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NETWORKS OF PERIODIC ORBITS IN THE EARTH–MOON
SYSTEM THROUGH A REGULARIZED AND SYMPLECTIC LENS

Bhanu Kumar* and Agustin Moreno†

In this investigation, using numerical continuation, Kustaanheimo-Stiefel regularization,
and a novel “symplectic toolkit”, we carry out an extensive numerical study of periodic orbit
families for the Earth–Moon CR3BP. Near the Moon we investigate prograde, retrograde, and
Halo orbits, discovering previously-unknown orbit families linking them together through bi-
furcations and singularities – also confirming a 1968 conjecture of Broucke. Earth prograde
and retrograde orbits are also studied, finding infinite chains linking 1:2N and 1:2N +1 res-
onant orbits. These connections provide insights into the global network structure of families
of periodic orbits, identifying orbit families near others of interest for mission design.

INTRODUCTION

The circular restricted 3-body problem (CR3BP) is a commonly used dynamical model for spacecraft mo-
tion in the Earth-Moon system. One class of CR3BP orbits which is critical for applications is periodic orbits
(POs). Given their repeating and bounded nature, POs can provide useful operational orbits for spacecraft; for
example, the well-known Halo orbits were used by the CNSA Chang’e 4 mission’s Queqiao orbiter for lunar
farside-to-Earth communications relay, and the future NASA-led Lunar Gateway also is planned to follow a
near rectilinear halo orbit. Periodic orbits, particularly unstable ones, can also generate propellant-free path-
ways for spacecraft to follow through their stable & unstable manifolds. Thus, identifying and understanding
the variety of POs in the Earth-Moon CR3BP is of significant importance for space operations in the region.

A number of previous studies - too many to comprehensively list here - have explored families of periodic
orbits in the Earth-Moon CR3BP. Broucke1 catalogued many different families of planar POs; later work,
e.g. by Howell and Breakwell,2 computed Halo orbits. Doedel et al3 computed several families of POs
emanating from the Earth-Moon libration points L1-L5 as well as analyzing their bifurcations, discovering
geometric connections between several of the computed families. And recently, Russell and Franz4 developed
a database of millions of POs near the Moon using a grid search. However, gaps remain; for instance, Doedel
et al3 primarily considered bifurcations of libration point orbits. And while Russell and Franz4 did not restrict
to libration point orbits (restricting instead to the Moon’s vicinity), they did not carry out any bifurcation
analysis at all, thus leaving the question of how various PO families relate to each other unanswered.

In this paper, we aim to fill some of these gaps, carrying out a very thorough investigation of the bifurca-
tion network structure of several Earth-Moon CR3BP periodic orbit families. This includes orbits both in the
vicinity of the Moon, such as low and distant prograde, retrograde, and Halo orbits, as well as Earth-centered
prograde, retrograde, and resonant periodic orbits. Our study discovers several previously-unknown families
and connections between them by combining numerical continuation with two key additional tools: 1) reg-
ularization, and 2) a novel “symplectic toolkit”. The former allows for periodic orbit continuations through
singularities, revealing families previously thought of as disjoint to be in fact part of a smooth, unified whole
– also confirming a conjecture made by R. Broucke1 in 1968. The latter, developed by Moreno and collabora-
tors,5 leverages mathematical concepts from modern symplectic geometry, e.g. Conley-Zehnder (CZ) indices
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and Floer numerical invariants – concepts hitherto unused in practical applications – to help characterize
periodic orbits, detect their bifurcations, and find geometric relations between them.

After some background on the CR3BP and its regularization, this paper first presents a summary of the
PO computation methods used in this study. An overview of the symplectic toolkit is then given, including a
discussion of a new, easy-to-use, publicly available MATLAB tool we have released for computing orbit CZ
indices. Next, the orbit families, bifurcations, and networks found are presented; while too many families are
computed to demonstrate all of their orbits, the most relevant are discussed, and others are shown schemati-
cally on network diagrams. Finally, potential future applications, directions, & conclusions are discussed.

MODEL AND BACKGROUND

Circular Restricted 3-Body Problem

The circular restricted 3-body problem (CR3BP) models spacecraft motion under the gravitational influ-
ence of two large masses m1 and m2 which revolve about their barycenter in a circular Keplerian orbit (e.g.
the Earth and Moon). Units are also normalized so that the distance between m1 and m2 becomes 1, their
period of revolution 2π, and G(m1 +m2) = 1. We define a mass ratio µ = m2

m1+m2
(= 1.215058× 10−2 for

the Earth-Moon system), and use a synodic, rotating non-inertial Cartesian coordinate system centered at the
m1-m2 barycenter with m1 and m2 always on the x-axis. Then, the equations of motion are

ẍ = 2ẏ +
∂U

∂x
ÿ = −2ẋ+

∂U

∂y
z̈ =

∂U

∂z
(1)

U(x, y, z) =
x2 + y2

2
+

1− µ

r1
+

µ

r2
(2)

where r1 =
√
(x+ µ)2 + y2 and r2 =

√
(x− 1 + µ)2 + y2 are the distances from the spacecraft to m1 and

m2, respectively. Equation (1) can also be written in Hamiltonian form, with Hamiltonian given by

H(x, y, z, px, py, pz) =
(px + y)2 + (py − x)2 + p2z

2
− U(x, y, z) (3)

Hamilton’s equations of motion due to Eq. (3) are equivalent to Eq. (1) under the substitutions ẋ = px + y,
ẏ = py − x, and ż = pz; we use the equations in terms of (ẋ, ẏ, ż) for computing periodic orbits, but the
Hamiltonian form is required for computing CZ indices. The Hamiltonian in Eq. (3) is autonomous and thus
is an integral of motion. C = −2H is the Jacobi constant, and is often used in lieu of H to specify energy.

Symmetries The CR3BP has two symmetries which will be especially useful in this study to compute
POs. In particular, given a CR3BP trajectory curve x(t) = (x(t), y(t), z(t)), we have that:

1. the curve xr(t) = (x(−t),−y(−t), z(−t)) (reflected across the xz-plane) is also a solution.

2. the curve xa(t) = (x(−t),−y(−t),−z(−t)) (xz and xy-plane reflection) is also a solution.

Both symmetries require reversing the direction in which the curve is traversed with time, hence the evalua-
tions of x, y, and z at −t. Note that the velocities along the symmetric trajectories are ẋr(t) = (−ẋ(−t), ẏ(−t),−ż(−t))
for symmetry 1, and ẋa(t) = (−ẋ(−t), ẏ(−t), ż(−t)) for symmetry 2.

