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CHARACTERIZING THE INFLUENCE OF STOCHASTIC FORCES
ON THE DYNAMICS AROUND NON-SPHERICAL BODIES.

losto Fodde; Lucia Francesca Civati; and Fabio Ferrari*

Within astrodynamics and celestial mechanics there are various systems which
cannot be modelled by just a purely deterministic system but have to include
stochastic processes. These can be, for example, movements of spacecrafts through
small space debris clouds or the dynamics of moonlets within rings. This work
investigates how the dynamics in complex environments including various types
of perturbations and stochastic processes can be characterised. For this, a dynam-
ical polynomial chaos expansion is used, together with a novel type of stochastic
chaos indicator called the pseudo-diffusion exponent. The resonant dynamics
around asteroid Didymos is investigated using this tool, specifically looking at
how the dynamics around the 3:1 resonance changes for different stochasticity
levels. The results show that for larger levels of stochasticity, representing for ex-
ample higher velocity relative impacts and a larger number of impacts, can result
in reduced stability within these resonances. In general, the results presented here
show how stochastic processes in celestial mechanics and astrodynamics can be
efficiently characterised.

INTRODUCTION

Most systems in astrodynamics and celestial mechanics are modeled from a deterministic point
of view, where the dynamics can be described by a system of ordinary differential equations (ODE),
like for the two- or three-body problem. When uncertainty is introduced, most often this is imple-
mented through parametric uncertainty in the initial state and/or the system variables. However,
there are several important systems within the field of astrodynamics and celestial mechanics that
cannot be modeled through only a deterministic ODE.

An example of this type of system is a spacecraft moving through a cloud of particles that have
a random distribution of velocities. This results in the spacecraft experiencing (non-destructive)
impacts with these particles that then impart a random Av on the spacecraft. This happens for
satellites around Earth when moving through a cloud of debris fragments,' or for a cloud of debris
itself as impacts between the individual fragments cause the cloud to diffuse over time. Another
potential stochastic process is the effect of ejecta from small solar-system bodies (SSBs) on a
spacecraft moving around it. This can be the ejecta cloud stemming from the outgassing of a
comet, but also asteroids that release ejecta through other processes have been detected recently
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(see for example the observations of OSIRIS-Rex of ejecta from Bennu, or the asteroid Phaethon,
which is believed to be the parent asteroid of the Gemini meteor shower and target of the upcoming
Destiny+ mission). This type of scenario is especially relevant for the upcoming Hera mission
which will perform close-proximity operations around binary asteroid Didymos. The secondary
of this system was impacted by the DART spacecraft, creating a large amount of ejecta that could
potentially still remain within the system. The dynamics of several natural bodies within the Solar
system have also been postulated to be influenced by stochastic processes. Examples include the
evolution of planetary ring systems and the moons contained within,? the migrations of planets and
moons due to impacts with planetesimals,® and the origin of the Moon.*

These examples show that there is a need for a set of tools that can help in analyzing the prop-
erties of these kind of systems. Only limited work has been done regarding this subject. In> the
basic two-body problem was expanded to a stochastic differential equation (SDE), consisting of a
deterministic central gravity part and a stochastic diffusive part, which was modeled as a Weiner
process. Some basic properties could be derived for this model, such as the conditions under which
energy is not conserved anymore.® derived Gauss’ stochastic planetary equations, which allowed
for the analysis of the change in the orbital elements due to the stochastic perturbation. Separately,’
looked at how the motion in the restricted three-body problem is affected by a random walk type
force. This was specifically applied to the problem of identifying the possible transition of motion
around L4 and Ls to a horseshoe orbit and then to a possible impact with one of the primaries.
All of these works used some simplifying assumptions like Gaussian probabilities and stationary
processes to be able to give concrete conclusions, which limit their applicability to a wider range of
problems.? first introduced the use of high-order expansions of the stochastic dynamics to investi-
gate a wider range of processes. They then applied their methodology to a satellite in geostationary
orbit, observing the diffusion of the system due to the stochastic force.

This work starts with a similar methodology as,® using expansions of the stochastic dynamics,
but will extend this methodology to be able to better characterize the full phase space of the system
and apply it to more complex, nonlinear, dynamical systems.

