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STRUCTURED STATE SPACE SEQUENCE MODELS TRANSFER
LEARNING BETWEEN CIRCULAR RESTRICTED THREE-BODY
PROBLEM ORBIT FAMILIES

Hunter Quebedeaux; and Tarek A. Elgohary’

Machine learning has long been plagued with the reliance on large datasets and
computational centers. The deployment of machine learning algorithms in cis-
lunar space remains difficult because of these constraints. This work explores a
structured state space sequence model, Mamba, and its ability to perform trans-
fer learning between circular restricted three-body problem orbit families. The
results show that Mamba learns and performs time series forecasting at a much
higher accuracy compared to LSTMs. Learning the same datasets, Mamba can
approximate the time series with less learnable parameters for a marginal increase
in computational complexity at forward evaluation time.

INTRODUCTION

Dynamical system propagation is the foundation of many applications in astrodynamics. Uncer-
tainty quantification, orbit determination, and guidance, navigation, and control can require millions
of propagations.! In the domain of cislunar space, performing these propagations can be a challenge
in either onboard processing or in the transferring of numerical integration results to a satellite in
orbit. With the recent proliferation of machine learning, propagation tasks have been accelerated,
albeit with limited accuracy than what is required in sensitive dynamical systems like the circular
restricted three-body problem.>> While machine learning accuracy has improved in recent years
with the advent of specialized computer hardware, large computation clusters, and large amounts of
training data, onboard machine learning autonomy remains an incredible challenge due to the limi-
tations in current satellite hardware, which has a maximum of 50W of available power, and DRAM
of a maximum of 1GB.% Coupling the challenge of current space-grade hardware with increased
complexity of machine learning algorithms will yield the inability to deploy such algorithms in
fully autonomous regimes. Thus, increased interest in both machine learning and cislunar space
has revealed a gap in the literature for onboard, intelligent, and autonomous algorithms that require
smaller model sizes and datasets. Two avenues to explore low model sizes and low dataset sizes for
optimal learning can either be in foundational model research, or alternative learning processes.

In the solution of dynamical propagation, recurrent, date-driven network structures are useful in
their ability to process and extract sequential data across multiple time steps. The recurrent structure
lends itself well to sequential data approximation of dynamical system trajectories. Long short term
memory (LSTMs) are a type of recurrent network structure used in time dependent learning; this
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network structure is based on the use of an internal hidden state that acts as the short-term memory,
updated based on the the input sequence and the hidden state’s previous and current state.
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Figure 1: LSTM Model Definition
For an input sequence * = (x1,x2,...,2z7), the LSTM layer generates the hidden vector se-

quence h = (hi,he,...,hr) and output y = (y1,y2,...,yr) of the same length by iterating
through discrete time points measured at the same frequency, Eq. (1).

hy = tanh(Wopxs + Winhi—1 + by)
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While LSTMs are the conventional choice for time series data, the LSTM is known to degrade
for time series beyond certain lengths, making long term forecasting challenging.” Changes to the
conventional model choice is one area where improvements to time series learning could be made.

Transfer learning is a learning method used in machine learning in which a neural network is
trained on a task with some source dataset, and then this network is retrained on a completely new
target dataset related to the original problem, but outside of the scope of the source dataset. By
leveraging the use of a network trained on a related problem, retraining on some target domain can
greatly reduce the the amount of data or training computation to achieve the same prediction accu-
racy as the initial trained model.® Transfer learning is an incredibly useful learning technique that
has potential benefits in engineering tasks where design requirements may vary slightly per mission,
and knowledge of related design requirements can still be useful; this exact design philosophy has
been demonstrated to be effective in resource reduction in the entry, descent, and landing problem.’
There are several types of transfer learning tasks, such as model finetuning or domain adaptation. In
the case of time series forecasting there are several areas in where transfer learning can be benefi-
cial such as when source and target tasks share some similarities, like common dynamics. However,
time series forecasting introduces additional challenges because of the temporal dependencies net-
works make during training or sampling rates of training data. While unproven, we conjecture that
the use of S4 models utilize the state space model internal to the network, creating a more robust
temporal dependency mapping compared to standard recurrent machine learning models.

Building on past foundational model research for time series forecasting, this work explores
Mamba, a state space based machine learning model in its ability to approximate exact dynamical



systems compared to conventional data-driven recurrent networks. In addition to this foundational
model research, we investigate alternative learning processes; namely the ability for Mamba to
transfer learn in time series forecasting applications. With these two machine learning choices, we
demonstrate that the use of state-space based machine learning models improves numerical accuracy
when generating a prediction, as well as improved transfer learning abilities, ultimately reducing the
total amount of data when learning between different initial conditions for systems governed by the
same dynamical systems. In the following sections, we introduce the Mamba network and specific
transfer learning methods examined. The experiments conducted showcase the ability for Mamba
to transfer learn compared to contemporary LSTM networks through a model finetuning approach.

