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GOAL-ORIENTED TRAJECTORIES ABOUT MINOR BODIES
USING SEQUENTIAL CONVEX PROGRAMMING: A

DETERMINISTIC APPROACH

Carmine Giordano*, Stefano Campagnola†, and Francesco Topputo‡

The exploration of minor bodies offers insights into the solar system’s origins and
potential resources. Small satellites are becoming more appealing for close prox-
imity mission since they are cost-effective. However, traditional trajectory design
methods are labor-intensive and rigid. This paper presents a novel methodology
using sequential convex programming to compute goal-oriented trajectories for
spacecraft with continuous thrust systems in close proximity operations. The ap-
proach integrates engineering constraints and scientific objectives, demonstrating
effectiveness through simulations of non-Keplerian and closed orbits around aster-
oids. The flexibility and efficiency of the method mark a significant advancement
in optimal trajectory planning for minor body exploration.

INTRODUCTION

Recently, the exploration of minor bodies within the solar system has gained increasing interest
due to their potential to reveal the origin of life,1 explain the evolution of the solar system,2 and
provide resources for sustainable development of the humankind on Earth and in space.3 On the
other hand, small bodies also pose a substantial threat to life on Earth, as their impacts can cause
catastrophic events.4 For these reasons, the necessity of a thorough characterization of small bod-
ies in terms of surface composition, internal structure, and physical features has become a primary
objective in planetary science.5 While ground-based surveys could be exploited to retrieve coarse
estimates on the dimensions, shape, and rotational state, in-situ observations with robotic probes are
required for detailed analyses and deeper evaluations of physical and dynamical properties.6

In light of this, the scientific community has prioritized missions aimed at studying minor bodies.
Several spacecraft have been launched in the past to investigate both asteroids (such as OSIRIS-
REx,7 Hayabusa 2,8 and NEAR Shoemaker9) and comets (like Stardust10 and Rosetta11), with
several others en route or planned in the next years, as Psyche12 and RAMSES.13 Recently, an in-
ternational collaboration between NASA and ESA, the Asteroid Impact and Deflection Assessment
(AIDA), has been conceived in the planetary defense framework to study the deflection capability
of a kinetic impactor on potentially hazardous Near Earth Objects (NEO).14 In this context, the
secondary asteroid of the Didymos system, Dimorphos, was impacted by NASA’s Double Asteroid
Redirection Test (DART) spacecraft in 2022.15 The binary system will be visited again in 2027
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by ESA’s Hera mission, that will carry out scientific investigation on the dynamical and physical
properties of the binary system, and their changes after the impact.16

Alongside large-scale missions, in recent times, there has been an increasing momentum in employ-
ing small platforms, such as CubeSats and SmallSats, in order to get considerable scientific return
at significantly lower costs.17, 18 Notably, both DART and Hera have carried and released CubeSats
in situ (LICIACube,19 and Juventas20 and Milani,21 respectively), with the aim to support scientific
observations. Additionally, concepts of standalone small satellites, reaching a target minor body de-
parting from the Earth, have been devised. However, due to their limited size and mass constraints,
miniaturized probes often rely on electric propulsion systems to maximize efficiency and minimize
the propellant mass to be embarked.22, 23

Traditionally, the conventional approach to design trajectories for remote-sensing missions in close
proximity operations (CPOs) about minor bodies has been either to fly long-term stable orbits12, 20

or identify scientifically valuable points and manually connect them to design the trajectory.24–26

In the former case, closed trajectories requiring minimum orbit maintenance are exploited, even
though finding them could be challenging due to the extremely chaotic environments. Additionally,
they have limited flexibility in terms of illumination and range, affecting the potential scientific
return in case of remote-sensing passive payloads. In the latter case, the trajectory design is labor-
intensive, time-consuming, and requires extensive human intervention. To address these challenges,
goal-oriented approaches have recently emerged, wherein high-level mission objectives are pro-
vided to an algorithm that autonomously computes the trajectory within a continuous replanning
framework to best achieve the desired scientific goals. Surovik and Scheeres27 introduced this con-
cept by applying heuristic-guided reachability analyses in a receding horizon scheme, enabling the
design of trajectories with impulsive orbit control maneuvers that meet abstractly specified science
goals. Reachability maps, which represent the regions of space a spacecraft can access from a
given maneuver point based on its propulsion capabilities and mission constraints, play a key role
in this process by guiding the algorithm in identifying feasible paths. This methodology was later
expanded to perform a global mapping of a minor body28 and to address both stringent engineering
and scientific constraints for binary asteroid exploration.29

