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CONSTANT-DIRECTION OPTIMAL LOW THRUST CONTROL FOR
SPACECRAFT RENDEZVOUS HOVERING PHASES

Chuncheng Zhao ; Michele Maestrini | and Pierluigi Di Lizia *

This paper investigates a low-thrust optimal control problem with a constant thrust
direction for the spacecraft rendezvous hovering phase. The thrust direction is as-
sumed to be fixed in the local Radial-Transverse-Normal (RTN) frame attached
to the active spacecraft. To address this challenge, the energy-optimal control
problem is first formulated using RTN-constant thrust in inertial dynamics and
then analytically solved via the state transition matrix (STM) method. By adopt-
ing a least-squares solution, a favorable constant direction with strong operational
performance can be rapidly identified, and its reliability is validated through com-
parisons with numerical methods. Finally, the fuel-optimal control problem is
formulated as a nonlinear programming (NLP) problem and efficiently solved us-
ing the selected direction and corresponding energy-optimal solution as the initial
guess.

INTRODUCTION

Autonomous spacecraft rendezvous is critically important in near-Earth missions such as on-orbit
servicing and active space debris removal.! The development of robust and efficient autonomous
guidance and control algorithms for these applications has been extensively investigated in recent
decades.>® The increasing use of small satellites has further heightened the need for effective and
reliable control strategies, particularly given their limited computational resources and actuation
capabilities.*> During rendezvous operations, a waiting phase—commonly referred to as relative
hovering®—may be introduced to allow time for command reception or target information acquisi-
tion, while maintaining a safe relative distance.”-3 This phase has been a focus of research recently.’

The concept of relative hovering was initially proposed for station-keeping around small celestial
bodies,'®!! and later extended to near-Earth spacecraft missions. State-of-the-art control methods
for relative hovering between two spacecraft generally fall into two main categories: (1) maintain-
ing a fixed relative position with respect to the target in a local rotating reference frame, and (2)
tracking a predefined relative trajectory within a bounded zone near the target. For the former, Dang
et al.® provided a comprehensive survey and further explored the problem including the effects of
Jy perturbations. Furthermore, Huang et al.!> developed nonlinear control strategies for underac-
tuated satellites using a sliding mode control approach. Regarding the latter approach, Irvin et al.!?
proposed a periodic forced relative orbit, known as the teardrop orbit, geometrically designed under
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the assumption of unperturbed orbital dynamics. Maintaining this orbit requires maneuvers once
per orbital period, meaning that the relative trajectory’s geometry imposes an upper limit on mis-
sion duration for a given mass budget. As an alternative, Deaconu et al.'* derived natural relative
orbits that meet both the spatial constraints of a hovering zone and periodicity conditions, using
parametric representations of relative motion. These periodic orbits require no control input in the
absence of perturbations, thus minimizing fuel consumption. Building on this foundation, Arantes
et al.'’> proposed a novel method for representing space-restricted periodic trajectories through
polynomial inequalities, offering a simpler and more computationally efficient framework. Based
on these periodic orbits, impulsive control strategies have been developed to ensure relative hover-
ing in perturbed environments. For instance, Arantes et al.!® designed a globally stable controller
using a three-impulse sequence, tailored to the set of admissible trajectories. Subsequently, Sanchez
et al.!” introduced an event-triggered control scheme for improved responsiveness and efficiency.

Impulsive maneuvers assume instantaneous thrust, which is an idealization not applicable to re-
alistic spacecraft propulsion systems. A practical alternative is to approximate impulsive thrust
using finite-duration continuous thrust.'® The growing use of small satellites, such as CubeSats,
introduces additional challenges due to their limited actuation capabilities and typically low thrust
levels. Moreover, the increasing adoption of electric propulsion in modern space missions high-
lights the potential of low-thrust control, particularly for micro-satellite applications.'® To support
long-term hovering, a low-thrust optimal control strategy has been investigated.”® However, this
study employed a tangential thrust, which is restricted to in-plane motion control. Consequently,
the development of efficient low-thrust control schemes remains an active area of research.