The Kustaanheimo-Stiefel Regularization

The CR3BP equations of motion (1)-(2) have singularities at the positions of the two large masses, i.e.
when (x, y, z) = (1− µ, 0, 0) and (−µ, 0, 0). At these points, Eqs. (1)-(2) are undefined for trajectory inte-
gration. Even away from but near these points, numerical integration of the standard CR3BP equations can
become slow & inaccurate. Regularization addresses these issues by providing a coordinate transformation
and rescaling of time under which the resulting equations of motion do not have a singularity at m1 or m2.
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In this paper, we use the Kustaanheimo-Stiefel (KS) regularization6 to remove the singularity at either
x = 1 − µ or −µ, depending on which body the orbits of interest pass near. While we refer the reader to
Howell and Breakwell2 for full details, we briefly discuss the transformation here and highlight a few key
properties. Let S be the x-coordinate of the singularity to remove. The basic KS transform is then given by

R =


x− S
y
z
0

 =


u1 −u2 −u3 u4

u2 u1 −u4 −u3

u3 u4 u1 u2

u4 −u3 u2 −u1



u1

u2

u3

u4

 = L(u)u (4)

Denoting R = ∥R∥, Equation (4) is accompanied by a time rescaling dt = Rds, where s is a “fictitious” time
variable. As is described in Appendix A1 of Howell and Breakwell,2 upon this transformation, the CR3BP
differential equations relating d2u

ds2 to u and du
ds no longer have a singularity at x = S.

In this study, we will compute periodic orbits by finding their points on the plane y = 0. Note that if
one takes u2 = u4 = 0, then Eq. (4) yields y = 0 automatically, along with x − S = u2

1 − u2
3 and

z = 2u1u3. One can then transform any point (x, 0, z) on the xz-plane to its KS vector u ∈ R4 by the
equation u1 + iu3 = (x − S + iz)1/2 – either of the two complex square roots will work here. Thus, since
it imposes no restrictions on x and z, we fix u2 = u4 = 0 when computing PO points lying on the xz-plane.
Note that once u is found, one can compute du

ds = 1
2L(u)

T dR
dt , completing the full state transformation to KS

variables; the selection u2 = u4 = 0 again imposes no restrictions on ẋ, ẏ, and ż as L(u) remains invertible.

COMPUTING CR3BP PERIODIC ORBITS

Due to the presence of an integral of motion, periodic orbits in the CR3BP occur in one-parameter families.
Within these families, there may exist individual critical orbits from which new orbit families bifurcate,
occurring when one of the non-trivial eigenvalues of the PO monodromy matrix passes through 1. Often, one
has an orbit from some PO family, but needs to calculate other orbits in the same or a bifurcating family. For
this, numerical continuation is necessary. We now summarize the methods used to compute POs in this study.

Symmetric Orbits

The previously-described symmetries of the CR3BP facilitate computation of periodic orbits as a result of
the well-known mirror theorem.7 Namely, if a trajectory passes through two phase-space points which remain
unchanged by application of symmetry transformation 1 or 2, then this orbit must be periodic. For symmetry
1, such points are those that satisfy (x, y, z, ẋ, ẏ, ż) = (x,−y, z,−ẋ, ẏ,−ż), i.e. points with y = ẋ = ż = 0.
For symmetry 2 one similarly requires y = z = ẋ = 0. Note that in either case, such points lie on the xz-
plane y = 0. Orbits with symmetry 1 will be symmetric across the xz-plane, whereas those with symmetry 2
are symmetric about the x-axis; the latter we will henceforth refer to as axial symmetry.

To find such orbits, the goal is thus to compute initial phase space points x = (xi, 0, zi, 0, ẏi, 0) for xz-
symmetry or (xi, 0, 0, 0, ẏi, żi) for axial symmetry such that after some number n of y = 0 Poincaré section
mappings P , the resulting point Pn(x) = (xf , 0, zf , ẋf , ẏf , żf ) also satisfies ẋf = żf = 0 or zf = ẋf = 0;
the required final condition yf = 0 is guaranteed through use of the Poincaré map. We now describe how to
compute such PO points, with and without regularization.

Physical coordinates In either symmetry case there are 3 unknown initial coordinates (denote them
v1, v2, v3) and 2 final conditions to be satisfied (denote them w1 = w2 = 0). Thus, the equations to be
solved are underdetermined, as expected for 1-parameter families of solutions. Hence, for numerical contin-
uation, we choose one of v1, v2, or v3 as the continuation parameter, holding its value fixed while solving for
the other two unknowns and changing the chosen parameter’s value only at the next continuation step. This
is essentially the method of Robin and Markellos8 adapted to the y = 0 Poincaré map case, as described next.

With one of v1, v2, or v3 fixed, we use a standard Newton method to solve for the other two. For this we
need the derivatives ∂wi

∂vj
for i = 1, 2 and j corresponding to the two unfixed coordinates. These partials will
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be elements of the iterated Poincaré map’s (matrix) derivative, which is given by

DPn(x) = Φ(τ,x)− ẏ(Pn(x))−1f(Pn(x))[Φ(τ,x)row 2] (5)

where f(Pn(x)) = [ẋf ẏf żf ẍf ÿf z̈f ]
T ∈ R6 is the CR3BP flow vector given by the equations of motion

Eq. (1)-(2) at the phase space point Pn(x); τ is the time taken by x until its nth crossing Pn(x) with the
y = 0 plane under the flow; and Φ(τ,x) ∈ R6×6 is the CR3BP state transition matrix at x for a time-τ
propagation. The “row 2” subscript indicates that only the 1 × 6 second row vector from Φ is taken, so the
second term in Equation (5) is the 6 × 6 matrix product of scalar ẏ−1, a 6 × 1 column vector f , and a 1 × 6
row vector [Φ(τ,x)row 2]. Thus, the RHS of Eq. (5) is valid.

With DPn given by Equation (5), one can now extract the necessary partials. For instance, in the xz-
symmetry case where u1, u2, u3, w1, and w2 are xi, zi, ẏi, ẋf , and żf respectively, the partials ∂ẋf

∂xi
,
∂ẋf

∂zi
,

∂ẋf

∂ẏi
,
∂żf
∂xi

,
∂żf
∂zi

and ∂żf
∂ẏi

are the (4,1), (4,3), (4,5), (6, 1), (6,3), and (6,5) row and column entries of DPn,
respectively. Four of these partials are used in the Newton method to converge a solution for the fixed con-
tinuation parameter, which is then changed slightly for the next step. Note that one can switch the parameter
variable between steps, choosing any of v1, v2, or v3 to increment.