Despite their potential, current goal-oriented approaches depend on reachability maps. While ro-
bust and suitable to be applied to onboard planning, they can be limiting for platforms equipped
with continuous thrust systems.
In this work, a novel methodology to compute goal-oriented trajectories around minor bodies is pre-
sented, with special interest in small platforms utilizing continuous thrust. This approach solves the
nonlinear optimal control problem for goal-oriented trajectory design by leveraging on sequential
convex programming (SCP),30 aiming to compute optimal trajectories that satisfy both engineering
constraints and scientific goals. Additionally, the approach automates the selection of the mission
objectives to be fulfilled by determining within the optimization algorithm which targets can be met
and when, streamlining the trajectory design process. The use of SCP is particularly advantageous
as it reduces the complexity of the problem to solving mixed-integer second-order cone programs
rather than a more challenging mixed-integer nonlinear program, and it has the ability to efficiently
handle nonconvex optimal control problems with nonlinear dynamics and constraints, as shown in
various aerospace contexts, such as powered descent guidance31 and low-thrust trajectory optimiza-
tion.32, 33 As a matter of fact, by breaking down the problem into simpler convex subproblems, SCP
enhances numerical tractability compared to directly solving the full nonlinear problem.
Different discretization techniques, thrust region methods, and scientific constraints formulations
are applied to the methodology and then compared by performing numerical simulations in two
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different scenarios: a non-Keplerian trajectory about a small asteroid, and a closed orbit about a
bigger minor body. Lastly, the flexibility of the methodology is demonstrated by applying it to an
alternative formulation for the scientific constraints and to different sets of constraints.

BACKGROUND

Goal-oriented trajectory design

The goal-oriented trajectory design problem has the aim to find a trajectory close to a minor body
satisfying all the scientific targets in a given timeframe. Scientific objectives can be described as
high-level functions that must be respected at least in a single point along the path. These objectives
can represent a range of potential scientific goals, depending on the mission’s overall purpose, e.g.,
flybys at specific altitude and latitude for gravity or radio science, or high-phase limb observations
to study the atmosphere. Without loss of generality, the scientific objectives in this work focus on
remote-sensing observations using passive payloads to observe features on the minor body. Specif-
ically, in this work, the scientific merit is measured by the number of successful observations of
features located within a conical region, with the cone centered nadir to the spacecraft and having a
width equal to the field of view. This formulation inherently constrains the spacecraft attitude and
assumes no use of mirrors or gimbals. These assumptions not only are common in the goal-oriented
settings,27, 29 but they are also particularly reasonable for small satellites, where passive payloads
are favored for their lower power consumption, and the exclusion of mirrors or gimbals helps mini-
mize mass and avoid the complexities associated with mechanical systems.
As consequence, each scientific target can be represented as mathematically as conical frusta (Fig. 1),
which allows to observe the specific feature a) within a given range, to respect a desired ground sam-
pling distance and avoid safety concerns; b) within a certain angle from the normal, to have a clear
view of the feature.
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Figure 1: Representation of scientific goal. The green volume is the target region.
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The mathematical representation of this kind of scientific targets is29

rm ≤∥r(tk)− rci(tk)∥ ≤ rM

r(tk) · rci(tk)
∥r(tk)∥∥rci(tk)∥

≤ cosα

(1a)

(1b)

where r is the position of the spacecraft at the given time tk and the i-th scientific target is described
by the position of the feature rci , the minimum and maximum distance from the feature, rm and
rM , respectively, and the semi-aperture of the conical frustum α.

Sequential convex programming

Sequential convex programming is a powerful method for solving optimal control problem by
transforming nonconvex problems into a series of easier-to-solve convex subproblems. This ap-
proach allows efficient handling of complex dynamics and constraints, making it particularly useful
for optimizing continuous-thrust trajectories. The efficiency and flexibility of SCP have made this
approach popular in various aerospace contexts, such as powered descent guidance31 and interplan-
etary trajectory design.32, 33

In order to understand how SCP is currently exploited, a generic low-trust optimal control problem
can be considered. It can be formalized as

Minimize
u(t)

J := −m(tf ) (2)

subject to 
ṙ = v

v̇ = ff (x, t) +
T(t)
m(t)

ṁ = −∥T(t)∥
Ispg0

, x(t0) = x0 (3)

and
0 ≤ ∥T(t)∥ ≤ Tmax (4)

where x = [r,v,m]T is the state, embedding the position, the velocity, and the mass, respectively,
T is the thrust vector and Tmax its attainable maximum value, Isp the thruster specific impulse, and
g0 gravitational acceleration at sea level. The term ff (x, t) represents the free-body dynamics.

Decoupling states and control In this context, the first step to be performed in order to facilitate
the problem solution in a SCP setting is to eliminate the coupling between state and control in
Eqs. (3) by defining two new control variables, and a different metric for the mass36

Γ(t) =
∥T(t)∥
m(t)

, τ (t) =
T(t)

m(t)
, z(t) = ln(m(t))

In this case, the equations of motion become
ṙ = v

v̇ = ff (x, t) + τ (t)

ż = − Γ(t)
Ispg0

(5)
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Additionally, in order to assure compatibility among the new variables, the constraint

∥τ (t)∥ = Γ(t) (6)

is added, while Eq. (4) in the new variables is

0 ≤ Γ(t) ≤ Tmax e
−z(t) (7)

Convexification Then, Eqs. (5) is linearized about a reference solution (x̄, ū), with the control
vector defined as u = [τ ,Γ]T , and a trust-region constraint is added to keep the linearization valid.30

Thus, the convexified optimization problem for a generic continuous-thrust problem is

Minimize
u(t)

