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queuing t ime for a taxi about to
join the queue at each terminal

Develop mobile applications to 
share this information with taxi 
drivers, directing them to 
terminals with the highest demand
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Taxi queries the ChangiNOW server



SERVICE MODEL

Ltrans�̰� LQ�W�

�W�flight܆

u�W�...

1

2
3

4

5+

Step 2
Server checks for μ (t ) , Ltrans(t ) and LQ(t)
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Step 3
Server returns the predicted wait ing t ime, the probabil i ty of 
entering the queue and a bounded estimate of the wait for 
each terminal.
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Step 4
Taxi accepts the server’s recommendation (terminal with the 
shortest wait ing t ime)
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Step 5
Taxi is immediately added to Ltrans(t ) for the terminal he chose
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Commitment
Implies that taxis arr ive at the terminal with probabil i ty 1
Order
Taxis do not overtake each other on the way to the terminal
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QUEUEING MODEL AND PREDICTION ENGINE
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LQ(t)Ltransit(t)

...

Lvirtual(t) = Ltransit(t) + LQ(t)

By assumptions (1) Order and (2) Commitment, the queue wil l  grow 
by Ltransit( t ) taxis

When the taxi arr ives at the queue    minutes later, the queue wil l  
shrink by       taxis (avg service rate x t ime interval)   

̰

Fig. 4: Bounding box representing the terminal taxi queueing area. Each
red (BUSY) or green (FREE) circle represents a taxi’s state as it waited in
the queueing area

passengers (FREE) or occupied (BUSY). By measuring the
entering and exit times of each taxi, we can easily derive
the taxi arrival rate, departure rate, queue length and average
waiting time at a particular terminal.

B. Estimating Passenger Arrivals

In this section we address how we estimate the unknown
arrival rate of passengers to the taxi terminals using known
flight arrival information from Changi Airport. We are given
l f light , a time series from passenger flight manifests shared
by the airport that tells us how many passengers arrive at
each terminal in discrete 15 minute intervals (Figure 5). We
assume that because of the remote location of the airport,
taxi demand is driven entirely by arriving passengers.

The first challenge we encounter is that l f light does not
correspond to any given discrete time interval. To overcome
this, we smooth the time series l f light using a 1⇥5 Gaussian
filter. Using a 15-minute discretization this results in a one
hour sliding window smoothing. We interpolate the smoothed
data to yield an arrival rate lterm(t).

The second challenge is the difficulty in estimating the
time from landing to arrival at a taxi stand. This depends
on several factors including gate location, the number of
available immigration counters and baggage delays. To real-
istically model this, we shift lterm(t) by some constant delay
time k minutes, to get lterm(t � k). From observed data we
find that k = 30 to be a reasonable approximation for this
delay.

Lastly, our data set does not differentiate between con-
necting passengers and those whose final destination is
Singapore. Further, not all passengers will take a taxi. To
account for this we scale lterm(t � k) by f , the ratio of the
total number of people that arrived on flights to the number
of taxis that departed the terminal over the course of the day.
to obtain µ(t), the arrival rate of passengers to a taxi stand.
The final approximation for the customer arrival rate is given
by

µ(t) = f lterm(t � k) (1)

Fig. 5: Estimating derived taxi demand u(t) from passenger arrival function
l f light(t)

IV. QUEUEING MODEL AND PREDICTION SYSTEM

The taxi makes a request to the ChangiNOW server at time
t. We know the queue length Lq(t) at each terminal, and we
know the number of taxis Ltrans(t) that are in transit to each
terminal. Further, we know the maximum queue capacity
Lmax and an estimate of the travel time t to each terminal,
as described in Section II-A.

Assumption 1 tells us that if a taxi is in transit to the
terminal, then it is guaranteed to arrive at the terminal and
join the taxi queue. Assumption 2 tells us that all taxis that
are in transit are guaranteed to arrive before the taxi that is
making the query. Thus by Assumptions 1 and 2, we know
that Ltrans(t) taxis will join the queue at the terminal by time
t +t . We define the virtual queue Lv(t) at a terminal at time
t to be projection of all the current taxis in transit onto the
real taxi queue at the terminal, given by

Lv(t) = Lq(t)+Ltrans(t) (2)

Note that although the length of the actual taxi queue Lq(t)
must at all times not exceed the maximum queue capacity,
there is no such constraint on the size of the virtual queue
Lv(t). The virtual queue is essentially a projection to the size
of the real queue to that time when the querying taxi arrives
at the terminal.

1) Is the queue expected to be free?: Before deciding
which terminal the taxi is to be deployed to, we must ensure
that there will be space in the taxi queue.