With regularization As will be seen, periodic orbit families may pass through the collision singularities
with m1 or m2. In such cases, we use a KS regularization6 based method to continue periodic orbit families
through the singularity at hand. Rather than solving for physical coordinates xi, zi, ẏi, and/or żi, we instead
solve for KS-regularized initial state coordinates Ui = (u1i, u2i, u3i, u4i, u

′
1i, u

′
2i, u

′
3i, u

′
4i) which yield the

desired physical state through Eq. (4) and dR
dt = 2

RL(u)duds (here ′ signifies the fictitious-time derivative d
ds ).

Our KS-based symmetric orbit continuation method is adapted from Howell and Breakwell,2 who only
considered xz-symmetry and did not use a y = 0 section. For the xz-symmetry case, we consider initial
KS-states of form Ui = (u1i, 0, u3i, 0, 0, u

′
2i, 0, u

′
4i), which ensures that the physical initial x satisfies yi =

ẋi = żi = 0, as required. For axial symmetry, though, we instead use initial KS-states of form Ui =
(u1i, 0, 0, 0, 0, u

′
2i, u

′
3i, u

′
4i) if xi > S in our orbit family or Ui = (0, 0, u3i, 0, u

′
1i, u

′
2i, 0, u

′
4i) if xi < S;

this ensures the needed initial yi = zi = żi = 0. Denote the 4 unknown KS-state coordinates as v1, v2, v3, v4.

As in Howell and Breakwell, the orbit Jacobi constant will be used as the continuation parameter rather
than any of the vj . Thus, we need four scalar conditions (and their partials with respect to the vj) to set up
a Newton method to find Ui. The Jacobi constant C = C(xi, yi, zi, ẋi, ẏi, żi) provides one such constraint,
since the initial physical state x = (xi, yi, zi, ẋi, ẏi, żi) is a function of Ui. The partials ∂C

∂vj
can be extracted

from ∇xC(x(Ui))
dx
dUi

, where ∇xC is a 1×6 gradient vector and dx
dUi

is a 6×8 matrix. A second constraint
with easy-to-find partials is given by requiring the time derivative of component 4 of Eq. (4) to be 0, i.e.

u4iu
′
1i − u3iu

′
2i + u2iu

′
3i − u1iu

′
4i = 0 (6)

For the remaining two needed scalar constraints, these are given by the fact that with x = x(Ui), the
final point Pn(x) under the y = 0 Poincaré map P must satisfy Rẋf = Rżf = 0 for xz-symmetry or zf =
Rẋf = 0 for axial symmetry. Denote the appropriate two final conditions as w1 = w2 = 0. Then, to find ∂wk

∂vj

for k = 1, 2 and j = 1, 2, 3, 4, the first step is to compute the derivative of Pn expressed in KS-coordinates.
Namely, let Pks be the Poincaré map in KS-state space U ∈ R8 for the section y(U) = 2u1u2 − 2u3u4 = 0,
propagating points by the KS-regularized CR3BP equations of motion until their first return to this section.
Then, denoting Uf = Pn

ks(Ui) = (u1f , u2f , u3f , u4f , u
′
1f , u

′
2f , u

′
3f , u

′
4f ), we have

DPn
ks(Ui) = Φks(τs,Ui)− fks(Uf )

∇y(Uf )Φks(τs,Ui)

∇y(Uf )fks(Uf )
(7)

where fks(Uf ) ∈ R8 is the KS-regularized CR3BP flow vector at Uf ; τs is the fictitious KS-time taken by
Ui until its nth crossing Uf with the y = 0 section under the KS flow; and Φks(τs,Ui) ∈ R8×8 is the
KS-regularized CR3BP flow’s state transition matrix at Ui for a fictitious KS time-τs propagation. Note that
∇y(Uf ) = [2u2f 2u1f − 2u4f − 2u3f 0 0 0 0] is a 1× 8 vector, so the denominator in Eq. (7) is a scalar.
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We can now find the derivatives dwk

dUi
= ∇wk(Uf )DPn

ks(Ui), k = 1, 2. For wk = Rẋf or Rżf , ∇wk(Uf )
can be found as the gradient (with respect to the 8D KS-state) of component 1 or 3 of 2L(u)u′, evaluated
at Uf . For wk = zf , ∇wk(Uf ) is similarly found as the gradient of component 3 of Eq. (4). From the
derivatives dwk

dUi
, the partials ∂wk

∂vj
with respect to our unknowns vj can finally be extracted. Along with the

Jacobi constant condition and Eq. (6), this completes the 4× 4 matrix of partials required to solve for Ui by
Newton’s method. As mentioned earlier, the solution Ui yields the desired initial Cartesian state x as well.
Finally, once Ui is found at the desired Jacobi constant, C is changed slightly for the next continuation step.

Non-Symmetric Orbits

While most of the orbits in this study have either xz-plane or axial symmetry, we also compute a few PO
families not satisfying either symmetry. To compute such orbits, we will seek points x = (xi, 0, zi, ẋi, ẏi, żi)
such that Pn(x) = x for some n ∈ Z; we assume n is known beforehand, since the asymmetric orbits we
study will bifurcate from previously-computed symmetric orbits. Computation methods for such orbits, both
with and without regularization, are described next.

Physical coordinates At first glance, it may seem that to solve Pn(x) = x for the five unknown coordi-
nates of x, one will set up a 5× 5 derivative for the Newton correction step. However, recall that the CR3BP
has an integral of motion: the Jacobi constant C. Thus, if the equation Pn(x) = x is satisfied in four of the
five components x, z, ẋ, ẏ, and ż (in addition to being trivially satisfied in its y component due to the use of
a y = 0 Poincaré section), then one will have that the equation is in fact also automatically satisfied in all six
state components. Thus, in reality one only needs to satisfy 4 scalar constraint equations, rather than 5; once
again we have more unknowns than constraints.

To set up an equation in 4 unknowns and constraints, similar to the symmetric case, one of the 5 unknowns
xi, zi, ẋi, ẏi, and żi is chosen as the continuation parameter and fixed. Denote the 4 non-fixed unknowns
as v1, v2, v3, and v4. Then, denoting Pn(x) = (xf , 0, zf , ẋf , ẏf , żf ) as before, we solve the four scalar
equations xf (x) − xi = 0, zf (x) − zi = 0 , ẋf (x) − ẋi = 0 , and ẏf (x) − ẏi = 0 for the vj . To set up
Newton’s method for these equations, as in the symmetric case, the 16 required partials ∂xf

∂vj
,
∂zf
∂vj

,
∂ẋf

∂vj
, and

∂ẏf

∂vj
, j = 1, 2, 3, 4 can be extracted from the matrix DPn(x) given by Eq. (5). Once a solution is converged,

the continuation parameter is changed slightly and the process repeated; one can also switch to a different
parameter between continuation steps, choosing any of xi, zi, ẋi, ẏi, and żi to increment in the next step.

