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MULTIPLE INTERIOR-POINT CONSTRAINTS FOR
POWER-LIMITED OPERATIONAL COMPLIANT TRAJECTORIES

Alessandra Mannocchi* and Francesco Topputo’

Deep-space missions will be performed in the future by stand-alone CubeSats:
for them, electric propulsion is a paramount option to enable their cost-effective
space access. For limited budget reasons, these spacecraft need to follow oper-
ational compliant trajectories, alternating coasting and thrusting periods imposed
at pre-defined time instants, the duty cycles. Moreover, the electrical power used
varies with the heliocentric distance and drops to zero once a certain range is
reached. Traditional trajectory optimization algorithms exhibit convergence prob-
lems when handling these discontinuous constraints. This work presents an opti-
mal indirect method to compute power-limited operational compliant trajectories
imposing multiple interior-point constraints, and its promising results.

INTRODUCTION

In the last few years, the space sector have been witnessing a significant reduction in space mis-
sion costs. An expression of this trend is the rapid development of CubeSat technology.! Several
released-in-situ, deep-space CubeSat missions are expected to be launched in the next years by
ESA (e.g., LUMIO,? Milani,? Juventas,* SATIS?). Similarly, deep-space stand-alone interplanetary
CubeSats, able to travel to their final destination without the need of a carrying mothership, are
expected to permeate the inner Solar System soon. The Miniaturised Asteroid Remote Geophysical
Observer (M-ARGO)® will be the first European CubeSat to perform a similar mission towards a
near-Earth asteroid (NEA).

High specific impulse values make solar electric propulsion (SEP) a good candidate for this kind
of probe.” For SEP, the electrical power used to accelerate the propellant varies with heliocentric
distance.® In turn, the thrust and specific impulse vary as a function of the input power. Incorporat-
ing an accurate SEP engine model into trajectory design radically improves mass budget estimation.
However, this model includes additional constraints in the optimization. Due to technological rea-
sons, the input power to the engine is limited, and the related bounded values are key thruster
parameters: the spacecraft flies ballistically if insufficient power is provided, while the input power
is capped at a maximum value when excess power is available.” 1

Electric propulsion also requires a significant effort from on-ground flight dynamics, with regu-
larly scheduled navigation and guidance operations. This is particularly true for stand-alone deep-
space CubeSats that, with stringent thrusting, power, and pointing budgets,'! are unable to perform
operations, such as communication, ground-based orbit determination and correction, or scien-
tific experiments, while thrusting. To overcome these issues CubeSats will be required to follow
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operational-compliant (OC) trajectories, consisting of a repetition of a regular pattern of alternating
thrusting and coasting arcs (duty cycles). OC trajectories can be designed in any way necessary
to ease ground operations, for example miming the working week (e.g., 7 days duty cycles, with 6
days of thrust and 1 day of coasting).

Electric propulsion trajectories are designed by formulating a low-thrust optimal trajectory prob-
lem (LOTP).!>!3 No analytic solutions exist for this problem, but several numerical techniques,
traditionally divided into direct and indirect methods, have been developed to solve it.'"* In this
work we focus on the indirect formulation, aiming at finding the solution of the necessary optimal-
ity conditions derived by the calculus of variations.!>'® The solutions of an indirect formulation
are computed through some sort of gradient methods leveraging on the first, and sometimes second-
order derivatives of the problem, thus required to be differentiable at least up to the first order.!”

Duty cycles are time-dependent and discontinuous constraints, and for this reason, they are not
straightforward to introduce in indirect methods.'® Their presence is usually ignored in the prelimi-
nary trajectory design phases. The convergence difficulty of indirect methods is also exacerbated by
dynamics discontinuities when the input power is capped within bounds technologically lead. The
homotopy technique, or continuation, is a class of methods conceived to deal with discontinuous
structures in the LOTP. They allow the solution of the original, difficult, and discontinuous problem,
starting from an easier one.'? It is usually employed in indirect methods to overcome discontinuity
problems as bang-bang control in fuel optimal solutions,?*2! to impose varying maximum thrust
models?? and shutdown of the thruster due to eclipses.”> Recently, the problem of forced coasting
arcs imposition has become more and more relevant, and homotopic techniques have been em-
ployed to solve it>*~2® also in direct formulations.?’” However, it has not yet been coupled with the
discontinuities introduced by the limited range of power input on a variable power SEP thruster.