By Assumptions 1 and 2, at estimated time of arrival t+t
Ltrans(t) taxis will join the queue at back of the terminal.
Meanwhile, a number of taxis will leave the queue with a
passenger, according to the service rate µ(t) over the time
interval [t, t + t]. If we define µ̄t as the average service rate
over this time interval, given by

µ̄t =
1
t

Z t+t

t
µ(x)dx (3)

then we can say t µ̄t taxis are expected to leave the taxi
queue by time t+t . Thus, the taxi queue Lq(t+t) will grow

4
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by Ltrans(t) and is expected to shrink by t µ̄t . We define the
expected queue length at time t + t as E[Lq], given by

E[Lq] = Lq(t)+Ltrans(t)� t µ̄t

= Lv(t)� t µ̄t (4)

This gives us a quantitative statement for our first result.

Theorem 1 The queue is expected to be free if and only if
E[Lq]< Lmax .

The proof is simply the formal statement of the definitions
above.

2) How sure are we?: Note, that since µ(x) is the
rate parameter for a Poisson process, we can compute the
expected number of taxis that will leave the queue over any
time period. Often we can satisfy ourselves with expected
value results, but some times these results are inadequate.

Consider the following 3 cases for a terminal queue with
any reasonable bounded service rate µ(t).

(i) Lv(t)< Lmax : This implies E[Lq]< Lmax, since E[Lq] =
Lv(t)�t µ̄t and t µ̄t � 0. Thus we expect the queue to
be free, and in-fact it will be free with probability 1,
since by Assumption 2 there is no possibility of any
other taxis overtaking the querying taxi.

(ii) E[Lq]� Lmax : With many taxis in transit, we are almost
sure there will be no space in the queue. We are not
completely certain, because unlike case (1), the service
rate is a Poisson process, but we are almost certain,
to some e precision. Note that Lv(t)� Lmax does not
necessarily imply that E[Lq]� Lmax since t µ̄t may be
large.

(iii) E[Lq] ⇡ Lmax : This is the main case of interest. De-
pending on the service rate µ̄t and our own specifica-
tions, our understanding of ”approximately equal” will
change. In this case, a binary quantitative result is not
sufficient.

To afford taxi drivers the possibility to customize their
ChangiNOW service, the driver specifies the minimum ac-
ceptable entry probability Pr [entry].

Theorem 2 The queue is expected to be free with probability
Pr[entry] = Pr[Lq(t + t)< Lmax] =

Z t+t

t
µ̄t e�µ̄t x (µ̄t x)(Lv(t)�Lmax)

(Lv(t)�Lmax)!
dx . (5)

Proof: The probability that the queue will be free is
equal to Pr[Lq(t+t)< Lmax] (i.e., at least Lq(t+t)�Lmax+1
taxis will have left the terminal with a passenger during the
time t).

3) What is the waiting time?: The other crucial parameter
that determines a driver’s decision to commit to the back of
a taxi queue is how long he expects it will take for him to
pick up a customer.

Define waiting time W as the length of time from when a
taxi enters the queue to when it leaves with a customer.

Theorem 3 The expected waiting time E[W ] =

minW ⇤ s.t.
Z t+t+W ⇤

t+t
µ(x)dx � Lq(t + t) . (6)

Proof: Define the waiting time service rate µ̄W as the
average service rate while the taxi is waiting in the queue,
given by

µ̄W = µ⇤ s.t. µ⇤ =
1

W ⇤

Z t+t+ Lq(t+t)
µ⇤

t+t
µ(x)dx . (7)

Simplify using W ⇤ =
Lq(t+t)

µ⇤ and solving for W ⇤, first
substituting W ⇤:

1
Lq(t + t)

Z t+t+W ⇤

t+t
µ(x)dx = 1

and then multiplying across:
Z t+t+W ⇤

t+t
µ(x)dx = Lq(t + t) (8)

i.e. the waiting time W ⇤ must be such that (8) holds, implying
that the taxi is serviced at time t + t +W ⇤. All W >W ⇤ are
disregarded as the taxi is already serviced, thus the expected
waiting time is the mimimum W ⇤ that satisfies (8), giving
(6).

4) Behavioral Parameters: The taxi makes a request at
time t and the server predicts that the queue will be free
with some probability and also provides an expected waiting
time. So it it wise to commit to the terminal? In many cases,
the decision will depend on the driver.

As well as being able to specify the entry probability
Pr [entry], we add a layer of flexibility to our model which
accounts for the habits, preferences and attitudes of taxi
drivers in response to the information provided by the
ChangiNOW system. For example, a risk-taking but patient
driver may commit to a terminal if he is 50% certain to enter
the queue, and he is also 50% certain that his waiting time
will be under 30 minutes. On the other hand, a risk adverse
and impatient driver may commit to the terminal only if he
is 80% certain to enter the queue and 60% certain that his
waiting time will be under 15 minutes.

