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he Spring 2014  Wisconsin
I journal will focus on the implementation of
Common Core State Standards. The WMC editorial panel
would like to showcase instructional activities that are aligned with

the CCSSM Content and Practice Standards. We are interested in
articles that address the following questions:

* How do you engage students in the Standards for
Mathematical Practice?

* What steps has your school district taken to integrate the
CCSSM into classroom practice?

MANUSCRIPT SUBMISSION GUIDELINES

* Send an electronic copy of your manuscript to the Wisconsin Mathematics Council.

Manuscripts may be submitted at any time for review.

* Manuscripts should be typed, double-spaced.

* Include all figures and photos in .jpg format; submit high resolution copies of figures

and student work. Please do not place figures or photos within the document; rather
indicate their placement in the document, e.g., Figure 1 here.

* All fractions need to be formatted as follows—2/3. Do not accept anto formatting of fractions.

* All manuscripts ate subject to a review process.

* How do you design activities that are aligned to the content

domains and/or conceptual categories of the Common Core
State Standards for Mathematics?

a recipe for
student success

* How do you support classroom teachers in the integration of
the CCSSM into classroom practice?

If you have any questions or ideas for the Spring journal
or wish to submit an article or activity for review,
please visit the WMC website for more information: www.wismath.
org/resources/. The deadline for manuscripts for this Spring’s issue
is January 31, 2014.

Direct all correspondence to:

Wisconsin Mathematics
Council, W175 N11117
Stonewood Dr., Ste. 204,
Germantown, WI 53022

Phone: 262-437-0174
Fax: 262-532-2430
E-mail: wmc@wismath.otg
Web: www.wismath.org

The deadline for Spring journal
submissions is January 31, 2014.

* Include name, address, telephone, email, work affiliation and position.
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Two Great Conferences — Two Great Locations!

December 12 & 13, 2013
8:30 AM-3:30 PM
Olympia Conference Center
Oconomowoc, WI

WISCONSIN

MATHEMATICS November 14 &15, 2013

8:30 AM-3:30 PM
Jefferson Street Inn
Wausau, WI

Mathematical Proficiency for Every Student

he Wisconsin Mathematics Council and the Wisconsin

Department of Public Instruction are
proud to present one-day conferences
focusing on assessment, interventions,
content knowledge for teaching, and
instructional strategies to foster
mathematical practices. These professional
learning opportunities feature nationally
recognized keynote speakers, Shelbi Cole,
PhD, Director of Mathematics for the Smarter
Balanced Assessment Consortium, Sandy
Atkins, PhD, Executive Director of Creating
AHAs,  Cheryl Tobey, Author &
Mathematics Consultant, Diane Briars,
PhD, Mathematics Education Consultant, and
as well as state experts leading breakout sessions that focus
on grade level lessons and share best practice strategies.

Assessment, Instruction, Intervention & the Implication for Student Learning

The conferences are for administrators,
curriculum directors,
mathematics leaders,

K-12 classroom teachers, special

education teachers, Title I
teachers, and university
mathematics educators.

Space is limited — for more
information or to register, visit
www.wismath.org and click

on the Professional
Development tab.

SpeCIal discounts for WMC members
and when you attend

both days!
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President's Message

s a teach-
er, I have
always

been a propo-
nent for shift-
ing the focus in
the mathematics
classroom  away
from a setting
that is dominated
by computational
or procedural
work to a more
balanced ap-
proach where the procedural skills have a mean-
ingful purpose.

I remember the excitement I experienced when I
first read about what it means for a student to be
mathematically proficient in the 2001 publication
by the National Research Council called Adding
It Up: Helping Children Learn Mathematics.
The writers had reviewed the relevant research
related to learning mathematics from pre-
kindergarten through eighth grade and they
determined there were five major strands that had
to occur interdependently if a child is to become
mathematically proficient.  The five strands
include: conceptual understanding, procedural
fluency, strategic competence, adaptive reasoning,
and productive disposition.

WMC 46"
Annual

The thought that a mathematically proficient
student should be on a developmental path in five
different strands is sensible, yet overwhelming.
When I think about the stages of my personal
journey through learning mathematics as a child, a
college student, and a math teacher, I know my lack
of exposure to all five strands during childhood
is something I continually work to overcome.
Unfortunately, this is all too common with many
teachers. I know my college coursework and my
teaching experiences have allowed me to continue
on a path toward mathematical proficiency, but the
collective work of many dedicated mathematicians
and researchers has greatly assisted me along the
way. The first people that come to mind are right
here in Wisconsin. I have been very fortunate to
have access to the mathematical thinking of Dr.
Jennifer Kosiak, Dr. DeAnn Huinker, Dr. Kevin
McCloud, Dr. Henry Kepner, Dr. Richard Askey,
and Dr. Billie E. Sparks, just to name a few.

This is why I always look forward to reading this
publication from the Wisconsin Mathematics
Council and I hope the contributions shared in this
issue provide pathways to greater mathematical
proficiency for you and your students.

Doug

Doug Burge
WMC President, 2013-215
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Editors’' Notes

he Fall 2013 journal focuses on the three

of the five Strands of Mathematical

Proficiency (National Research Council,
2001). These strands include conceptual
understanding,  strategic competence, and
adaptive reasoning. Conceptual understanding is
defined as the “comprehension of mathematical
concepts, operations, and relations” (p. 116). Hlas’
article further defines conceptual understanding
and provides teachers with ways to help build
upon this type of understanding at all grade
levels. Teaching with a focus on conceptual
understanding also provides students with an
“integrated and functional grasp of mathematical
ideas” (p. 118). McCool and Knudsen’s article
focuses on the eatly development of geometric
understanding that provides young learners with
the opportunities to build upon prior knowledge
of shapes to learn new concepts.

Strategic competence is defined as the “ability
to formulate, represent, and solve mathematical
problems” (p. 116). Often referred to as problem
solving, this Strand of Mathematical Proficiency
requires students to “formulate the problem so
that they can use mathematics to solve it” (p.
124). Askey’s article supports students’ abilities
to solve worthwhile mathematical tasks related
to the divisibility tests. Schmid’s article also
focuses on building students’ competency with
solving real world problems. In this article, he
focuses on how he made connection between
physics and mathematics to help students come
to a deeper understanding of slope.

Finally, adaptive reasoning is defined as the
“capacity for logical thought, reflection,
explanation, and justification” (p. 110).
Chedister’s article related to geometric proofs
provides a useful example of how teachers
can bring indirect and direct reasoning into the
classroom to further support students’ abilities to
justify their mathematical thinking. Throughout
the article, Chedister highlights the importance
of students constructing viable arguments and
critiquing the reasoning of others (Standard for
Mathematical Practice #3).

New to the journal is the Technology Tips
section by Dr. Josh Hertel. This new addition to
the journal will provide a forum for teachers to
discuss the role of technology in the classroom
to build conceptual understanding, strategic
competence and adaptive reasoning. It will also
provide a venue for teachers to share technology
activities that they have integrated into their own
classrooms.

Jennifer Kosiak
Jenni McCool

WMC Editorial Panel

Reference
National Research Council. (2001). Adding it up: Helping
children learn mathematics. ].Kilpatrick, J. Swafford, and
B.Findell (Eds.). Mathematics Learning Study Committee,
Center for Education, Division of Behavioral and Social
Sciences and Education. Washington, DC: National
Academy Press.

Wanted — A Few Good Leaders < =

Do you want to get more involved with the Wisconsin Mathematics Council? A\
Consider using your talents and become a member of the WMC Board of Directors!
The WMC Board of Directors is seeking nominations for the following positions:

President-Elect I Secretary M WTCS Rep. Statewide Rep. Grade 6-8 Rep.

Take an active role in the Wisconsin Mathematics Council. Nomination information will be available
on the WMC website at www.wismath.org on December 1, 2013.
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Understanding Conceptual Understanding
by Christopher S Hlas, Krystal Urness, Kaya Sims, Rosie Ricci, and

Lindsey Alger, University of Wisconsin-Eau Claire

Introduction
Consider the following problem:

An army bus holds 36 soldiers. If 1128 soldiers are
being bused to their training site, how many buses are
needed?

For this problem, Carpenter, Lindquist, Matthews
and Silver (1983) reported that, "Approximately
70 percent of the students performed the correct
[procedural] calculation, but about 29 percent
gave the exact quotient (including the remainder),
and another 18 percent ignored the remainder"
(p. 6506). This result seems to highlight that many
of the students have procedural knowledge of
division, but are lacking a conceptual understand-
ing of what division means and how to apply it
correctly. ‘To investigate this topic further, col-
lege students read and analyzed research on con-
ceptual understanding during a directed studies
course at University of Wisconsin-Eau Claire.
This report details the results and recommenda-
tions from their findings.

What is Conceptual Understanding?

The term conceptual knowledge can be traced
back to Hiebert and Lefevre, in which conceptual
knowledge is defined as “knowledge that is rich
in relationships™ (1986, p. 3). This is distinct from
procedural knowledge, which they defined as a fa-
miliarity with the individual symbols, conventions,
and procedures for solving mathematical prob-
lems. Though definitions have evolved, the idea
of relationships or connections is usually central
to many definitions of conceptual knowledge.

These past definitions have the problem of con-
fusing knowledge type (conceptual vs. procedur-
al) with knowledge quality (shallow vs. deep) (Ba-
roody, Feil, & Johnson, 2007). To avoid confusion
between type and quality, we offer the following
distinctions. Knowledge exists as a spectrum from
isolated bits of information (shallow) to con-
nected ideas (deep). Concepts include facts, ideas,
and declarative knowledge (similar to Baroody, e#
al., 2007). Numbers can be seen as an example
of conceptual knowledge in mathematics. Pro-
cedures involve a sequential order of steps. For
example, the addition of two-digit numbers (17 +
15) can be procedural:

1. Add 5 and 7 to get 12.

2. Write 2 in the answer.

3. Carry the 1.

4. Add 1 and 1 and 1 (from the carry) to get 3.
5. Write 3 to the left of the 2 in the answet.

6. Answer is 32.

Here we see that there are some cases "in which
procedures cannot function without first access-
ing conceptual knowledge" (Byrnes & Wasik,
1991, p. 785). Earlier number concepts and pro-
cedures are necessary for computing 5 + 7 = 12,
which cannot be understood without knowledge
about how the natural numbers work.