In this work, a formulation based on the modeling of both the alternation of duty cycles and the
power-limited SEP thruster as interior-point constraints is proposed. The solution method relies on
the use of analytical derivatives, switching times detection techniques, and a four-layer continuation
scheme rapidly generating power-limited and operational-compliant low-thrust trajectories. The
main contribution of the work is the presentation of a method capable of modeling duty cycles with
durations of any kind without any prior knowledge of the structure of the control law, as well as
the introduction of a variable and limited power model for both specific impulse and thrust. The
formulation is used to solve fuel optimal trajectories in the M-ARGO CubeSats scenario. The
method proposed in this paper allows the computation of trajectories necessary for making deep-
space CubeSat missions a reality soon.

PROBLEM STATEMENT
Theoretical Background

The equations of the dynamics of a spacecraft in cartesian coordinates in an interplanetary helio-
centric two-body problem are

r=v

x =f(x,a,u) = V:—T%I‘+UT’MT‘”(T)OL (1)
o Tmaz(r)
m= ulsp(r)go

where r, v and m are respectively the spacecraft position, velocity, and mass, and 7 is the norm of



the position vector. The control is provided by the vector o, the thrust direction unit vector, and
u € [0, 1], the thrust throttle factor. The values u and go are the gravitational constant of the Sun and
the Earth’s gravitational acceleration at sea level. The specific impulse and the maximum thrust, I,
and 7,4, respectively, are considered as functions of the input power to the engine F;;,, which in
turn is a function of the distance of the spacecraft with respect to the Sun r.

To include into the dynamics the policy of the engine due to the imposition of the duty cycles and
of the power limitation, two switching functions influencing the throttle factor are defined. Firstly,
Sy, = Sp(r) is defined as the power switching function used to detect the thruster operation logic
according to

if Sp(r) > Ppae then Pj, = Ppay, uw€[0,1] 2)
if Sp(r) € [Pmin, Pmaz) then Piy, = Sp(r), u€[0,1] 3)
if Sp(r) < Ppin then Pj, = Sp(r), u=0 4

where P4, and P,,;, are respectively the constant upper and lower bounds of power input to the
engine, imposed by the technological constraints. The relation between the F;, and S, is shown in
Fig. 1. The S, function is usually modeled as a polynomial in 7.
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Figure 1. Relation between the P;,, and Sp functions.

Secondly, in OC trajectory design the final goal is to switch off the electric engine according to a
pre-defined duty cycle time-based schedule. To capture the logic of the enforced coasting arcs, the
duty cycle switching function Spc = Spc(t), is defined such that

if Spc(t) >epc then w e [0,1] (5)
if Spc(t) <epc then u=0 (6)

where € p¢ is a constant pre-defined threshold. It is worth noting that the function Spc can have
any continuous form as long as it is only a function of the time ¢. The LOTP aims at computing



the optimal controls a* and v* that minimizes J, a scalar cost function, under some boundary
conditions at the initial and final times, ¢; and ¢ ;. If the objective is to save the propellant mass m,,
the LOTP is called a fuel-optimal (FO) problem, and the cost function is

ty

Tmax(r)
Jr= | ——Fudt 7
d /15p<7')90u @

i

while the boundary conditions are expressed as

I‘(ti) =T;; V(tl‘) =V; and m(tz) =m; (8)
r(ty) =vr(ty) and v(ty) =vr(ty) ©)

where r;, v; and m; are the prescribed initial conditions of the probes x; = [r;, v;, m;], and
rr(ty) and vr(ts) are the known position and velocity of the target at the final time, fixed in the
case considered. The FO problem aims at computing the optimal control function u* = [a*, u*]
that minimizes J;. It is known however'* that the optimal control «* of an FO solution exhibits a
bang-bang, discontinuous profile, which makes the convergence of the solver difficult. A homotopy
technique was introduced in Ref. (21) to smooth the control profile, and gradually introduce this
discontinuity into the problem. The idea is to solve a LOTP having the following objective function

