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GOAL-ORIENTED TRAJECTORIES ABOUT MINOR BODIES
USING SEQUENTIAL CONVEX PROGRAMMING: A STOCHASTIC
APPROACH

Carmine Giordano; Stefano Campagnola] and Francesco Topputo*

The exploration of minor bodies is crucial for understanding the solar system’s
origins and resource potential. Small satellites, appealing in this context, face
challenges such as limited control, state uncertainties, and command errors. Tradi-
tional trajectory design methods, which focus on nominal paths, are labor-intensive
and lack robustness. This work introduces a novel methodology combining poly-
nomial chaos expansion and sequential convex programming to compute goal-
oriented robust trajectories that account for uncertainties in dynamics, navigation,
and control. Numerical simulations demonstrate the method effectiveness in pro-
viding robust, feasible solutions, emphasizing the need for a stochastic approach
in uncertain environments.

INTRODUCTION

Recently, the exploration of minor bodies within the solar system has gained increasing interest
due to their potential to reveal the origin of life,! explain the evolution of the solar system,? and
provide resources for sustainable development of the humankind on Earth and in space.> On the
other hand, small bodies also pose a substantial threat to life on Earth, as their impacts can cause
catastrophic events.* For these reasons, the necessity of a thorough characterization of small bod-
ies in terms of surface composition, internal structure, and physical features has become a primary
objective in planetary science.” While ground-based surveys could be exploited to retrieve coarse
estimates on the dimensions, shape, and rotational state, in-situ observations with robotic probes
are required for detailed analyses and deeper evaluations of physical and dynamical properties.® In
light of this, the scientific community has prioritized missions aimed at studying minor bodies.”!!
Alongside large-scale missions, in recent times, there has been an increasing momentum in employ-
ing small platforms, such as CubeSats and SmallSats, in order to get considerable scientific return
at significantly lower costs.!> !> However, due to their limited size and mass constraints, miniatur-
ized probes often rely on novel electric propulsion systems to maximize efficiency and minimize
the propellant mass to be embarked.'* !> Thus, small platforms are characterized by (1) limited—
control authority (due to low thrust levels and a skeletal propellant budget), (2) large uncertainties
in the state knowledge (due to novel techniques in navigation and/or limited access to on-ground
facilities), (3) and large errors in command actuation (due to low-maturity components). These
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characteristics, along with the inherent uncertainties typical of highly perturbed environments, ne-
cessitate the trajectory design to consider the full stochastic envelope of all possible trajectories in
highly non-linear settings to avoid unflyable or unnecessarily expensive paths.

Traditionally, the conventional approach to design trajectories for close proximity operations (CPOs)
about minor bodies focused only on computing the nominal path, that either was a long-term stable
orbit, which could be challenging to find in extremely chaotic environments and have limited flex-
ibility in terms of illumination and range, or designed by identifying scientifically valuable points
and manually connecting them.!®!3 This last process is labor-intensive, time-consuming, and re-
quires extensive human intervention. To address these challenges, in recent times, goal-oriented
approaches have emerged, where high-level mission objectives are provided to an algorithm that
autonomously computes the trajectory within a continuous replanning framework to best achieve
the desired scientific objectives. This approach has been introduced by Surovik and Scheeres'® by
applying heuristic-guided reachability analyses in a receding horizon scheme with the aim to design
trajectories with impulsive orbit control maneuvers that fulfill abstractly specified science goals.
Despite their potential, current goal-oriented approaches depend on reachability maps. While robust
and suitable to be applied to onboard planning, reachability maps can be limiting, particularly for
platforms equipped with continuous thrust systems. Additionally, even if they have been modified to
consider also uncertainties in the dynamics, these approaches rely on a rather simplistic uncertainty
quantification method, that could be unsuitable for highly perturbed settings and could misestimate
the quantities of interest.

In this work, a novel methodology to compute robust goal-oriented trajectories about minor bodies
is presented, embedding directly in the optimization problem the uncertainties in dynamics, nav-
igation, and control. This approach transform the stochastic nonlinear optimal control problem,
describing the uncertain goal-oriented trajectory design about minor bodies, in a deterministic con-
vex programming problem by exploiting polynomial chaos expansion (PCE) and sequential convex
programming (SCP)** with the aim to compute optimal trajectories that satisfy both engineering
constraints and scientific goals in a stochastic sense.