METHODOLOGY
Structured State Space Sequence Models & Mamba

An interesting class of machine learning models that has been recently introduced is the structured
state space sequence (S4) models, utilizing a linear state space model internal to the network. S4
models are a class of sequence models aimed to address the issue of scaling during long sequences
while capturing long dependencies for vision, language, and audio. S4 models utilize a state space
model to create a black-box representation in a sequence model, where the matrices A,B,C, and D
are learned via gradient descent.
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One model of this class is the Mamba model. Mamba was originally designed for natural lan-
guage processing tasks, but has recently been demonstrated to have increased performance in opera-
tions involving the training of neural operators, multivariate time series forecasting, and time series
forecasting of exact dynamical systems in limited data training scenarios.!®'> Mamba augments
the model with a context-dependent selective scan mechanisms as well as the incorporation of a
gated multilayer perceptron (MLP). This class of selective state space model is pictured in Figure 2.
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Figure 2: Single Layer Mamba Block

Among the state-of-the-art sequential models long short-term memory (LSTMs), and transform-
ers are the most popular. Traditional recurrent models like LSTMs have been proven to be robust in
time series tasks and have been applied to solve a wide variety of tasks adjacent to dynamical sys-
tems such as approximating the Sun-Earth three-body problem.'® The transformer primarily excels
within the natural language processing (NLP) domain and has been implemented into applications



like time series forecasting and classification, but their effectiveness in this domain is questionable,
with some work suggesting that transformers are not the best choice for simpler time series fore-
casting problems.'* In their original design, Mamba networks aimed to replace transformers with a
less memory intensive, less computationally complex model.'?

Transfer Learning

Transfer learning can imply a variety of learning techniques, but in this work we will examine in-
ductive transfer learning, as defined by the taxonomy of Pan and Yang.'> Inductive transfer learning
refers to learning between target and source domain on labeled data, and learning between different
tasks. Within this learning technique, there are a variety of subcategories of learning that can affect
the training efficiency and effectiveness. In this work, we examine inductive transfer learning in the
full-model finetuning sense. In full-model finetuning, machine learning models are trained on a spe-
cific domain, and that fully trained network is used to learn on some other domain, Figure 3. This
is in contrast to feature-extraction transfer learning, which refers to training a network on a specific
domain, freezing the upstream layers or weights of the network, and retraining on the downstream
unfrozen layers or weights, pictured in Figure 4.
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Figure 3: LSTM Finetuning Learning (Learnable in Red)
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Figure 4: LSTM Feature Extraction Learning (Learnable in Red)



TRANSFER LEARNING BETWEEN ORBIT FAMILIES

Transfer learning requires the use of a source domain that is initially learned on for some number
of training epochs, and a target domain which typically learned for a lesser amount of epochs or
data. In this study, we examined that former; transferring knowledge of a source domain to a target
domain and learning in the lesser epoch count. The chosen dynamical system to transfer between
is the circular restricted three body problem (CR3BP), because of the unique challenges the cislu-
nar domain possess when placing satellite and spacecraft due to the highly nonlinear and chaotic
dynamics. Consider the nondimensional form of the CR3BP with the defining nondimensional
constraints with the states normalized by DU = 389703 km and TU = 382981 seconds:
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For the following problems, all data was generated using initial conditions in the NASA JPL
three-body problem database.!® Each trajectory was generated using an adaptive Runge-Kutta 8(7)
integrator with a relative tolerance of 10~ and an absolute tolerance of 10~'2, serparated by a time
delta of At = 0.0017'U, and is considered the true trajectory. The Mamba network was chosen
to contain a hidden state size of 16, with the LSTM chosen to have a hidden size of 30. The
source domain was generated using this numerical integrator, and trained on a single orbit period
for 5 training epochs. The Mamba and LSTM models are then transferred with all parameters still
trainable, for only 2 training epochs, again training in the new target domain generated using the
same numerical integrator and trained on for 1 orbit period to then predict the next 4 periods into
the future.

Two error metrics were considered in this problem. Firstly, we considered the percent error of the
predicted trajectory to the true trajectory

% Error — Yiruth (t) - Ypred(t) (4)

Yeruth (t)

then, in the CR3BP, the only known conserved quantity is Jacobi’s integral, calculated in the non-
dimensional form as
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will act as another metric for how well a network will be able to learn a trajectory.