123 123
_ _ [ Tnaalr)
J. —JLE(x,u) dt_/Isp(T')go [u—eu(l —wu)]dt (10)

where ¢ = 1 corresponds to an energy optimal (EO) problem, and ¢ = 0 corresponds to a
FO problem. The problem is solved iteratively, gradually reducing € and providing as an initial
guess the solution to the previous problem, until ¢ = 0 is reached. To retrieve u* = [a*, u*| the
necessary conditions for optimality are derived by introducing the Lagrange multipliers, or costates,
A = [Ar, Ay, A\ associated to the states. The Hamiltonian function of the auxiliary problems for
e € [0, 1] reads

Tmaw (7‘)

Ho=Le+AT-f=X-v—Lroa, 4yl
r Isp(r>90

(Sc —e+eu) an

where S; is the switching function for the EO problem, and is defined as S = 1 — A, —
)\U%. The Pontryagin minimum principle (PMP)?® states that the control u*, to be optimal,

has to minimize H. at any time instant. Accordingly, the optimal thrust direction a* is chosen
29,30
as~>

A
a*=-20f A A0 (12)
Ay
where )\, is the norm of \,. The optimal thrust throttle factor »* is determined by both the PMP
and the constraints introduced in Egs. (2)-(6)



0 if Sc>e or Spc<epc or Sy, <Pun
ut = % if |Sc|<e and Spc>epc and Sp > Puin (13)
1 if S.<—e and Spc>epc and Sp > Puin

As a* and u* depend on S, and thus on both the state and costate y = [x, AJ, to find the
optimal control they have to be integrated for the whole trajectory. The augmented equations of the
dynamics are then considered, where o is substituted according to Eq. (12)

r=v
> o— _ K * Tmaz Ao
VvV = Tgr u Mmoo Ay
m — _u* ,f'muw
spdo
y - F(y> = \ 3 * _ ko k2
—— . L u* A (Avn 1+5)’u EU s T
)\T - ro (I' Av) r+ r3 A’U + m”tr + Ispg() t?“ 1y Zzz
Ay = A,
)'\m — u A;;z;maa:

(14)

where the dependence of both 75,,, and I, on r has been dropped to ease the notation. In
Eq. (14) the terms t, and i, represent respectively the derivative of 7}, and I, with respect to r

0 mazx T in :
o _ Omas(r) _ [P 0850 i Sp < Poas (15)
" or 031 otherwise
Ol sp(r A .
i. — alsl’(r) _ algi(n) 85;71 g: if SP < Pmam (16)
;= =
Or 031 otherwise

where Or/0r =r/r.

Multiple-interior Point Constraint

When u* is substituted in Eqgs. (14) according to the policy in Eq. (13), imposing the switching
off of the engine when Spc < epc and when Sp < P,,;, may not be an optimal action, as this is
not foreseen by the minimization of the Hamiltonian H. in the PMP. To satisfy the necessary condi-
tions of optimality, these events will be treated in this work as multiple interior-point constraints.!?
According to the interior-point formulation,'? at the time instant ¢5, when Spo crosses € pc or Sp
crosses Pp,n, the following additional jump necessary conditions have to be satisfied

a8
— _ + _ e
H.(t;)=H.(t5) -~ ot |, (17
a8
-\ — +
A(t5) ,\(t5)+nax . (18)




where the scalar Lagrange multiplier 7 is introduced and S is substituted into Spc when it crosses
epc and by Sp when it crosses P,,;,. Consider firstly the former case. It can be proved24 that a
closed form of mp¢c can be computed as

-1
aS Tmaa} -
o= (%3] ) Bl -avefter )] o

where Au = u (t;) — u (t]). As Spc depends only on time, the only discontinuity is present
in the Hamiltonian function, while the costates remain continuous across € pc. Consider now the
latter case. As Sp depends on the state when Sp crosses Py, there will be a discontinuity on both
the Hamiltonian function and the costates. It can be proved?? that also in this case a close form for
7p can be found as

Tma:v AUSE (tS) —&+¢ (’U, (t;> +tu (tj))

; 20
Ispgo Sp (ts) (20)

Tp =

where Sp = dSp/dt = (0Sp/dr)v. As Sp depends only on r, the jump condition Eq. (18)
applies only to A.. The existence of a closed form for both mpc and 7p transforms a potential
tedious multi-point boundary value problem usually generated by the interior-point constraints>!
back into a simpler two-point boundary value problem.