PROBLEM INTRODUCTION

Given a spacecraft equipped with low thrust propulsion system flying close to a minor body,
the robust goal-oriented minimum-fuel problem has the aim to find a trajectory satisfying all the
scientific targets in a given timeframe in a stochastic sense while minimizing a stochastic metric
for the use of the propellant. In this work, without loss of generality, the scientific goals will be
represented as conical frusta'®2! (Fig. 1). It is required that the spacecraft state distribution lies
within the conical region with a certain probability, so that it is possible to observe relevant features
a) within a given range, to respect a desired ground sampling distance and avoid safety concerns,
b) and within a certain angle from the normal, to have a clear view of the feature, with reasonable
certainty.

Thus, the stochastic goal-oriented minimum-fuel problem can be formalized as

Problem 1 (General stochastic goal-oriented minimum-fuel problem).

Mini(nglize J = —FE[m(ty)] (1)
u(t



Figure 1: Representation of scientific goal. The green volume is the target region.
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Eq. (2) represents the stochastic dynamics as a system of stochastic differential equations in the
It6 form, where x = [r, v, m]T is the state, embedding the position, the velocity, and the mass,
respectively, and w is a generic Gauss—Markov (GM) process, used to represent uncertainties in the
dynamics, with 5 = 1/7 the autocorrelation factor, ¥ denoting a generic diffusion term and W,
a Wiener process. T is the thrust vector and T}y, its attainable maximum value, I, the thruster
specific impulse, and gg gravitational acceleration at sea level.

The i-th scientific target is described as a chance constraint, with r, the position of the feature,
Tm and rjs, the minimum and maximum distance from the feature, respectively, and « the semi-
aperture of the conical frustum, which requires that the probability to be in frustum is higher than a
desired value Pry.

> Prs for some t; € [to,tf], fori=1,..., N, (4b)

PROBLEM IMPLEMENTATION
Gauss—Markov processes evalaution

Since that in Eqgs. (2) the Gauss—Markov processes are decoupled from the state, they can be
solved a-priori and used later on as time-dependent forcing terms. In this way, the original SDEs
are transformed into simpler random ordinary differential equations (RODE).



Given a generic Gauss—Markov process (i.e., a stationary Ornstein—Uhlenbeck process), obeying
the Langevin equation®?

dwt = —Bwtdt + O'th (5)
it has solution equal to
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A direct unique solution cannot be evaluated except in a statistical sense since the integral depends
on the noise. One possible solution to this problem is to substitute the driving continuous noise,
with a driving random sequence, that is a piecewise constant function W (t) = Wy if t € [tx, tg11].
However, usually it requires a high number of terms to be accurate enough. An alternative approach
is to use the Karhunen—Logve expansion. In this case, the process is approximated by a finite sum?>

d
w(t) = >V Niei(t)Wi (7)
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where e;(t) are eigenfunctions of the space spanned by the process covariance function, \; the as-
sociated eigenvalues, and W; normal Gaussian random values. For normalized stationary Ornstein—

Uhlenbeck processes, the eigenvalues are”’
A= w?i/p ®)
where w; are the ascending-ordered roots of the equation
wcos(wT) + <—1 + ﬁ) sin(wT’) =0 )
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The eigenfunctions are, instead, defined as?3
e;i(t) = C; (w; cos(w;t) + B sin(w;t)) (10)
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Control parametrization

In order to facilitate the problem solution in a SCP setting, the coupling between state and control

in Egs. (2) could be eliminated by defining two new control variables, and a different metric for the

mass?*

F(t):”:LEgH, (1) = 2 ) = n(m(t))

Additionally, in order to proper model uncertainties on the continuous thrust, the thrust accelera-
tion variable is modeled as a GM process, that is

dr; = —Bredt + 27 aw;, (13)



in which the variable X(7) is its standard deviation.

Its standard deviation can be retrieved by assuming that the engine can be modeled by exploiting
a Gates-like model®® for continuous thrust, that considers a proportional error 5T on the thrust
magnitude, and additive errors d« and §3 on the azimuth and elevation angles, respectively, i.e.,

cos (a + da) cos (B + §5)
7= (14 6D)T |sin(a+ da)cos (8 + 60) (14)
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By expanding the Eq. (14) and discarding higher-order terms, it can be found that the control can
be modeled as a Gaussian variable with mean equal to 7 and standard deviation
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Thus, the noisy thrust acceleration 7 can be stated as
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Furthermore, in order to keep the equation of motion affine in the control, 3 new control variables
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Chance constraints formulation

Uncertainties in the dynamics and control prevents any possible assumption on the evolution in
time of the stochastic characteristics of the state. Hence, it is not possible to infer the distribution
of the state at any time, different from the prescribed initial value. For this reason, the chance
constraints defined in Eq. (4) are encoded as distributionally robust chance constraints (DRCC),?
i.e., considering using a conservative formulation able to handle any arbitrary distribution of the
state vector. However, DRCC can be formulated only for linear and purely quadratic constraints.
Thus, the cone is Fig. 1 is approximated as the intersection of four planes, so that second order cone
constraint in Eq. (4b) can be replaced by 4 linear constraints, that is

Pr[HR (r(t;) — rc;) < 0] > Py, for some t; € [to, 1] a7n
where H is a4 x 3 matrix containing the normal of the planes
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Exploiting the DRCC formulation, Eq. (17) is reduced to
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with p, and 3, the mean and covariance matrix of the position.