To reflect such behavioral characteristics, we introduce
two additional parameters. First, the taxi driver can specify
a maximum acceptable waiting time Wmax. Second, the taxi
driver can specify a waiting time certainty margin a 2 [0,1].
We define the a-certainty waiting time Wa as a time such
that a taxi driver entering the terminal at time t + t will
experience a wait of less than Wa with probability a .

Theorem 4 The waiting time W will be less than the maxi-
mum acceptable waiting time Wmax with probability Pr[W <
Wmax] =

Z Wmax

0
µ̄we�µ̄wx (µ̄wx)Lq(t+t)

Lq(t + t)!
dx . (9)

Theorem 5 The a-certainty waiting time Wa =
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other taxis overtaking the querying taxi.

(ii) E[Lq]� Lmax : With many taxis in transit, we are almost
sure there will be no space in the queue. We are not
completely certain, because unlike case (1), the service
rate is a Poisson process, but we are almost certain,
to some e precision. Note that Lv(t)� Lmax does not
necessarily imply that E[Lq]� Lmax since t µ̄t may be
large.

(iii) E[Lq] ⇡ Lmax : This is the main case of interest. De-
pending on the service rate µ̄t and our own specifica-
tions, our understanding of ”approximately equal” will
change. In this case, a binary quantitative result is not
sufficient.

To afford taxi drivers the possibility to customize their
ChangiNOW service, the driver specifies the minimum ac-
ceptable entry probability Pr [entry].

Theorem 2 The queue is expected to be free with probability
Pr[entry] = Pr[Lq(t + t)< Lmax] =

Z t+t

t
µ̄t e�µ̄t x (µ̄t x)(Lv(t)�Lmax)

(Lv(t)�Lmax)!
dx . (5)

Proof: The probability that the queue will be free is
equal to Pr[Lq(t+t)< Lmax] (i.e., at least Lq(t+t)�Lmax+1
taxis will have left the terminal with a passenger during the
time t).

3) What is the waiting time?: The other crucial parameter
that determines a driver’s decision to commit to the back of
a taxi queue is how long he expects it will take for him to
pick up a customer.

Define waiting time W as the length of time from when a
taxi enters the queue to when it leaves with a customer.

Theorem 3 The expected waiting time E[W ] =

minW ⇤ s.t.
Z t+t+W ⇤

t+t
µ(x)dx � Lq(t + t) . (6)

Proof: Define the waiting time service rate µ̄W as the
average service rate while the taxi is waiting in the queue,
given by

µ̄W = µ⇤ s.t. µ⇤ =
1

W ⇤

Z t+t+ Lq(t+t)
µ⇤

t+t
µ(x)dx . (7)

Simplify using W ⇤ =
Lq(t+t)

µ⇤ and solving for W ⇤, first
substituting W ⇤:

1
Lq(t + t)

Z t+t+W ⇤

t+t
µ(x)dx = 1

and then multiplying across:
Z t+t+W ⇤

t+t
µ(x)dx = Lq(t + t) (8)

i.e. the waiting time W ⇤ must be such that (8) holds, implying
that the taxi is serviced at time t + t +W ⇤. All W >W ⇤ are
disregarded as the taxi is already serviced, thus the expected
waiting time is the mimimum W ⇤ that satisfies (8), giving
(6).

4) Behavioral Parameters: The taxi makes a request at
time t and the server predicts that the queue will be free
with some probability and also provides an expected waiting
time. So it it wise to commit to the terminal? In many cases,
the decision will depend on the driver.

As well as being able to specify the entry probability
Pr [entry], we add a layer of flexibility to our model which
accounts for the habits, preferences and attitudes of taxi
drivers in response to the information provided by the
ChangiNOW system. For example, a risk-taking but patient
driver may commit to a terminal if he is 50% certain to enter
the queue, and he is also 50% certain that his waiting time
will be under 30 minutes. On the other hand, a risk adverse
and impatient driver may commit to the terminal only if he
is 80% certain to enter the queue and 60% certain that his
waiting time will be under 15 minutes.

To reflect such behavioral characteristics, we introduce
two additional parameters. First, the taxi driver can specify
a maximum acceptable waiting time Wmax. Second, the taxi
driver can specify a waiting time certainty margin a 2 [0,1].
We define the a-certainty waiting time Wa as a time such
that a taxi driver entering the terminal at time t + t will
experience a wait of less than Wa with probability a .