J := −z(tf ) + λ∥ν(t)∥1 + λ
∑

j∈Ineq
max (0, ηj(t)) (8)

subject to

ẋ = f(x̄(t), ū(t)) +A(x(t)− x̄(t)) +B(u(t)− ū(t)) + ν(t), x(t0) = x0 (9)

and
0 ≤ Γ(t) ≤ Tmax e

−z̄(t) (1− z(t) + z̄(t)) + η1(t) (10)

∥τ (t)∥ ≤ Γ(t) (11)

and
∥x(t)− x̄(t)∥1 ≤ R (12)

where

A =
∂f

∂x

∣∣∣∣∣
x̄(t)

, B =
∂f

∂u

∣∣∣∣∣
ū(t)

The variables ν and η(t) are the virtual controls and are added to avoid artificial infeasibility, while
artificial unboundeness is managed by imposing a constraint on the trust region radius R (Eq. (12)).
Eq. (11) is the convex relaxation of Eq. (6), while Eq. (10) is the linearization about the reference
solution of the non-convex constraints in Eq. (7).
Problem in Eqs. (8)–(12) is solved than iteratively until certain stopping criteria are met.30

PROBLEM FORMULATION

The generic formulation for the low-thrust fuel-optimal problem can be specialized by consid-
ering the scientific goals. Given a spacecraft equipped with low thrust propulsion system flying
close to a minor body, the goal-oriented minimum-fuel problem has the aim to find a trajectory
satisfying all the scientific targets in a given timeframe while minimizing the use of propellant. The
goal-oriented minimum-fuel problem can be formalized as

Problem 1 (General deterministic goal-oriented minimum-fuel problem).

Minimize
u(t)

J := −z(tf )

subject to
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Eqs. (5)–(7)

and Ng scientific constraints

Eqs. (1) for some tk ∈ [t0, tf ], for i = 1, . . . , Ng

Additionally, the free dynamics term ff in Eq. (5) is specialized for close proximity of a minor
body. A non-inertial body fixed frame is considered. This choice allows to have the feature positions
to be fixed, independent of the time, and ease the implementation of Eqs. (1). Thus, defying ω as
the angular velocity of the main body,

ff (x, t) = fg(r, t)+
∑
k∈P

−µk

(
rk

∥rk∥3
+

r− rk
∥r− rk∥3

)
︸ ︷︷ ︸

3-body acc.

+Cr
A

m

P0d
2
0

c

r− rS
∥r− rS∥3︸ ︷︷ ︸

SRP

−ω×(ω × r)−2ω×v

(13)
where P is the set containing third bodies acting on the spacecraft and characterized by the gravi-
tational parameter µk and relative position with respect to minor body rk. The solar ration pressure
(SRP) is computed exploiting the canonball model, with P0 (1367W/m2) the solar flux at 1 astro-
nomical unit (AU), c is the speed of light, d0 is the Sun–Earth distance (1 AU), Cr is the reflectivity
coefficient of the spacecraft, A is its equivalent surface area, and rS the position of the Sun.
The term fg(r, t) represents the gravitational acceleration exerted by the main body. Considering
the complex shapes of minor bodies, the use of the simple point-body model could produce inaccu-
rate results. For this reason, in this work, two more complex models will be used to compute the
gravitational field of the main body, that are, the tri-axial ellipsoid model with34

fg(r, t) = −3

2
µ

x̃
∫∞
λ

1
(a2+u)∆(u)

du

ỹ
∫∞
λ

1
(b2+u)∆(u)

du

z̃
∫∞
λ

1
(c2+u)∆(u)

du

 (14)

where a, b, and c are the semi-axes of the ellipsoid, in decreasing order, x̃, ỹ, and z̃ the Cartesian
components of position relative vector with respect to the ellipsoid (i.e., r̃ = r− rell), and ∆(u) =√
(a2 + u) (b2 + u) (c2 + u); and the spherical harmonics model with35

fg(r, t) = −∇V (15)

where V is the main body’s gravitational potential

V = −µ

r

(
1 +

Nz∑
n=2

RnJnP
0
n (sin θ)

rn
+

Nt∑
n=2

n∑
m=1

RnPm
n (sin θ) (Cm

n cosmϕ+ Sm
n sinmϕ)

rn

)
(16)

with (r, θ, ϕ) the spherical coordinates associated to the position r, R the body reference radius,
Pm
n the associated Legendre functions of degree n and order m, and Jn, and Cm

n and Sm
n the

dimensionless zonal and tesseral coefficients, respectively. The use of a body-fixed reference frame
is also useful to ease the evaluation of the gravitational acceleration in both the models.
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Convexification

Then, Problem 1 is convexified to be exploited in the SCP framework. A convex goal-oriented
minimum-fuel problem can be formalized as

Problem 2 (Convexified goal-oriented minimum-fuel problem).

Minimize
u(t)

J := Eq. (8)

subject to

Eqs. (9)–(12)

and Ng scientific constraints
−(r̄(tk)− rci) · r(tk)

∥r̄(tk)− rci∥
≤ (rm − ∥r̄(tk)− rci∥) + η2(t)

∥r(tk)− rci∥ ≤ rM

∥r(tk)− rci∥ ≤ 1

cosα

(
nT
i r(tk)− nT

i rci
)for some tk ∈ [t0, tf ], for i = 1, . . . , Ng

(17a)

(17b)

(17c)

where Eq. (17a) is the linearization about the reference solution of the non-convex constraints in
Eq. (1a), and Eq. (1b) has been re-arranged in Eq. (17c), with ni = rci/∥rci∥, to highlight that is a
second-order cone constraint.