To highlight the difference between knowledge
type and knowledge quality, we introduce a new
definition for conceptual understanding, Con-
ceptual understanding is the deeper relationships
between conceptual knowledge and procedural
knowledge. It is the rich connections between
the two types of knowledge that makes students
more aware of big ideas in mathematics. Return-
ing to the earlier example of two-digit addition
(17 + 15), conceptual understanding might look
like the following:

1. Break 17 into 15 + 2
2.15+15=30
3. Remember the "2" from the 17: 30 + 2 = 32

In the above example, a student uses a conceptual
understanding of what 17 means to make the pro-
cedural part easier. Byrnes and Wasik (1991) dis-
cuss how conceptual knowledge often leads to the
use and understanding of procedure, and then by
using these procedures students can better under-
stand the concepts and create conceptual under-
standing, Building conceptual knowledge helps
students build on their procedural knowledge,
which in turn helps further perfect students' con-
ceptual knowledge (see Figure 1 for multiplica-
tion examples). As depth of knowledge increas-
es, conceptual understanding encompasses deep
procedural knowledge (aka. "procedural fluency™)
because the two types of knowledge become in-
tertwined (e.g., the Strands of Mathematical Pro-
ficiency in National Research Council, 2001).
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Procedures

Concepts

Shallow

C: Numbers

| P: Lattice or Standard Algorithm |

P: Partial Products

C: Place Value

C/P: Distributive Property, Place
Value, and Multiplication

Deep  Conceptual
Understanding

Figure 1. Conceptnal Knowledge for Multiplication.

Why is Conceptual Understanding
Important?

Conceptual understanding is important because it
helps students retain and transfer the information
they learn. With shallow conceptual or procedural
knowledge students can only transfer their knowl-
edge to similar looking situations, compared to
deep understanding where students can transfer
and apply knowledge to new types of situations
(Baroody, et al., 2007). According to Kaminiski,
Sloutsky, and Heckler (2009), students learning
abstract ideas before seeing concrete examples or
applications of the idea were able to build deeper
conceptual understanding and therefore transfer
the information to new ideas.

When students have shallow conceptual knowl-
edge they tend to only have partial knowledge
of both the concepts and procedures involved in
a topic (Rittle-Johnson, Siegler & Alibali, 2001).
Our investigations found that conceptual under-
standing and procedural fluency go hand in hand,;
greater knowledge of one type is associated with
greater knowledge of the other. As Rittle-Johnson
(2001) stated, "improving children's knowledge
of one type can lead to improvements in the other
type of knowledge" (p. 347). Because conceptual
understanding provides the "how" and "why" to
procedures, it gives meaning to procedural in-
formation. "One hallmark of mathematical un-
derstanding is the ability to justify, in a way ap-
propriate to the student's mathematical maturity,
why a particular mathematical statement is true or
where a mathematical rule comes from" (National
Governors Association Center for Best Practices,
2010, p. 4). Such understanding also makes it eas-
ier to learn and retain mathematical information.

The connections between conceptual and proce-
dural knowledge help students see the bigideas of
mathematical concepts and "big ideas invite chil-
dren to view mathematical knowledge as cohesive
or structured rather than as a series of isolated
procedures, definitions, and so forth" (Baroody,
et al., 2007, p. 126). When students see the big
ideas and make these connections they solidify
their understanding of the concept and can retain
and transfer their knowledge more effectively.
They come to view mathematics as meaningful,
rather than a series of arbitrary procedures.

Porter and Masingila (2000) provide evidence to
suggest that students' attitudes and beliefs about
mathematics can affect their procedural perfor-
mance and understanding of mathematical con-
cepts. When students do not believe they are good
at mathematics they tend to make more mistakes
in their procedures and create less connections
between mathematical concepts. Since concep-
tual understanding must be learned meaningfully,
itis crucial to teach conceptual understanding as a
way to change students' beliefs about mathemat-
ics as only a series of rote memorization tasks.
Instead, mathematics is connected so when stu-
dents understand mathematics as meaningful and
connected they gain insight into the structure of
mathematics (Ma, 1999).

How Can Teachers Support
Development of Conceptual
Understanding in Students?

Now that we know what conceptual understand-
ing is and why it is important for student learning,
this leads us to discuss how teachers can develop
and assess conceptual understanding in their stu-
dents.

Developing conceptual understanding involves helping
students make and apply connections within and
between mathematical concepts and procedures.
Recommendations for how to create connections
include:

* When students are learning a new concept, be-
gin with concrete examples then extend to gen-
eral examples. One way to do this is to start with
concrete manipulatives, then use visual represen-
tations, then use abstract mathematical symbols
(see Concrete -> Representation -> Abstraction
in Miller & Hudson, 2007).

1

\\
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* When students are transferring conceptual
knowledge, begin with generic examples then ex-
tend to specific examples. For example, start with
a mother function like f(x) = x* and then discuss
transformations like g(x) = x* + 5, h(x) = -3x? etc.
(Kaminiski, e# a/., 2009).

* Create “knowledge packages” such as categories
of functions to establish relationships between
other operations and concepts. Concept maps are
a typical way to show such knowledge packages
(Byrnes & Wasik, 1991; Ma, 1999). See Figure 2
for an example of a concept map.

* Explicitly connect new concept to the catego-
ries. For example, introducing division as the in-
verse of multiplication (Ma, 1999).

* Encourage problem representation, which is an
internal depiction of recreation of a problem in
working memory during problem solving (Rittle-
Johnson, et al., 2001).

* Emphasize that problems can be solved in mul-
tiple ways, because the concepts are related to sev-
eral other concepts (Ma, 1999).

* Ask “why does this make sense?” Exploring the
“why” underlying the “how” leads step by step to
the basic ideas at the core of mathematics (Ma,

1999).

* Provide examples and non-examples of when
concepts and procedures can be applied, these
examples/non-examples develop discrimination
between concepts (Byrnes & Wasik, 1991).

* Have students make and discuss predictions.
Students must use their knowledge of other con-
cepts to rationalize their predictions (Kasmer &
Kim, 2011).

* Use concrete examples to connect new concepts
to students' prior knowledge, while also using ge-
neric examples to help students generalize con-
cepts (Kaminiski, et al., 2009).

horizontal shift

Figure 2. Concept Map of Mother Function (x) and Translations

Assessing conceptual understanding involves ask-
ing students to use or create multiple represen-
tations, often to address new situations because
this demonstrates that students have built con-
nections between mathematical ideas. Specific ex-
amples for assessment include:

* Conceptual understanding can be assessed
through novel tasks, such as counting in nonstan-
dard ways or evaluating unfamiliar procedures
(Rittle-Johnson, et al., 2001).

* Use written responses/explanations in assess-
ments. Writing about mathematical concepts
cause students to think about mathematical ideas

and how to communicate these ideas to others
(Porter & Masingila, 2000).

* Students may possess the conceptual under-
standing, but struggle with explaining the concept
verbally. Provide opportunities for students to
demonstrate understanding by encouraging stu-
dents to draw pictures or use mathematical sym-
bols (Rittle-Johnson, Siegler & Alibali, 2001).

* Have students represent mathematical situations
in a variety of ways and discuss how these vatious
representations can be useful for different pur-
poses (National Research Council, 2001).

* Analyze students' errors in their work. Analyze
how these errors may relate to conceptual misun-
derstanding (Porter & Masingila, 2000).

* Have students analyze their own errors to ad-
dress conceptual misunderstandings.

Wisconsin
Mathematics Council
Distinguished

A}

bestows.

Mathematics
Educator Award

The Distinguished Mathematics Educator Award is the most
prestigious award that the Wisconsin Mathematics Council
The award
leadership & service to the state’s mathematics education community.
Download your nomination form at www.wismath.org. Application deadline is February

15", Recipients of the award will be honored at the Thursday evening reception at the
WMC Annual Conference.

recognizes individuals for exceptional
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Conclusion

Investigating conceptual understanding was
more difficult than we had anticipated. The lack
of consistency between knowledge and under-
standing in the research was problematic so we
needed to separate the two ideas. The solution we
offered was to use "knowledge" to identify type,
and "understanding” to define depth through rich
connections between knowledge types. Thus we
tried to separate the ideas, but found them dif-
ficult to separate as knowledge became more con-
nected. Knowing when to use a procedure, why
a procedure works, and how a procedure relates
to other mathematical ideas involves conceptual
understanding. These connections appear to in-
dicate that an important aspect of mathematics is
the "doing" part (procedures) as well as the ideas
part (concepts). Knowledge, both procedural and
conceptual, is applied to new situations to build
mathematical understandings.

"Procedutes versus concepts” is one of the many
debates in mathematics education. Our research
indicates that such debate only exists if we focus
on memorization or surface knowledge instead
of connected understandings. Teaching for un-
derstanding can be done by connecting new ideas
and procedures to prior knowledge and by explor-
ing the "why" of mathematics.
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Developing Geometry Knowledge

in the Early Grades

by Jenni McCool and Christina Knudsen, University of Wisconsin-La Crosse

ccording to research by Pierre van Hiele
Aand Dina van Hiele-Geldof, geometry is

vital to a student’s development (Crowley,
1987). Their research suggests that early geometry
instruction should be informal, giving students
opportunities to explore geometry concepts
through hands-on activities (van Hiele, 1999).
Informal activities may include opportunities that
provide students with the chance to investigate,
create drawings, build and take apart objects, and
make observations about the shapes they see in
the world around them. Through their work,
the van Hieles identified five levels of geometric
reasoning:  visualization, analysis, informal
deduction, deduction, and rigor. The levels are
progressive and the accompanying instruction
should motivate growth from one level to the next
moving from an informal to a formal method of
instruction.