The work presented in Reference 20 is limited to in-plane motion control due to its use of purely
tangential thrust. However, many mission scenarios require full six-degree-of-freedom (6-DOF) or-
bital control, which presents a significant challenge for underactuated spacecraft. This paper extends
prior research by designing an optimal low-thrust control scheme that enables full 6-DOF maneu-
vering using a constant thrust direction defined in the local RTN frame. First, the active spacecraft’s
inertial dynamics are formulated with a control input whose direction is fixed in the RTN frame. A
series of energy-optimal control problems with fixed RTN directions are then analytically solved us-
ing the inertial STM method, similar to the approach in References 20,21. A least-square approach
is employed to select the most favorable thrust directions based on control performance, and the
effectiveness of this method is validated through comparisons with numerical techniques. Finally,
using the identified constant thrust direction and an initial nominal firing window, the fuel-optimal
control problem is formulated as a NLP problem. The resulting solution yields both the optimal
bang-bang thrust profile and the corresponding RTN-constant direction.

This paper is organized as follows. First, the formulation of the energy-optimal control problem
with a RTN-constant thrust direction is presented, along with its analytical solution using the inertial
STM. Next, the procedure for formulating the corresponding fuel-optimal control problem as a NLP
is introduced. Finally, a simulation case of relative hovering is provided to validate the effectiveness
of the proposed method.

LOW THRUST CONTROL DESIGN

The orbital motion of two spacecraft is illustrated in Figure 1(a). The active spacecraft performing
the relative hovering maneuver is referred to as the follower, while the passive spacecraft, serving
as the mission target, is designated as the leader. The Earth-Centered Inertial (ECI) frame is defined
by O,1,J, K, and the follower’s motion is described in this frame for the purpose of designing



the optimal low-thrust control strategy. To characterize relative motion, a Local Vertical/Local
Horizontal (LVLH) frame is established at the mass center of the leader spacecraft .5;, denoted by
51,1, 7, k. In this frame, k is the radial unit vector pointing toward the Earth’s center (O), j is
the cross-track unit vector pointing opposite to the orbital angular momentum, and ¢ is the along-
track unit vector, completing a right-handed coordinate system. The relative position vector p of
the follower Sy is expressed in the LVLH frame, while r; and r; represent the inertial positions
of the follower and leader, respectively, in the ECI frame. Additionally, a RTN frame is defined at
the follower to specify the constant thrust direction. In this frame, the radial axis aligns with the
position vector 7, the normal axis corresponds to the orbital angular momentum vector, and the
transverse axis completes the right-handed rule.
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(a) Orbital frames (b) Constant thrust direction

Figure 1. Definition of orbit motion.

The constant thrust direction, denoted as @ in Flgure 1(b), is defined in the RTN frame by two
constant angles «a and [, so that @ = cos asin BR + cos arcos BT + sin aN The unit vectors
R T and N defining the RTN frame are given by, R = % T = , and N = where h =
r X v. In these formulations, the vector is denoted using the bold font, eg. T, and its Euclidean
norm is denoted using the normal font e.g. 7. Note that the transverse direction is taken as the
direction of the velocity vector. This formulation assumes, as an approximation, that the velocity
vector remains perpendicular to the position vector, which is reasonable for near-circular orbits.
The inertial dynamics of the follower, incorporating a control term in a RTN-constant direction, are
expressed as,

r=1v

o " _ 1
U= —%'r + ac(cos asin SR + cos avcos T + sin N ) )
T

where p is Earth’s gravitational constant, a. is the magnitude of control acceleration. The vector
r and v represent the inertial position and velocity of the follower, omitting the subscript f for
simplicity. This study assumes that the variation in spacecraft mass due to fuel consumption is neg-
ligible. This assumption is reasonable for close-range proximity operations using low thrust,2%2!
and allows the omission of the mass variation equation, simplifying the formulation of the subse-
quent optimal control problems. In general, the control requirements of relative hovering are defined
in terms of relative states. Once a relative state and a time duration are specified, the correspond-

ing inertial state of the follower can be directly calculated from the leader’s inertial state and the



definition of LVLH frame.??