Theorem 4 The waiting time W will be less than the maxi-
mum acceptable waiting time Wmax with probability Pr[W <
Wmax] =

Z Wmax

0
µ̄we�µ̄wx (µ̄wx)Lq(t+t)

Lq(t + t)!
dx . (9)

Theorem 5 The a-certainty waiting time Wa =

5
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QUEUEING MODEL AND PREDICTION ENGINE

What guarantees can we make for expected wait ing t ime?

by Ltrans(t) and is expected to shrink by t µ̄t . We define the
expected queue length at time t + t as E[Lq], given by

E[Lq] = Lq(t)+Ltrans(t)� t µ̄t

= Lv(t)� t µ̄t (4)

This gives us a quantitative statement for our first result.

Theorem 1 The queue is expected to be free if and only if
E[Lq]< Lmax .

The proof is simply the formal statement of the definitions
above.

2) How sure are we?: Note, that since µ(x) is the
rate parameter for a Poisson process, we can compute the
expected number of taxis that will leave the queue over any
time period. Often we can satisfy ourselves with expected
value results, but some times these results are inadequate.

Consider the following 3 cases for a terminal queue with
any reasonable bounded service rate µ(t).

(i) Lv(t)< Lmax : This implies E[Lq]< Lmax, since E[Lq] =
Lv(t)�t µ̄t and t µ̄t � 0. Thus we expect the queue to
be free, and in-fact it will be free with probability 1,
since by Assumption 2 there is no possibility of any
other taxis overtaking the querying taxi.

(ii) E[Lq]� Lmax : With many taxis in transit, we are almost
sure there will be no space in the queue. We are not
completely certain, because unlike case (1), the service
rate is a Poisson process, but we are almost certain,
to some e precision. Note that Lv(t)� Lmax does not
necessarily imply that E[Lq]� Lmax since t µ̄t may be
large.

(iii) E[Lq] ⇡ Lmax : This is the main case of interest. De-
pending on the service rate µ̄t and our own specifica-
tions, our understanding of ”approximately equal” will
change. In this case, a binary quantitative result is not
sufficient.

To afford taxi drivers the possibility to customize their
ChangiNOW service, the driver specifies the minimum ac-
ceptable entry probability Pr [entry].

Theorem 2 The queue is expected to be free with probability
Pr[entry] = Pr[Lq(t + t)< Lmax] =

Z t+t

t
µ̄t e�µ̄t x (µ̄t x)(Lv(t)�Lmax)

(Lv(t)�Lmax)!
dx . (5)

Proof: The probability that the queue will be free is
equal to Pr[Lq(t+t)< Lmax] (i.e., at least Lq(t+t)�Lmax+1
taxis will have left the terminal with a passenger during the
time t).

3) What is the waiting time?: The other crucial parameter
that determines a driver’s decision to commit to the back of
a taxi queue is how long he expects it will take for him to
pick up a customer.

Define waiting time W as the length of time from when a
taxi enters the queue to when it leaves with a customer.

Theorem 3 The expected waiting time E[W ] =

minW ⇤ s.t.
Z t+t+W ⇤

t+t
µ(x)dx � Lq(t + t) . (6)

Proof: Define the waiting time service rate µ̄W as the
average service rate while the taxi is waiting in the queue,
given by

µ̄W = µ⇤ s.t. µ⇤ =
1

W ⇤

Z t+t+ Lq(t+t)
µ⇤

t+t
µ(x)dx . (7)

Simplify using W ⇤ =
Lq(t+t)

µ⇤ and solving for W ⇤, first
substituting W ⇤:

1
Lq(t + t)

Z t+t+W ⇤

t+t
µ(x)dx = 1

and then multiplying across:
Z t+t+W ⇤

t+t
µ(x)dx = Lq(t + t) (8)

i.e. the waiting time W ⇤ must be such that (8) holds, implying
that the taxi is serviced at time t + t +W ⇤. All W >W ⇤ are
disregarded as the taxi is already serviced, thus the expected
waiting time is the mimimum W ⇤ that satisfies (8), giving
(6).

4) Behavioral Parameters: The taxi makes a request at
time t and the server predicts that the queue will be free
with some probability and also provides an expected waiting
time. So it it wise to commit to the terminal? In many cases,
the decision will depend on the driver.

As well as being able to specify the entry probability
Pr [entry], we add a layer of flexibility to our model which
accounts for the habits, preferences and attitudes of taxi
drivers in response to the information provided by the
ChangiNOW system. For example, a risk-taking but patient
driver may commit to a terminal if he is 50% certain to enter
the queue, and he is also 50% certain that his waiting time
will be under 30 minutes. On the other hand, a risk adverse
and impatient driver may commit to the terminal only if he
is 80% certain to enter the queue and 60% certain that his
waiting time will be under 15 minutes.

To reflect such behavioral characteristics, we introduce
two additional parameters. First, the taxi driver can specify
a maximum acceptable waiting time Wmax. Second, the taxi
driver can specify a waiting time certainty margin a 2 [0,1].
We define the a-certainty waiting time Wa as a time such
that a taxi driver entering the terminal at time t + t will
experience a wait of less than Wa with probability a .

