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CISLUNAR INITIAL ORBIT DETERMINATION AND TARGET
TRACKING USING KINEMATIC FITTING AND PARTICLE
GAUSSIAN MIXTURE FILTERING*

Ishan P. Paranjape’and Suman Chakravorty;

In this work, we present a method for probabilistic initial orbit determination
(IOD) and orbit determination (OD) which attempts to minimize the number of
assumptions for producing target state parameters while providing a robust track-
ing method in cislunar space. Since targets in cislunar space tend to stay within an
observer’s field of view for long periods of time, we propose a method for produc-
ing an initial state estimate for our object using kinematic fitting of observations
from our measurement model. Once an initial state estimate is formed, we utilize
the powerful Particle Gaussian Mixture (PGM) Filter to propagate our initial state
estimate and update with observations over a long period of time. This combined
IOD/OD framework allows us to generate an initial state estimate for a target with
minimal assumptions and to sufficiently address the highly nonlinear natures of
our target’s motion and of our measurement model.

INTRODUCTION

The extension of space situational awareness (SSA) capabilities into cislunar space is a key ob-
jective of the National Cislunar Science and Technology Strategy. Specifically, there exists a need
to identify and detect colliding objects and/or potentially dangerous spacecraft operations or space
weather elements in order to ensure safe operation of spacecraft within this domain.! Since the
volume of the cislunar domain is nearly a thousand-fold that of the volume of orbits below the geo-
centric (GEO) limit, and a large share of Resident Space Objects (RSOs) — also referred to more
generally as targets — exist within this domain, effective cislunar target tracking becomes a crucial
problem. Furthermore, with the rise of lunar missions such as that of China’s Chang’e-5 and India’s
Chandrayaan, it becomes even more imperative to ensure the safe operation of spacecraft and facil-
itate space traffic coordination efforts in the cislunar domain. One of the ways we can ensure this
safe operation is by initializing and maintaining custody of spacecraft and RSO orbits using initial
orbit determination (IOD) and orbit determination (OD) for target tracking.

The goal of IOD in a single target tracking scenario is to combine several measurements of a
single RSO and then to fit a state vector through the measurements.> While one of the most well-
known methods of IOD is Gauss’s Method, more specialized IOD methods such as constrained
admissible region (CAR) and probabilistic admissible region (PAR) persist throughout literature.>~’
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Mishra et. al. 2024 utilize PAR to generate initial estimates of a target within regimes up to geosyn-
chronous orbit (GEO), the point up to where the effects of the two-body problem are valid. More
specifically, their IOD framework involves postulating statistics about four of the six major orbital
elements as a priori information and generating multiple observations of the target state using those
statistics.® Along with two angular measurements, an initial state estimate is formulated. Bolden et.
al. 2022 and Griggs et. al. 2023 utilize PAR to generate a similar set of initial orbit estimates.” 1
Since traditional orbital elements cannot be used effectively in the cislunar domain, where effects of
the three-body problem dominate, the authors rely upon postulated statistics of the range utilizing
light intensity curves generated by Hejduk 2013, sensor movement constraints for angular rates,
and the singular constant of integration (Jacobi’s constant) produced by the equations of motion of
the circular-restricted three-body problem (CR3BP).!! Mishra et. al. 2024, Bolden et. al. 2024,
and Griggs et. al. 2023 all utilize the same OD framework: the Particle Gaussian Mixture (PGM)
Filter.% 12

While Bolden et. al. 2022 and Griggs et. al. 2023 provide an effective method for IOD with
PAR, their method relies on postulating several statistics, resulting in lots of a priori information
required beforehand. One of the reasons Gauss’s method for orbit determination remains a popular
benchmark for IOD is its limited use of assumptions and the simplicity associated with obtaining
an initial state estimate of an RSO up to the GEO regime by using three consecutive short-arc
measurements. Although we cannot yet apply Gauss’s method to the cislunar domain, we may be
able to perform probabilistic IOD and target tracking with fewer initial information and postulated
statistics. In this work, we seek to perform IOD and OD in the cislunar domain under minimal
assumptions through kinematic fitting of our observations and using the PGM framework for target
tracking. For IOD, we shall specifically make use of the fact that RSOs in the cislunar domain
remain within the line of sight of an observer for extended periods of time, allowing us to determine
the object’s position for an extended period of time.