With regularization In this paper, we only compute planar asymmetric orbits, so our KS-based asym-
metric orbit continuation method only works with planar orbits for now. As in the symmetric case, we solve
for KS-regularized initial states rather than physical coordinates; however, for planar asymmetric orbits, we
will consider initial KS-states of form Ui = (u1i, 0, 0, 0, u

′
1i, u

′
2i, 0, 0) if xi > S in the family being studied

or Ui = (0, 0, u3i, 0, 0, 0, u
′
3i, u

′
4i) if xi < S. Such states ensure yi = zi = żi = 0 (planar orbit point on

y = 0 section) as well as automatically satisfying condition Eq. (6). As in the symmetric case, we continue
orbits by Jacobi constant, so we will have 3 unknown KS coordinates to solve; denote them v1, v2, and v3.

Now, we need 3 scalar conditions to solve for our three unknowns. One condition will again be given by the
fixed Jacobi constant C during each continuation step; its partials are computed exactly as in the symmetric
orbit case. The other two conditions will be from expressing the x and ẏ components of Pn(x) − x = 0
as functions of Ui. Denote the transformations from KS states U ∈ R8 to Cartesian scalar coordinates x, ẏ
as x(U), ẏ(U) : R8 → R, and recall the KS-coordinate y(U) = 0 Poincaré map Pn

ks defined earlier in the
symmetric orbits section. Then, we want

x(Pn
ks(Ui))− x(Ui) = 0 ẏ(Pn

ks(Ui))− ẏ(Ui) = 0 (8)

The derivative DPn
ks with respect to initial Ui was given by Eq. (7); the derivatives dx

dU and dẏ
dU at Uf =

Pn
ks(Ui) and Ui are found by differentiating component 1 of Eq. (4) and component 2 of 2

RL(u)u′ respec-
tively, and evaluating at Uf and Ui. These derivatives allow us to find the Ui-derivatives of the LHS of both
conditions in Eq. (8), from which the partials with respect to v1, v2, and v3 can be extracted. Combining with
the constraint on C, we get a 3× 3 matrix of partials to solve Ui by Newton’s method, also yielding x. The
value of C is then changed for the next continuation step and the process repeated, as in the symmetric case.
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Some Notes on Continuation and Bifurcation Analysis

In the previously-described methods, one continues periodic orbits either by stepping in some initial state
coordinate xi, zi, ẋi, ẏi, żi, or by stepping in Jacobi constant C. At times, the chosen continuation parameter
might reach an extremum along the PO family, past which no family orbits exist; further continuation in that
parameter will then fail. In such cases, changing the continuation parameter to a different variable or to C is
useful. We have yet to find an orbit family where such a change of parameter did not allow us to proceed.

Once periodic orbits in a family are computed, their 6 × 6 monodromy matrices and those matrices’
eigenvalues can be found. Since the CR3BP is Hamiltonian, all PO monodromy matrices will have a double
eigenvalue of 1; the other four eigenvalues will occur as two (possibly complex) reciprocal pairs and are
called the Floquet multipliers. In the important special case of planar symmetric orbits (with z = ẋ = ż = 0
at the symmetric intersection point with the y = 0 section), orbits in such families will have monodromy
matrices which can be decomposed9 into 4 × 4 planar and 2 × 2 spatial blocks, with one planar and one
spatial pair of Floquet multipliers.

Generally, both Floquet multiplier pairs will be away from 1, but it can happen that at some isolated orbits
in the family, a pair of Floquet multipliers passes through 1. Such an orbit is called a critical orbit, and
generates a bifurcation. At any such bifurcation, one of two things occurs: 1) the Jacobi constant takes an
extremum (called a fold bifurcation), or 2) the Jacobi constant does not take an extremum, and at least one
other orbit family emerges from the critical orbit, distinct from the original orbit family. To find the new
orbits which occur in the non-fold case, one should find the unit eigenvectors of the monodromy matrix. One
such eigenvector will occur in the flow direction and can be ignored, but any others will indicate directions
in which bifurcating orbit families lie.

In this paper, we will study various bifurcations of planar symmetric orbits. In the case of such an orbit’s
planar Floquet multipliers going through 1, this can indicate either a fold bifurcation or a symmetry-breaking
planar bifurcation where the corresponding unit eigenvector has a nonzero ẋ component; in this case, the
bifurcating orbit family can be found by starting an asymmetric orbit continuation by ẋ from the symmetric
critical orbit. In the case of a planar symmetric orbit’s spatial Floquet multiplier going through 1 instead,
one expects spatial periodic orbits to emerge. The symmetry of any bifurcating spatial orbits is determined
by the monodromy matrix unit eigenvector(s); if the eigenvector has component z ̸= 0, ż = 0 , the orbits
have xz-symmetry and can be found by symmetric continuation in z, whereas an eigenvector with ż ̸= 0,
z = 0 implies axial symmetry (its orbits can be computed by continuation in ż). If two unit eigenvectors exist
spanning the entire (z, ż) space, then two spatial orbit families emerge, one each for xz- and axial symmetry.

THE SYMPLECTIC TOOLKIT

While the previously described methods allow computation of periodic orbit families, including those
emerging from bifurcations, the bifurcation analysis requires keeping track of various Floquet multipliers and
their corresponding monodromy matrix eigenvectors. Furthermore, studying the potential connectedness of
already-known periodic orbit families involves fully continuing them first and then comparing orbits between
families, requiring sifting through a great deal of information. Recently, a “symplectic toolkit” has been
developed5 that helps simplify such analyses, by leveraging the concepts of Conley-Zehnder (CZ) indices
and Floer numerical invariants from the mathematical field of symplectic geometry to help detect periodic
orbit bifurcations and find connections between them. This toolkit consists of four main tools; they are:

1. The B-signs:10 a ± sign associated to each elliptic or hyperbolic Floquet multiplier of an orbit, which
helps predict bifurcations. This generalizes the classical Moser–Krein signature – which applies only
to elliptic Floquet multipliers – to also include the case of hyperbolic multipliers for symmetric orbits.

2. Global topological methods: the GIT-sequence10 of spaces whose global topology encodes (and at
times forces) bifurcations. It refines Broucke’s stability diagram11 by adding B-signs.