Shooting Problem

All of the theoretical formulation presented up to now describes a two-point boundary value
problem where the only left unknown variable is the value of the costates at the initial time, A\; =
A (t;). In particular, let y(t) = ¢, (yi = [Xi, Ai], t;, t) be the solution flow for a specific € value
of Egs. (14) integrated from the initial time ¢; to a generic time instant ¢, with v = «* provided by
Eq. (13) and x; provided by Egs. (8). Every time Sp crosses Py, the value of A.(¢]) is obtained
through Eq. (18). The two-point boundary value problem read as

r(ty) —rr(ty)
Find A7 suchthat y () = . ([xs, Aj], i, ty) satifies |v(ty) —vr(tf)| =0  (21)

l Ao (1)

Synthetically, this problem is a zero-finding one, where the function to null is the flow y (¢;) with
respect to the final boundary conditions and the variables to guess are the initial costates ;.

SOLUTION METHOD
Four-layer Continuation Scheme

The discontinuities introduced by the throttle factor policy of Eq. (13) prevent the solver from
reaching convergence. For this reason, a four-layer continuation scheme is implemented in this
work. The scheme assembles two schemes previously developed by the authors to ensure the conver-
gence of the problem, i.e., the Hyperbolic Tangent Smoothing (HTS)?? and the N, 4, -continuation.?*
The two are briefly recapped here. The idea of the HTS is to replace T}, () in all the above equa-
tions with Tmax(r, p) defined as

) Tovaw X (1, p) =T, xl[t h(Mﬂ it p>0
Tnaa(r,p) =4 " (7:) = Timaa x5 |tan P v 22)

Tmaz if p = 0



where p is a smoothing factor and F;, and F,,;, are expressed in Watts. The HTS works by
gradually reducing the value of p from a positive value to 0, in order to smooth the jump in control
due to Sp crossing P,,;,,. To visualize the effect, see Fig. 2, where the variation of Tmax(r, p) with
respect to P;, for different p values is shown. When p > 0, in Eq. (14) the term t, is substituted by
t,, defined as
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Figure 2. Variation of T, (r, p) with respect to P;,, for different p values.

(23)

- 0T maa(r) _ G p)t, + Tae 2l i Sp < Prge
0341 otherwise

dh __ 2h(1=h) 0Sp
or — p or *

Consider now the N,,,,-continuation: it gradually turns inactive coasting arcs into active ones,
i.e., the maximum number of forced coasting arcs N, due to Spc increases at each iteration of
the continuation scheme. The N4, continuation is depicted in Fig. 3. The variable u is defined as
the throttle factor in the N,,.-th coasting arc to be imposed, and it is the last additional parameter
on which a continuation is performed, if necessary. Starting from the FO solution (i.e., Ny = 0
and u; = 0), the number of active coasting arcs IV, is increased from O to 1. The FO solution
is used as the initial guess for this auxiliary problem (i.e., Ny = 1 and u¢ = 0). Supposing the
solution of this problem is obtained, N, is increased from 1 to 2, and the new auxiliary problem
is solved (i.e., Npqz = 2 and u¢ = 0). Suppose that instead, in this case, the solver fails. Then
u¢ is imposed as 1, and the new problem is solved (i.e., Np,q, = 2 and u; = 1). The value of u¢
is gradually reduced until u¢ = 0 is obtained. Starting from this solution as an initial guess, a new
problem with Ny, = 3 and u¢ = 0 is solved, and so on until the trajectory is OC.

where

Since the continuation on u¢ foresees a minimum value of throttle factor, in general, different
from 0, accordingly to the PMP,?? the optimal throttle factor policy turns from Eq. (13) to

Umin it Sc > (1= 2uUpmin)e or Spc<epc or Sp,<Puin
u* = 8555 if —e<S:<(1—2unin)e and Spc >epc and Sp > P (24)
1 if S.<—e and Spc >epc and Sp > Pin
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Figure 3. The N,,,.-continuation scheme.

where Upip is u¢ = 1 — 0 in the Np,q,-the forced coasting arc, and 0 otherwise. The four-layer
continuation is then a composition of the ¢ continuation from 1 to 0, i.e., from the EO to the FO
solution, the HTS, and the NN, 4,-continuation. The order of composition of these continuations is
paramount to ease the convergence of the problem. Since very ill-conditioned derivative matrices
(see next Subsection) are more likely to happen when several forced coasting arcs are present, the
composition is chosen as performing the HTS firstly, secondly, the e-continuation, and finally the
Npaz-continuation: in this way the discontinuity, and thus the ill-conditioning, would be encoun-
tered only at the final steps of the process.