Energy-Optimal Control

First, the energy-optimal problem is investigated and solved using the inertial STM method. For
a specific hovering mission, the boundary conditions can be given as,

r(to) = 7o r(ty) =1y
{v(to) =g and {U tr) = vy @

where [ro; vo| are initial inertial states at initial time ¢, and [r; vy] are target inertial states at final
time ¢ ;. Given the constants « and /3, the energy-optimal control problem is formulated as,

ty 1
min / —a?dt
to 2 3)

st. the dynamics Eq. (1) and boundary conditions Eq. (2).

From the optimal control theory,?? the Hamiltonian of this problem is written as,

1 .
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Based on the Pontryagin’s minimum principle, the magnitude of optimal control yields,
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From the Euler-Lagrange equations, the costate dynamics can be obtained as,
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Introduce Eq. (5) into the dynamics Eq. (1), and combine states and costate dynamics, this energy
optimal problem can be expressed as,

r="2v
@z—%r—i—ai&
r
L u 3ur - Ay i} )
Ar:ﬁAU—TT—GC("')
(A=A a0

It becomes a Two-Point Boundary Value Problem (TPBVP) if the time window [o, tf] and the
boundary conditions are given, and it can be transformed into an Initial Value Problem (IVP) aiming



at find the initial condition (Ao, Ay, @, 3) satisfying final boundary conditions. Then, this IVP can
be solved by numerical shooting method,

Find (X7
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satisfying {
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where f represents the integration of Eq. (7) from initial condition (7o, vg, Ary, Ay, @, 3) in time
duration [to, t7]. Here, the parameters (c, 3) representing the constant thrust direction are also
treated as unknown constants and included in the shooting process as optimization parameters.
However, the numerical method is time-consuming and may encounter convergence issues if an
inadequate initial guess is used. Given these limitations, also in consideration of the computational
capabilities of small satellites, searching for a solution numerically is considered inadequate. There-
fore, a faster and more robust approach is needed.

Given the computational efficiency required for solving the above problem, the analytical method
based on the STM? is preferred. This method is applied to solve the energy-optimal problem,
assuming that the thrust direction is known. Consequently, o and 3 are treated as known constants,
allowing the STM to be computed over a specified time interval. To identify beneficial constant
thrust directions, a search domain for the angles « and 3 is defined. Within this domain, a set of
energy-optimal problems—each corresponding to a distinct thrust direction—is rapidly solved. The
resulting solutions are evaluated to determine the most promising candidate direction for subsequent
use in solving the fuel-optimal control problem.

To facilitate this process, Eq. (7) is linearized around the nominal Keplerian dynamics, enabling
the computation of an inertial STM @ that analytically propagates variations in the initial state and
costate. This approximation requires only the integration of basic Keplerian motion and a single
STM computation for the desired time interval, thereby significantly reducing computational cost.
The STM is derived from the following system of ordinary differential equations,

D(t,tg) = J(t)P(t,t0), P(to,t0) = Liax12 9

where J is the Jacobian of the dynamics system expressed in Eq. (7) and evaluated on the nominal
Keplerian orbit as,
03x3 Isx3 03x3  O3xs
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n n
Here r), = [rna; Tny; 2] Tepresents the inertial position of nominal trajectory and I, ,, represents
the n x n identity matrix. Thanks to this STM, the variations of initial states are linearly mapped
into variations of final states by,

[0 f; 6w OAr s (5/\1,/.] = ®(ty,10)[070; 0V0; O Ary; O Ay, ) an

Since the initial states are fixed, i.e., 79 = 0 and dvy = 0, the above expression simplifies accord-
ingly. Moreover, because the costate is zero on the nominal trajectory, then dA = X at all times.