The K-6 Geometry domain in the Common
Core State Standards for Mathematics (CCSSM)
also progresses from informal to formal ways of
thinking and is based on three main concepts: (1)
geometric shapes, components, and properties; (2)
composing and decomposing geometric shapes;
and (3) spatial relations and spatial structuring
(Common Core Standards Writing Team, 2012).
The Geometry domain of the CCSSM expects
students to be exposed in Kindergarten to every
shape they will see in K-7th grade. What changes
over these years is the more refined way we talk
about/describe these shapes and how students
make more sophisticated connections between
the shapes and their attributes. As such, a major
emphasis is placed on the vocabulary and the
words used to describe the world around us.

In order to gain an extensive understanding of
mathematics, students in the early grades need
to spend time “playing” with ideas while looking
at mathematics from different perspectives and
through various experiences (Gavin, et. al, 2013).
This article intends to provide examples of ways
to engage students in activities about geometric
shapes (their components and properties) that

are aligned with the K-3 Geometry CCSSM.
In order to categorize the activities we used
various rescarch studies that summarized
similar principles. Research by early childhood
mathematics education experts (Clements &
Sarama, 2009) suggest successful curriculums for
geometry instruction should include four guiding
features: (1) varied examples and non-examples;
(2) discussions about shapes and their attributes;
(3) a wider variety of shape classes; and (4) a
broad array of geometric tasks.

Below we will give a description of each of these
four guiding features and an example of an activity
that creates the intended learning experience.
Unless otherwise noted, the activities were taken
or modified from Elementary and Middle School
Mathematics: Teaching Developmentally (7th Edition) by
John Van de Walle, Karen S. Karp and Jennifer M.
Bay-Williams (Jan 25, 2009).

Varied Examples and Non-Examples

Children need to engage in the exploration of
many different examples of types of shapes.
More experience helps children so they do not
form narrow ideas about any class or type of
shape (Clements & Sarama, 2009). Showing non-
examples and then comparing them to examples
that are similar, help children focus on the
attributes of shapes.

Activity 1: Examples and Non-Examples
(CCSSM K.G.A2, 1.G.A.1, and 2.G.A.T)

In this activity, we asked first and second grade
students to think about what makes a triangle
a triangle. We then asked students to work
together to sort shapes into two piles. Pile one
was examples of triangles and pile two were non-
examples of triangles. Figure 1 below guided our
creation of the shapes we asked students to sort
and was adapted from the Progressions document
for K-6 geometry, p. 3 (Common Core Writing
Team, 2012).
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Triangles
Examples Non-Examples
Exemplars Variants Palpable Difficult
Distractors Distractors
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Figure 1. Examples and Non-Examples of Triangles.

Note the difference between variants, palpable
distractors and difficult distractors. The most
commonly misplaced variant was the long
“skinny” acute triangle. Students even used the
words “too skinny” when explaining why this
shape was a non-example. Ensuring that we
remember the variants when we draw and display
triangles in our classroom will help those students
who think the only triangles are those that have all
three sides the same length and one side parallel
to the ground. On the pre-assessment, many
second grade students did not think the equilateral
triangle in Figure 2 was a triangle because it was
“turned”.

Figure 2. Rotated Equilateral Triangle.

The palpable distractors are helpful when
students are first learning to distinguish between
shapes at a very basic level. For example, students
are focused on straight or curved sides and the
number of sides a shape has. Difficult distractors
add the complexity of there being three “sides”
but the shape not being closed. This notion of
a shape needing to be “closed” is important for
students in early grades to learn. One of the most
frequently misplaced shapes was the difficult
distractor that had three round corners. Students
would say, “three sides and three corners, so it is
a triangle.” When we discuss sides and “corners”
with our students, placing emphasis on straight sides
and pointed corners may help eliminate this common
misconception.

Discussions about Shapes and
Their Attributes

If children are given opportunities to  discuss
shapes using geometric vocabulary, they will
develop their mathematical language (Clements
& Sarama, 2009). Using mathematical terms in
the classroom can highlight early geometric skills
of recognizing, describing, and naming shapes
(Cooke & Buchholz, 2005). Allowing students
to share with the whole class introduces the
formalization of mathematical concepts and
processes.

Activity 2: Shape Sorting (CCSSM K.G.A.1 and
3.GA1)

The shape sorting activity (see Figure 3 below)
encourages students to use descriptive words to
describe attributes of a shape and to compare two
shapes. As you will see, each of the four stages
of the activity increases the cognitive demand
of the task and thus allows for differentiation
to meet students’ needs. From simply naming
characteristics of a single shape, to comparing two
shapes to determine similarities and differences,
and finally making comparisons between all of the
shapes, this activity motivates students to explain
and justify their thoughts to the group.

Figure 3. Shape Sorting Activity Set of Shapes

Shape Sorting Activity (Groups of 3-4) Prompts
and example set of shapes (see Figure 3 above):

1. One student selects a shape. Group members
take turns telling two things they found interesting
about that shape.

2. One student randomly selects two shapes and
tells one thing that is alike and one thing that is
different about the two shapes.
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3. One student selects one shape and identifies an
attribute(s). The rest of the group must find all
other shapes that have the same attribute(s).

4. One student creates a small collection of
shapes that fit a secret rule. By comparing the pile
of shapes that fit the rule and those that do not
fit the rule, the other group members try to guess
the rule.

First and second grade students actively engaged
in all four of these activities. Many vocabulary
words were used to describe shapes, and students
were able to evaluate whether a particular shape
belonged in a particular group based on group
member’s stated rules. This activity allowed the
teacher to observe how often informal language
was used by students in regards to shapes and
build on this language, moving to more formal
language when appropriate. For example, when
the teacher observed students say the semi-circle
was a “shape with two sides” the teacher then
brought this shape and characteristic to the whole
class for discussion.

A Wider Variety of Shape Classes

Eatly curriculums often begin with four distinct
shape classes: square, circle, triangle, and rectangle.
The best way to move forward with shape classes
is to present various examples, all-varying in size,
orientation, etc. (Clements & Sarama, 2009).
Clements and Sarama (2009) also suggest teachers
can develop skills by encouraging students to
describe why a figure belongs or does not belong
to a specific shape category. If young children
never see a square as an example of a rectangle for
instance, then they may have a difficult time later
in fifth grade when it is imperative that students
see the connections between these quadrilaterals.

The previous shape sorting activity can
be a precursor to the more sophisticated
activity described below. The property lists
for quadrilaterals activity gives students an
opportunity to begin to formalize their thinking
about one class of shapes, quadrilaterals. This
activity motivates students to focus their attention
on the properties within a class of shapes
(quadrilaterals) that distinguish one quadrilateral
group from another so students can eventually
create a quadrilateral hierarchy in fifth grade.

Activity 3: Property Lists for Quadrilaterals
(CCSSM 3.G.A.1 and 5.G.B.3)

In groups of 4, each person selects a different type
of quadrilateral (see Figure 4 below). Students
should list as many properties as they can for their
shape. Students then take turns stating a property
and everyone decides if their shape also has that
property. This activity requires students to explain
and justify why their shape does or does not have
a stated property. This activity can be used in the
lower grades if students are just focused on such
concepts as side lengths and parallel sides, for
example, or can be used in higher grades when
students investigate other properties such as
angles and diagonals.

Rectangles Parallelograms

] s
@D D 0/50

Pt
0@y

Figure 4. Four Types of Quadrilaterals.

Broad Array of Geometric Tasks

Research suggests using computer environments
and manipulatives to engage children in geometry
activities (Clements & Sarama, 2009). These
activities should give students opportunities
to reflect on the task, not just perform the
task. Clements and Sarama (2009) recommend
exploring, identifying, matching, and even making
shapes can be a great way for students to learn.
The task in Figure 5 (adapted from K-5 Math
Teaching Resources, 2010) is an open-ended task
that gives students the opportunity to create their
own shapes as they apply their understanding
of shape attributes. This Geoboard Quadrilaterals
activity (see Figure 5) allows a student to use his/
her own knowledge to describe attributes for
quadrilaterals as well as compare and contrast the
different types of quadrilaterals.
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Wisconsin Teacher of Mathematics, Fall 2013



gecboard paper.

different?

Geoboard Quadrilaterals

Word Bank: square, rectangle, trapezoid, parallelogram,
rhombus, right angle, parallel sides

1. Create a quadrilateral on your geoboard. Copy your quadrilateral onto
2. Compare your quadrilateral with a partner. How is it alike? Howisit

3. Make as many different quadrilaterals as you can. How are the
guadrilaterals you made alike and how are they different.

Figure 5. Geoboard Quadrilaterals

Geometry seems to be the lost language of
children and is often perceived by adults as the
high school class where they “had to write a lot
of proofs.” It is more than proofs. The reasoning
that goes into writing these proofs begins in the
primary grades and eatlier. The development of
the geometry vocabulary moves from informal
to a more formal language as students move
through the grades. Students are motivated to
learn through language and situations that are
familiar to them. Engaging students in activities
such as the ones described above, are a step
toward ensuring students are prepared to meet
the Geometry CCSSM as they move through the
grades.
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Tests for Divisibility

by Richard Askey, Professor Emeritus, University of Wisconsin

en tests for divisibility are given in
school, the only reasons why they
work is that a pattern seems to hold

true. While this is adequate for divisibility by 2, 5,
and 10, it is not as good for 4 and is inadequate
for divisibility by 3 and 9. We will give a motivat-
ed treatment of divisibility conditions for these
numbers, and then mention a problem where they
can be used.

Divisibility tests for 5 and 10 are easy. Ten works
because of place value, and more than a test for
divisibility is easy to determine. For example, 546
= 5%100 + 4*10 + 6, and 100 and 10 are divisible
by 10, so the remainder when 546 is divided by
10 is 6. The remainder is O when the unit digit is
0. For divisibility by 2, the same argument works.
The remainder is 0 when the unit digit is divisible
by 2, and it is 1 when the unit digit is not divisible
by 2. For 5, the remainder is O if the unit digit is
5 or 0, and the remainder is k, k = 1,2,3 4, if the
unit digit has a remainder of k when divided by 5.