Uncertainty quantification

Linear uncertainty quantification techniques may fail in proximity of minor bodies due to the
chaotic and strongly perturbed environment. For this reason, a nonlinear method is required.”’ In
this work, polynomial chaos expansion will be exploited, since it has been proven to accurately
quantify the uncertainties in CPOs and it has been already effectively used within optimal control
problems.?®?3 In PCE, the quantities under investigation, i.e., the state, are approximated using>’

X&) = Y cal®)alf) (20)
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where A, 4 is a set of the multi-index of size d and order p defined on nonnegative integers, and
& =1[&,. .., &) is the set of input random variables.

Generation of a PCE means computing the generalized Fourier coefficients cq (). In this work, an
intrusive approach will be exploited to this aim.

The intrusive approach solves for cq(t) by performing a Galerkin projection of the governing
stochastic equations onto the {1 (&)} subspace. By doing so, a number of ODE is added to the
original problem to compute the PCE coefficient, and they are

dea(t) 1 c
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Assuming to use a normalized basis, Eq. (21) becomes
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The dynamics can be subdivided based on the dependence on the state and control
f(x(t),u(t),t) = fy(x,t) + B(w, t)u(t) + C(w,1) (23)

Hence, Eq. (22) becomes
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where the independence of the control and the Gauss—Markov processes from the state has been
exploited together with the orthogonal properties associated to the PCE basis.

Solving the integral in Eq. (24) could be cumbersome and computational intensive. However, the
use of sparse stochastic quadrature techniques can be helpful

M
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Substituting the integral with a sum is able to reduce the infinite multidimensional space in a man-
ageable finite domain.



TRACKING CONTROL USING LINEAR QUADRATIC REGULATOR

The stochastic problem presented up to now it an open-loop problem. However, in this case, the
trajectories dispersion tends to increase indefinitely, making possible to study only short portions
of the trajectory. In a real-life scenario, trajectory correction maneuvers (TCMs) are inserted at
certain prescribed times to control dispersion evolution. Usually, TCMs are computed by means of
a predefined control policy. A linear feedback control, i.e.,

T = T + 11 ()A(k — Xk) (26)

is usually used for its simplicity and efficiency. In this work, exploiting the PCE approximation
of the state and the control structure given by Eq. (16), the feedback control can be rewritten as

d
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Following this formulation, the dynamical equations in Eq. (24) are modified to include the feedback
control. Specifically, the first term in Eq. (27) is included in fy, since it contains terms dependent
only on cq and v, the second term is (already) included in 3, while the last term is (already)
embedded in C.

The different linear feedback control policies depends on how the gain matrix II; is computed.
While it can be appended in the decision variable vector, and found within the optimization problem,
in this work, the linear quadratic regulator (LQR) is exploited to estimate the gain matrix with
minimal additional computational effort. Since the control must both minimize the final mass and
respect the chance constraints, the cost function of the LQR is chosen to be

n
J = —C(Q)ﬂn + Z()A(z — XZ')T()A(Z‘ — Xi)
=1

where the sum on ¢ counts for the target states.
Since the system considered in the SCP problem is designed to be finite-horizon and discrete-time,
the gain matrix can be computed as*’

1
Iy = — (Bf Fr41Br)  (BiFe1Ar) (28)

where the matrix F}, is found iteratively backwards in time by the dynamic Riccati equation

—1
from the terminal condition Fiy = [0,0,0,0,0,0, —1]".

THE STOCHASTIC CONVEX MODEL

All the building blocks are then put together, and the problem is convexified following the
paradigm of the SCP,?° then discretized by subdividing the timespan [to, t 7] into N segments. Sci-
entific targets can be encoded by using the Big M method. Hence, Problem 1, a stochastic nonlinear
optimal control problem, is converted in the following deterministic mixed-integer second-order
cone constraint problem (MISOCP).