Analytical Derivatives

To increase the accuracy and robustness of the computation, analytic derivatives of the shooting
problem are computed. In particular from Eq. (14) the state transition matrix (STM) ®(¢;,¢) is
derived. The STM maps small variations in the initial conditions Jy; over a generic time instant
t > t;, i.e., dy(t) = ®(t;,t)0y(t;). The STM is subjected to the variational equation

b(t,t;) = D,F®(t,t;) with ®(t;,t;) = Liap1a (25)

where D, F is the Jacobian matrix of F(y) and has six different expressions based on whether
u* is constant, p is 0, and Sp < P,,4,. Being subject to a variational equation, ®(t;,¢) has to
be integrated with states and costates. Defining as z = [y, vec(®)] the 210-dimensional vector
containing the 14 variables of y and the 196 elements of ®, where the ’vec’ operator converts a
matrix into a vector, the integration to perform to solve the problem is

. y =F(y)
2=Glz) = {vec(i)) = vec(D,F®) (20)

However, ® maps states and costates along a continuous trajectory, and the bang-bang profile

given by Eq. (13) creates discontinuities in it. At each switching time ¢;, compensations in the
STM, ¥(t,), must be added using the chain rule®

Bt t) =P(ts, th)CUN)P(ty, th )P(EN-1) ... ®(ty, )T (t1)D(t] . t:) (27)



where NV is the total number of discontinuities. Suppose that a discontinuity is detected at ¢
for the switching function S crossing 0, and thus for the optimal control «* jumping from O to 1
or vice versa. In this case y is continuous, but y is discontinuous, and it can be proved?? that the
compensation matrix W ¢(¢,) is given by

105,
Sf Oy

) = s+ 3(E) — 97) 28)

where S  1s the time derivative of the optimal switching function. Suppose instead that the jump
for u* from O to 1 or vice versa at ¢, is due to the switching function Spo crossing epc. Also in
this case y is continuous and y is discontinuous, but no compensation matrix is needed. Indeed,
since Spc/dy = 0, it results that

+
Ypo(ts) = ,) = Ti4z14 (29)

Indeed ¥ () maps variations of y(¢; ) in variations in y(¢7), and Spc does not depends on the
y, but only on time. Therefore, during the integration of Eq. (26), no corrections to the STM are
necessary for switching in Spc. Finally, consider the switching imposed by Sp trespassing Prin
and Pp.q.. In the latter case, again y is continuous, but y is discontinuous. It can be proved22 that
the compensation matrix ¥p, . (ts) is given by Eq. (28) where instead of Sy, the power switching
function Sp is considered. Instead, when Sp crosses Py;n, both y and y are discontinuous, and the
compensation matrix is given by??

aY(t+) 0Ay s ., .. 1 0Sp
Up  (ty) = S = Tygps + —2 + (y(t5) — y(t) — Ay)— —%
Ppin (ts) oy(iz) ~ ety (y(ts) —y(ts) Y)SP dy

(30)

where Ay is the jump in y due to the interior point constraint of Eq. (18), and it is defined as
Ay = [07><1, A)\r, 04><1], being A)\r = —Tp (8Sp/8r)

RESULTS
Switching Functions Modeling

Firstly, the modeling of the two switching functions Spc and Sp is presented. The duty cy-
cle switching function Spc = Spc(t), depending only on time, has to be properly modeled to
impose the correct duration of each forced coasting arc. This is performed by modeling it as a
pulse wave function, being similar to the thrust profile desired. In particular, due to its regularity
and smoothness with respect to the normal pulse wave function, an expansion based on the sinc
function sinc(t) = sin(nt)/nt is employed as

Spc(t) = % (1 + 2503 (sinc (n%) cos (27mft))> 31)
n=1

where A is the amplitude, 7" is the period, 7 is the pulse length, and f = 1/7 is the frequency of
the pulse wave. These values are customized in order to enforce the right duration of the coasting
arcs, e.g., to have duty cycles corresponding to a working week with 6 days of thrusting and 1 day of
coasting, 1" is imposed to be 7 days, and 7 to be 6 days (see Fig. 4(a) for reference). The expansion
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(a) Pulse wave modeling the duty cycles alternation. (b) Pulse wave modeling with sinc expansion.