The remainder of this paper is organized as follows. First, we introduce our combined IOD and
OD framework, which leverages a nonlinear dynamics model and a nonlinear measurement model.
Then, we present two different examples with our combined IOD/OD framework and compare the
performance of our OD framework with another nonlinear filtering method. Finally, we present
possible extensions to our IOD and target tracking framework.

CISLUNAR IOD/OD FRAMEWORK

For effective target tracking in the cislunar domain, we require an IOD method to generate an
initial state estimate and an OD method for continuous tracking and maintaining custody of our
RSO. In near-Earth regimes (i.e. LEO, GEO) governable by the two-body problem, targets move
relatively quickly due to the force of gravitational attraction induced by the Earth on the RSO,
allowing observers or sensors only a brief glimpse of the RSO trajectory. Due to the vastness of
the cislunar domain, an RSO may appear in the observer’s line of sight (or sensor field of view) for
several hours at a time, meaning that we can make several consecutive observations. We are only
limited by the fact that the Earth’s spin will allow an observer to observe an RSO in cislunar space
for about 10-20 hours before the RSO disappears over the horizon. Nevertheless, those hours-long
passes are much longer than the minutes-long passes of RSOs up to the GEO limit. Because of this,
we can piece through several consecutive observations to effectively estimate the state of a target
at a given point in time. Before we describe this IOD method in greater detail, we shall outline the
dynamics and measurement models we shall use for our state estimation framework.



Dynamics Model

Beyond the GEO regime, it becomes difficult to model RSO dynamics with the two-body prob-
lem. At that point, effects of larger gravitational bodies such as the Moon and the Sun become
apparent, and the use of Keplerian orbital elements start to become obsolete. Nevertheless, multi-
ple dynamics models exist for bodies in cislunar space. The most popular of these models is the
circular-restricted three-body problem (CR3BP).!® The dynamics of the CR3BP are expressed in a
reference frame centered around the center of mass of the two largest orbiting bodies, which orbit
about their center of mass (also referred to as the barycenter) in a circular motion. For the cislunar
domain, these two large orbiting bodies are the Earth and the Moon. The RSO is generalized as a
third body with negligible mass relative to the other two bodies. The equations of motion of the
target with respect to this barycentric frame are given below.
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In the equations above, x and y define the orbital plane of the Earth and the Moon, r; and r, define
the distance between the target and the centers of masses of bodies 1 and 2, respectively. p is a mass
parameter that defines the weights of the two major bodies relative to each other, and is assumed
constant. All mass, time, and distance quantities are expressed in non-dimensional units. Schaub
and Junkins 2003 describe these non-dimensional units in more detail.'?

Measurement Model

A traditional radar or optical sensor provides measurements of azimuth, elevation, and, at times,
range. Due to the vast distances associated with cislunar space, range measurements are not always
accurate, whereas angular measurements are much more reliable. For this reason, our measurement
model’s noise statistics for range encompass a significant enough fraction of the true range value,
while the angular noise statistics are kept very low due to the high fidelity of current optical and radar
sensors. The following set of equations relate range, azimuth, and elevation with state coordinate
components in an observer-centered topocentric reference frame.
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Similarly, we can convert our measurement model’s components to obtain components of our target
state in the topocentric frame.

(20)



r = R*cos(AZ) x cos(EL) (3a)
y = Rxsin(AZ) x cos(EL) (3b)
z = Rxsin(EL) (3c)

Although we assume that range is detectable for this measurement model, most radar and optical
telescopic sensors make use of angles-only measurements. In some of the aforementioned studies of
10D in cislunar space, scientists have used PAR to postulate statistics about parameters from which
one can infer the target state.” ! These studies make use of the equations of a diffuse/specular
sphere’s light intensities, derived from an experimental study by Hejduk 2013.'' By postulating
statistics about the albedo-area product and solar phase angles, it is possible to derive several values
for the range using the PAR technique. For this study, however, we shall assume that range is a
component (although less reliable than azimuth or elevation angles) of our measurement vector.