DYNAMICS
Stochastic Differential Equations

First, a general stochastic differential equation (SDE) can be formulated as follows:
dX(t,w) = f(X(t,w), t)dt + G(X(t,w),t)dW (t,w), 1)

where X is the random state vector, f(X,t) the deterministic dynamics, also known as the drift,
G (X, t) represents the noise function, also known as the diffusion, and dW is the stochastic noise
process. Here, w represents the fact that X is a random variable and individual realisations of w
represent different trajectories of the stochastic process dW. The properties of G(X,¢) and dW
can be chosen based on the specific system, and can be generally non-Gaussian and non-stationary.
In case the process represents a series of small accelerations with frequency much higher than the



characteristic frequency of f, a Wiener process can be used according to the central limit theorem.
For cases where the jumps are less frequent or perhaps dependent of each other, other types like
Poisson or Levy flights can be used.

The SDE of Eq. (1) has a corresponding integral equation:
t t
X(t,w; Xp) = Xo + / f(X(s,w),s)ds + / G(X(s,w),s)dW (s,w), )
0 0

where the second integral is an It6 integral. Some basic properties of these types of equations and
their solutions can be found in.” Most SDEs, especially if they are nonlinear, do not have analytical
solutions. Therefore, path-wise solutions are mostly obtained through numerical schemes, e.g. a
first order approximation can be made using the Euler-Maruyama scheme, an extension of the
Euler scheme used for ODEs. Higher order schemes are also available, '© but they still only provide
path-wise solutions and other methods need to be used to propagate the full probability density
information.

Stochastic Processes in Space Dynamics

As discussed in the introduction, this work aims to present a general framework which can char-
acterise stochastic dynamical systems, especially systems where stochastic processes are important.
Thus, it is important to highlight the wide variety of systems where the stochastic process cannot
be ignored and hence where this methodology might be of use. A summary of these systems is
given in Table 1.

With regards to celestial mechanics, there are several processes that have been observed to be
influenced significantly by stochastic effects. In most of these cases there is an interaction of a
larger body with a large amount of smaller particles, like in a planetary ring,'! or with a more
continuous medium, like a proto-planetary disk.!? In the latter case the main stochastic effects
come from interactions with density disturbances in the medium, while in the former they can be
both due to collisional and gravitational interactions. Other examples of stochastic processes in
celestial mechanics can be observed in minor bodies interacting with larger planets, for example
changing the binary orbits of Kuiper belt objects'? or in their capture in mean motion resonances.'*

The dynamical evolution of space debris contains several stochastic processes. This can be
observed in the evolution of a cloud of debris, interacting with itself through collisions! or in
the drag force that evolves stochastically through both the tumbling motion of the particle and
the random density fluctuations in the upper atmosphere.!> The dynamics of a spacecraft itself
has diffusive properties in certain situations as well. For example, a low-thrust spacecraft might
experience a continuous stochastic component in the magnitude and direction of its thrust on top
of the commanded thrust,'® or discontinuous in case of de-saturation maneuvers.!” Finally, some
measurements of GPS satellites also suggest that Solar radiation pressure is best modelled as a
stochastic process due to its complex iteraction with the different surfaces of a spacecraft.!®



Table 1: Examples of systems where stochastic processes can play a significant role.

Physical System Origin of Random Process Observed Effect References
Planetary and Aster- | Collisions between ring particles Stochastic mlgratlo’n of 11.19.20
P . P . moonlets and Saturn’s pro- e

oid rings. and their gravitational influence.
pellers.
. Disk instabilities due to magnetoro- | Stochastic change in the or-
Planets in Proto- ional turbul . . bital £ 312,21
lanetary Disk tational turbulence creating gravita- 1tal parameters of young
planetary 1 1
tional torques. planets.
Kuiper Belt Objects Impulswe and isotropic encounters | Eccentricity apd inclination "
bi : with other objects in the Kuiper | of binary orbit changes ac-
inary orbits. - P .
belt. cording to a Lévy flight.
Dynamics and distri- | Stochastic migration of Neptune | Diffusion of objects away
bution of Kuiper Belt | and other outer planets excite ob- | from certain mean motion | 42223
Objects. jects in a random manner. resonances.
Orbital evolution of Impacts Wlth other debyls and mi- Diffusion of objects and | | 524
. crometeorites and density fluctua- . : o
space debris. - - changing re-entry times.
tions in upper atmosphere.
Stochastic error in (low-thrust) ma-
Spacecraft dynamics | neuvers, translational component of | Increasing dispersion in | 17,1825

and maneuvering.

de-saturation maneuvers, Solar ra-
diation pressure, etc.

spacecraft state.