Theorem 4 The waiting time W will be less than the maxi-
mum acceptable waiting time Wmax with probability Pr[W <
Wmax] =

Z Wmax

0
µ̄we�µ̄wx (µ̄wx)Lq(t+t)

Lq(t + t)!
dx . (9)

Theorem 5 The a-certainty waiting time Wa =

5



QUEUEING MODEL AND PREDICTION ENGINE

What is the probabil i ty that the taxi’s expected wait ing t ime is less than 
some wmax?

by Ltrans(t) and is expected to shrink by t µ̄t . We define the
expected queue length at time t + t as E[Lq], given by

E[Lq] = Lq(t)+Ltrans(t)� t µ̄t

= Lv(t)� t µ̄t (4)

This gives us a quantitative statement for our first result.

Theorem 1 The queue is expected to be free if and only if
E[Lq]< Lmax .

The proof is simply the formal statement of the definitions
above.

2) How sure are we?: Note, that since µ(x) is the
rate parameter for a Poisson process, we can compute the
expected number of taxis that will leave the queue over any
time period. Often we can satisfy ourselves with expected
value results, but some times these results are inadequate.

Consider the following 3 cases for a terminal queue with
any reasonable bounded service rate µ(t).

(i) Lv(t)< Lmax : This implies E[Lq]< Lmax, since E[Lq] =
Lv(t)�t µ̄t and t µ̄t � 0. Thus we expect the queue to
be free, and in-fact it will be free with probability 1,
since by Assumption 2 there is no possibility of any
other taxis overtaking the querying taxi.

(ii) E[Lq]� Lmax : With many taxis in transit, we are almost
sure there will be no space in the queue. We are not
completely certain, because unlike case (1), the service
rate is a Poisson process, but we are almost certain,
to some e precision. Note that Lv(t)� Lmax does not
necessarily imply that E[Lq]� Lmax since t µ̄t may be
large.

(iii) E[Lq] ⇡ Lmax : This is the main case of interest. De-
pending on the service rate µ̄t and our own specifica-
tions, our understanding of ”approximately equal” will
change. In this case, a binary quantitative result is not
sufficient.

To afford taxi drivers the possibility to customize their
ChangiNOW service, the driver specifies the minimum ac-
ceptable entry probability Pr [entry].

Theorem 2 The queue is expected to be free with probability
Pr[entry] = Pr[Lq(t + t)< Lmax] =

Z t+t

t
µ̄t e�µ̄t x (µ̄t x)(Lv(t)�Lmax)

(Lv(t)�Lmax)!
dx . (5)

Proof: The probability that the queue will be free is
equal to Pr[Lq(t+t)< Lmax] (i.e., at least Lq(t+t)�Lmax+1
taxis will have left the terminal with a passenger during the
time t).

3) What is the waiting time?: The other crucial parameter
that determines a driver’s decision to commit to the back of
a taxi queue is how long he expects it will take for him to
pick up a customer.

Define waiting time W as the length of time from when a
taxi enters the queue to when it leaves with a customer.

Theorem 3 The expected waiting time E[W ] =

minW ⇤ s.t.
Z t+t+W ⇤

t+t
µ(x)dx � Lq(t + t) . (6)

Proof: Define the waiting time service rate µ̄W as the
average service rate while the taxi is waiting in the queue,
given by

µ̄W = µ⇤ s.t. µ⇤ =
1

W ⇤

Z t+t+ Lq(t+t)
µ⇤

t+t
µ(x)dx . (7)

Simplify using W ⇤ =
Lq(t+t)

µ⇤ and solving for W ⇤, first
substituting W ⇤:

1
Lq(t + t)

Z t+t+W ⇤

t+t
µ(x)dx = 1

and then multiplying across:
Z t+t+W ⇤

t+t
µ(x)dx = Lq(t + t) (8)

i.e. the waiting time W ⇤ must be such that (8) holds, implying
that the taxi is serviced at time t + t +W ⇤. All W >W ⇤ are
disregarded as the taxi is already serviced, thus the expected
waiting time is the mimimum W ⇤ that satisfies (8), giving
(6).

4) Behavioral Parameters: The taxi makes a request at
time t and the server predicts that the queue will be free
with some probability and also provides an expected waiting
time. So it it wise to commit to the terminal? In many cases,
the decision will depend on the driver.

As well as being able to specify the entry probability
Pr [entry], we add a layer of flexibility to our model which
accounts for the habits, preferences and attitudes of taxi
drivers in response to the information provided by the
ChangiNOW system. For example, a risk-taking but patient
driver may commit to a terminal if he is 50% certain to enter
the queue, and he is also 50% certain that his waiting time
will be under 30 minutes. On the other hand, a risk adverse
and impatient driver may commit to the terminal only if he
is 80% certain to enter the queue and 60% certain that his
waiting time will be under 15 minutes.