Problem 2 (Convex programming problem for the robust goal-oriented minimum-fuel problem).
Find y = [cq i, Uk, Vi, ], K =1,..., N, such that
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The variable ~; ;. is the index binary variable for the single scientific target, i.e., it is 1 if the target
1 is respected at point k, and O otherwise, with M a sufficiently large value. Last term in Eq. (30)
is a reward function, that is 0 whenever the goal is not reached and it decreases with the number of
nodes satisfying the goal, being —\, when all the targets are satisfied at least once.

NUMERICAL SIMULATIONS

The performances of the SCP algorithm to solve the robust goal-oriented problem about a minor

body are evaluated by means of several numerical simulations. In SCP, the basic algorithm foresees
to solve the convex programming problem recursively. However, MISOCPs are usually more diffi-
cult to solve than simple SOCPs. For this reason, it is preferable to reduce the times the MISOCP
is solved. The MISOCP is solved iteratively until the nonlinear constraint metric ||h|| is below a
certain threshold . When this condition is satisfied, the binary variable - is fixed and so a simple
SOCEP is solved in the following iterations.
Iterations are stopped successfully if the maximum nonlinear constraint violation and the improve-
ment of the modified mass metric are below a certain threshold, i.e, ||h||; < epand Z — z < e,. On
the other hand, the procedure is terminated without success if the relative difference of the solution
vector in two consecutive iterations is below a certain threshold (i.e., ||z — z||; < €,), meaning that
there is not any improvement in the solution, or if the trust region radius is too small (i.e., R < ).
All these relevant parameter are provided in Table 1.




Table 1: SCP parameters

Parameter Value

A 100.0

M 100.0

Ry 1000.0

q 100.0
(en,&2,60,6r) | (1076,107%,107%,107%)

Simulations overview

In order to test the algorithm presented, a CubeSat flying about a small asteroid in a Sun-stabilized
terminator orbit (SSTO) is used as test case scenario. The scenario is based on the ESA’s mission
SATIS 3! SATIS is a 12XL CubeSat having the aim to reach the asteroid Apophis before its flyby
with the Earth in 2029 and perform scientific activities to characterize the asteroid before and after
its close encounter. In this case, the target is modeled as a tri-axial ellipsoid.>> The CubeSat is
considered to be placed on an SSTO, generated with the procedure in Takahashi and Scheeres,
and perturbed by the SRP and the gravitational perturbatons by the Sun, the Earth, and the Moon.
This choice is common in CPOs close to minor bodies due to the stability of this kind of orbit in a
high-perturbed environment, like the one of Apophis close to its close encounter. A single TCM at
3.5d is considered.

Table 2 summarizes the main values of both target and spacecraft associated to the test case scenario.

Table 2: Test case scenario parameters. I/ indicates the uniform distribution.

Parameter Value
Initial orbit semimajor axis ag U(0.6km, 1.5km)
mo 25kg
Spacecraft Tnax 2mN
I 1500s
Cr 1.3
A 1.5m?
Gravity type Tri-axial ellipsoid
Main body n 2.736 463 x 10~ km®/s?

(a,b,c) (228.966 m, 159.026m, 139.798 m) 32

w 283.46°/d 3*
« 20°
Goals T 0.5km
M 5km

00 15 m (1% range) 35
Uncertainties Tv0 15mm/s (1% velocity) Adapted from

or 1% magnitude
O(a,B) 1 deg
1/864001/s

The test case setting is made of 20 simulations with random initial conditions and random targets
(distributed uniformly on the target surface), and with the characteristic provided in Table 3 are
performed. All the simulations are carried out in Julia, on a 8-core Intel Core i17-10870H@2.20GHz
computer with 32 GB of RAM.

Results

An example solution is provided in Fig. 2. This solution has been selected as example, since it
shows clearly the impact of uncertainties in fulfilling scientific objectives. Indeed, it can be noted



Table 3: Simulation parameters

Parameter Value
Time of Flight 7d
Initial time % January 1, 2029

Number of goals N, 10
Maximum runtime 27008
Maximum iterations 50

that targets are respected only at the beginning and at the end of trajectory. This behavior, although
not general, depends on the evolution of the dispersion, and how large dispersions prevent the targets
to be satisfied. In fact, Fig. 3 shows the evolution of the dispersion over time. It can be noted that
the targets are satisfied when the dispersion has lower values (i.e., at the beginning and towards the
end). Additionally, the efficacy of the LQR to control the dispersion can be also observed.