STOCHASTIC DYNAMICS INDICATOR
Polynomial Chaos

Consider a dynamical system with a set of random variables, which are collected into a vector
& € (¢, where Q¢ represents the, bounded or unbounded, set of uncertainty realisations. This
vector can contain various types of uncertainties, e.g. initial state uncertainties, environment para-
metric uncertainties, etc. Later in this section, a method to convert a random process into a set of
random variables that can be collected into & will be presented. The main concept behind polyno-
mial chaos expansion (PCE) is that we can expand the solution of an SDE, given in Eq. (2), using
an expansion of orthogonal polynomials as follows:

X(t,€) = Poa(€) = Y alt)¥i(8), 3)
iLli|<n

where d is the degree of the polynomial, n is the number of variables of the polynomial, i €
[0,d]™ C N™is a vector of indices with | i |[= ¢ = Y, %r, {¢i} are a set of coefficients, and
{Ui (&) = iy (&0) - 4, (&1) - ... - @ (€4) } are multivariate basis functions generated using a tensor
product of univariate polynomials. The polynomial basis functions {¥;} are orthogonal under the
weight function p:

(W, W) = / W, (€) Uy (€)p(€)E = (U2)5 . 4

The size of the expansion, i.e. the number of terms of the polynomial, is given by N = (”;rd),

where d is the maximum degree of the polynomial.

The original version of this method was called homogeneous chaos, or also Wiener chaos after
the author.”® There, Hermite polynomials were used as basis functions and a Gaussian distribu-
tion was considered. It was found that the expansion exponentially converges to the true output
distribution, mainly due to the fact that the weight function p associated with Hermite polynomi-
als has the same functional form as a Gaussian distribution. This idea was expanded upon in?’
to other orthogonal polynomial families which have other weight functions that are also associ-
ated to different classes of probability density functions through the so-called Askey scheme. This
way, non-Gaussian distributed functions are approximated with exponential convergence as well
by selecting the corresponding polynomial basis from the Askey scheme.

The coefficients {c;} can be found in various different ways, both using intrusive and non-
intrusive methods. Here, a non-intrusive point collocation method is selected due to its found
accuracy. For this method a set of () input parameters, also known as nodes, are sampled and
propagated forward through the model. Then, the following problem is solved:
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{ai} =argmin Y | f(&) — > a¥i(é)], Q)
i,li|l<n

Ci

k=0

using a least squares regression technique by inverting the following system:

HC =Y, (6)
where:
i (€1) - Wi (1) Ciy Y1
H = : .. : ) C= : ’ Y = : (7
Ui (&) - W (&) cA Vs
where s = N, &;,...,&, are the nodes, and Y the vector containing all the corresponding

propagated samples y, = X(¢,&;).

The resulting polynomial approximation of the solution distribution can be exploited to obtain
analytical expressions of its statistical moments. For example, the mean can be obtained as follows:

X(t.6) = BX(t. &) ~EP,a(t. O = [ [ 3 aw® | ple)ds =co.  ®)

Qe \iJij<n

The covariance matrix > can be obtained as follows:

2 = E[(X(t, &) - X(t €))*] ®)

< [ X atm@) || X anwie) | s (10,
P \iilz0 i,]i|£0

= D> (¥ e (1) (11)
i,]i[0
Similar expressions also exists for higher moments of the distribution.

To incorporate the random process W (¢, w) into the polynomial expansion, a Karhunen-Lo¢ve
expansion (KLE) is used:28



M
W(t,w) ~ W(t,w) + Y VAl (w) fult), (12)
n=1

where W (t,w) is the mean process, the coefficients 6, (w) are a set of random variables, M
is the truncation order, and \,, and f,, are eigenvalues and eigenfunctions of the autocovariance
kernel, which is given by:

KW(37 t) = E[(X(57 E) - X(S,&)(X(t,&)) - X(t7£)T]' (13)

The KLE transforms the random process into a sum of random variables, which can be used by
the PCE. In that case, the uncertainty vector £ is appended with 6,,(w) and the point collocation
samples are propagated using Eq. (1) where the random process is substituted by Eq. (12).

For a Gaussian random process, standard expressions for \,, and f,, exist, and 6,,(w) are dis-
tributed as independent standard Gaussian random variables.?® For the PCE, this means that order-1
Hermite polynomials can be used to expand these variables. However, when the process is non-
Gaussian, the joint distribution of 6,,(w) is generally not Gaussian and hard to determine. Various
works have shown that PCE can also be used to simulate non-Gaussian processes by expanding
the coefficients using other types of polynomials that correspond to the desired statistical prop-
erties of the random process.>*3! In this work Gaussian processes are considered as an initial
proof-of-concept and because it allows for straightforward performance comparisons. However,
no generality is lost as a change in the choice of polynomial basis can be used to approximate other
random processes without changing the underlying methodology.