We will be using divisibility by 4 and 8, and it is
easy to show that a whole number is divisible by 4
if the last two digits are divisible by 4. Why? 100
= 25%4, so it and 1,000, etc. are also divisible by
4. Likewise, a whole number is divisible by 8 if
the last three digits are divisible by 8 because 1000
= 125*8.

Tests for divisibility by 3 and by 9 can be found
using a slight change in the argument above. The
simple argument used above will not work since
10 and 100 are not divisible by 3 or 9. However,
we can look for the closest number to 10, 100, etc.
which is divisible by 3 and by 9. These numbers
are 9,99, and so on. The general case is treated in
the same way a three digit number is treated. Each
whole number up to 999 can be written as a*100
+ b*10 + ¢, where a, b, ¢ are digits. Write 10 =9 +
1,100 = 99 + 1, and use the distributive property
to get a*100+b*10+c = a*(99+1)+b*(9+1)+c =
a*99+b*9+a+b+c. As above, a*99 is divisible by
3 and by 9 since 99 is, and so is 9*b. Thus the
three digit number given by abc is divisible by 3
ot by 9 exactly when a + b + c is divisible by 3
ot by 9.

If you want to approach these two cases more
slowly, here is a suggestion of an exercise de-
scribed by a Japanese teacher . He made cards
with one digit marked on each. He passed out
three cards to groups of students. They were to
make as many different three digit numbers with
the three cards as possible and check to see which
were divisible by 3. For example, one set of three
cards might be 2,4,5, and a second set might be
4,0,8. It may come as a surprise to our students
that the first set can make 6 different three dig-
it numbers, and none of them is divisible by 3,
while the second set gives 6 different three digit
numbers, and all of them are divisible by 3. I have
not done this with students so I do not know how
easy it will be for them to come up with the sum
of the digits as the test for divisibility. If this is
done, this is just a start toward the mathematical
reasoning given above which shows why this test
works.

A test for divisibility by 6 is a combination of the
conditions for divisibility by 2 and by 3. There is
a test for divisibility by 7, but it is easier to just
divide by 7 to check divisibility.

Here is a problem which can be approached us-
ing these tests for divisibility. Take the digits
1,2,3,4,5,6,7,8,9 and use each digit once to form
a nine digit number that has the following prop-
erties. The first digit on the left is divisible by 1.
Don’t laugh just because this tells nothing. The
useful conditions start with the next one. The
first two digits on the left as a two digit number
is divisible by 2. The first three digits as a three
digit number is divisible by 3. Here is an example
where these three conditions are satisfied.

123 satisfies these conditions since 12 is divisible
by 2 and 123 is divisible by 3. However, 1234 does
not satisfy the fourth condition, which is that the
first four digits have to be divisible by 4 when
considered as a four digit number. Continuing,
the first five digits are divisible by 5, and so on up
to 9. Is there such a number, and if so, is there just
one of is there more than one?

A solution to this problem will appear elsewhere
in this issue, but before reading it, try it yourself.

12

Wisconsin Teacher of Mathematics, Fall 2013



At the End of the Hallway: Collaborating

with Physics Teachers

by Scott Schmid, Talawanda High School, Oxford, Ohio

Introduction

Many times math teachers attempt to draw from
other subjects when creating a lesson. This allows
students to take knowledge in one context and
apply it to another. In many of these cross-
curricular lessons, math teachers fail to use a
great resource. These resources are in every high
school. They generally tell bad jokes, are friendly,
and are usually stuck at the end of a random
hallway. Of course I am talking about physics
teachers!

Recently, I took a class with a number of
secondary school mathematics teachers. The
goal of the class was to present a lesson, review
literature on the topic and revise thatlesson. Being
a high school physics teacher, I had assumed I
would have a similar point of view as my fellow
mathematics teachers when it came to improving
lessons. 1 discovered that science and math
teachers could learn a lot from each other on how
to improve teaching in our respective classrooms.
In general, I found that the mathematics teachers
were exceptional at thinking of numerous ways
to approach a problem. They were also strong in
using technology in a number of ways to display a
problem. The physics teacher perspective seemed
helpful in certain types of problem solving skills,
graphing and areas of mathematics that are
frequently used in science class. In this article, 1
will magnify the physics teacher perspective, with
an example from the class.

The Initial Lesson

The initial lesson taught was through Cedar
Point’s math and science day program. Before
students went to Cedar Point Amusement Park,
they got a feel for linear and angular speed, by
having four students link arms and having one
person act as a pivot point while the other move
in circles with varying radii. The students are
to notice that the people on the outside move
much more quickly than those on the inside. At
Cedar Point Amusement Park, students ride a
carousel two times. One time they are near the
center of the carousel and the other trial they are
toward the edge of the carousel. While riding,
the students measure the time it takes to make

three revolutions, and later calculate the distance
traveled in three revolutions. Using this data, the
students then calculate their average linear speed.
They also plot a point on a position time graph
and calculate the slope, which the students then
discover has the same value as the average linear
speed. The students were to complete a worksheet
(aselected sample is shown in Figure 1) taken from
the Cedar Point Math and Science Student Handbook
(pp- 26-29) available at https://www.cedarpoint.
com/images/uploads/file/2013_MandS_HS_
Worksheet.pdf

The concepts of linear and angular speed are used
in numerous real world concepts including sports,
manufacturing, transportation, and astronomy.
Mathematics standards covered in this activity
include:

CCSS.Math.Content. HSF-IEB.6:  Calculate and
interpret the average rate of change of a function
(presented symbolically or as a table) over a
specified interval. Estimate the rate of change
from a graph.

CCSS.Math.Content. HSN-Q.A.1: Use units as
a way to understand problems and to guide the
solution of multi-step problems; choose and
interpret units consistently in formulas; choose
and interpret the scale and the origin in graphs
and data displays.

Wisconsin science standards covered in this
lesson include all of the grade 8 forces in motion
standards.

Review of the Literature

Students and teachers have many misconceptions
when it comes to rate of change. For example,
when given a graph with points that are not linear
students struggled to find the rate of change at
a particular point (Orton, 1984). Students tend
to struggle with the terms average, constant,
variable and instantaneous when it comes to
speed (Orton, 1984). In a study done with math
teachers, the majority of those teachers did not
relate the concept of slope to the rate of change
between two variables (Stump, 1999). Students
also seem to struggle when applying mathematics
concepts to physics. For instance some students

=9
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thought it inappropriate to put units on slope,
because slope is a mathematical idea (Woolnough,
2000). In another study, students were given
similar problems involving slope, one in a physics
context and one in a math context. Students did
far worse on the physics problems (Planinic,
Milin-Sipus, Katic, Susac, & Ivanjek, 2012). It is
evident in these articles that a different approach
is needed to promote a better understanding of
slope as the rate of change.

Student Work

The students generally completed the above work
accurately. If fact, all the student work provided
had the same answers, but were just rounded to
different decimal places. All of the students’
worksheets justhad answers, no work was provided
to show how they solved the problems. Some
difficulties did occur. For example, some students
mistook the formula for circumference to be
C=nt” instead of C=2nr. Students frequently
left units off answers. TFigure 1 below is a good
representation of the class work, as it shows
the student correctly finding velocity from the
equation v=3d/3t. At the bottom of the sheet
it is clear the student did not calculate slope, but
merely wrote down the same numbers from above.
This student, like most students in the class, left
the units off of his/her answers. I am faitly

certain the goal of this worksheet was to show
velocity is the slope of a distance time graph, but
the worksheet did not meet the intended goal.

Lesson Revision

Looking at the student work and the review of
the literature, our class of teachers worked on
improving the lesson. The lesson seemed to be
too direct for the level of students in the class
as it focused on calculation rather than learning
the concept. The students certainly did not seem
challenged with the lesson. The goal of the lesson
was working with linear and angular speed, but it
focused solely on linear speed. Even if the lesson
had used angular speed, the values for the angular
speeds would all be equal, which may lead to more
misconceptions. Therefore, as a team, we revised
the lesson to include finding both linear and
angular speed on a running track as shown below
in Figures 2a and 2b. In part one (Figure 2a), each
student runs around the curve of a track, three
times, in various lanes, timing how long it takes to
cover the distance. Students must then calculate
the distance of the curve, most likely using the
circumference formula. Students should notice
they have covered a half of a circle, or 180
degrees. From this, students can calculate linear
and angular speed. In part two (Figure 2b), a
group of students spread out across a number of
lanes while holding a pole and cover the same part
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Figure 1. Student Work Sample
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A standard high school is about 400 meters around and has 8 lanes. Each laneis one meter
wide. The following picture shows some measurements.

1. Runorwalk arcund the curve of the track in lane 1. Repeatthe process in lanes4 and &
while attempting to maintain the same speed each time. Time each of your trips and
record your results in the table below.

Distance [ ) Time )

AverageLinearSpeed [ )

Lanel

Lane 4

Lane 8

2. Why were your times different for each lane?
3. Fill in the following table

DegreesCovered [ ) | Time [ )

Average AngularSpeed [ ]

Lanel

Lane 4

Lane 8

Make Time vs. Lane graph

Whatwas your slope? What doesthat slope mean?

Whatwas your y-intercept? What does the y-intercept mean?

. Predictwhat your time, distance, linear speed and angular speed would be if you were
inlane 6.

Hene

Figure 2a. Revised Lesson Plan Part 1

A standard high school is about 400 meters around and has 8 lanes. Each lane is one meter
wide. The following picture shows some measurements.

1. Walkaround the curve of the track while holding a pole. One person should be
walking in lane 1, lane 4 and lane 8. Time your trip and record in the table below.