To reflect such behavioral characteristics, we introduce
two additional parameters. First, the taxi driver can specify
a maximum acceptable waiting time Wmax. Second, the taxi
driver can specify a waiting time certainty margin a 2 [0,1].
We define the a-certainty waiting time Wa as a time such
that a taxi driver entering the terminal at time t + t will
experience a wait of less than Wa with probability a .

Theorem 4 The waiting time W will be less than the maxi-
mum acceptable waiting time Wmax with probability Pr[W <
Wmax] =

Z Wmax

0
µ̄we�µ̄wx (µ̄wx)Lq(t+t)

Lq(t + t)!
dx . (9)

Theorem 5 The a-certainty waiting time Wa =

5

This is equivalent to the probabil i ty that at least              services wil l  
take place within an interval wmax 

by Ltrans(t) and is expected to shrink by t µ̄t . We define the
expected queue length at time t + t as E[Lq], given by

E[Lq] = Lq(t)+Ltrans(t)� t µ̄t

= Lv(t)� t µ̄t (4)

This gives us a quantitative statement for our first result.

Theorem 1 The queue is expected to be free if and only if
E[Lq]< Lmax .

The proof is simply the formal statement of the definitions
above.

2) How sure are we?: Note, that since µ(x) is the
rate parameter for a Poisson process, we can compute the
expected number of taxis that will leave the queue over any
time period. Often we can satisfy ourselves with expected
value results, but some times these results are inadequate.

Consider the following 3 cases for a terminal queue with
any reasonable bounded service rate µ(t).

(i) Lv(t)< Lmax : This implies E[Lq]< Lmax, since E[Lq] =
Lv(t)�t µ̄t and t µ̄t � 0. Thus we expect the queue to
be free, and in-fact it will be free with probability 1,
since by Assumption 2 there is no possibility of any
other taxis overtaking the querying taxi.

(ii) E[Lq]� Lmax : With many taxis in transit, we are almost
sure there will be no space in the queue. We are not
completely certain, because unlike case (1), the service
rate is a Poisson process, but we are almost certain,
to some e precision. Note that Lv(t)� Lmax does not
necessarily imply that E[Lq]� Lmax since t µ̄t may be
large.

(iii) E[Lq] ⇡ Lmax : This is the main case of interest. De-
pending on the service rate µ̄t and our own specifica-
tions, our understanding of ”approximately equal” will
change. In this case, a binary quantitative result is not
sufficient.

To afford taxi drivers the possibility to customize their
ChangiNOW service, the driver specifies the minimum ac-
ceptable entry probability Pr [entry].

Theorem 2 The queue is expected to be free with probability
Pr[entry] = Pr[Lq(t + t)< Lmax] =

Z t+t

t
µ̄t e�µ̄t x (µ̄t x)(Lv(t)�Lmax)

(Lv(t)�Lmax)!
dx . (5)

Proof: The probability that the queue will be free is
equal to Pr[Lq(t+t)< Lmax] (i.e., at least Lq(t+t)�Lmax+1
taxis will have left the terminal with a passenger during the
time t).

3) What is the waiting time?: The other crucial parameter
that determines a driver’s decision to commit to the back of
a taxi queue is how long he expects it will take for him to
pick up a customer.

Define waiting time W as the length of time from when a
taxi enters the queue to when it leaves with a customer.

Theorem 3 The expected waiting time E[W ] =

minW ⇤ s.t.
Z t+t+W ⇤

t+t
µ(x)dx � Lq(t + t) . (6)

Proof: Define the waiting time service rate µ̄W as the
average service rate while the taxi is waiting in the queue,
given by

µ̄W = µ⇤ s.t. µ⇤ =
1

W ⇤

Z t+t+ Lq(t+t)
µ⇤

t+t
µ(x)dx . (7)

Simplify using W ⇤ =
Lq(t+t)

µ⇤ and solving for W ⇤, first
substituting W ⇤:

1
Lq(t + t)

Z t+t+W ⇤

t+t
µ(x)dx = 1

and then multiplying across:
Z t+t+W ⇤

t+t
µ(x)dx = Lq(t + t) (8)

i.e. the waiting time W ⇤ must be such that (8) holds, implying
that the taxi is serviced at time t + t +W ⇤. All W >W ⇤ are
disregarded as the taxi is already serviced, thus the expected
waiting time is the mimimum W ⇤ that satisfies (8), giving
(6).

4) Behavioral Parameters: The taxi makes a request at
time t and the server predicts that the queue will be free
with some probability and also provides an expected waiting
time. So it it wise to commit to the terminal? In many cases,
the decision will depend on the driver.