The main difficulty in the implementation of the PCE and KLE is that the approximation error
of both grows as the propagation time increases. An example of this can be seen in Figure 1, where
the error over time is shown for different KLE orders. The growth of this error can be controlled by
increasing the order of the expansion or the amount of KLE coefficients, but this in turn increases
the amount of samples required to build the approximation, leading to low numerical efficiency.
Instead, the approach developed in*? and*? is adopted. This method, called dynamical polynomial
chaos, divides the propagation time into a set of shorter time windows. Within these time windows,
the PCE samples are propagated as normal until the end of the window. After this, the expansion is
re-initialized, taking the final state distribution at the end of the previous window as the new initial
state distribution. This is possible due to the Markovian property of the KLE considered here,
which results in the KLE coefficients being independent on their value during the previous time
window. As the accuracy of the KLE is dependent on the amount of coefficients used and the length
of the time window, see Figure 1, a lower amount of samples can be used while retaining a similar
level of accuracy. However, the final distribution at the end of each time window is not necessarily
independent anymore, which is a requirement for constructing the orthogonal polynomials of Eq.
(4). To resolve this, at the end of each window a new set of orthogonal polynomials is constructed
using the Gram-Schmidt process as described in.®
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Pseudo-diffusion Indicator

The pseudo-diffusion indicator is based on the fact that for a generic random-walk like process in
the univariate-case, the mean-squared displacement of an ensemble of trajectories grows according
to the following equation:*

o = E[(z(t) — 2(t))?] = K17, (14)

where K, is the diffusion coefficient, v the diffusion exponent, and 7 is a reference position. For
simple Brownian motion, the exponent 7 is equal to one leading to normal diffusion of the process.
However, there are several conditions under which + is not equal to 1, which is called anomalous
diffusion. More specifically, v < 1 is called subdiffusion and v > 1 is called superdiffusion.
Anomalous diffusion can come about due to properties of the dynamical system like chaos,® or
non-Brownian effects in the random process.>*

Combining the expression for the polynomial expansion variance in Eq. (11) (simplifying to the
univariate case) with Eq. (14) gives the following expression:

> R (t) = Kyt (15)
i,]i|£0

Assuming large ¢, v can be approximately found using the following expression:



log (Zi,m;ﬁo ki (1) + 1)
logt

YRy = (16)

Where 7, is called the pseudo-diffusion exponent. This expression can be extended to the mul-
tivariate case again as follows:

1og(\/m+ 1)

logt

v = ) a7
where J; is the ith eigenvalue of the covariance matrix 3. This equation for 7 is fully defined by
the coefficients of the polynomial approximation of the dynamics and its relation with the diffusive
process of Eq. (14). It shows that the coefficients and its evolution over time can characterize the
effect of the uncertainties on the dynamical system.

RESULTS

As an example case, the motion of a particle around an asteroid with a significant non-spherical
gravitational perturbation is considered. This case shows both the capability of the methodology
to deal with highly non-linear dynamics, and can be seen as a relevant system due to the fact
that the evolution of clouds of particles around these systems are governed both by the complex
gravitational field and inter-particle collisions and gravitational attraction.

Resonances play a crucial role in this dynamical environment due to the influence of the aster-
oid’s non-spherical gravitational potential. Understanding these resonant structures is essential for
exploring the dynamical pathways that determine whether particles become temporarily trapped in
resonant zones or are eventually lost from the system. For this work, we focus on the 3:1 resonance
around the Didymos asteroid. Didymos is an interesting case as one of the hypotheses is that ejecta
coming from the surface formed a ring of material which moved around the system until it formed
a moonlet, which now is observed to be the secondary Dimorphos.*® Therefore, a accurate dy-
namical model that incorporates the stochastic interactions within the ring is of great importance.
The 3:1 resonance specifically is investigated because, in the planar case (i = 0°), it consistently
appears in the phase space across a range of eccentricities and is among the resonances associated
with the largest resonance islands. Furthermore, for the few observed asteroid rings, e.g. Chariklo
and Haumea, the 3:1 resonance plays a key role in the ring dynamics.?’

Several initial conditions in the (M, a) phase space, where M is the mean anomaly and a is
the semi-major axis (SMA), are propagated over a period of 10 days. The gravitational potential
of the body is modeled using spherical harmonics up to degree and order 6, in order to capture
the effects of its irregular shape. The choice of the phase space is motivated by its close analogy
to resonant phase space maps commonly used in the study of resonant motion around irregularly
shaped bodies. In this context, the mean anomaly can be associated with the resonant angle o =
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Figure 2: The FTLE map of the 1:3 resonance around Didymos.

p2(M + Q + w) — p16, with ps : p; giving commensurability condition for a resonance to occur
around a rotating primary.