3. Conley-Zehnder (CZ) index:12, 13 an integer winding number associated to each non-critical orbit,
extracted from the topology of the symplectic matrix group. It does not change unless a bifurcation
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Figure 1: Summary of the symplectic toolkit, with the tools used in this study indicated

occurs. Therefore it can be used to determine which families connect to which.

4. Floer invariant (or Floer number): Numbers which stay invariant before and after a bifurcation, and
so can help predict the existence of orbits, as well as being easy to implement. There is one invariant
for arbitrary periodic orbits, and another for symmetric periodic orbits.5 It is

χ(x) =
∑

i∈before(−1)CZi =
∑

j∈after(−1)CZj (9)

where the first and second sums are over orbits before and after bifurcation, respectively.

The utility of and relationships between the different tools are summarized in Fig. 1. In this study, we use
the CZ index and Floer invariant to assist in our analyses. Changes of CZ-index indicate bifurcations. And at
bifurcations, the Floer invariant helps verify that all emerging orbits have been found – if the sum of Eq. (9)
does not match over all orbits found before and after the bifurcation, some orbit must remain to be found.

Conley-Zehnder Index Calculator

For this study, based on a similar Python code due to Otto van Koert*, a CZ-index calculator was developed
in MATLAB by implementing the method described in Moreno et al.9 The program is extremely simple to
use and suitable for practitioners, requiring no knowledge of theory. It provides two CZ index functions, one
for any orbit and one for planar orbits, with the following syntax:

[cz_idx] = get_cz_index(state, period, mu, steps, error_report)
[cz_idx, cz_pl, cz_sp] = get_split_cz_index(state, period, mu)

These MATLAB codes are available publicly at https://github.com/bhanukumar314.

Both functions take as inputs the periodic orbit’s 6D initial state vector state, the orbit period, and
the CR3BP mass ratio mu being used. The get cz index function can be used for any periodic orbit,
and outputs the orbit CZ index. It has two optional arguments: steps and error report. The former
controls the number of discretization steps used to construct a required path from the orbit’s monodromy
matrix to certain special “base matrices”, as detailed in Moreno et al;9 if true, error report simply
displays a number of values which give information about the computation’s accuracy. Arguments steps
and error report have default values of 20000 and false.

The get split cz index function on the other hand only works for planar POs lying in the z = 0
plane for all time, but it provides more information while requiring less computation. It does not require

*Available at https://github.com/ovkoert/cz-index
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Figure 2: A few selected orbits from Broucke’s H1 family, decreasing Jacobi constant
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Figure 3: A few selected orbits from Broucke’s H2 family, DPO to near-circular to LPO

constructing any matrix path to any base matrix, hence the absence of optional arguments steps and
error report. Furthermore, it calculates not only the orbit’s total CZ index cz idx, but also its planar
and spatial CZ indices cz pl and cz sp, respectively. This helps determine whether a given planar orbit’s
bifurcation will lead to another planar orbit, or to a spatial one. One has cz idx = cz pl + cz sp; this
total CZ index given by get split cz index will match that from get cz index for any planar orbit.

With this program, applying the symplectic toolkit for bifurcation analysis becomes very easy. With one
line of code, the CZ indices for any periodic orbit can be computed. Finding these indices for different
periodic orbits, Floer invariants can then be computed before and after bifurcations, allowing us to verify
whether or not all emerging orbits have been computed as described earlier.

RESULTS: ORBIT FAMILIES AND NETWORKS

Using the periodic orbit continuation methods described earlier and the symplectic tools just described, we
carried out a thorough study of four different PO families and their bifurcations in the Earth-Moon CR3BP.
These families are the ones that start as small 1) prograde circles around the Moon, 2) prograde circles
around the Earth, 3) retrograde circles around the Moon, and 4) retrograde circles around the Earth. These
four families are planar and symmetric; many of their orbits were computed by R. Broucke in his 1968 JPL
report,1 but even just continuing these families further using our KS regularization-based methods yields
surprising new results. Then, carrying out a bifurcation analysis of these families yields even more orbits,
also revealing previously unknown connections between various orbit types. We present all these results next.

Remark Unless otherwise specified, we will only study bifurcations occurring when an orbit Floquet mul-
tiplier pair passes through 1. We do not study period-doubling (where the Floquet pair passes through −1),
nor any other n-fold bifurcations due to Floquet multipliers passing through nth roots of unity with n > 1.

Lunar Prograde Orbits, Broucke’s Conjecture, and Bifurcations Connecting to Halo Orbits

Prograde planar symmetric orbits around the Moon were studied by Broucke,1 who found two such PO
families that he labeled H1 and H2. These families, a few of whose orbits are shown in Figures 2-3, include
what are called the low prograde & distant prograde lunar orbits (LPOs/DPOs). H1 begins with small circular
lunar orbits, which become LPOs that “stretch” towards the L1 libration point, then followed by other types
of orbits. H2 starts with highly eccentric DPOs that then become nearly circular, subsequently morphing into
LPOs stretching towards L2. On page 71 of his report, Broucke conjectures “It is likely that, if one were to
continue family H1 or the two open ends of H2, some junction between H1 and H2 would be found.”
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Figure 4: Orbit family joining H1 to H2, C = −0.736 to 2.965 (going right, then down). The top left orbit
is among the last in H1; the bottom right orbit begins H2. Red circles at positions of Earth and Moon.

Using our KS-regularized symmetric orbit continuation method, 57 years later, we have discovered Broucke’s
conjectured junction – thus showing that H1 and H2 in fact belong to a single PO family. Figure 4 displays a
selection from the series of orbits that connect Broucke’s final H1 orbit (no. 162) to Broucke’s H2 orbit no. 1
(a DPO). The orbit family passes once through the Earth singularity and then through the Moon singularity.
To our knowledge, such an H1 to H2 link has never been shown before; Lara and Russell14 found spatial
families of orbits linking double-period covers of H1 and H2, but their orbits are not in the z = 0 plane and
cannot be considered as part of the H1 or H2 families. In contrast, our orbits joining H1 and H2 are planar
and symmetric like H1 and H2, and do belong to the same continuous orbit family as H1 and H2.

We also tried further continuing Broucke’s final H2 orbit (no. 202) to see if the unified family reaches
any natural termination point, but none was found even after significant further continuation. Thus, we
next turned our attention to study bifurcations of this orbit family. A bifurcation diagram of the unified
H1-H2 family is shown in Figure 5, with critical orbit Jacobi constants labeled (note that C decreases as
one moves up the diagram). The CZ indices of unified family orbits and of the first few orbits in each
bifurcating family are also displayed. It can be verified that the Floer invariant matches before and after every
bifurcation; for example, for the bifurcation at C = 3.136, the Floer number is (−1)6 = 1 for C > 3.136,
and (−1)6 + (−1)7 + (−1)6 = 1 for C < 3.136.