As well as being able to specify the entry probability
Pr [entry], we add a layer of flexibility to our model which
accounts for the habits, preferences and attitudes of taxi
drivers in response to the information provided by the
ChangiNOW system. For example, a risk-taking but patient
driver may commit to a terminal if he is 50% certain to enter
the queue, and he is also 50% certain that his waiting time
will be under 30 minutes. On the other hand, a risk adverse
and impatient driver may commit to the terminal only if he
is 80% certain to enter the queue and 60% certain that his
waiting time will be under 15 minutes.

To reflect such behavioral characteristics, we introduce
two additional parameters. First, the taxi driver can specify
a maximum acceptable waiting time Wmax. Second, the taxi
driver can specify a waiting time certainty margin a 2 [0,1].
We define the a-certainty waiting time Wa as a time such
that a taxi driver entering the terminal at time t + t will
experience a wait of less than Wa with probability a .

Theorem 4 The waiting time W will be less than the maxi-
mum acceptable waiting time Wmax with probability Pr[W <
Wmax] =

Z Wmax

0
µ̄we�µ̄wx (µ̄wx)Lq(t+t)

Lq(t + t)!
dx . (9)

Theorem 5 The a-certainty waiting time Wa =

5



QUEUEING MODEL AND PREDICTION ENGINE

What is the minimum wait ing t ime wα that the taxi wil l  experience a wait of 
less than wα with probabil i ty α?

We choose the smallest possible wmax such that the probabil i ty computed 
through the integral is greater than or equal to α 

by Ltrans(t) and is expected to shrink by t µ̄t . We define the
expected queue length at time t + t as E[Lq], given by

E[Lq] = Lq(t)+Ltrans(t)� t µ̄t

= Lv(t)� t µ̄t (4)

This gives us a quantitative statement for our first result.

Theorem 1 The queue is expected to be free if and only if
E[Lq]< Lmax .

The proof is simply the formal statement of the definitions
above.

2) How sure are we?: Note, that since µ(x) is the
rate parameter for a Poisson process, we can compute the
expected number of taxis that will leave the queue over any
time period. Often we can satisfy ourselves with expected
value results, but some times these results are inadequate.

Consider the following 3 cases for a terminal queue with
any reasonable bounded service rate µ(t).

(i) Lv(t)< Lmax : This implies E[Lq]< Lmax, since E[Lq] =
Lv(t)�t µ̄t and t µ̄t � 0. Thus we expect the queue to
be free, and in-fact it will be free with probability 1,
since by Assumption 2 there is no possibility of any
other taxis overtaking the querying taxi.

(ii) E[Lq]� Lmax : With many taxis in transit, we are almost
sure there will be no space in the queue. We are not
completely certain, because unlike case (1), the service
rate is a Poisson process, but we are almost certain,
to some e precision. Note that Lv(t)� Lmax does not
necessarily imply that E[Lq]� Lmax since t µ̄t may be
large.

(iii) E[Lq] ⇡ Lmax : This is the main case of interest. De-
pending on the service rate µ̄t and our own specifica-
tions, our understanding of ”approximately equal” will
change. In this case, a binary quantitative result is not
sufficient.

To afford taxi drivers the possibility to customize their
ChangiNOW service, the driver specifies the minimum ac-
ceptable entry probability Pr [entry].

Theorem 2 The queue is expected to be free with probability
Pr[entry] = Pr[Lq(t + t)< Lmax] =

Z t+t

t
µ̄t e�µ̄t x (µ̄t x)(Lv(t)�Lmax)

(Lv(t)�Lmax)!
dx . (5)

Proof: The probability that the queue will be free is
equal to Pr[Lq(t+t)< Lmax] (i.e., at least Lq(t+t)�Lmax+1
taxis will have left the terminal with a passenger during the
time t).

3) What is the waiting time?: The other crucial parameter
that determines a driver’s decision to commit to the back of
a taxi queue is how long he expects it will take for him to
pick up a customer.

Define waiting time W as the length of time from when a
taxi enters the queue to when it leaves with a customer.

Theorem 3 The expected waiting time E[W ] =

minW ⇤ s.t.
Z t+t+W ⇤

t+t
µ(x)dx � Lq(t + t) . (6)

Proof: Define the waiting time service rate µ̄W as the
average service rate while the taxi is waiting in the queue,
given by

µ̄W = µ⇤ s.t. µ⇤ =
1

W ⇤

Z t+t+ Lq(t+t)
µ⇤

t+t
µ(x)dx . (7)

Simplify using W ⇤ =
Lq(t+t)

µ⇤ and solving for W ⇤, first
substituting W ⇤:

1
Lq(t + t)

Z t+t+W ⇤

t+t
µ(x)dx = 1

and then multiplying across:
Z t+t+W ⇤

t+t
µ(x)dx = Lq(t + t) (8)

i.e. the waiting time W ⇤ must be such that (8) holds, implying
that the taxi is serviced at time t + t +W ⇤. All W >W ⇤ are
disregarded as the taxi is already serviced, thus the expected
waiting time is the mimimum W ⇤ that satisfies (8), giving
(6).