Discretization

The convexified problem must be translated in a convex programming problem to be solved. In
order to do so, the timespan [t0, tf ] is subdivided into N segments, and both the state and the control
are projected into this time grid to have finite-dimensional variables.
However, it could be noted that the scientific targets are still defined in a fuzzy way, since the
time at which Eqs. (17) must be satisfied could be any value inside the defined timeframe. If the
discretization is considered, this could be translated in the scientific targets to be satisfied at at
least one discretization point. This kind of constraints could be easily handled by using the Big M
method.
Hence, Problem 2 is converted in the following mixed-integer second-order cone constraint problem
(MISOCP)

Problem 3 (Convex programming problem for the goal-oriented minimum-fuel problem).
Find y = [xk,uk,νk, ηk, γk], k = 1, . . . , N , such that

J := −zN +
N∑
i=0

λ∥νk∥1 +
N∑
i=0

λmax (0, ηk) (18)

is minimized, subject to
∆ = Âx+ B̂u+ q+ N̂ν = 0 (19)

the control constraints
0 ≤ Γk ≤ Tmax e

−z̄k (1− zk + z̄k) + η1,k (20)

∥τ k∥ ≤ Γk (21)
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and the goal constraints

−(r̄k − rci) · rk
∥r̄k − rci∥

− (rm − ∥r̄(ti)− rci∥)− η2,k ≤ M(1− γi,k)

∥rk − rci − rM∥ ≤ M(1− γi,k)

∥rk − rci,k∥ −
(

1

cosα
(nT rk − nT rci)

)
≤ M(1− γi,k)

N∑
k=0

γi,k ≥ 1

for i = 1, . . . , Ng

(22a)

(22b)

(22c)

(22d)

and the trust region constraint
∥x− x̄∥1 ≤ R (23)

Eq. (19) represents the general formulation of the dynamical defects related to a generic discretiza-
tion method, with q being a constant value. A detailed discussion on this is given in the next section.
The variable γi,k is the index binary variable for the single scientific target, i.e., it is 1 if the target i
is respected at point k, and 0 otherwise, with M a sufficiently large value. Eq. (22d) has been added
to guarantee that each scientific constraint is satisfied at least once in the given timeframe.

PROBLEM IMPLEMENTATION

Discretization methods

The choice of the best suitable discretization method is not straightforward and usually it can be
determined only by performing numerical simulations of the problem under analysis. Comparison
of different techniques have been investigated both for the PDG37 and the LTO.33 However, these
results cannot be extended to the close-proximity goal-oriented problem due not only to different
dynamics and time horizon, but especially to the different nature of the discretized scientific con-
straints.
The most commonly used discretization techniques in trajectory optimization are collocation and
control interpolation methods.38 Collocation methods parameterize both state and control variables
using specific basis functions, while control interpolation methods focus solely on parameterizing
the control history. Both types have been used successfully for trajectory optimization in space
applications exploiting SCP. Considering the most common choices in previous works,33, 37 the dis-
cretization methods considered in this paper are:

1. An arbitrary-order Hermite Legendre–Gauss–Lobatto collocation method;

2. An adaptive Legendre–Gauss–Radau pseudospectral collocation method;

3. Zeroth- and First-Order Hold control interpolation methods.

Arbitrary-order Hermite Legendre–Gauss–Lobatto method The arbitrary-order Hermite Legendre–
Gauss–Lobatto (LGL) discretization is a generalization of the Hermite–Simpson method.39 It has
been used extensively both in direct nonlinear transcription40, 41 and in sequential convex program-
ming frameworks.42

In this case, the trajectory is divided in N segments. In each segment, the state and the controls are
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approximated as n-th order polynomials, with n the selected order of the LGL,

xk(ξ) =

n∑
j=0

a
(k)
j ξj , uk(ξ) =

(n+1)/2∑
j=0

c
(k)
j ξj (24)

where ξ ∈ [−1, 1] is the scaled nondimensional time in each segment, i.e.,

ξ = 2
t

h
− tk+1 + tk

h

where h = tk+1 − tk is the time step, and a
(k)
j and c

(k)
j are the state and control coefficients of

the k-th segment. Nodes θ and collocation points ζ are the odd and even roots, respectively, of the
(n− 1)-th degree Legendre polynomial derivative.39

For each segment, the state coefficients can be retrieved by exploiting the information at the nodes,
solving the linear system40

Θa = b (25)

where

Θ =



Inx θ1Inx θ21Inx . . . θn1 Inx

...
...

...
. . .

...
Inx θnpInx θ2np

Inx . . . θnnp
Inx

0nx Inx 2θ1Inx . . . nθn−1
1 Inx

...
...

...
. . .