Long Period to Short Period

The first tested transfer learning problem is a knowledge transfer of a trajectory in the long period
family to the short period family, both centered around L4. The source domain orbit selected from
the NASA JPL three-body problem database was ID number 751, with the target orbit of ID number
755. Figures 5 and 6 plot the orbit prediction of the source and target domains generated by a
Mamba and LSTM network. Figures 7 and 8 plot the Jacobi constant over the predicted trajectories,
and Figures 9 - 12 plot the respective percent errors for the source and target domains for the Mamba

and LSTM predictions.

Source Domain Prediction Target Domain Prediction
—— Truth —— Truth
Mamba Mamba
—-- LSTM —-- LSTM

0.0

Figure 5: Long Period Source Domain Phase Figure 6: Short Period Target Domain Phase

Space Space
Source Domain Conserved Quantity . Target Domain Conserved Quantity
ST e SR N = T
e b b eI R T R
2.9925 fi A T N il 311 i il il . I
£ 2.9920 ll || ” ” ” e || || ll I ||
T I g0 it it I 1
5 LSRR TR g no b
gasmstlili 'r‘.il i Ml MR AN AN AN
. L LEWY S RVARTR \i"|"l"‘|
200101 1 [ 4 ] BEA BLE IWGALEART ST I WAL L L , K | 1; - |
IR IRE RN IR TR [AVUAT IR R CAY
. 1. i, H 287 o I
S A T AT T
0 1 2 3 4 5 0 1 2 3 4 5
Number of Periods (T) Number of Periods (T)

Figure 7: Long Period Source Domain Jacobi Figure 8: Short Period Target Domain Jacobi
Constant Constant



Percent Error (x) Percent Error (y) Percent Error (z) Percent Error (x) Percent Error (y) Percent Error (z)

200 200 200 200 200 200

150 150 150 150 150 150

100 100 100 100 100 100

50 50 50 50 50

g g g g g g

5 o 5 o ) & 5 o )

® 2 2 2 2 2

-50 -50 -50 -50 -50

-100 -100 -100 -100 -100 -100

-150 -150 150 -150 -150 150

-200 -200 -200 -200 -200 -200
2 2 4 2 4 2
Time (Periods) Time (Periods) Time (Periods) Time (Periods) Time (Periods) Time (Periods)
Percent Error (1) Percent Error (y) Percent Error (2) Percent Error (1) Percent Error (y) Percent Error (2)

200 200 — — 200 200 200 — - 200

150 150 150 150

100 100 100 100

50 50 50 50

g g g g g g

5 0 & & 0 5 0 & )

2 2 ® 2 2 ®

-50 -50 -50 -50

-100 -100 -100 -100

-150 -150 -150 -150

-200 -200 -200 -200 -200

0 2 4 2 4 2 4 0 2 4 2

Time (Periods) Time (Periods) Time (Periods) Time (Periods) Time (Periods) Time (Periods)

Figure 9: Long Period Source Domain Percent Figure 10: Short Period Target Domain Percent
Error for Mamba Prediction Error for Mamba Prediction

Percent Error (z)

Percent Error (x) Percent Error (y) Percent Error (z) Percent Error (x) Percent Error (y)
200 200 200 200 T - 200 200
150 150 150 150 150 150
100 100 100 100 100 100
50 50 50 50 50 50
3 g g 3 3 g
E o E o 5 o E o \-\ E o ASASASASAS | E 0
H K K M M K
-50 -s0 -s0 -50 -s0 -s0
-100 =100 =100 =100 -100 =100
150 150 150 150 150 150
200 200 200 200 200 200
2 2 p 2 b
Time (Periods) Time (Periods) Time (Periods) Time (Periods) Time (Periods) Time (Periods)
Percent Error (x) Percent Error (y) Percent Error (2) Percent Error (x) Percent Error (y) Percent Error (2)
200 200 — e 200 200 200 . - 200
150 150 150 150
100 100 1004 i 100
50 50 50
g g g g
o & o & 0 & 0
2 = = 2
-50 -50 -50
-100 -100 -100 -100
150 150 150 150
=200 =200 =200 =200 =200 =200
2 2 2 o 2 2 2 2 3 2
Time (Periods) Time (Periods) Time (Periods) Time (Periods) Time (Periods) Time (Periods)
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Long Period to Dragonfly South

The next tested transfer learning problem is a knowledge transfer of a trajectory in the long period
family to the dragonfly south family. The source domain orbit selected from the NASA JPL three-
body problem database was a long period orbit centered around L4 with ID number 751, and the
target orbit was selected as a dragonfly south with ID number 71. Figures 13 and 14 plot the orbit
prediction of the source and target domains generated by a Mamba and LSTM network. Figures 15
and 16 plot the Jacobi constant over the predicted trajectories, and Figures 17 - 20 plot the respective
percent errors for the source and target domains for the Mamba and LSTM predictions.
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Figure 15: Long Period Source Domain Jacobi
Constant
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Figure 17: Long Period Source Domain Percent
Error for Mamba Prediction
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Figure 19: Long Period Source Domain Percent
Error for LSTM Prediction