Distance [ ) Time ] Average LinearSpeed [ )

2, Whywere your speeds differentfor each lane?
3. Fill in the following table

DegreesCovered( ) | Time ( ) Average AngularSpeed [ ]

4., Make Distance vs, Lane graph

5. Whatwasyour slope? What does that slope mean?

6. Whatwasyour y-intercept? What does the y-intercept mean?

7. Predictwhat your time, distance, linear speed and angular speed would be if you were
inlane 6.

Figure 2b. Revised 1esson Plan Part 2.

To download a copy of the revised lesson
plan please visit www.wismath.org/resources.

of the track as before, and once again calculate
linear and angular speed. Students will find in the
first part that their linear speeds will be relatively
similar, because they are attempting to run at
the same rate in all three trials. In part one, the
angular speed will be different in all three trials,
because each trial takes a different amount of
time, but the same change in angle occurs. In the
second part, since the time is constant, the angular
speed will be the same, but the linear speed will
be different because each student is walking a
different distance in the same amount of time.
In each part, students are asked to graph data,
explain what their slope and y-intercept mean and
make predictions about linear and angular speed
if they were in another lane of the track.

Strengths of the Revision and
Conclusion

During the revision process, 1 was surprised at
how my approach to revisions as a physics teacher
was different than the mathematics teachers.
For instance, amongst the math teachers there
was no discussion of the confusion between the
equations for area and circumference of a circle.
When the lesson was taught, if a student confused
the equations, another student or the teacher
would correct him/her by just telling the correct
formula. If students know the definition of area
and circumference they should be able to figure
out which formula is correct, on their own, by unit
analysis. For example 2nr has to have distance
units, while 7r? has to have the units of distance
squared, only the first one can be a circumference.
Unit analysis is a common approach in physics
classes to see if an equation is even possible. The
units on the original worksheet were usually given
to a student, which generally means students will
overlook them. By including empty parenthesis
on the revised worksheet, students will
remember they need to include units and more
likely understand their importance. This is one
component of the Common Core Standards for
Mathematical Practice: #6 Attend to Precision.

Physics teachers also seem to take a different
approach to graphs compared to mathematics
teachers. The graphing section of the new lesson
will enforce a variety of topics. By asking what
the slope and y-intercept mean, students now can
see graphing as a mathematical concept that also
has applications. Suppose the slope in part 1 is 8.
The units would be seconds per lane, as those are
the y and x units respectively. The answer for #5
on the worksheet could read: As the lane number

~q
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increases by one, the amount of time it takes to
run increases by 8 seconds. The correct answer
to the y-intercept question might read: If there
were a lane 0, it would take y-intercept (seconds)
to run the distance of lane 0. Asking what the
slope means also stresses the importance of units.

The final and most obvious use of the physics
teacher in this lesson is to discuss the physics
involved. During the revision of the lesson,
math teachers occasionally had misused physics
vocabulary. This is a common mistake, as many
words have similar meanings. For instance, the
term centrifugal force was used when explaining
the feeling students had on the carousel, when
they felt like they were flying out of the circle.
This feeling of flying out of the circle is actually
called inertia. There is no force pushing the
student out of the circle, they are merely trying to
go in a straight line which takes them out of the
circle. Speed and velocity were also interchanged.
Velocity is speed with a direction. For example,
your speed could be 45 miles per hour, and your
velocity could be 45 miles per hour North. The
point is, physics teachers discuss these concepts
constantly, and can assist math teachers and
students in better understanding these concepts.
So if you are doing a lesson that involves motion
or some other physics topic, take a walk down the
long hallway, laugh at the bad jokes and collaborate
with your friendly physics teacher.
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Get Ready for

the 2014 State
Math Gontests

Calling all WI
State Math-letes!

The 2014 State Math Contest
will take place on March 3-7,
2014. Interested schools need
to register for the contest no
later than February 15, 2014.

Information about the contest
& registration forms will be
posted on the WMC website in
late January.

The 2014 STATE MATHEMATICS
CONTESTS, sponsored by the Wisconsin
Mathematics Council, are for both middle
and high school students! Schools
participate at their home sites, and each
school chooses the day the team will
participate in the contest.

Registration for the contests will open in
late January 2014; click on http://
www.wismath.org/resources/math-contests/
to download a registration form during the
last week of January. Registration closes on
February 15, 2014, and contest packets will
be sent to participating schools the next day.

For more information,
please contact

wmc@wismath.org
or call (262) 437- 0174.

16

Wisconsin Teacher of Mathematics, Fall 2013




Pentagrams and More — An Introduction to

Reasoning and Proof

by Matthew Chedister, University of Wisconsin-La Crosse

ithin the Common Core State Standards

(CCSS), specifically the Standards for

Mathematical Practice, there is an em-
phasis on students constructing and critiquing
arguments and proofs. However, many students
struggle with reasoning and proof. The concept
of proof is difficult for many students because
they have not been formally introduced to proof
prior to their high school geometry class. More
problematic is that once they are introduced to
proof in high school geometry, they are taught
proof as a topic of study rather than an overarch-
ing mathematical language. Problems involving
proofs often focus only on the form of the proof
and ask students to prove things that are already
obviously true.

One way to generate students’ understanding of
proof is to have them work on proof tasks that
require both inductive and deductive reasoning
and whose results are not immediately obvious.
Further, types of problems that are especially
effective are problems whose entry points are
manageable. One such problem that I have used
in my geometry classes is called Pentagrams and
More (see Figure 1). In this problem (adapted
from Craven 2010), students must experiment
to discover that the sum of the measures of the
angles at the points in any pentagram is always
constant. Furthermore, to prove this, students
need only to have prior knowledge of basic angle
and polygon facts and theorems.

A

Figure 1. The Pentagrams and More Problem. What is the sum of the
measures of the five labeled angles that mafke up the points of the pentagram?
(Craven, 2010)

Beginning the Problem with
Experimentation

Inductive reasoning and deductive reasoning are
two important types of reasoning that students
should use in communicating their understanding
of mathematics. Unfortunately, these two types
of reasoning are only briefly discussed in many
classes.  Inductive reasoning is defined as the
process of observing data, recognizing patterns,
and making generalizations about those patterns
(Serra, 2008). Deductive reasoning is defined as
the process of showing that certain statements
follow logically from agreed-upon assumptions
and proven facts (Serra, 2008). The Pentagrams
and More Problem can be used to give students an
opportunity to work with both types of reasoning.

Because the result about the sums of the measutes
of the points is not immediately obvious, it is
best to begin this problem by having students
construct several example pentagrams and then
use inductive reasoning to determine that the
sum of the measures of the angles that make
up the points is always 180 degrees. This can be
done using paper, pencil, and protractor or using
a dynamic software like Geometer’s Sketchpad
or Geogebra. The paper, pencil, and protractor
method is sufficient if there is limited technology
easily accessible.  The disadvantage of this
method is that accuracy is difficult and students
may get a variety of sums for the angle measures.
If using paper and pencil, having students
draw pentagrams at least 2 inches by 2 inches
is more effective because smaller ones result in
small angles that are harder for many students
to measure with accuracy. The use of dynamic
software is an effective way to show students that
even when the vertices of their figures change
sizes, the sum of the angle measures does not
change. It also allows students to see that as one
angle grows or shrinks, the other angles change
correspondingly to compensate.

After students have made their generalization,
they are ready to begin writing deductive proofs
of their findings. I will describe four proofs and
their extensions that were developed by one of
my geometry classes.

Wisconsin Teacher of Mathematics, Fall 2013
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Solution Method #1 - The Big Triangle
Method

One group in the class came up with a solution
that we chose to call The Big Triangle Method as
shown in Figure 2. In the method, the students
drew a line from vertex labeled d to the vertex
labeled ¢ and labeled the two new angles 7 and
2. The students argued that the sum of the
measures of angles 7 and 2 was equal to the sum
of the measures of the angles labeled e and b.
They justified this argument by observing that
the angles labeled 3 and 4 were vertical angles and
therefore equal in measure. This meant that since
all triangles’ interior angles sum to 180 degrees,
the remaining angles’ measurements must have
the same sum.

The students then outlined one large triangle (see
Figure 2) and noted that all triangles have interior
angles whose measures sum to 180 degrees. The
angles in this big triangle were angle # and an angle
made of angle d and 1 and an angle made of angle
cand 2. Therefore, the sum of the measures of
angles a, d, ¢, 1, and 2 equals 180 degrees. Further
since the sum of the measures of 7 and 2 is equal
to the sum of the measures of ¢ and 4, the sum
of the measures of the original five angles is 180
degrees.

Figure 2. The Big Triangle Method.

Solution Method #2 - The Exterior Angles
and Remote Interior Method

Another group came up with a method using two
of the exterior angles of two triangles found in
the pentagram as shown in Figure 3. The class
decided to call this method The Exterior Angles
and Remote Interior Angles Method. In this method,
the group labeled two angles of one the triangles.
The students stated that they knew that the
exterior angle of a triangle is equal to the sum of
the remote interior angles and therefore angle 1
had a measure equal to the sum of the measures
of angles / and d (see Figure 3). By a similar
argument, angle 2 is equal to the measures of
angles ¢and ¢. The group then said that they knew
that the sum of the interior angle measures in a
triangle is 180 degrees so the measures of angles

a, 1, and 2 sum to 180 degrees. By substitution,
the sum of the angle measures a through e must
also be 180 degrees.

Figure 3. The Excterior Angles and Remote Interior Angles Method.

Solution Method #3 - The Many Triangles
Method

A third group came up with a method that they
called The Many Triangles Method. This method
required a large amount of “bookkeeping.”
These students noted that they could make
triangles using two points of the pentagram and
one angle of the interior pentagon. One such
triangle is shown in Figure 4 using angles z and 4.
Four more of these triangles can be made — one
for each of the angles of the interior pentagon.
Within these five triangles, each angle at the point
of the pentagram appears in two triangles. For
example, angle z appears in the triangle with angle
d as shown, but also in a triangle with angle .