Initial Orbit Determination

By obtaining measurements of the range, azimuth, and elevation, one can effectively estimate the
position of a target in the topocentric reference frame using Eqgs. 3. Since RSOs in cislunar space
are unlikely to leave the field of view of the sensor site for several hours at a time, one may be able
to obtain a time-series data of x(t), y(t), and z(¢) over a 10-20 hour period. Since we can program
or simulate an optical sensor to take measurements as frequently as every minute to every hour,
we obtain a time-series data of the position r(t) = [z(t),y(t), z(t)]7 with several points. We may
then be able to fit a polynomial of some small order (usually not greater than four) through z(t),
y(t), and z(t) as some kinematic functions of time only. Once proper fitting coefficients have been
obtained using curve fitting methods such as least squares, it is possible to find an approximation of
the velocity components v (t) using simple calculus.
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By combining r(¢) and v(t), we have a time-series estimate of the state of our target in the topocen-
tric frame. Since we wish to utilize several measurements during a single pass of the target over the
sensor field of view (also referred to as the line of sight), it behooves us to only utilize part of the
pass as our interpolation interval. To show that this IOD framework works for CR3BP orbits, we
include Figure 1, which compares fitted 3rd and 4th order polynomials for all six components of the
system state with their true values, assuming noiseless data.

If we sample from from our noise statistics a large number of measurements resulting in time-
series signals of noisy data, we shall obtain several different points for x(t), y(t), z(t), @(t), y(t),
and Z(t) in the topocentric frame. While a single state vector may not accurately capture the target’s
true state or truth, a large number of measurement samples and kinematic fits will generate a large
point cloud (or a family of orbits) within which the truth may be accurately captured. An example
of such a point cloud is presented in Figure 2.

With this simple IOD framework, we have a solid initial state estimate (or orbit) from which we
can keep track of the target regardless of whether or not we can take measurements at a particular
time step. In the proceeding subsection, we shall explain the filtering technique which we utilize for
orbit determination.
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Figure 1: Polynomial fitting over half (50%) of an object’s pass over the sensor FOV. Using multi-
ple calculations of r(t) from the measurement model, one can fit a fairly accurate 3rd or 4th order
polynomial as a function of ¢, take their derivatives, and obtain a fairly accurate set of fitted polyno-
mials for v(¢).
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Figure 2: The final result of our IOD framework is encapsulated within this particle cloud (in blue),
within which the target’s true state (given as an orange plus sign) lies. This is the result of fitting

several signals of time-series data derived from noise statistics.



Orbit Determination

Proper orbit determination of a highly nonlinear system coupled with a highly nonlinear measure-
ment model requires a sophisticated filter. Due to the high noise statistics associated with the range
measurement and the relative accuracy of the azimuth and elevation measurements, simple filters
such as an Extended Kalman Filter (EKF) or an Unscented Kalman Filter (UKF) may fail to accu-
rately capture the non-Gaussian nature of the initial estimate or posterior estimates thereafter. For
this reason, it is better to model the IOD results and estimates thereafter using a Gaussian Mixture
Model (GMM).

For our OD framework, we shall continue to use the recursive Particle Gaussian Mixture (PGM)
filter developed by Raihan & Chakravorty 2018 and applied by Bolden et. al. 2022 and Griggs
et. al. 2023. Unlike traditional particle filters, the PGM filter has a clustering step which groups
particles propagated nonlinearly from an a priori distribution into a GMM. These clusters each have
an assigned weight and an associated mean vector and covariance matrix. With the observation
from our sensor, we may be able to update each cluster’s mean vectors, covariance matrices, and
weights. The following time step will use Markov Chain Monte Carlo (MCMC) sampling to draw
from this posterior distribution. This powerful resampling step makes the PGM filter more robust
to nonlinear dynamics or measurement models, whereas traditional nonlinear filters are subject to
particle depletion step at the update step. The Particle Gaussian Mixture algorithm is detailed in
Algorithm 1, copied from Ref. [12].

Algorithm 1 Particle Gaussian Mixture Filter Algorithm

* Given my(x) = Zi]\i(lo) w; (0)pg(z; 11 (0), P;(0)), transition density kernel p(z'|z), n = 1.
1. Sample N, particles from 7,1 and the transition density kernel p,, (z'|z) as follows:
— Sample X’ from 7, _1(.).
— Sample X @ from p(.|X®").
2. Use a clustering algorithm C to cluster the set of particles X () into M ~(n) Gaussian
clusters with weights, mean, and covariance given by {w; (n), u; (n), P, (n)}.
3. Update the mixture weights and mixture means and covariances to
{w;F(n), S (n), P (n)}, given the observation z,, utilizing the Kalman update.

4. n=n+1. Goto Step 1.