Additionally, the variations of the final states are defined as, Jr f=ry—1pand ov ;= vf — Up,
where 7, and v, represent the final nominal states obtained from the propagation of simple Keple-
rian motion over the time interval [to ¢ ¢]. Consequently, the IVP reduces to solving a linear system
of initial costate (A, Ayo), Which is presented as,

Ao | 1|y
RN a

Here, ®), refers to the 6 x 6 submatrix in the upper right corner of ®(ty,t), which connects
[07; 0vy] and [0 A5 0Ny ), ie., By, = ®(ts,t0)[1 : 6, 7 : 12]. It should be noted that the ma-
trix @), may be non-invertible for certain thrust directions, rendering the associated linear system
unsolvable. To mitigate this issue, least-square solutions are adopted in solving the linear system
Eq. (12). For each direction, this least-square solution yields an energy-optimal control law that
minimizes the deviation between the desired and the controlled final state, thereby enabling a robust
estimation of control when an exact solution is not attainable. [r,;v,] are calculated analytically
using Keplerian motion, and the same analytical approach is applied to propagate the leader’s orbital
state. Although mission requirements for relative hovering are typically defined in terms of relative
states, once the target relative state and control duration are specified, the follower’s target inertial
state [r¢; v | can easily be derived from the leader’s final inertial state based on the definition of the
LVLH frame.?

For each constant thrust direction defined by angles « and 3, a least-square solution to the cor-
responding energy-optimal control problem is obtained by solving Eq.(12). This process requires
only a single integration of Eq.(9) for each direction, alongside the integration of simple Keple-
rian dynamics. To assess and select the most favorable direction based on control performance, an
additional integration of Eq. (7) is carried out using the derived initial costate. This enables the
evaluation of key performance metrics such as fuel consumption and the final state error relative to
the desired target. The reliability of these least-square energy-optimal solutions in identifying an
effective thrust direction is validated in the numerical simulations part through comparisons with
high-fidelity numerical solutions obtained using the shooting method.

Fuel Optimal Control

With an initial guess for the thrust direction and nominal firing window derived from the energy-
optimal solutions, the fuel-optimal control problem can be efficiently solved using a nonlinear pro-
gramming approach. An overview of this procedure is illustrated in Figure 2.

Given a maximum acceleration magnitude a,.y, @ nominal firing window is extracted from the
energy-optimal solution using a bisection method, similar to the approach in References 20,21. In
the fuel-optimal control problem, the thrust direction defined by the constant angles « and 3 is also
treated as an optimization variable. The initial guess for these angles is selected based on the energy-
optimal solutions, typically by choosing the direction that exhibits the best performance within the
explored domain. With both the selected thrust direction and its associated nominal firing window, a
NLP problem is formulated to determine a feasible solution. The objective is to identify an optimal
bang-bang control profile and thrust direction that minimize fuel consumption approximated by total
firing time, while satisfying mission constraints. If a feasible solution cannot be obtained using the
best-performing direction as the initial guess, neighboring directions are explored as alternative
starting points.
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Figure 2. Procedure for fuel optimal solution.

In the NLP formulation for this problem, there are no equality constraints. However, two inequal-
ity constraints are imposed on the magnitudes of final relative position and velocity,

X, < X,,

13
X,, < X, .

Here, X, and X, are the magnitudes of the controlled final relative position and velocity vectors,
and X, and X, represent the required accuracies, set to 0.1 m and 0.001 m/s, respectively. An
extra inequality constraint is introduced based on the final periodicity condition, whose definition
can be found in Reference 20,

pra(ty) + pai(ty) + paz(ty) + paz(ty) < Pe (14)

where p;,1 = 1,2, 3,4 are parameters calculated from the final inertial state of the leader and P, is
a threshold, set to 10~ which is consistent with the value adopted in Reference 20.

For solving this NLP, the optimal bang-bang thrust structure is determined by adjusting the du-
rations of thrusting arcs within the nominal firing window. Specifically, the centers of the thrusting
arcs are fixed, while their durations can be extended or shortened. A constraint is enforced to prevent
overlapping between adjacent arcs. As a result, the number of thrusting arcs cannot increase, but
may decrease if any thrusting arc reduces to zero. The objective function is minimized iteratively by
adjusting both the thrust direction and the durations of the thrusting arcs. For each iteration, forward
state propagation is performed to evaluate constraint satisfaction. The nonlinear inertial dynamics
model used in the energy-optimal problem is directly adopted, enabling application to general orbits.
Since the state propagation involves both the follower and the leader, their trajectories are computed
separately but over the same total time. For the follower’s thrusting arcs, numerical integration of
the accelerated inertial dynamics is carried out, given the specified magnitude and RTN-constant
thrust direction. For the coasting arcs of the follower and the full trajectory of the leader, which
follow Keplerian motion, analytical propagation is used for computational efficiency. In the follow-
ing section, the validation of this procedure to obtain fuel-optimal solution is verified by numerical
simulations.