...
0nx Inx 2θnpInx . . . nθn−1

np
Inx


a = [a0, . . . ,an]

T

and

b =

[
x (θ1) , . . . ,x

(
θnp

)
,
h

2
fl (θ1) , . . . ,

h

2
fl
(
θnp

)]T
with np = (n+1)/2 the number of nodes in each segment, Inx the nx-dimensional identity matrix,
0nx the nx × nx null matrix, ad fl the linearized dynamics in Eq. (9). Once the coefficients are
retrieved, the state at the collocation points can be defined by interpolation

x (ζ) = Za = ZΘ−1b = Hb (26)

with

Z =

Inx ζ1Inx ζ21Inx . . . ζn1 Inx

...
...

...
. . .

...
Inx ζncInx ζ2nc

Inx . . . ζnnc
Inx


where nc = (n − 1)/2 the number of collocation points in each segment. Similarly, the derivative
of the state at the collocation points is

dx (ζ)

dξ
= a = Z ′Θ−1b = H ′b (27)

with

Z ′ =

0nx Inx 2ζ1Inx . . . nζn−1
1 Inx

...
...

...
. . .

...
0nx Inx 2ζncInx . . . nζn−1

nc
Inx


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Exploiting the same procedure, the control at the collocation points is42

u (ζ) = Huu (28)

Combining all this quantities in a single equation, the dynamics constraints for each segment can be
computed as42

∆ = H ′b− h

2

[
ff +A

(
Hb−Hb̄

)]
+BHuu+ ν = 0 (29)

Legendre–Gauss–Radau Pseudospectral method Pseudospectral methods (PS) exploit pseudospec-
tral theory to solve optimal control problems.43 They have been proven to be fast and efficient to
solve nonlinear spacecraft trajectory optimization since they enjoy the spectral convergence.44 They
have also been adapted to SCP.45 However, while global PS, i.e., with a single interpolating func-
tion across the whole time horizon, are usually exploited in nonlinear settings, adaptive PS, i.e., with
piecewise polynomials, are preferred in SCP, since they are characterized by sparse matrices.32

In the Legendre–Gauss–Radau PS method, for each segment, the state and the controls are approx-
imated as polynomials

xk(ξ) =
n∑

j=0

xjL
j(ξ), uk(ξ) =

n∑
j=0

ujL
j(ξ) (30)

where ξ ∈ [−1, 1] is the scaled nondimensional time in each segment, and

Lj(ξ) =

n∏
l=0
l ̸=j

ξ − ξl
ξk − ξl

(31)

Collocation points are selected as the roots of the polynomial Pn−1 + Pn, where Pn is the n-th
degree Legendre polynomial.
The basic idea of pseudospectral methods is to approximate the differential operator ẋk = Dkxk,
where D is the differentiation matrix defined as Dij = L′

j(ξi). While the standard PS is suitable
for trajectory optimization with SCP, its equivalent integral formulation have shown better perfor-
mances.46 In this case, the dynamical constraints at each collocation point i within a segment can
be computed as32

xi −

xk +
h

2

n−1∑
j=0

Iij (A (xj − x̄j) +Buj + ff (x̄j , ūj) + νj)

 = 0 (32)

with I the integration matrix defined as I = D̂−1, with D̂ the matrix D without the first column.

Zeroth- and First-Order Hold In the first-order hold (FOH) method, the control history is ap-
proximated as a piecewise affine function, that is30

u(t) =
tk+1 − t

h
uk +

t− tk
h

uk+1 = λ−(t)uk + λ+(t)uk+1 (33)

In this case, the linearized dynamics in Eq. (9) becomes

ẋ = Ax+Bλ−uk +Bλ+uk+1 + (ff (x̄, ū)−Ax̄) (34)
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In each segment, Eq. (34) could be integrated by exploiting the linear systems theory. Thus, the
dynamical constraint for each segment become30

xk+1 −
(
Âkxk + B̂−

k uk + B̂+
k uk+1 + qk + νk

)
= 0 (35)

where

Âk = Φ(tk, tk+1)

B̂−
k = Âk

∫ tk+1

tk

Φ−1(tk, t)Bλ− dt

B̂+
k = Âk

∫ tk+1

tk

Φ−1(tk, t)Bλ+ dt

qk = Âk

∫ tk+1

tk

Φ−1(tk, t) (ff (x̄, ū)−Akx̄) dt

where Φ(tk, t) is the state transition matrix between time tk and time t.
In zeroth-order hold (ZOH) method the control is considered constant for each interval, i.e.,

u(t) = uk, ∀t ∈ [tk, tk+1] (36)

So, dynamics constraints can be written in the same way as Eq. (35), but in this case B̂+
k = 0, while

B̂−
k = Âk

∫ tk+1

tk
Φ−1(tk, t)B dt.

Trust region approaches

In SCP it is of paramount importance having a mechanism that imposes a constraint on the trust
region and manage its radius. At each iteration, the solution of the convex solver is accepted or
rejected based on the following ratio30

ρ =
ϕ̄− ϕ

ϕ̄− θ
(37)

where
ϕ = −zN +

∑
j∈Ieq

λj∥hj∥1 +
∑

j∈Iineq

λj max(0, gj) (38)

is the actual cost, with h and g are the constraint violation of the equality and inequality constraints
of the non-convex problem, respectively, and

θ = −zN +
∑
j∈Ieq

λj∥νj∥1 +
∑

j∈Iineq

λj max(0, ηj) (39)

is the predicted cost reduction. Generally speaking, if ρ ≪ 1, the actual costs decrease is smaller
that the predicted one, so the linearized problem is performing poorly, so the solution must be
rejected and the radius reduced, while if ρ ≃ 1, the actual costs and the predicted ones are similar,
so the linearized problem is representing properly the nonlinear one, the step must be accepted and,
in case, the radius increased. In this work, two mechanisms, being a hard and a soft approach, to
handle the trust region will be investigated. The difference between hard and soft trust region lies
in the way of dealing with artificial unboundness and the constraint given by Eq. (23).