The students noted that they had five triangles and
that the sum of the angle measures in these five
triangles was 5 x 180 or 900 degrees. The students
then noted that they included five angles which
were not part of the points of the pentagram (the
five interior angles of the pentagon which sum
to 540 degrees) so they subtracted 540 from 900
to get a sum of 360. They finally noted that each
angle at the points had been counted twice so they
dived 360 by 2 to get a solution of 180 degrees
for the sum of the measure of the five angles that
make up the points of the pentagram.

/\

Figure 4. One of the Triangles in the Many Triangles Method.

Solution Method # 4 - The Exterior Angles
Twice Method

The final method presented by a group used an
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idea we had recently discussed in class — that the
measures of the exterior angles of a polygon sum
to 360 degrees. This group noted that within the
triangles around the interior pentagon, there were
two complete sets of exterior angles — labeled
with 1’s and 2’s (see Figure 5). They then noted
that there were five triangles and the sum of the
measures of all the angles in these triangles was
900 degrees. The students then used the fact that
each complete set of exterior angles adds to 360
degrees and they subtracted 720 degrees from
their total to arrive at the answer that the measures
of the five angles that make up the points of the
pentagram sum to 180 degrees.

Figure 5. Excterior Angles Twice Method.

Extendibility

As a class, we concluded the lesson by discussing
which of the methods developed extended to
hexagrams, heptagrams, or even n-grams. After
further experimentation and discussion the class
decided that each time a side was added to the
n-gram, the sum of the measures of the angles
at the points increased by 180 degrees. They also
decided that this could be proven using two of
the four methods: The Exterior Angles Twice Method
and The Many Triangles Method.

The argument for the Exterior Angles Twice Method
was more straight forward. The students noted
that every time a side was added to the n-gram,
there was new triangle added increasing the sum
by 180 degrees. The sum of measures of the
exterior angles did not change so therefore the
total sum of the measures of the angles at the
points also increased by 180 degrees.

The Many Triangles Methods was more complicated
but still seemed to generalize but in two different
cases. When n was even, the figure could be
broken into two n/2 polygons whose vertices
were all points of the n-gram and the sum of the
angle of measures of these two polygons added
to the appropriate total. As shown in Figure 6, the
hexagram can be broken into two triangles whose
vertices make up the points of the hexagram.

The sum of these angle measures is 360 degrees.

Figure 6. Hexagram Exanmple Figure 7. Heptagram Example

When n was odd, the student found that they could
make (7+17)/2 sided polygons that had one vertex
that was part of the interior #-gon. Making these
polygons, they used each point of the n-gram
(n-1)/2 times. They found that they could make
n of these polygons. They then subtracted the
sum of the measures of the interior angles of the
interior polygon and divided by (#-7)/2 to obtain
their final answer. See Figure 7 for example
using a heptagram. Within the heptagram, we can
make quadrilaterals that contain three vertices
of the heptagram and one vertex of the interior
heptagon. Seven of these heptagrams can be
created.  The sum of the measures of these
seven quadrilaterals is 2520 degrees. To find the
sum of the measures of the points, we need to
subtract the sum of the measures of the intetior
heptagon (2520 — 900 = 1620). Each point of the
heptagram is included in 3 different quadrilaterals
so we have triple counted so we divide 1620 by 3
to get our answer of 540 degrees.

Conclusion

The use of a problem like Pentagrams and More
exposes students to a number of key ideas
involving proof such as inductive reasoning
and deductive reasoning.  More importantly,
the implementation of a problem like this can
motivate students’ understanding of proof.
Since, the problem is built around basic angle
and polygon facts and theorems, it can serve as
a positive springboard into other proving tasks
throughout the school year.
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Problem Using Divisibility Tests

by Richard Askey, Professor Emeritus, University of Wisconsin

ere is the problem that was stated
in the ecarlier article: Use the digits
1,2,3,4,5,6,7,8,9 once each to make a

nine digit number with the properties that the
first k digits as a k digit number is divisible by k,
k=1,2,3,...,9.

The first five digits as a five digit number is
divisible by 5, so the fifth digit has to be 5. The
first two digits as a two digit number is divisible
by 2, so the second digit has to be even. Similarly
the fourth, sixth and eighth digits have to be even,
which uses all the even numbers, so the remaining

digits have to be odd.

The first four have to be divisible by 4, and so by
the test for divisibility by 4 the third and fourth
digits as a two digit number have to be divisible by
4. The numbers 14, 34, 74, 94, 18, 38, 78, 98 are
all not divisible by 4 so the fourth digit has to be
cither 2 or 6. Similarly, the first eight digits as an
eight digit number has to be divisible by 8, and so
divisible by 4, so the eighth digit has to be either
2 or 6. The first three and the first six each have
to be divisible by 3, so the sum of the first three
digits has to be divisible by 3, as does the sum of
the first six digits. This implies that the sum of the
fourth, fifth, and sixth digits has to be divisible by
3. The only possibilities for this are 258 and 654.
The test for divisibility by 8 is that the last three
digits has to be divisible by 8. The possibilities for
the digits in the sixth, seventh and eighth places
are 432, 472, 816, 896. The sum of the seventh,
eighth, and ninth digits has to be divisible by 3,
and this is not possible for the numbers which
end in 16 and an odd number, since the only odd
digit which works is 5 and 5 has already been used.
This leads to ten possible numbers:

789654321, 987654321, 981654327, 189654327
189654723, 981654729, 381654729, 183654729
247258963, 741258963

One and only one of these numbers has the
first seven digits as a seven digit number which
is divisible by 7. Let me illustrate how what was
called “short division” was done when I was in
elementary school to determine if a number was
divisible by 7. Consider the first number, and just
the first seven digits. When dividing by a single
digit number, here 7, the quotient was written
above the bar if one wants to do the division, but
here we do not care about anything except to see
if the division is exact or there is a remainder.
This would have been done mentally after a little
practice, or the partial remainders could have
been recorded. Here in words is what to do (see
also Figure 1).

7)7896543

First, there is no remainder when 7 is divided by
7, there is a remainder of 1 when 8 is divided by
7 so the next division is of 19. The remainder is
5 since 19-14=5, so the next division is of 50.
There is no remainder when this is divided by 7,
a remainder of 5 when 5 is divided by 7, and of
5 when 54 is divided by 7, 54-49=5. Finally, 53 is
not divisible by 7 so 7896543 is not divisible by 7.

[V
RN S=t 3

Figure 1. Short Division for 7.

.
-

The rest of the calculations are left to you.

Assessment, Instruction, Intervention & the Implication

Mathematical Proficiency for Every Student
il

for Student Learning

November 14 & 15 — Oconomowoc e December 12 & 13 — Wausau

Visit www.wismath.org to register.
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Technology Tips: GeoGebra Tablet App

by Josh Hertel, University of Wisconsin-La Crosse

.|
\\

Welcome to a new section in the Wisconsin Teacher of Mathematics called Technology Tips. The goal of this section
is 1o provide a forum to discuss the use of technology in the classroom, share projects or activities that incorporate
technology, review new or emerging technologies, and promote an open dialogne about the place of technology in
mathematics education. If you have comments, questions, or an idea for an article, please send me an email at

Jhertel@uwlax.edu.

An Overview of the GeoGebra
Tablet App

This article will present a brief review of the new
GeoGebra app for android and iOS tablets. If you
have never used GeoGebra before, it is a dynamic
mathematics software that is freely available for
Windows, Mac, and Linux systems (to download
visit http://www.geogebra.org). Interest from
the community of users for a tablet version of
GeoGebraled to a Kickstarter campaign in the Fall
of 2012. The campaign was fully funded and as of
September 2013, both Android and iPad apps have
been released and are free to download from the
Google Play and Apple App stores. Experienced
GeoGebra users might wonder whether there are
major differences between the desktop edition
and the tablet app. In fact, there are a number of
differences in terms of features and interface. The
tablet app is a streamlined version of the desktop
edition that includes a simplified user interface
and a limited tool set. These limitations aside,
the app incorporates several features that are
prominent on the desktop edition and easily work
with the tablet medium. T will discuss several of
these features briefly and then present an overall
assessment of the app. Note that this review was
written primarily from an iPad app; however, 1
have also tried the Android App on a Nexus 7
and the features appear identical. This review also
assumes basic knowledge of the desktop edition.

Main Features

Amain feature of thedesktop edition of GeoGebra
is its integration of several “views” that allow the
user to manipulate different representations of a
mathematical object. The desktop edition includes
a dynamic geometry environment (graphics
view), an algebraic representation view (algebra
view), a computer algebra system (CAS view),
and a spreadsheet (spreadsheet view). These
views are connected together so that changing
a mathematical object in one view will result in

changes to the representation of the object in
the other views. The current tablet app has the
graphics view, algebra view, and computer algebra
system commands (the CAS and spreadsheet
views may be incorporated in the future). For
example, Figure 1 shows a quadratic function that
has been defined in the algebra view (right panel)
and displayed in the graphics view (left panel). If
the user changes the definition of the function in
the algebra view, these changes will immediately
be updated in the graphics view. Likewise, if a
user interacts with the function in the graphics
view by dragging it around the screen, the shifts
are applied to the equation in the algebra view.

The toolbar at the bottom includes a majority of
the typical tools (e.g., New Point, Perpendicular
Line, Polygon, Reflect Object About a Line,
Create a Slider). As with the desktop edition,
touching one of the visible tools brings up a sub-
menu of tools that can be selected. The graphics
view can be shifted hotizontally/vertically by
dragging a finger across the screen. Zooming can
be done using a pinch motion.

&

Figure 1

Function

i(x)= (x+223)% + x+2

&1

) AL OO 4N Y=

Figure 1. A parabola show in the graphics and algebra views.
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Objects can be created in the graphics view by
selecting a tool and then touching the screen.
Once created, an object can be selected by tapping
on it. Selecting an object brings up a properties
menu in the upper left of the graphics view, which
can be used to change the color of the object and
change the text that is displayed (e.g., name, label).
Objects can also be moved around the screen by
tapping and dragging (note that the hand tool
must be selected from the toolbar). To delete
objects, select the eraser tool (found in the hand
tool sub-menu) and then tap on the object.