The bifurcation analysis shown in Figure 5 is comprehensive for single covers* of this unified H1-H2 fam-
ily; it accounts for all bifurcations up to the fold bifurcation at C = −1.282, which corresponds to one of the

*i.e. not counting period-doubling or other n-fold bifurcations for n > 1, as mentioned in the remark earlier
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last orbits found from continuing H2 past Broucke’s final H2 orbit. The green curves and values correspond
to spatial orbit bifurcations, while orange represents planar symmetric-to-asymmetric bifurcations. In either
case, the CR3BP’s symmetries mean that two new orbit families emerge: either a pair of spatial families
which are xy-plane reflections of each other (in the spatial bifurcation case) or a pair of planar families which
are xz-plane reflections (in the symmetry-breaking planar case). While far too many bifurcating families
were computed to present all of them in this paper, we highlight details of a few interesting ones next.

Out-of-plane bifurcations Changes of spatial CZ indices alerted us to planar-to-spatial orbit bifurcations,
which were also confirmed by computing Floquet multipliers. 13 such bifurcations were found, shown in
green in Figure 5. Of these, the bifurcations at C = 3.136, 3.026, and 3.125 – corresponding to critical H1
LPO, H2 DPO, and H2 LPO orbits respectively – generate orbit families linking H1 and H2 to the well-known
Halo orbits. And the bifurcation at C = 2.992, a critical H2 LPO, generates a spatial orbit family which then
returns to the H2 family, to the critical H2 DPO at C = 2.911. It is these bifurcations we will focus on here.

The bifurcating orbits at C = 3.136, 3.026, and 3.125 are summarized in the bifurcation network diagram
of Figure 6. We found three new xz-symmetric orbit family pairs emerging from H1 LPO, H2 LPO, and H2
DPO orbits and connecting them respectively to L1, L2, and L1 (Northern & Southern) Halo orbit double
covers. By double cover (or nth cover more generally) of a periodic orbit, we refer to the periodic orbit
generated by traversing the original PO twice (or n times); the families emerging from H1 and H2 in Figure
6 thus end at period-doubling bifurcations of Halo orbits. The Floer invariant can be verified to match before
and after each bifurcation in Fig. 6, except the one between the red CZ 4 and 5 segments. Thus, except that
one case, we have strong evidence that no further orbit families emerge from the shown bifurcations.

Similar families connecting LPOs to Halos and DPOs to vertical collisions were discovered in the Hill
restricted 3-body problem (HR3BP) by Aydin and Batkhin,15 whose results served as an impetus to search
for similar CR3BP orbits; in the CR3BP, Halo orbits take the place of HR3BP vertical collision orbits. While
a few of our Earth-Moon H2-to-L2-Halo orbits were computed by Howell and Campbell16 starting from
the period-doubling bifurcation of L2 Halos, the connection to the planar H2 family was not discovered by
them. And though a few of our H2 DPO to L1 Halo orbits were found by Franz and Russell,4 they did not
compute the full family nor uncover its connections to Halo and DPO families; this family passes through the
singularity at the Moon and required KS regularization to compute, which was not carried out in their study.
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Figure 7: Bifurcation graph and orbits for H2 LPO to H2 DPO family with CZ indices & bifurcation
C values labeled. Green dotted lines indicate family obtained by reflection. Orbits are shown in the
same order they are encountered as one moves along the family, starting with the critical LPO (top
left plot), then moving down the plots, then right, then up, ending at the critical DPO (top right plot).

Another interesting out-of-plane bifurcation from the H2 orbits is an orbit family pair emerging from the
H2 LPO at C = 2.992 and ending at an H2 DPO at C = 2.911. The diagram of Figure 7 displays the
relationship of this family to those of Figure 5. This “LPO-DPO bridge” family itself has a fold bifurcation
at C = −0.613 and other bifurcations at C ≈ −0.18 and 2.8, as shown in the figure; more families should
emerge from the C ≈ −0.18 and 2.8 critical orbits, though we did not compute them or investigate these
bifurcations beyond noting CZ index changes and approximate critical orbit C values. The evolution of orbits
in this LPO-DPO bridge family is also displayed in Figure 7. All orbits in this family have axial symmetry.

The spatial families thus far discussed account for 5 of the 13 spatial bifurcations shown in Figure 5. The
remaining bifurcating spatial orbit families mostly did not display any connections to other known orbits;
the families emerging at C = 2.784, −0.0756, and −1.052 terminate at planar symmetric orbits of unknown
type. The family pair emerging from C = −1.202 passes through (but does not end at) an L1 Halo orbit triple
cover at C = 2.998 after going through many bifurcations. As for the remaining 4 bifurcating spatial families,
we did not find any natural ending or interesting connections, at least within the extent of our continuations.

Planar symmetry-breaking bifurcations Changes of planar CZ indices alerted us to 7 planar orbit bifur-
cations, which were again confirmed by computing planar Floquet multipliers. Of these, 3 are fold bifurca-
tions where C takes an extremum, as shown in dark blue in Fig. 5; the remaining 4 are symmetry-breaking
bifurcations and are shown in orange in the same figure. These are the only two possible planar bifurcation
types for symmetric planar CR3BP orbits;17 the latter generates new, asymmetric orbit family pairs.

Of the 4 symmetry-breaking bifurcations shown, the most interesting are those in the H1 orbits at C =
2.489 and −0.735. These are in fact connected by the resulting asymmetric orbit family pair. The relation
of this asymmetric planar PO family to H1 is shown in Figure 8, along with plots of a few family POs; the
second asymmetric family will have orbits that are the y-axis reflections of those shown. This family passes
through the singularity at Earth twice, and has a bifurcation of its own at C = −0.855 from which new orbits
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Figure 8: Bifurcation graph & orbits for asymmetric planar family emerging from H1, with CZ
indices & bifurcation C values labeled. Dotted lines indicate family obtained by reflection. Orbits on
right are ordered by decreasing C moving right and down, start/end at critical symmetric H1 orbits

should emerge, though we did not investigate these further. Of the other two symmetry-breaking bifurcations,
we found the asymmetric family pair emerging from H2 at C = 2.270 (not shown) ends at a planar symmetric
PO of unknown type. We have not yet found an end for the orbit family pair emerging from C = −1.084.

