnitude are also uncertain. These two variables can simply be added to the PCE model
without any augmentation of the overall method. However, here it is chosen to focus on the surface
parameters to keep the problem small enough to test its accuracy better, without loss of generality
as the method does not change when incorporating other uncertain parameters like the initial state.

The uncertainty vector £ contains the following variables: Young modulus Y, Poisson ratio v,
coefficient of restitution (CoR) of both the lander and surface particles e, and the friction parameter
. Due to high number of variables considered, a two step approach is adopted. For the first step,
a medium-order (3rd order) polynomial model is generated considering all variables previously
mentioned. This medium-order model is used perform a sensitivity analysis using the Sobol indices
of Eq. (23). For these indices the error of the model is less important due to the fact that its a
relative calculation, thus a medium order model (determined to have a mean error of around 10%)
is sufficient. The set of variables that are responsible for the majority of the output variance are then
selected for the second step. The second step consists of generating a high-order model (5th order),
using the lower dimensional uncertainty vector, which can be used for analyses where the accuracy
of the model is of greater importance. As the growth of the number of required quadrature points
when increasing the order and/or the number of variables is high, this two-step approach reduces
significantly the amount of simulations that need to be run compared to having a high-order model
with a large uncertainty vector dimension.

The results from the sensitivity analysis using the medium-order model are presented in Figure 4.
Three output variables are considered: the outgoing velocity magnitude V', the outgoing velocity
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Figure 4: Pie charts representing the Sobol index values for each input parameter, given in per-
centage of the total output variance, for the three output variables.
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Figure 5: The absolute percentage error (APE) for the multivariate PCE model. The vertical
dashed line represents the mean APE (MAPE). The blue histogram represents the training nodes
of the PCE model whereas the light colored bars are from the test set.

direction AT, and the outgoing angular speed w™. For all three variables it is clear that the most
important input parameters are Y and the surface e. For both V* and w™ it can also be seen that v
plays a relatively important role as well. The friction i has some influence on those parameters as
well, but less than v, and as more than 90 % of all variance is captured by the previously mentioned
three variables, the friction is left out of consideration for now.

Now the second step of the approach is executed, where a Sth order polynomial is used to gen-
erate a high accuracy model. To determine the accuracy of this model, an analysis is performed
where both the accuracy versus the input nodes and versus a testing set are measured. Figure 5
shows the absolute percentage error (APE), defined as:

APE — 9 =il 100%, (24)
Yi

where y; is the true ¢th output variable, and g is the PCE model output. It can be seen that in
general the APE is low for both the training and testing set, with no significant increase in error
when considering the testing set. The mean APE (MAPE) is shown to be 1.73 % for V' and 0.52
% for 67, sufficiently low for most applications considered here. The error in w™ is slightly higher,
4.59 %, which is mainly due to the fact that the absolute value of w™ is in general very low, thus
the PCE model has a hard time fitting this variable.

Now that it has been validated that the PCE model is sufficiently accurate, several different types
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Figure 7: Distribution of landing locations.

of analyses can be performed. First, a general Monte Carlo analysis with 1e5 points is performed to
estimate the joint distribution of the output variables and how the input variables influence the dis-
tribution. It is noted that this type of analysis is practically infeasible with the original DEM model
as each simulation can take between 45 minutes to an hour, whereas now simply a polynomial eval-
uation is performed for each sample, requiring a total computational time of the full Monte Carlo
analysis in the order of minutes. Figure 6 shows the output distribution generated from the MC
analysis. The non-linear nature of the system is clear from the shape of the distribution as this is
far from Gaussian behavior. The corresponding input coefficient of restitution (CoR) is also shown
in Figure 6, where, as expected, a correlation can be observed between higher velocities and higher
CoRs. However, the specific output velocity can not be generally inferred from the input CoR. This
is because the CoR of the interaction between individual surface particles is considered and not the
global CoR, which is defined as the ratio between input and output velocity of the lander, which
is the one used in hard surface models. This shows that the PCE model is capable of retaining
the complex dynamical features of soft body models, while having a much lower computational
burden.

The output distribution of Figure 6 can also be used to generate a landing dispersion estimate.
The output velocity magnitudes and directions are used as initial conditions for a numerical prop-
agator that considers the polyhedron shape based gravitational influence of the central body (here
considered to be Didymos). These initial conditions are propagated forward in time until either
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the final stopping time of 12 hours is reached or they re-impact the surface of the asteroid. The
resulting distribution of the landing locations can be seen in Figure 7, where a landing location of
0 degree latitude and O degree longitude is considered. It can be seen that even though the velocity
of the lander is significantly reduces after the first bounce, the dispersion after the first bounce is
still high. Finally, it was found that for this case only 48.26 percent of trajectories remain on the
surface.

CONCLUSION

This work presents a novel approach to simulating the interaction between a spacecraft and the
surface of a small Solar system body (SSB). A polynomial chaos expansion (PCE) was used to
generate a model that retains the complexities of a soft surface model, but which also has the
computational efficiency of a hard surface model.

A large amount of surface parameters were considered at first that characterize the geomechan-
ical properties of the surface material. During a preliminary analysis with a medium-order PCE
model, it was shown that considering just three of these parameters (the Young Modulus, coef-
ficient of restitution, and Poisson ratio), more than 90 percent of the output variance is retained.
With this a second more accurate PCE model is generated, which was shown to have errors < 5%
with respect to the soft surface, DEM, model.

A statistical analysis of the output of the PCE model showed that the coefficient of restitution
of the individual surface particles have a large influence on the outgoing velocity magnitude and
direction. This in turn leads to a large dispersion of post-bouncing landing locations, underlying
the need for accurate and efficient models for bouncing in low-gravity environments.

Concluding, the methodology presented in this work is shown to enable mission designers to
perform robust and efficient landings of spacecraft on the surface of SSBs, creating novel science
and exploration opportunities.
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