Algebra View and Input Bar

The algebra view can be opened by tapping on
the arrow in the right hand corner of the graphics
view. Any object that has been created in the
graphics view is automatically created within the
algebra view. Similar to the desktop edition, the
algebra view allows the user to hide/show an
object by tapping on the radio buttons next to the
name. Likewise, the algebra view allows the user
to redefine an object by double-tapping on its
definition. Double-tapping on a definition brings
up an input box showing the current definition
of the object, which can be edited using the on-
screen keyboard.

Objects can be created in the algebra view using
the input bar. This bar is at the bottom right in
landscape mode and at the bottom of the screen
when in portrait mode. The input bar disappears
when the tablet is rotated into portrait mode, but
can be revealed by tapping on the arrow in the
lower right-hand corner. As with the desktop
edition, the input bar can be used to define
functions, redefine objects, and execute predefined
commands. I tested several commands (e.g,
derivative, extremum) and everything appeared to
be present. However, unlike the desktop edition,
entering the first few letters of a command does
not bring up a list of possibilities. Additionally,
using the on-screen keyboard to enter commands
can be cumbersome because a large portion
of the screen is covered by the keyboard itself
(Figure 2).

Figure 2. The on-screen keyboard covers a large portion of the screen.

New Sketch, Search, and Save

One other prominent feature, which is unique to
the app, is the set of three buttons in the top left
of the screen (see Figure 1). These buttons are: a
new sketch symbol (plus sign), a search symbol
(magnitying glass), and a save symbol (Hoppy
disk). The first and last are self-explanatory, but
the second is not. The search symbol provides
the means to access previously saved sketches.
You can open the sketch for viewing, open the
sketch for editing, or delete the sketch from the
tablet. Additionally, the search tool allows the
user to search for sketches on GeoGebraTube
(an online sharing site for GeoGebra sketches).
Sketches can then be downloaded directly from
GeoGebraTube for display or editing. At this
time it is not possible to upload sketches to
GeoGebraTube, but according to the developers
this feature is a top priority. On an Android tablet
it is possible to email a sketch, but this is not
possible on the iPad at the moment.

Final Thoughts

The GeoGebra tablet app presents several
possibilities for classroom use. First, the app
allows students to build geometric constructions
within the graphics view. These constructions can
be manipulated to form/test conjectures about
specific mathematical ideas or relationships.
In a more structured approach, a teacher could
create a sketch using the desktop edition, upload
it to GeoGebraTube, and then have students
download the sketch onto classroom iPads.
Thus, the app itself provides some of the same
opportunities for mathematical reasoning and
sense-making found in the desktop edition but
places these opportunities within a more user-
friendly interface.
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Second, I can imagine the app serving as a useful
tool for teachers who use iPads regularly in their
own teaching, The flexibility of the application to
create graphs or construct mathematical objects
on demand may make it useful to illustrate
concepts or ideas on a regular basis. For example,
I can imagine a classroom of students divided
into small groups with each group working on
graphing functions that have undergone some
type of transformation (e.g, shift, compression,
stretch). As the teacher moves from group to
group, they might use the GeoGebra app to
demonstrate different ideas or allow students to
experiment with an existing sketch. The inclusion
of sliders in the app make it relatively easy to
change the parameters of a particular function.

Overall, 1 believe that there are two barriers to
the implementation of the GeoGebra tablet
app: (a) the price and availability of tablets and
(b) the technical knowledge necessary to use
the application. There is no question that these
are real barriers that will prevent the app from
being used within some classrooms. However,
the last several years have seen a general trend
of more tablet use both within and outside of
classroom. Likewise, both students and teachers
are gaining increased familiarity with tablet based
applications. Thus, I believe the development of
the GeoGebra tablet is timely given the shifting
focus on mobile technology. Moreover, the ease
of use of the app allows the user to forget the
interface and instead focus on the mathematical
concepts at hand. This puts the GeoGebra tablet
app into a strong position for incorporation into
the mathematics classroom.

WMC Wants YOU!

WMC announced today that it needs
members to help with committee
work. Are YOU looking to get more
active in WMC?

Contact WMC if you’d like to get more
involved or get more information by calling
262.437.0174 or email wmc@wismath.org.

Do you
have the

WRITE
stuff?

Are you looking for an opportunity
to write for a professional journal?
The Wisconsin Teacher of
Mathematics invites you to share what
you're doing in your classroom,
research with which you may be
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-
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secondary education.
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issues; please refer to the guidelines
for submission that are printed on the
inside cover of this journal. Articles
should be sent to
kosiak.jenn@uwlax.edu.

|

\\

Wisconsin Teacher of Mathematics, Fall 2013

23



Wisconsin Mathematics, Engineering,
and Science Talent Search Celebrates its

50th Anniversary

Thisyear the Wisconsin Mathematics, Engineering,
and Science Talent Search celebrates its 50th
anniversary of bringing challenging, intriguing
mathematics problems to Wisconsin students,
and recognizing some of the state’s most talented
young mathematicians. It all began in 1963, when
University of Wisconsin-Madison Professor
Laurence C. Young wrote the first competition.
It started with the following problem.

Given n billiard balls numbered 1, 2, 3...n, for
some positive whole number n, show that there
are exactly two ways to arrange them in a circle
so that the difference of the numbers on two
adjacent balls is 1 or 2. [Show that| further of
the two arrangements, each is a mirror reflection
of the other.

This is a great example of a talent search problem.
It is not easily classified as being solved by some
technique. It doesn’t require students to know a
particular fact or formula, and such knowledge
will not particularly bring students closer to
a solution. Yet in the solution to this problem
(see “Solving the problems” below) we can see
important themes of mathematical problem
solving.

The problem above and four other problems
were distributed to Wisconsin students, and
students mailed in their solutions to be graded at
the Mathematics Department at the University of
Wisconsin-Madison. Thirty-one students sent in
a correct answer to the problem above. This set
of five problems was the first of four problem
sets mailed out in the 1963-64 school year. On
the second set, one problem was solved correctly
by 170 students.

Now, the Talent Search consists of five problem
sets, each of five problems. The problem sets are
mailed to all of the middle and high school math
teachers in Wisconsin, and the teachers are asked
to distribute the problems and information about
the competition to interested students. The five
problem sets are available online as well. Students
have approximately a month to work on each
problem set. They may send their solutions by
email or postal mail, where they are still graded in
the Mathematics Department at the University of
Wisconsin-Madison.

These days, there are a lot of different math
competitions that students and schools may
participate in. However, the Talent Search is
different from most of these competitions in
several respects. It requires that students provide
reasoning and justification, that is, “proofs,” for
their answers and the solutions are graded on the
quality of these proofs. The problems are more
challenging than many in math competitions
because the students have 2 month to wrestle with
the problems, which allows for problems that
require more ideas and insights than anyone can be
expected to have in a timed format. Any student
may participate in the Talent Search. While the
Talent Search relies on teachers to help spread
the word about the competition, participation
does not require any further commitment from
the school. A school that is too small for a
math team or without the resources to travel to
competitions may still have one or two students
who are interested in mathematical challenges and
who could participate in the Talent Search.

In 1991, the Talent Search began offering a four
year scholarship to UW-Madison as the top prize.
At that time the scholarship was $4,000 a year for
four years. Currently, the Van Vleck Scholarship,
the top prize in the Talent Search, is $6,000 a year
for four years. After the five rounds of the mail-in
problem sets, approximately 25 of the top scorers
from Wisconsin are invited to take a proctored
and timed scholarship exam. The winner or
winners of this scholarship exam are awarded the
Van Vleck Scholarship to UW-Madison. The top
scorers and their parents are also invited to UW-
Madison for an Honors Day. There the students
talk to professors, attend some mathematics and
science lectures, and visit a research facility on
campus.

Where the Problems Come From

The Talent Search has also been run by the
Mathematics  Department at  UW-Madison.
Since Professor Laurence Young started the
Talent Search, many other faculty members in
the department have helped run the program,
most notably Professor I. Martin Isaacs, who
was Talent Search Director for 32 years from
1980 to 2012. Professor Donald S. Passman
was Assistant Director for 21 years from 1991 to
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2012. Since the retirement of these long standing
Talent Search organizers, a new team consisting
of Professors Benedek Valko, Melanie Matchett
Wood, and Jonathan Kane has been writing the
problems and organizing the competition. They
have been helped immensely by Sharon Paulson,
who has been running the day-to-day operations
of the competition since 1991.

For each problem set, the organizers each write
a list of proposed problems. They then get to
enjoy the challenge of working on the others’
problems before they come together to decide
which five will be best for the competition.
The organizers look for problems that don’t
require too much specialized knowledge, but
give students the opportunity to think creatively.
Ideally the problems are inviting, and give students
something to play around with and puzzle out
as they examine small cases and try different
strategies. Some problems in each set should be
more accessible to allow more students to get
involved, and some should be challenging enough
to give even the best students something to think
about over the course of the month they have to
work on them.

Solving the Problems

Each problem in the talent search gives students
a chance to explore a small piece of mathematics.
Often, there is some surprising or interesting
structure in the mathematics. The problems are
designed to give students a chance to stretch their
minds and develop their problem solving skills.
They give students a chance to develop their
mathematical skills without just going further in
the school curtriculum.

For example, how would a student solve the
problem above, which is on the easier end of
talent search problems? First, one can consider
small cases. For example, if there are three balls,
some playing around will quickly convince you
that there are only 2 ways to put three balls in a
circle--such that they are 1,2,3 in order clockwise
or counterclockwise--which both satisty the
conditions of the problem and are mirror
reflection of one another. However, when there
are four balls, you can see that there are now more
circular arrangements--6 of them in fact--but by

looking at each one you can again observe that
the statement of the problem holds for four
balls. Though for any particular n one could in
theory list the arrangements and then check each
one to see if it satisfies the difference condition
of the problem, such an approach will never
solve the problem for all n. For this, one needs
to think systematically about how to build such
arrangements.