Earth Prograde Orbits, the 2:1 Mean Motion Resonance, and Bifurcations

We next study the PO family which starts as small prograde circles around Earth. These were also studied
by Broucke,1 who called this the BD family. It turns out that most BD orbits are in 2:1 mean motion resonance
with the Moon: the spacecraft makes approximately 2 revolutions around the Earth in the time the Moon
makes one. As detailed in Kumar et al,18 the BD family starts out as prograde non-resonant circles, which
then morph into prograde stable 2:1 resonant orbits. These pass through the singularity at Earth and become
retrograde 2:1 stable, then undergo a fold bifurcation at C = 0.0604 and become retrograde 2:1 unstable,
and then again pass through the Earth singularity and become prograde 2:1 unstable. These last orbits then
encounter another fold at C = 3.152, after which the orbits very briefly become stable, followed by a planar
symmetry-breaking bifurcation and instability again. The orbits leave the 2:1 resonance soon after this fold.

Our investigation of this family did not continue the orbits beyond those of Broucke’s 1968 report; instead,
we focus on the bifurcation analysis of the BD family, for which a diagram is shown in Figure 9. The
previously-mentioned fold and planar symmetry-breaking bifurcations are clearly visible on the diagram, as
well as several out-of-plane bifurcations which lead to new spatial PO families. Again, we analyzed every
single BD family bifurcation up to the non-2:1 resonant unstable BD orbit at C = 3.10; thus, all bifurcations
of the 2:1 resonant BD orbits are accounted for. The Floer numbers before and after each BD bifurcation
point can again be verified to match, indicating all orbits emerging from those points have been found.

Out-of-plane bifurcations As shown in Figure 9, there are four out-of-plane bifurcations in the studied
portion of the BD family. The ones at C = 2.762 and 2.537 occur in the stable prograde 2:1 part of BD, while
those at C = 3.148 and 3.143 occur near the end of the unstable prograde 2:1 orbits of BD. The retrograde
portions of BD display no single-cover bifurcations of any kind. Bifurcation diagrams summarizing details
of the two sets of spatial bifurcations (as well as the one planar bifurcation) are shown in Figure 10.

Looking first at the stable orbits’ bifurcations, the spatial bifurcation at C = 2.762 creates an xz-symmetric
orbit family pair connecting a prograde 2:1 BD orbit to vertical Earth-collision orbits, indicated by green x’s
in the diagram. The spatial bifurcation at C = 2.537 also starts at a stable prograde 2:1 orbit, but the resulting
axially-symmetric orbit family pair ends at a triple cover of a planar Earth retrograde orbit, at C = 0.0080
(Earth retrograde orbits will be discussed in the next section). Fig. 11 shows a few orbits from this prograde-
to-retrograde family; they are all very mildly unstable and could be suitable as long-term spacecraft orbits.
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The other two out-of-plane bifurcations from BD occur among its last unstable 2:1 resonant orbits, at C =
3.148 and 3.143. Both bifurcations create spatial families which end at planar symmetric 3:2 resonant orbits,
suggesting that spatial orbit families may create links between planar periodic orbits at different resonances.
The xz-symmetric family emerging at C = 3.148 is shown in Figure 12. the third orbit in the top row of
Fig. 12 seems to have a “loop” near the Moon that resembles a Halo orbit, suggesting that such orbits may be
useful for transfers from the 2:1 resonance to Halo orbits. Most orbits in this family are moderately unstable,
with some regions of stability as well; indeed, the family undergoes several additional spatial-to-spatial orbit
bifurcations as well, marked in Fig. 10 but not investigated further. The orbit family emerging at C = 3.143
(not pictured) has axial symmetry; it displays mild to moderately instability throughout the entire family.
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Figure 11: Spatial orbits from the BD stable prograde 2:1 to Earth retrograde triple-cover orbit family
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Figure 12: Spatial orbits from the BD stable prograde 2:1 resonant to a 3:2 resonant planar orbit family

Planar symmetry-breaking bifurcations The BD orbits studied only encounter one planar symmetry-
breaking bifurcation, at one of the final 2:1 resonant prograde unstable BD orbits at C = 3.144, as shown
on the right diagram of Figure 10. An asymmetric orbit family pair emerges there, ending at C = 1.190
at a planar symmetric orbit of unknown type (we did not compute more of this symmetric family or its CZ
indices). The orbits are displayed in Figure 13. Parts of several orbits’ shapes visually resemble “rotated”
versions of various symmetric BD 2:1 resonant orbits; an investigation of these orbits’ relationship with re-
gions of librational 2:1 resonant tori (see e.g. Rawat et al19) could help shed light on the underlying causes of
this observation. Most of this family is quite unstable, which could facilitate useful resonance-to-resonance
heteroclinic transfers similar to those found to/from symmetric BD 2:1 orbits in Kumar et al.18

Lunar and Earth Retrograde Orbits and Infinite Chains of Resonant Orbits

With both lunar and Earth prograde orbits thoroughly studied, we turn our attention to PO families that
start as small retrograde orbits around the Earth or Moon. Once again, Broucke studied these families in his
1968 report,1 labeling the families generated by Earth and Moon retrograde orbits as A1 and C respectively.
The lunar retrograde family C includes what are also now known as the distant retrograde orbits (DROs).
Both families A1 and C encounter collisions with the Earth and Moon. Broucke noted that these collisions
generate loops around the Earth or Moon, and computed two A1- and one C-family collision orbit. However,
he did not go further, remarking that “the natural end of the family has not yet been determined”.
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Figure 13: Planar asymmetric orbits emerging from BD unstable prograde orbit, ending in symmetric orbit

Again leveraging our KS-regularized symmetric orbit continuation method to continue A1 and C beyond
Broucke’s last orbits, we have discovered a remarkable pattern followed by both orbit families, strongly
suggesting that these families grow ad-infinitum with no “natural end” to be found. In short, after its first
collision with the Moon, the Earth-centered retrograde family A1 extends to a (seemingly infinite) chain of
1:2N exterior resonant periodic orbits, N ∈ Z+. Similarly, the lunar retrograde C family extends to a chain
of 1:2N +1 exterior resonant periodic orbits after its first lunar collision. Figure 14 displays a selection from
the extended A1 family showing its evolution from Earth retrograde to 1:2, then 1:4, and finally 1:6 resonant
orbits; Figure 15 displays the evolution of the extended C family from lunar retrograde to 1:3, 1:5, and 1:7.
Though not shown in these plots, we verified this pattern up to 1:12 resonance for A1 and up to 1:11 for C.
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Figure 14: Evolution of Earth retrograde A1 family, with Earth collision and Moon collision-induced
loop-spawning and resonance changes chaining Earth retrograde, 1:2, 1:4, 1:6, ... orbits together.
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Figure 15: Evolution of lunar retrograde C family, with Earth collision and Moon collision-induced
loop-spawning and resonance changes chaining lunar retrograde, 1:3, 1:5, 1:7, ... orbits together.
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Figure 16: (L) A plot of orbit period vs Jacobi constant along the A1 orbit family chain of 1:2N resonant
orbits, with resonances labeled. (R) A plot of orbit period vs orbit x-intercept along the same chain,