RESULTS AND DISCUSSION

In this section, we shall demonstrate the utility of our combined IOD-OD framework using two
examples. For the first example, we choose a relatively stable orbit with a sensor tasked to take
measurements at a sufficiently high frequency. We apply our combined framework over a period
longer than three weeks to demonstrate the long-term utility of the PGM filter. For our second
example, we modify our measurement model while applying our IOD-OD framework to a more
chaotic orbit, demonstrating a scenario where PGM may outperform other, more traditional filters.

To quantize the uncertainty of our PGM filter’s estimate over time, we introduce an entropy metric
E(k) outlined in Mishra et. al. 2024, given below.?
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Since we calculate the entropy after the PGM update step, w;r represents the posterior GMM com-

ponent weights, and ]Pg;] represents the determinant of the posterior covariance matrix for each

component ¢. Since the product of all GMM components wj ]ng becomes large as the number
of clusters increase, it makes more sense to utilize a log-sum approach.

Example 1

About a decade ago, the Interstellar Boundary Explorer (IBEX) spacecraft entered a range of
highly elliptic orbits around Earth such that it was in 3:1 resonance in the Earth-Moon system.'
Dichmann et. al. 2013 examines three classes of resonant orbits relevant to IBEX’s cislunar trajec-
tories.'> For this example, we focus upon the planar mirror orbit. It is classified as such due to its
initial position located on the CR3BP z-axis and its initial velocity only has a y-component and is
hence perpendicular to the z-axis. All trajectories are in the Earth-Moon CR3BP z — y plane for
simplicity. We chose this orbit due to its relatively short, periodic nature, spanning roughly 27 days.
Figure 3 provides a graphical representation of this orbit.
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Figure 3: The planar mirror orbit described by Dichmann et. al. 2013 depicting a periodic orbit
in the Earth-Moon system in the barycentric reference frame. All distance units in this figure are
normalized in accordance with the CR3BP equations of motion.

Starting with the initial state estimate produced in Figure 2, we may recursively propagate, cluster,
and update our cluster until the end of the first pass of the RSO. With the clustering method outlined
in Mishra et. al. 2024, we utilized six clusters for our propagation and update steps.®'® The a
priori estimate (i.e. after propagating by one time step and clustering into six clusters) of the target
state is given by Figure 4.
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Figure 4: After our IOD step, we propagate each particle using our dynamics model and cluster us-
ing the k-means algorithm.® %16 The resulting distribution, modeled as a Gaussian mixture model,
becomes our new a priori distribution. The expectation is that the truth (indicated by a black cross)
will lie somewhere at the intersection of the blue and green clusters after the update step.

We utilize the Kalman update to obtain our new GMM, sample several hundreds or thousands of
points from this distribution, and repeat the filtering process for our desired length of time. Figure
5 shows the posterior distribution of our PGM filter.

At one point, the RSO exits our sensor FOV, and we propagate a large number of particles drawn
from a posterior distribution at the end of the first pass. As we propagate all of the particles to the
time at which the RSO first reappears in our line of sight (i.e. the beginning of the second pass), the
state estimate covariances continue to consistently encapsulate the target truth. Eventually, once the
RSO reenters the sensor’s FOV, we propagate, cluster, and update with our PGM filter to obtain the
result shown in Figure 6. Focusing on the top left plots of Figures 5 and 6, the standard deviation of
the posterior distributions are reduced by a factor of almost 20 in the topocentric y-direction.

Beyond a certain point, as demonstrated by Mishra et. al. 2024, it is possible to switch from a
PGM filter to an Ensemble Kalman Filter (EnKF). For this example, we utilized a PGM filter up to
the beginning of the fourth pass, at which point our entropy had reduced significantly and allowed
us to more robustly model our resulting particle distributions as a single-component Gaussian PDF.
Figures 7 and 8 show the first and last points (also the final step of our simulation) at which we use
an EnKF, respectively.

By observing the range of all six axes between Figures 4 to 8, it is clear that as the PGM filter
is applied, the size of the particle clouds (and hence the entropy) is reduced. Figure 9 shows how
entropy reduces with each step of the PGM and/or EnKF filters. In the proceeding example, we
explore an orbit in which a PGM filter must be used as opposed to an EnKF in order to successfully
track a target for a long period of time with no observations.
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Figure 5: As expected, our Kalman update step filters out four of our six original clusters and leaves
us with the green and blue clusters, the intersection between which lies the truth. The particles
shown above are drawn from the posterior distribution and projected.