11



Hard trust region approach With the hard trust region approach, the trust region constraint in
Eq. (23) is directly used. In this case, three parameters (ρ0, ρ1, ρ2), with ρ0 < ρ1 < ρ2, are selected
and used to manage the trust region. If ρ ≤ ρ0, the step is rejected and a smaller new region radius
R is selected. Otherwise, the solution is accepted and the trust region is updated as30

R =


R/α if ρ0 ≤ ρ < ρ1

R if ρ1 ≤ ρ < ρ2

βR if ρ ≥ ρ2

(40)

with α and β predetermined values grater than 1.

Soft trust region approach For the soft trust region approach, the constrain in Eq.(23) is not
imposed directly, but a penalty function is added to the performance index,33 i.e.,

Ĵ = J + λTR max(0, ∥xk − x̄k∥1 −R) (41)

In this case, the trust region update mechanism defines first the metric

g = ∥xk − x̄k∥1 −R (42)

then, if g > 0, the step is rejected and λTR = τλTR with τ > 1. Otherwise, the same rule in
Eq. (40) is applied.

Target constraints approaches

Two different approaches can be used also for the target constraints, and specifically in the way
of dealing with the indexing constraint in Eq. (22d).
In the case of a hard scientific constraints approach, Eq. (22d) is imposed directly in the optimization
problem. On the other hand, for the soft scientific constraint approach, Eq. (22d) is not considered.
Instead, the performance index is modified with a rewarding function

Ĵ = J − λg

Ng∑
i=1

min

(
1,

N∑
k=0

γi,k

)
(43)

This rewarding function is designed to be 0 whenever the goal is not reached and it decreases with
the number of nodes satisfying the goal, being −λg when all the targets are satisfied at least once.
The two approaches, however, can be applied in different situation, based on the aim of the opti-
mization problem. Indeed, the use of hard goals is preferable only when it is mandatory to satisfy
all the targets, since this approach fails when fulfilling all the goals is not feasible. On the other
hand, the soft approach is able to generate always a feasible solution, but it is not given that all the
targets are satisfied and it could be a more cumbersome problem to solve since the cost function
becomes piecewise continuous.

NUMERICAL SIMULATIONS

The performances of the SCP algorithm to solve the goal-oriented problem about a minor body
are evaluated by means of several numerical simulations. In SCP, the basic algorithm foresees to
solve the convex programming problem (Problem 3) recursively. However, MISOCPs are usually
more difficult to solve than simple SOCPs. For this reason, it is preferable to reduce the times the
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MISOCP is solved. The this aim the procedure in Fig. 2 is exploited. The MISOCP is solved
iteratively until the nonlinear constraint metric ∥h∥∞, with h the collection of Eqs. (6), (7), and (1)
evaluated in the nodal points, is below a certain threshold h̄. When this condition is satisfied, mean-
ing that we are close to the solution of the nonlinear problem, the binary variable γ is fixed and so
a simple SOCP is solved in the following iterations. In this way, a smaller number of mixed-integer
problems are solved and the computational burden reduced. However, h̄ must be selected carefully,
since high values reduce the number of mixed-integer iterations, but can affect the convergence,
while low values can increase significantly the runtime.
Iterations are stopped successfully if the maximum nonlinear constraint violation and the improve-
ment of the modified mass metric are below a certain threshold, i.e, ∥h∥1 ≤ εh and z̄ − z ≤ εz . On
the other hand, the procedure is terminated without success if the relative difference of the solution
vector in two consecutive iterations is below a certain threshold (i.e., ∥x̄− x∥1 ≤ εx), meaning that
there is not any improvement in the solution, or if the trust region radius is too small (i.e., R ≤ εR).
All these relevant parameter are provided in Table 1.

Start

Settings
(dynamics, spacecraft,

collocation type, etc.)

Constraints
(initial point, targets)

Inizialization

Solve MISOCP

∥h∥∞ ≤ h̄

Fix γ
Solve SOCP

Stopping
criteria?

xk,uk, γ Stop

yes

no

yes

no

Figure 2: Sketch of the procedure to solve the goal-oriented fuel optimal problem.

Simulation overview

In order to test the algorithm presented in this work under diverse mission profiles in terms of
spacecraft, target body, dynamics, and initial trajectory, two problems will be used as test case
scenarios:
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Table 1: SCP parameters
Parameter Value

λ 100.0
M 10.0
R0 100.0

(ρ0, ρ1, ρ2) (0.01, 0.2, 0.85)
(α, β) (1.5, 1.5)
λTR 1000.0
τ 2.5
λg 1/Ng

h̄ 10−4

(εh, εz, εx, εR)
(
10−6, 10−4, 10−8, 10−4

)
1) a CubeSat flying about a small asteroid in a Sun-stabilized terminator orbit (SSTO);

2) a SmallSat in a quasi-Keplerian orbit about a medium-sized asteroid.