Using Kaula’s formulation for the Hamiltonian, one typically obtains pendulum-like structures
in the (M, a) space that clearly distinguish regions of circulation from regions of libration. In this
study, a similar approach is adopted: instead of relying solely on the analytical Hamiltonian, we
compute Finite-Time Lyapunov Exponents (FTLEs) based on direct numerical integration of the
equations of motion to identify chaotic and regular regions in the phase space. The equations of
motion are given by:

F=—20xi—0x(fxr)—VU (18)
with
GM = = Ry ) . o
U= - 7;)77;) r_’l"z im ST (D) (Crmeos(mA) + Spmsin(m)) (19)

The resulting FTLE map for Didymos is shown in Figure 2. It can be observed that there are a
clear set of three regions with low FTLE values which are contained within ridges of high FTLE
values, i.e. the separatrixes. This clearly shows the effect of resonances in the dynamics, creating
possible regions where trajectories can end up and remain stable over longer periods of time.3®
Hence, in the following it will be analyzed how a stochastic process influences this type of dynam-
ics.

However, first the accuracy of the proposed methodology needs to be determined. For this, a set
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of 100 trajectories starting from (M, a) = (0.0°,850 m) are taken and propagated for 10 days. A
linear diffusion function is used, where only planar accelerations are considered (due to the planar
nature of rings):

0.,0,0

G(X(t,w),t) = 0,000 | (20)

0,0,0

The o values can be tuned to represent collisions and other interactions for specific ring densities
and velocity dispersions. For the testing done here a value of 0, = 0, = le — 4 was used. The
trajectories which will be considered as true values are propagated in two different ways. First, the
KLE expansion is used to represent the stochastic process and each sample trajectory represents
a different set of samples of #,,. The second method is a stochastic numerical integrator that is
adapted from the classical Runge-Kutta method,> i.e. a stochastic Runge-Kutta (SRK) method.
The second method is used besides the KLE method to have a method that tests both the accuracy
of the DPCE and KLE combined.

Figure 3 shows the results of the accuracy analysis. Figures 3a and 3b show both the DPCE and
MC evolution of the SMA and eccentricity over time where the KLE was used. It can be seen that
both the mean and 3¢ bounds of the DPCE method follow the MC well, with mainly at the start the
variance of the SMA being underestimated. Figures 3¢ and 3d on the other hand show the results
compared to the MC using SRK. The mean of both the SMA and eccentricty for this case remain
close to each other, showing that the general behaviour is captured well. The variance in this case is
less accurate then before, as the truncation error of the KLE is added to the DPCE error. However,
the qualtitative behaviour is still very similar and the diffusion of trajectories over time is captured
well. Thus, it can be concluded that the DPCE method works well and can be taken to be accurate
for the measurement of the influence of the stochastic process.

Figure 4 shows the pseudo-diffusion indicator map calculated for three different levels of stochas-
ticity, represented by o = 0, = o0,. Figure 4a shows the map for 0 = le — 4. Here it can be
observed that most of the structures that can be found for the deterministic system shown in Figure
2, still remain. The level of stochasticity is low enough that the deterministic dynamics dominate.
Once we increase the stochasticity, as shown in Figure 4b and Figure 4c, the dynamics start to
change significantly. The seperatrixes mainly remain as they have a strong diffusive effect, but
the stable regions in between are shown to become more unstable. Thus, in case of rings or other
situations where there are more high energy impacts between orbiting particles, the possibility of
capture in these resonances might become less likely.
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CONCLUSION

This work aims to do two things: present the importance of stochastic processes in astrodynam-
ics and celestial mechanics, and provide a framework for analysing these systems. It was identified
that most of these stochastic processes involve either a large amount of low-velocity impacts or
hyperbolic encounters with larger bodies. The characterization methodology is based on the poly-
nomial chaos expansion (PCE), which expands the solution of the stochastic dynamics and provide
an analytical expression for the state distribution at future times. Specifically, a dynamical in-
dicator, representing the degree of diffusion, can be calculated for different initial conditions to
determine properties like stability and chaos.

It is shown that using the pseudo diffusion indicator maps can be made of the resonance regions
in non-spherical potentials. The specific level of stochasticity was found for when the resonance
regions become unstable and capture into these regions becomes less likely.

Concluding, the presented methodology is shown to be very effective for characterising stochas-
tic dynamics, even in complex environments like small Solar system bodies. Thus, this tool can
be used in future work to design safer space missions and investigate further many dynamical
processes in the Solar system.
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