Butterfly North to Short Period
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Figure 18: Dragonfly South Target Domain Per-
cent Error for Mamba Prediction
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Figure 20: Dragonfly South Target Domain Per-
cent Error for LSTM Prediction

Finally, the last tested transfer learning problem is a knowledge transfer of a trajectory in the
butterfly north family to the short period family. The source domain orbit selected from the NASA
JPL three-body problem database was a butterfly north orbit with ID number 404, and the target
orbit was selected as a short period orbit centered around L4 with ID number 755. Figures 21 and
22 plot the orbit prediction of the source and target domains generated by a Mamba and LSTM
network. Figures 23 and 24 plot the Jacobi constant over the predicted trajectories, and Figures 25
- 28 plot the respective percent errors for the source and target domains for the Mamba and LSTM

predictions.
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DISCUSSION

These results show increased accuracy of prediction when transfer learning with a Mamba net-
work compared to an LSTM for time series forecasting. In all problems, the Mamba network was
able to accurately predict the source domain and predict the trajectory in the target domain when
knowledge was transferred. In comparison, the LSTM was unable to accurately transfer knowledge
to all target domains in a meaningful way; all predicted orbits in the target domain do not adhere to
the conservation of Jacobi’s integral, and visual inspection of the predicted orbits shows no mean-
ingful learning. The most surprising result comes from the transfer learning between the long period
and dragonfly south orbit. With the specific dragonfly south orbit, the periodic solution becomes
unstable around two periods of propagation, with the trajectory breaking out periodic dragonfly or-
bit. With only knowledge of one orbit period of the long period orbit, and knowledge of only the
periodic portion of the trajectory, Mamba is able to predict the chaotic part of the trajectory, with
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the LSTM fully unable to meaningfully predict any part of the dragonfly orbit. In addition, Mamba
can perform these propagations with a reduction in network parameter size with only a marginal
increase in time complexity, as depicted in Table 1.

Network Model | Total Parameters | Memory (bytes) | Time Complexity
Mamba 906 72438 O(nlogn)
LSTM 4746 37968 O(n)

Table 1: Parameter Statistics Per Network Structure

Based on these results, we conjecture the Mamba networks have better transfer learning capabili-
ties, further supporting the claim that Mamba networks learn time series governed by exactly known
dynamical system better than other recurrent network structures.!? Incredibly, full-model finetun-
ing as examined in this work can be susceptible to catastrophic forgetting, as demonstrated by the
LSTM in the Long Period to Dragonfly South transfer learning example. Typically, the power of
transfer learning can be used in feature-extraction transfer learning; this is the act of freezing early
layers or weights of a pretrained neural network. Being “higher” in the chain of calculation, these
layers or weights are already trained to process the inputs features of the network model; this al-
lows all other layers or weights of the network to learn on the new dataset. The benefits to learning
using the feature-extraction techniques include more stable learning, but falter in the robustness to
distribution shifts in the dateset compared to full model finetuning. While unproven, these results
suggest that even in the most difficult learning domains, the LSTM networks demonstrate catas-
trophic forgetting. On the other hand, the Mamba networks show incredible resilience to changing
domains. We conjecture that this is due to the inclusion of an SSM, capturing the true dynamics of
the dataset, compared to learning based on an arbitrary network structure. However, more work is
needed to substantially prove this. This would involve studying the effects that feature-extraction
transfer learning has on the ability for both networks to learn this domain. As well, more work is
needed to fully test other cislunar orbit families such as quasiperiodic orbits to fully understand the
transfer learning capabilities of Mamba.

CONCLUSION

Due to the highly nonlinear nature of the system, conventional recurrent network structures like
LSTMs have difficulty learning non-planar maneuvers, in regular learning, and in finetuning trans-
fer learning. Past research has demonstrated that Mamba, or generally, SSM based models, learn
data governed by differential equations exceptionally well. Expanding this work into the domain
of transfer learning, the Mamba network has demonstrated improved full-model fine tuning com-
pared to LSTM networks in transfer learning for time series regression tasks in a variety of CR3BP
orbit regimes. With improved state vector regression as proven by the conservation of Jacobi’s con-
stant, SSM based machine learning models can approximate time series in less learnable parameters
compared to a conventional LSTM solution for marginal increases in computational complexity.
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