Figures 4 shows the results of the numerical simulation. Two different discretization methods, a
low-order Hermite Legendre—Gauss—Lobatto (LGL-3) collocation method and a First-Order Hold
(FOH) control interpolation method are compared in terms of convergence ratio and computational
times. The time metric is the 90-th percentile of the converged solutions. Results are similar to the
one of the deterministic problem.>® FOH is able to have better convergence properties even if longer
computational times are required, while LGL-3 is faster but it exhibits lower convergence rates.

Comparison with deterministic solutions

Uncertainty in the dynamics and control can perturb significantly the real path of a spacecraft
with respect to the nominal deterministic trajectory. These deviations can be so relevant that the real
trajectory is not able to satisfy anymore the scientific goals, as intended. As a matter of fact, it could
happen that Problem 2 can be unfeasible (and so it can not converge) if a deterministic solution in
terms of targets to be satisfied is given as initial guess.

In order to quantify and assess this behavior, a test made of 50 different simulations, with random
generated targets has been performed, solving three different problems:

1. the deterministic problem (solved as in3%), indicated with D;

2. the stochastic problem, hot-started with the deterministic problem target matrix «y (i.e., with-
out solving the mixed-integer problem), indicated with S*;

3. the stochastic problem from scratch (i.e., solving the mixed-integer problem to find ), indi-
cated with S.

The 50 simulations show different behaviors that can be grouped in four categories:

* S=S*=D. In 1 case (2% of the cases), the deterministic solution is optimal also from the
stochastic point of view, meaning that D, S*, and S provide the same solutions in terms of
target matrix and control profile.

o S=S*+£D. In 7 cases (14%), the target matrix is the same in both D and S, but the control
profile is different. Of course, S* and S show the same control profile.

* S=#S*. In 4 cases (8%), S* and S have different optimal target matrices, with S being cheaper,
meaning that the deterministic target matrix is not optimal in the stochastic sense.

10
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* Infeasible S*. In 28 cases (76%), the problem S* is infeasible, meaning that the target matrix
coming from D cannot give a feasible solution in stochastic sense.

The last three cases are the most interesting to be analyzed further.
Figure 5 shows an example for the case S=S*=£D. It can be noted that in the stochastic solution the
thrust profile is slightly changed (Fig. 5a). This tweak in the control moves the optimal nominal
state during the observation of target #10 closer to the cone axis (Fig. 5c). This allows the stochastic
scientific target to be respected.
An example for cases with S#£S* is given in Figs. 6 and 7. In both cases, the number of targets
observed is 2, but the total thrust time for the case S* is 1.75d, while it is only 1.575 d for S. Hence,
while it is still possible to find a stochastic solution starting from the deterministic result, the full
stochastic optimal trajectory allows to a 10% reduction in the propellant use.
In the last cases, S* does not converge due to infeasibility of at least one target chance constraint.
On the other hand, an optimal stochastic solution can be found. It is the most frequent record,
and an example is provided in Fig. 8. In the provided solution, only 3 targets are satisfied for
problem S, in opposite to the 4 of problems D (and S*). This is mainly related to the fact that in the
deterministic solution a long thrusting arc is needed to maximize the scientific output (Fig. 8a). As
consequence, due to control errors, the dispersion grows significantly. Additionally, the LQR is not
able to control it anymore. Conversely, the stochastic solution flies a lower dispersion trajectory and
the state distribution is able to fit in all the target conical frusta. Indeed, in this case, the stochastic
solution trades a lower number of target for a more robust trajectory.
It should be noted, however, that the example provided is peculiar. In most of the cases where S* is
infeasible, the number of targets does not change, but it changes which target is satisfied and when
during the trajectory. As a matter of fact, S* would require to satisfy the scientific constraints when
the dispersion is too high and cannot be reduced, while the solution for the problem S finds the
targets to be satisfied when the dispersion is lower (e.g., at the beginning or after the TCM).

CONCLUSION

In this work, an algorithm to compute robust goal-oriented fuel-optimal trajectories for low-thrust
spacecraft about minor bodies is introduced. The methodology is based on a combination of sequen-
tial convex problem and polynomial chaos expansion. Under the SCP framework and exploiting the
intrusive PCE formulation, the stochastic nonlinear problem is translated in a mixed-integer second-
order cone constraint problem, that is solved iteratively to find the optimal trajectory. Numerical
simulations are used to evaluate convergence and computational effort. Two different discretization
methods have been tested and no significant difference has been found in test case scenario. The al-
gorithm is able to provide optimal solutions in about 1200 seconds with a convergence rate of about
the 80%. Additionally, a comparison with deterministic solution have proven that in this context the
use of a robust stochastic approach is needed to avoid to fly unfeasible trajectories for the scientific
point of view.
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Figure 8: Example for the case with infeasible S*.
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