Figure 4. Duty cycle switching function modeling as a pulse wave.

of the wave is truncated at a value n = 30 in order to have smoothness in the function (see Fig. 4(b)),
and £ p¢ is set to be half the value of the amplitude A, which is set to 0.2.

The power switching function Sp instead, and the function expressing 7,4, and I, as function
of the input power F;,, are handled using fourth-order polynomials

Sp(r) =co+ c1r + cor® + cgr® + cqr? (32)
Trnax(Pin) = ao + a1 Py, + a2 P2, + a3 P2, + a4 Py, (33)
Ip(Pi) = by + b1 Py, + ba P2, + b3 P + by Pp, (34)

where the coefficients a;, b; and ¢; are listed in the next section, and in general depend on the
engine used, being retrieved by experimental testings. The variations of Sp, Tjqz, and I, are
reported in Fig. 5. Note that the theoretical foundation for the modeling of both switching functions
remains valid as long as the dependence on the same variables is kept (¢ for Spc and r for Sp).
This means that different shapes of duty cycles or different engines can be used with the proposed
method to compute power-limited operational-compliant trajectories.

Numerical Simulations

The simulations in this subsection have been solved with a normalization of the variables involved
with the constants listed in Table 1. The simulations have been performed with an Intel i19-9980HK,
a total RAM of 16 GB, and Matlab R2023b. The integration code is converted to MEX to speed up
simulations. To perform the continuation in ¢, it has been imposed a variation Ae = 0.05, while for
p is chosen an initial value of 4 and a variation Ap = 0.5, and for u, a variation Aus = 0.1. The
continuations fail if Aus < 0.005, Ae < 1078, or Ap < 0.01. The integrations used to solve the
shooting problems are performed using a variable-step 7th_gth Runge—Kautta integration scheme,
where it has been imposed an integration tolerance of 10! and a maximum integration step in
order to have at least 3 nodes into each coasting arc.

The scenario assumed is the M-ARGO CubeSat one. The assumptions for the simulations are
reported in Table 2. The ephemerides of the asteroid 2010 UES]1 are retrieved from the Spacecraft
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Figure 5. Polynomials representing the performance of the engine.

Table 1. Constants used in the normalization.

Parameter Value

Sun gravitational constant, 1 1.327124x 10! km3/s?
Earth gravitational acceleration, go 9.80665 m/s?
Length unit LU 1.495978 x 108 km
Time unit TU 5.022643x10% s
Velocity unit VU 29.784692 km/s
Mass unit MU 28.2 kg

Force unit FU 0.142322 N
Power unit PU 4.980840x10% W

Planet Instrument Camera-matrix Events (SPICE) kernels of the HORIZONS system.** The depar-
ture date is set the 17¢" September 2023, with a time of flight of 581 days. The CubeSat is supposed
to depart from the Sun—Earth L2 Lagrangian point, and to rendez-vou with the asteroid. The values
of the coefficients in the polynomials of Egs. (32)-(34) are reported in Table 3.

The FO solution with the variable engine model and no duty cycle imposition is reported in
Figs. 6(a) and 6(b). To have this solution as baseline confrontation for the other solutions, the
values of P, = 80 W and P,,,, = 120 W have been imposed: note that those are indeed the
nominal values of the engine model selected, and they do not trigger the HTS continuation. In
Fig. 7 the profiles of the variable power, maximum thrust, and specific impulse of the FO solution
are reported as well. Note that the fuel consumption of this trajectory is 1.076004 kg.

To test the efficacy of the method proposed, several simulations triggering different values of
input power have been performed. For a preliminary analysis, the duty cycle scheme is set to 1" =
20 days and 7 = 18 days. The results of the simulations are reported in Table 4. The trajectories
in the J2000 reference frame as well as the profiles of input power, maximum thrust, and specific
impulse of these solutions are not reported as they are all very similar to the one in Fig. 6(a).

The four solutions show similar computational times, the higher being solution C. Note that so-

11



Table 2. Scenario assumptions.

Parameter Value
Asteroid 2010 UES1
Departure date 17 September 2023
Time of flight 581 days

mg 28.2 kg

T 20 days

T 18 days

Table 3. Coefficients of the polynomial for the performance of the engine.