Figures 14 and 15 illustrate the mechanism by which the orbits spawn increasing numbers of “loops”
corresponding to changes between prograde to retrograde motion and changes of resonance ratio. For the
A1 example, we start with a non-resonant circular retrograde Earth orbit on the top left of Figure 14. Then,
moving right and down the figure plots, we get 2) the retrograde circle approaching the Moon, 3) a prograde
1:2 resonant orbit with a new loop after passing through the Moon, 4) a prograde 1:2 orbit with the loop
having grown, nearing Earth collision, 5) a 1:2 orbit that has become retrograde, with another new loop, after
having passed through Earth, and 6) the 1:2 orbit with a grown loop nearing Moon collision. Plots 7-12
show this process of Moon and then Earth collisions continuing with 1:4 orbits (7-10) and finally ending at
1:6 orbits (11-12). This seems to continue ad infinitum, chaining the 1:2N orbits together. The C family
of Figure 15 behaves very similarly, with 1) a retrograde moon orbit morphing into 2) an Earth prograde
orbit, which 3) passes through the Earth singularity and becomes Earth 1:1 resonant retrograde, followed by
a similar loop growth-Moon collision-loop growth-Earth collision 1:2N + 1 orbit chain as in A1.

Plotting the orbit period vs Jacobi constant and x-intercept along A1 and C in Figures 16 and 17, respec-
tively, one clearly sees jumps in orbit period to the next resonance (e.g. 1:2 to 1:4, 1:3 to 1:5, etc) every time
the family passes near and then through the Moon singularity at x = 1 − µ. From the right plots of both
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Figure 17: (L) A plot of orbit period vs Jacobi constant along the C orbit family chain of 1:2N − 1 resonant
orbits, with resonances labeled. (R) A plot of orbit period vs orbit x-intercept along the same chain,
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Figure 18: Bifurcation diagram for Broucke’s A1 and C families, which are generated by small
circular Earth and lunar retrograde orbits respectively. Same color coding and labels as Fig. 5

figures, note that the physical extent (in x, y, z space) of the orbits where the period and Jacobi constant in-
crease dramatically is actually quite small compared to the orbit families themselves. Given the fundamental
role of the lunar singularity in chaining these orbits together, the KS regularized orbit continuation methods
were crucial in uncovering this familial relationship between seemingly unrelated resonant orbits.

Bifurcations With the Earth & Moon retrograde-orbit-generated families A1 and C characterized, we
next studied their bifurcations. Given these PO families’ presumed infinite nature, we only studied bifurca-
tions of the A1 & C orbits between the families’ origins as small retrograde circles, and their Moon collision-
induced transitions to 1:2 and 1:3 resonances, respectively. The resulting diagram is shown in Figure 18. As
is clearly visible, there are significantly fewer bifurcations of the studied A1 and C orbit single covers than
the prograde orbit case, with only 5 spatial bifurcations in the C family and one in A1; all were studied except
the one at C = 2.496, as it is very close to collision. No planar bifurcations (apart from folds) were found.

Of the 5 spatial C family bifurcations, the two at C = 2.388 and 1.110 are joined by the same spatial family
pair; its orbits have fairly low out-of-plane amplitude and closely mirror the shape of planar C family DRO
and Earth prograde orbits. The bifurcation at C = −1.150 produces the very mildly unstable spatial family
shown in Figure 19; the last orbit shown is approximately the xy-plane reflection of the second, and connects
back to the first one when continued further. Finally, from the bifurcation at C = −1.300 (a retrograde
geocentric C family orbit) emerges a spatial family – shown in Fig. 20 – connecting this C orbit to a near
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Figure 19: Spatial orbits emerging from C family bifurcation at C = −1.150
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Figure 20: Spatial orbits connecting C family retrograde orbit to A1 family orbit

Moon-collision retrograde A1 orbit. These orbits are highly unstable, as all make close flybys of the Moon.

CONCLUSION

In this paper, we leveraged numerical continuation, Kustaanheimo-Stiefel regularization, and tools from
modern symplectic geometry to conduct a thorough bifurcation analysis of singly-covered CR3BP periodic
orbit families generated by Earth & Moon prograde & retrograde orbits. The use of CZ indices and Floer
invariants, facilitated by our new publicly available MATLAB program, provided very simple ways of de-
tecting bifurcations and validating our analyses thereof. Our KS regularization-enabled orbit computation
methods proved crucial, allowing for orbit continuation through singularities where past studies usually stop.

Combining these tools and methods, we found new periodic orbit families, uncovered previously-unknown
connections between them, and revealed the network structure of these families across a number of Earth-
Moon orbital regimes. We positively confirmed a 1968 conjecture of R. Broucke, discovered “chains” uni-
fying periodic orbits across various resonances into just two orbit families, and computed many other orbits.
Spatial orbit families were found that form geometric “bridges” connecting planar DPOs/LPOs with Halos,
lunar LPO with DPO, and Earth planar prograde with retrograde orbits, among many others.

While many of the orbits found are too unstable or near-collision for applications – being instead of more
academic interest – others are of potential practical use. For example, the LPO-Halo bridges of Fig. 6 include
moderately unstable orbits whose manifolds could yield transfers to the vicinity of stable Halo orbits. The
family of Fig. 12 has both stable & unstable orbits which make Halo-like lunar excursions and then come
back near Earth - thus being potentially useful for cislunar PNT spacecraft or even transfers. The orbits of
Fig. 13 seem to be related to the 2:1 resonance, which should be investigated further. Future research should
also look at period-doubling & n-fold bifurcations of the PO families whose single covers were studied here.

One key takeaway from this paper should be the importance of regularization for computing previously-
unknown orbits. Another should be how one can now very easily leverage symplectic tools to aid in PO
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bifurcation analysis. And finally, in general we hope that this understanding of the network structure of PO
families will provide a useful way of organizing information on these orbits, in a way that large databases do
not. For example, a mission planner seeking orbits similar to Halo or LPO orbits may find orbits from nearby
bifurcating families useful as well, for which the diagram of Fig. 6 could be helpful. The network diagram of
Doedel et al3 on PO families near L1-L5 is often referred to by astrodynamicists, and we hope that this study
may serve as a stepping stone towards similar understanding in other cislunar regimes as well.
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