For both the scenarios, the impact on computational time and convergence rate of the discretization
method, (MI)SOCP solver, trust region approach, and target constraint approach is evaluated. To
this aim, 20 simulations with random initial conditions and random targets (distributed uniformly on
the target surface), and with the characteristic provided in Table 2 are performed. All the simulations
are carried out in Julia on a 8-core Intel Core i7-10870H@2.20GHz laptop with 16 GB of RAM.

Table 2: Simulation parameters
Parameter Value

Time of Flight 7 d
Initial time t0 January 1, 2029

Number of goals Ng 7
Maximum runtime 500 s

Maximum iterations 50

Scenario 1 The first scenario is based on the ESA’s mission SATIS.48 SATIS is a 12XL CubeSat
having the aim to reach the asteroid Apophis before its flyby with the Earth in 2029 and perform
scientific activities to characterize the asteroid before and after its close encounter. In this case, the
target is modeled as a tri-axial ellipsoid.49 The CubeSat is considered to be placed on an SSTO,
generated with the procedure in Takahashi and Scheeres,50 and perturbed by the SRP and the gravi-
tational perturbatons by the Sun, the Earth, and the Moon. This choice is common in CPOs close to
minor bodies due to the stability of this kind of orbit in a high-perturbed environment, like the one
of Apophis close to its close encounter.
Table 3 summarizes the main values of both target and spacecraft associated to this scenario.

Scenario 2 The second scenario investigates a SmallSat flying about (433)Eros. Eros is selected
as target body since it is a medium-sized asteroid with a well known shape and used commonly in
goal-oriented approaches.27, 52 In order to proper model the gravity related to its peculiar shape, the
spherical harmonics model is used, considering also the SRP and the gravitational pulling by the
Sun. On the other hand, the spacecraft is considered to be placed at the beginning on a perturbed
circular orbit, since the main body is massive enough to have long-lasting quasi-Keplerian orbits.
Spacecraft data are taken from the mission RAMSES.22

Table 4 summarizes the main values of both target and spacecraft associated to this scenario.
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Table 3: Scenario 1 parameters. U indicates the uniform distribution.
Parameter Value

Spacecraft

Initial orbit semimajor axis a0 U(0.6 km, 1.5 km)
m0 25 kg
Tmax 2mN
Isp 1500 s
Cr 1.3
A 1.5m2

Main body
Gravity type Tri-axial ellipsoid

µ 2.736 463× 10−9 km3/s2

(a, b, c) (228.966m, 159.026m, 139.798m) 49

ω 283.46 ◦/d 51

Goals
α 20◦

rm 0.5 km
rM 5 km

Table 4: Scenario 2 parameters
Parameter Value

Spacecraft

Initial orbit position (x0, y0, z0) (U(45 km, 60 km), 0.0, U(45 km, 60 km))
m0 500 kg
Tmax 20mN
Isp 1500 s
Cr 1.3
A 25m2

Main body
Gravity type Spherical harmonics

µ 4.463 104× 10−4 km3/s2 53

Order and degree considered Up to 8× 8 *

ω 1639.46 ◦/d 54

Goals
α 10◦

rm 5 km
rM 60 km
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Results

An example solution for both Scenario 1 and Scenario 2 are presented in Figs. 3 and 4, respec-
tively, while Figs. 5 and 6 shows the simulations results. The time metric is the 90-th percentile of
the converged solutions.
Generally speaking, it can be noted that the trends do not depend on the specific scenario. Conver-
gence ratios are similar, while computational times are generally higher in the Scenario 2, although
showing similar behaviors. Higher computational times are related to a higher number of branch-
and-bound nodes that are visited in Scenario 2, while the number of iterations for the SCP is similar
(i.e., a mean of 19.55 iterations in Scenario 1, against 20.15 for Scenario 2). The slower evaluation
of the dynamics in Scenario 2 contributes to a lesser degree.
Regarding the discretization methods, low-order LGL and FOH exhibit the best balance in terms of
convergence and runtime, while ZOH, even if faster, fails more frequently.
On the other hand, the use of the soft target approach can improve the convergence ratio. However,
some of these solutions do not fulfill all the target constraints, thus the soft target approach allow
to trade a higher convergence rate with a lower number of satisfied targets. This approach can be
exploited to maximize the scientific output, avoiding unfeasible solutions. This aspect is deepened
in the next section.

Figure 7 shows a Pareto front, varying the number of targets. For each selected number of tar-
gets, 20 simulations of Scenario 1 exploiting FOH and a hard trust region approach are considered.
Each point represents the 95-th percentile, while the bars encompass the result of all the converged
solutions. As expected, the propellant mass needed increases as the number of target increases.
However, it could be noted also that the number of converged solutions decrease with the required
targets to be fulfilled.

ADDITIONAL FORMULATIONS

Problem 3 can be easily extended and modified to change the behavior of the problem or to add
additional constraints. These modifications can be implemented both to improve the model or to
fulfill system requirements. Some examples are reported in the remainder of this section.