Example 2

The Earth-Moon axial Lagrange points have long interested the astrodynamics community due
to the instability of the equilibrium points. The area around these Lagrange points enables space-
craft in cislunar space for more efficient orbit plane changes and transfers compared to a standard
Hohmann transfer. The Lo Lagrange point in particular has intrigued scientists because of the myr-
iad of bifurcations and orbit families generated with short position perturbations in the barycentric
x-direction and short velocity perturbations in the barycentric y-direction.!’~!° Since our IOD-OD
framework uses a probabilistic, particle-based approach with small time differences between con-
secutive observations, several bifurcations or differing orbit families are not readily visible with the
current OD framework.

In order to observe the chaotic orbit behaviors using our particle-based approach, we make several
modifications to the first example. First, we choose an initial condition such that, when propagated
for about 48 hours, passes through or near the Lo Lagrange point at some velocity close to zero in
the barycentric y-direction. This would allow our sensor to make a sufficient number of observations
to reduce the uncertainty of our target estimate. Additionally, we modify our measurement model
to angles-only (i.e. we only consider AZ and EL measurements and discard range measurements
for OD altogether). For the first 48 hours of our modified orbit determination framework, we take
measurements roughly once every 40 minutes and filter using the EnKF. After that, we do not
take any measurements for about 8 days and propagate several particles drawn from the posterior
distribution at the 48-hour mark for that length of time. The distribution of particles is shown in
Figure 10.

During that eight-day period with pure propagation and no observations, a small bifurcation re-
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Figure 6: At the beginning of the second pass, the covariance of our state estimate greatly decreases
after the update step, resulting in posterior GMM whose weight is given overwhelmingly to a single
cluster encapsulating the truth. With subsequent observations, the size of our particle cloud will
continue to shrink.

sults in two orbit families, the larger one in which the truth is contained. The bimodality of this
PDF and the curvature of the particle distributions of both modes in the position and velocity spaces
require a filter such as the PGM, which can approximate complex a priori estimates better than an
EnKF. Figures 11 and 12 show what happens at the update step when a PGM filter is used and when
an EnKF is used, respectively.

While several orbits in cislunar space governed by CR3BP dynamics are relatively stable, and a
high frequency of observations may justify using an EnKF as opposed to the PGM framework, more
chaotic orbits with lower observation frequencies will require a PGM filter due to the non-Gaussian
nature of a priori estimates.

CONCLUSIONS AND FUTURE WORK

In this paper, we proposed a new IOD framework which involved fitting a polynomial through se-
ries of range, azimuth, and elevation angle observation data to obtain an initial state estimate. Then,
due to the nonlinearity of cislunar dynamics and our measurements, we presented an OD frame-
work in the form of the PGM filter, which is robust to both stable and unstable cislunar orbits. We
demonstrated the use of PGM on two different orbits and demonstrated the superiority of the PGM
filter over an EnKF for robustness to orbits which yield unwieldy state estimates. This combined
framework will assist with tracking targets in cislunar space over the long term.

There are several improvements and extensions that we wish to make to this work. We wish
to examine the performance of the PGM filter and an EnKF for relatively stable cislunar orbits.

10
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Figure 7: The particle estimate of our PGM filter at the beginning of the fourth pass, at which point
we transition to an EnKF for the remainder of the simulation
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Figure 8: The particle estimate of our hybrid PGM-EnKF simulation after about 27 days, at which
point we have tracked a target for a full period of Dichmann et. al. 2013’s planar mirror orbit

Although we have demonstrated our combined IOD-OD framework for some chaotic orbits, we
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Figure 9: The entropy evolution at each filtering step. After three regions of relatively flat entropy
changes (indicating the steps in between target passes), we switch from a PGM to an EnKF and
continue through the end of the simulation.
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Figure 10: Distribution of particles after 8 days of continuous propagation, with a small bifurcation
resulting into two orbit families

wish to study the utility of this framework on orbit families which bifurcate into the orbit sub-
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Figure 11: Starting with the distribution in Figure 10, the PGM clustering and update step results
in a posterior distribution in which one cluster (the one which contains the truth) dominates.
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Figure 12: Starting with the distribution in Figure 10, the EnKF update step results in a posterior
distribution in which we immediately lose track of the target.
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families shown in Refs. [17], [18], and [19]. Additionally, we wish to apply the multi-object
tracking strategies proposed in Mishra et. al. 2023 to sets of targets in cislunar space.?’ Finally, we
wish to study the utility of our combined IOD-OD framework with more complex dynamics models
such as the general restricted three-body problem (R3BP).
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