Here one can use another important problem
solving strategy by trying to make partial progress
on the problem. How about before trying to
see there are exactly two allowed arrangements
(where an allowed arrangement is one where the
difference of the numbers on two adjacent balls
is £1 or £2), you could just try to see if you can
construct any allowed arrangements at all? To
construct one in an organized fashion, it makes
sense to start with the placement of ball 1. What
can be next to 1?7 Only 2 or 3. Yet 1 has to have
two balls adjacent to it, so they must be it in some
order. If n>3, what can be next to 2? Only 1,3,0r
4, and 1 and 3 are already placed, so 4 must be
on the other side of 2 from 1. Then, if n>4,
what can be next to 32 Only 1,2,4,5, but 1,2,4 are
already placed, so 5 must be on the other side of
3 from 1. We can proceed like this. We see that
at the first step, we had two choices for which
side of the 1 held the 2 and which held the 3. But
after this, every ball position is fixed and there are
no more possible choices. What started out as an
attempt to build any allowed arrangement at all
has turned into a proof that there are at most two
allowed arrangements!

It still remains to be seen that there are indeed these
two allowed arrangements. We see that the balls
are being placed in order: 1,2,3,4..., alternating on
the left and then the right of a line. At each point,
every ball is difference £1 or 22 from all adjacent
balls. When we run out of balls, the two balls on
the ends will become adjacent to form a circle.
Since the last two balls placed are consecutively
numbered, we see that the difference of those
adjacent balls is 1. Thus, we have constructed
(when n>2) two different allowed arrangements
which are mirrored reflections of each other.
This completes the problem.
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Past Winners

Over the years, the winners have come from many
different schools across the state of Wisconsin,
and they have gone on to many different paths
after the Talent Search. However, they commonly
recognize the important contribution the
Talent Search had in the development of their
mathematical skills. David Boduch, a winner in
1981 and 1982 from Waukesha Memorial High
School in Waukesha said, “The problems were
harder than any others I encountered in the
classroom or at math meets, and I looked forward
to their challenge and to competing against some
of the region’s most talented math students. Hach
set contained at least a couple problems that did
not succumb to an hour, a day, or sometimes even
a week of pondering. I was often spurred to leaf
through books on geometry, combinatorics, or
number theory for helpful results. Occasionally
I tested hypotheses or looked for patterns
by writing BASIC programs on a 16K RAM
microcomputer.”  After studying mathematics
at Harvard and MIT, David pursued a career in
finance and created one of the largest and most
successful fixed-income hedge funds. David
reports that “The autographed copy Professor
Laurence Young gave me on Honors Day of his
"Mathematicians and Their Times" still rests on
my bookshelf.”

Matt Wage from Appleton East High School was
a Van Vleck Scholarship winner in 2007. He said
that, ““The Wisconsin Talent Search was great for
me because it was my first experience with really
difficult math problems.”  After studying math
and philosophy at Princeton, he has also gone
into a career in finance.

Some Talent Search winners have gone on into
academic mathematics. Daniel Kane was a Van
Vleck Scholarship recipient in 2000. He said
“The Talent Search was actually a really significant
learning experience for me, as it was my first
real exposure to proof-based problem solving.
I also found the problems generally interesting
and continued to participate for years after I
had already won.” Daniel majored in math and
physics at MIT, got his PhD in mathematics at
Harvard, and is currently a postdoctoral scholar
at Stanford.

The Loh family famously had three Van Vleck
Scholarship winners: Po-Shen in 1997, Po-Ru
in 1999, and Po-Ling in 2002. Po-Shen said,
“I thought that the Wisconsin Talent Search
was a great experience, and indeed, it was my
first encounter with formal proof writing, All
of my previous mathematical activities had
focused on numerical answers, and I found it
interesting and challenging to shift the focus
from calculation to proof.”” Po-Shen is now an
Assistant Professor of mathematics at Carnegie
Mellon University and is deputy leader of the
US International Mathematical Olympiad team.
Po-Ru is a postdoctoral scholar in the Harvard
School of Public Health working in statistical
medical genetics. Po-Ling said, “The Wisconsin
Math Talent Search played an integral role in my
development as a young mathematician. Although
1 was never one to enjoy competition, I always
looked forward to the monthly problem sets,
with carefully-crafted problems that I appreciated
even more as | learned more mathematics in
later years.” She is pursuing a PhD in statistics
at Berkeley.

The most recent Van Vleck Scholarship winner
is Thomas Ulrich who is from Appleton, where
he was homeschooled. Thomas will use his
scholarship to attend the University of Wisconsin-
Madison starting this fall.

How to Get Students Involved

When teachers receive the Talent Search problem
sets in the mail, it is wonderful if they can
distribute copies of them to students they think
might be interested. However, any student can
get involved by getting the problems from the
website https://www.math.wisc.edu/talent/.

The problem sets will be available online at the
start of October, November, December, January,
and February and are each due a month later.

26

Wisconsin Teacher of Mathematics, Fall 2013



WMC PUZZLE PAGE

Search-A-Word:
Common Core

FNOISICERPSVUVZ
UEUNAYVFLCXNE KTF
NRRQITDYIBDOXJW
CUEDSITTRETSULC
TTAKQLSDRADNAT S
ICSNOISSERGORTPE
OUOQTBTDMTZYGGHP
NRNAZAPRACTTICE S
STTXNBDPJIROROA
ASTDSOIBTENSTIMR
OLIEMRRNBTEXKTERB
JNDAZPAMEVRITITE
GDIUKUUNEPELOQRG
GNLMQNTRODTLUYL
XRGMODELINGSEGOA
ALGEBRA PRECISION

CLUSTER PROBABILITY

CONTENT PROGRESSIONS
CRITIQUE QUANTITY

DOMAIN REASON

FUNCTIONS SKILLS

GEOMETRY STANDARD

MODELING STATISTICS

NUMBER STRUCTURE
PERSEVERE UNDERSTANDING
PRACTICES

State Mathematics
Competition

The following problem is from the Team Portion
of the 2009 High School State Mathematics
Contest. For additional questions and solutions,
visit www.wismath.org/resources/math-contests.

Use the digits 1 through 8, once each, to
create the largest integer you can that is
divisible by 11.

Ken Ken

Fill in the blank squares so that each row and
each column contain all of the digits 1 through 6.
The heavy lines indicate areas that contain
groups of numbers that can be combined (in any
order) to produce the result shown with the
indicated math operation.

1= 540X 2+
2~ 5+ 2+
11+ 2-
4— 1— 7+ 1-
48%
2 11+ 3=

Sudoku

Fill in the blank squares so that each row, each
column and each 3-by-3 block contain all of the
digits 1 through 9.

7 9
9 1 3
4171319
413 |8
311 2 719
81519
813197
1 2 5
5 8
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The Wisconsin Mathematics Council in collaboration with
the Wisconsin Department of Public Instruction present

W1 Administrators Mathematics Initiative:

Effective Leaders, Effective Educators

Attend 4 sessions, at the location(s) of your choice, for $150 or attend individual sessions for $75/session!

he Wisconsin Mathematics Council, in collaboration with the

Wisconsin Department of Public Instruction, is offering a year-
long initiative to support school and district administrators to
improve teaching and learning of mathematics, PK-12. WMC
recognizes that mathematics is a gateway to our children's
future and values the importance of leadership in
implementing the necessary changes in teaching and learning
in order for all Wisconsin students to be fully prepared for
college and career.

Open to district administrators, school principals, and curriculum directors, this four part
mathematics professional learning initiative, features nationally and internationally respected
mathematics education thought leader, Dr. Timothy Kanold, to lead you through highly motivational
and energizing vision implementation planning sessions. Dr. Kanold will focus on strategies for
sustaining your leadership in Common Core, Smarter Balanced, and Educator Effectiveness.

Timothy D. Kanold, PhD, is an award-winning educator, author, and consultant. He is
former director of mathematics and science and served as superintendent of Adlai E.
Stevenson High School District 125, a model professional learning community district in
Lincolnshire, lllinois. Dr. Kanold is committed to equity and excellence for students, faculty,
and school administrators. He conducts highly motivational professional development
leadership seminars worldwide with a focus on turning school vision into realized action that
creates greater equity for students through the effective delivery of professional learning
communities for faculty and administrators.

He is a past president of the National Council of Supervisors of Mathematics (NCSM) and
coauthor of several best-selling mathematics textbooks over several decades. He has
authored articles and chapters on school leadership and development for education
publications. Dr. Kanold earned a bachelor’s degree in education and a master’s degree in mathematics from lllinois
State University. He completed a master’s in educational administration at the University of lllinois and received a
doctorate in educational leadership and counseling psychology from Loyola University Chicago. You can follow Dr.
Kanold'’s blog at http://tkanold.blogspot.com.

2014 Dates (Parts 1, 3 and 4 offer two location options for each one-day session; times vary)

Part 1: February 12 (Kalahari Resort & Conference Center, Wl Dells | Part 3: April 23 (Jefferson Street Inn, Wausau)
in conjunction with AWSA Secondary Principals Conference) or April 24 (Country Springs Hotel, Pewaukee)
or February 13 (Olympia Conference Center, Oconomowoc)

Part 2: March 13 Webinar (4:00-5:00 p.m.) Part 4: June 24 (Jefferson Street Inn, Wausau)

or June 25 (Country Springs Hotel, Pewaukee)
(School/district teams encouraged to join administrators
for Part 4)

For more information, please contact:

Diana L. Kasbaum, Mathematics Education Consultant Dr. Becky Walker, Director of Curriculum
WI Department of Public Instruction Appleton Area School District
diana.kasbaum@dpi.wi.gov walkerbecky@aasd.k12.wi.us

Thank you to the Wisconsin Department of Public Instruction for its collaboration in planning this conference.
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