NUMERICAL SIMULATIONS

The strategy to perform long-term hovering control was developed in Reference 20. The key idea
is to apply control actions only when the follower spacecraft exits a predefined hovering region due
to orbital perturbations, such as the .J5 effect and atmospheric drag. This strategy divides operations
into two main phases: a drifting phase, also referred to as the hovering phase, and a control phase.
The drifting phase involves uncontrolled relative motion within the hovering region. The follower
begins this phase from a point on a predefined naturally periodic relative orbit. As perturbations
accumulate, the relative motion gradually deviates from this orbit until it reaches the boundary of
the hovering region, and the intersection point serves as the initial condition for the subsequent
control phase. The objective of the control phase is to guide the relative motion from this initial
state back to a target state on the reference periodic relative orbit. Together, these two phases form
one hovering control cycle. Long-term hovering is then achieved through the repetition of multiple
such cycles. This study focuses on simulating a single hovering control cycle.

Table 1. Parameters of simulation

Parameters Value

Gravitational parameter of Earth 1 = 3.986004 x 10°km? /s?

Radius of the Earth R, = 6.378136 x 103%km

Jo parameter 1.08263 x 103

Ballistic coefficients B; = 150.30kg/m?, By = 153.40kg/m?

Initial orbital elements of leader P = 450km, e =0.01,7=30°,Q2=0,w=0,vr=0
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Figure 3. Drifting phase of relative hovering.

The Simulink model of Reference 24 is adopted as a ground truth dynamical model which is based
on the nonlinear Gauss variational equations including Earth .Jo oblateness effect and atmospheric
drag as perturbation sources. The simulation parameters are summarized in Table 1. The two
spacecrafts are considered to be similar, where the values of the follower have been directly taken
from Reference 24. This ballistic coefficient represents an average value between the ISS and the
ATV as taken from Reference 17. The initial classical orbital elements of the leader are a perigee
altitude of P = 450km, an eccentricity of ¢ = (.01, and an inclination of ¢ = 30° while the
rest of the elements are set to 0.!7-2° The hovering zone is defined as a cube along the positive
¢ direction of the LVLH frame, and it can be defined by upper (overline) and lower (underline)



bounds, {z = 40m,Z = 100m,y = —30m,7 = 30m,z = —30m,z = 30m}.!%!720 A target
periodic orbit is solved from the Klgorithm in Reference 20, where the y and z boundaries of the
periodic orbit are set at 5 m, and the expected z-center is set as 70 m which is the center of the
hovering zone. A simulation of the drifting phase is shown in Fig. 3, where the disturbed relative
motion evolves from this natural periodic orbit to the boundary of the hovering zone.
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Figure 4. Energy optimal results in the given angle domain (log; ).

The energy-optimal solution is first simulated applying RTN-constant control direction. The con-
trol direction is characterized by two angles in the range of a& 3 € (0,0.57) U (0.57, 7). To apply
the developed STM-based method, « and 3 are treated as known constants. When o = 0 or 7, the
thrust direction lies entirely within the orbital plane, allowing only in-plane motion to be controlled.
When a = 0.5, the thrust is aligned with the normal direction, enabling manipulation of only the
out-of-plane motion. Additionally, 5 = 0 or 7 corresponds to tangential thrust within the orbital
plane, while 5 = 0.57 corresponds to radial thrust. In the following simulations, values of « and
[ near these critical angles are omitted to avoid redundant computations and reduce potential nu-
merical integration errors. Here, these angles are selected as discrete points evenly spaced within
the above range. Given a step size of dr radians, the number of discrete points is N = |1/d| — 2,
where | -] denotes the floor function. This results in a total of N x N constant directions, requiring
the solution of N x N energy-optimal problems to identify promising candidate directions suitable
to initialize the fuel-optimal problem. As the number of discrete points IV increases, the compu-
tational burden of solving all energy-optimal problems also increases. However, the Least-Square
(LS) solutions can be obtained efficiently using the introduced analytical STM method. To evalu-