P, 3 I sp Tmaw

co=840.11 W by =2652's ap =-0.7253 mN

1 =-17543 W/LU by =-18.123 /W a; = 0.02481 mN/W
¢y = 1625.01 W/LU? by = 0.3887 s/W? as = 0 mN/W?
c3=-739.87 W/LU? b3 =-0.00174 s/W3 a3 =0 mN/W3

cq = 13445 W/LUY by =0 s/W? as =0 mN/W*

o Initial Condition S Oé{ I I ‘I:]‘ D | ‘D %

e Final Condition

Thrusted Arc 0 100 200 300 400 500

0.01
0.005 (

z [LU]

-0.005
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(a) Trajectory in the J2000 reference frame. (b) Throttle factor, Sp, and Se profiles.

Figure 6. FO reference solution trajectory.

lution D triggers all the values of all the switching functions. In Table 4, the increment in propellant
mass A m,, is computed with respect to the reference value of 1.076004 kg of the FO solution. It
can be noted that the highest increments belong to solutions B and D. It is an expected result as
these solutions have a higher P,,;, and thus impose longer switching off of the engine, with respect
to A and C, where reaching P,,,, means just a cap on the maximum thrust and specific impulse.
All the solutions, however, have a A m,, lower than 3.5 %.

In Figs. from 8 to 9 the throttle factor u, Spc, Sp, and S; for each solution have been reported.
The brilliant green lines highlight where the switching off of the engine is imposed by the optimality
of the solution, i.e., where S; > 0. The yellow lines highlight where the switching off of the engine
is imposed by insufficient input power, i.e., where Sp < Pin.
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Figure 7. Input power, 7},,,,, and I, of the FO solution.

Table 4. Summary of the results of the simulations.

Solution P,,;, (W) Py (W) mg(kg) Amg (%) CPU time (s)

A 80 120 1.076380 0.0350 12.11
B 90 120 1.112183 3.3624 14.63
C 80 105 1.076410 0.0461 28.95
D 90 105 1.112714 34118 14.94
sosf  [TTTTT AT [T1 NI ~oof [TTTTT [TTT1 MT1 |

0 200 400 500 o 200 300 500
t (days)

£ (days)

(a) Solution A, with Py,in, = 80 W and Py, = 120 W. (b) Solution B, with Ppin = 90 W and Pruar = 120 W.

Figure 8. Solutions A and B, with P,,,, = 120 W, and P,,;, =80 W and P,,;,, = 90 W, respectively.

Remarkably, all the throttle factor profiles show the same structure of 4 main thrusting periods,
coming from the FO solution. Solutions B and D however, show only 3, as the switching off of the
engine for insufficient input power eliminates one thrusting possibility.

In Fig. 10 it has been reported the profile of the costate A, for solution D. Around day 350 a jump
in the value of the costate can be noted. This is in accordance with the jump conditions of Eq. (18)
as at that instant the input power crosses Py, (visible in Fig. 9(b)). Accordingly, also, no jump can
be appreciated around 200, when firstly the input power crosses Pp,;,. Indeed, the engine is already
off for S. > ¢, and thus no discontinuity in y is experienced, as expected.
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Figure 9. Solutions C and D, with P,,,, = 105 W, and F,,;,, = 80 W and P,,;,, = 90 W, respectively.

0 100 200 300 400 500
t (days)

Figure 10. Profile of the costate A, for solution D.

CONCLUSION

In this work, the problem of operationally compliant trajectories is investigated. The problem
includes the imposition of duty cycles, a pre-defined alternation of thrusting and forced coasting
arcs, and a limited-and-variable power engine model. A novel formulation of these constraints in
indirect trajectory optimization is presented, formulated as multiple-interior point constraints.

The optimization is based on a four-layer continuation scheme and the use of analytic derivatives
for robustness and accuracy. The necessary conditions for optimality are derived for the fuel optimal
problem, as well as the multiple jump conditions in the Hamiltonian and in the Lagrangian costates.
The proposed method is applied to the M-ARGO CubeSat scenario. Through several tests, it is
proven to generate trajectories in a fast way, without any need for prior knowledge of the thrust
profile. The solutions are shown to respect the mathematical formulation derived. Moreover, they
are similar in thrusting profiles to the fuel optimal solutions without constraints and show increments
in propellant mass with respect to this last one lower than 3.5 %.

This method allows the design of trajectories paramount for the future mission design of inter-
planetary stand-alone CubeSat missions.
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