Targets database

When considering a realistic scenario, a mission usually must not accomplished all the target
goals, but a database of possible targets is provided by the scientific community and the goal be-
comes to maximize the scientific return by visiting the most number of them. In this case, Problem
3 can be modified to consider the target database. Specifically, the cost function will exploit a
soft-goal approach, as in Eq. (43), i.e.,

Ĵ = J − λg

Ng∑
i=1

min

(
1,

N∑
k=0

γi,k

)

while Eq. (22d) is removed, since that it is not required anymore that every target must be accom-
plished.
Figure 8 shows an example of a trajectory considering a database with 12 targets for the Scenario
1. In this case, only 9 targets could be satisfied. The computational time increases to 356 s, mainly
due to a more extended search in the branch-and-bound algorithm. This is related to the fact that,
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(a) Optimal trajectory.
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(c) Target evolution. Yellow indicates when a target
is respected.

Figure 3: Scenario 1 solution example.
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(a) Optimal trajectory.
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(c) Target evolution. Yellow indicates when a target
is respected.

Figure 4: Scenario 2 solution example.
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(a) Comparison of different discretization methods.
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(b) Hard vs soft trust region approach.
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(c) Hard vs soft target constraints approach.

Figure 5: Scenario 1 results.
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(c) Hard vs soft target constraints approach.

Figure 6: Scenario 2 results.

considering a database, the algorithm has to select not only when a target is satisfied but also the
subset of targets to be visited. From a more practical point of view, in the original formulation, the
algorithm is aware that for each row of the variable γ at least one element must be 1. In this case, on
the contrary, there is not such a constraint (i.e., a row can be null), increasing so the search space.

Additional constraints

On the other hand, additional constraints can be added easily. For example, it must be required
to look at targets with certain illumination conditions, i.e., with the phase angle below a prescribed
threshold. In this case,

γi,k ≤

(
1−

(
cosβ −

rTS,krci

∥rS,k∥∥rci∥

))
for k = 0, . . . , N, for i = 1, . . . , Ng (44)

where rS,k is the position of the Sun at the node k and β is the desired phase angle threshold.
Eq. (44) forces γi,k to be null if the desired phase angle is not attained.
Due to attitude constraint it is usually not possible to look at two targets at the same time. This
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Figure 7: Pareto front of Scenario 1 considering a different number of targets in the database. Each
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Figure 8: Solution example considering target database.
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constraint may be formulated as,

Ng∑
i=1

γi,k ≤ 1 for k = 0, . . . , N (45)

meaning that at each time at maximum one target constraint could be counted.
Another possibility is to impose a no-thrust arc when looking at the target. As a matter of fact, in a
realistic scenario, it is not desirable to operate the engine when performing scientific observations,
due to attitude constraints and possible on-board resources limitations. In this case, the additional
constraint

Γk ≤ M

1−
Ng∑
i=1

γi,k

 for k = 0, . . . , N (46)

must be added, that forces the thrust to be null when at least one target is observed. Applying the
same constraint to neighboring nodes can be used to extend the no-thrust arc, mimicking the require-
ment to avoid thrust when performing a slew, necessary when transitioning from body pointing to
maneuver-direction pointing, and vice versa.
All these additional constraints are also in principle able to reduce the computational times, since
they tighten the model, i.e., they remove branches and nodes in the branch-and-bound algorithm.
A trajectory example is provided in Fig. 9. This example, based on Scenario 1, considers a phase
angle threshold β = 90deg, i.e., it is sufficient for the target to be illuminated, and a 1.5 h no-trust
constraint before and after each observation. The same 12-target database of Fig. 8 is used to allow
a simpler comparison. In this case, only 6 targets are satisfied, with the trajectory being completely
different from the one in Fig. 8, mainly due to the phase angle constraint. From Fig. 9b, the no-thrust
arcs about observations 1 and 2 can be noted.

CONCLUSION

In this work, a novel algorithm to compute goal-oriented fuel-optimal trajectories for low-thrust
spacecraft about minor bodies is introduced. The methodology is based on sequential convex prob-
lem. Under the SCP framework, the nonlinear problem is translated in a mixed-integer second-order
cone constraint problem, that is solved iteratively to find the optimal trajectory. Numerical simula-
tions on two different scenarios are used to evaluate convergence and computational effort and to
assess the impact on the performances of discretization method, trust region approach, and target
constraint approach. No significant difference is found between the two test cases for the other
parameters under evaluation. Converge rate and computational times are better in case of low-order
LGL or FOH, hard trust region constraint, and a two-phase algorithm combining some steps of the
MISOCP, followed by the simple SOCP to refine the best solution. In this case, the algorithm is able
to provide optimal solutions in about 200 and 300 seconds for the two scenarios, respectively, with
a convergence rate of more than the 80%. Alternative formulations considering a target database, or
constraints on the phase angle, number of observations per node, and no-thrust arcs when perform-
ing scientific activities are presented and tested.
Even though this work does not present a convergence proof, the high percentage of converged cases
has shown that SCP is very reliable and it seems to be a viable method to compute goal-oriented
low-thrust trajectories.
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(a) Optimal trajectory.
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Figure 9: Alternative formulation solution example.
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