ate the effectiveness of the LS solutions as reliable initial guesses, their performance is compared
with results from numerical methods, including Indirect Shooting using a zero vector as the ini-
tial guess (IS-0) and Indirect Shooting using the LS solution as the initial guess (IS-LS). All LS
and indirect shooting solutions are implemented in MATLAB using the fsolve function with the
Levenberg—Marquardt algorithm.
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Figure 5. Simulation results of optimal control.

A simulation is performed to demonstrate the proposed control method. Initial state is the in-
tersection of the drifting phase in Fig. 3, and the target point is determined by setting the control
duration as one leader’s orbital period.?’ The step difference is set to dr = 0.057 radians, resulting
in 18x18 (i.e., 324) directions being evaluated. For the given control mission with this set of con-
stant directions, the least square solutions are fast computed. The results are presented in Figure 4,
including the least square residual, final relative state error, final periodicity condition, and fuel
cost (AV). These results are also compared with those obtained by a numerical indirect shooting
method. As the distributions and values of the results are virtually identical in LS, IS-0, and IS-LS
methods, they are collectively represented in Fig. 4. It is found that the results of least square so-
lutions are nearly the same as the numerical results. Therefore, selecting beneficial constant thrust
directions based on the least square approach is shown to be a reliable and efficient strategy. The fi-
nal periodicity condition is calculated based on the final in-plane relative states using Eq. (14). This
condition is a fundamental requirement for enabling long-term hovering by initializing a naturally
periodic relative motion at the end of the control phase. Furthermore, a comparison between the

10



final relative state error obtained from the LS solution and the corresponding least square residual
indicates that the LS method introduces negligible errors in this small relative state change scenario.

Based on the final relative state error, periodicity condition, and fuel cost obtained from the
energy-optimal solutions, a candidate constant thrust direction can be selected. This direction, along
with the corresponding nominal firing window, serves as the initial guess for computing the fuel-
optimal solution. The simulation results for the control phase using both the energy-optimal and
the fuel-optimal strategies are presented in Figure 5. Figures 5(a) and 5(b) show the controlled
relative trajectories, while Figure 5(c) illustrates the corresponding acceleration profiles, computed
with a maximum acceleration magnitude of apax = 1 X 10~% m/s2. These results validate the
effectiveness of the proposed RTN-constant low-thrust control strategy for achieving fuel-efficient
and precise relative hovering.

CONCLUSION

This paper studies optimal low-thrust control strategies employing constant thrust directions de-
fined in the local Radial-Transverse-Normal frame. Unlike control schemes constrained to specific
directions, such as tangential-only thrust, the proposed RTN-constant control strategy enables full
six-degree-of-freedom orbital control, making it suitable for a wider range of mission scenarios.
Computationally efficient methods are developed to solve both energy-optimal and fuel-optimal
problems while identifying favorable constant thrust directions. The effectiveness of the proposed
approach is demonstrated through a relative hovering mission scenario. The energy-optimal prob-
lem is addressed analytically using an inertial state transition matrix approach, which provides least-
square solutions. Numerical simulations confirm that these solutions effectively identify promising
candidate thrust directions, achieving reliable performance with significantly reduced computational
cost compared to fully numerical methods. Moreover, the least-square approach maintains high ac-
curacy in scenarios involving small relative state variations. Building upon the initial guesses for
both thrust direction and nominal firing window, the fuel-optimal solution is obtained via nonlin-
ear programming, utilizing semi-analytical forward state propagation. This integrated framework,
combining analytical and numerical techniques, ensures both computational efficiency and high so-
lution accuracy. Overall, the RTN-constant control strategy offers a robust and efficient solution for
spacecraft relative hovering and shows strong potential for application in future low-thrust mission
planning.
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