4) Behavioral Parameters: The taxi makes a request at
time t and the server predicts that the queue will be free
with some probability and also provides an expected waiting
time. So it it wise to commit to the terminal? In many cases,
the decision will depend on the driver.

As well as being able to specify the entry probability
Pr [entry], we add a layer of flexibility to our model which
accounts for the habits, preferences and attitudes of taxi
drivers in response to the information provided by the
ChangiNOW system. For example, a risk-taking but patient
driver may commit to a terminal if he is 50% certain to enter
the queue, and he is also 50% certain that his waiting time
will be under 30 minutes. On the other hand, a risk adverse
and impatient driver may commit to the terminal only if he
is 80% certain to enter the queue and 60% certain that his
waiting time will be under 15 minutes.

To reflect such behavioral characteristics, we introduce
two additional parameters. First, the taxi driver can specify
a maximum acceptable waiting time Wmax. Second, the taxi
driver can specify a waiting time certainty margin a 2 [0,1].
We define the a-certainty waiting time Wa as a time such
that a taxi driver entering the terminal at time t + t will
experience a wait of less than Wa with probability a .

Theorem 4 The waiting time W will be less than the maxi-
mum acceptable waiting time Wmax with probability Pr[W <
Wmax] =

Z Wmax

0
µ̄we�µ̄wx (µ̄wx)Lq(t+t)

Lq(t + t)!
dx . (9)

Theorem 5 The a-certainty waiting time Wa =

5

Fig. 6: When Lv(t)< Lmax, all the taxis are guaranteed to enter the queue

= minW ⇤ s.t.
Z W ⇤

0
µ̄we�µ̄wx (µ̄wx)Lq(t+t)

Lq(t + t)!
dx � a . (10)

In (10) choose the smallest possible Wmax such that the
probability computed through the integral is greater than a .

V. EXPERIMENTS AND RESULTS

In this section, we conduct several experiments using a
simulation environment in MATLAB. We run two kinds of
experiments - individual terminal simulations and a large
scale urban simulation. Verifying the correctness of the
results of individual terminal simulations before running a
large scale urban simulation serves as a sanity check and
demonstrates the practical utility of the ChangiNOW system
as a way of balancing real time taxi supply at the airport.

A. Preliminary Simulations

In the first experiment, we verify what happens when a
taxi makes a query to the ChangiNOW server to check if the
queue at a particular terminal is free. Recall the 3 possible
outcomes discussed in Chapter 5:

(i) The queue is certainly free (Lv(t)< Lmax)
(ii) The queue is almost certainly full (E[Lq]>> Lmax)

(iii) The queue may or may not be free (E[Lq]⇡ Lmax)
In Figures 6, 7, 8 we plot time on the x-axis against the

virtual queue length on the y-axis using 3 different initial
queue length conditions. The vertical dotted line indicates
the taxi has reached the terminal after a constant travel time
of t = 35 minutes. The thick red horizontal line indicates
the maximum capacity, Lmax, (52 taxis) of the real queue. A
green O indicates the taxi has entered the queue, and a red
X indicates there it was rejected from the queue.

Case 1: The queue is certainly free (Lv(t)< Lmax)
As indicated in IV-.2, if the virtual queue length is less

than the maximum queue capacity at the time of arrival, all
taxis are guaranteed to enter the queue (Figure 6).

Case 2: The queue is almost certainly full (E[Lq]� Lmax)
If the expected queue length at the time of arrival is much

greater than the maximum queue length , the taxi is will
almost certainly be unable to enter the queue (Figure 7).

Fig. 7: When E[Lq]� Lmax, taxis are almost certain to be rejected from
the queue

Case 3: The queue may or may not be free (E[Lq]⇡ Lmax)

Fig. 8: When E[Lq]⇡ Lmax, some taxis are able to enter, while others are
rejected from the queue

Figure 8 demonstrates why a simple expected queue length
prediction is not enough. When E[Lq] ⇡ Lmax , the number
of taxis that entered the queue is split almost 50/50, so a
definitive answer is not possible.

B. Entry Simulation (Case 3)
We consider Case 3 where E[Lq]⇡ Lmax more closely. The

terminal simulator was initialized with travel time t = 35
minutes, service rate µ(t) = 1.0, and queue capacity Lmax =
35. As in Figure 8, we vary Lq and Ltrans so that E[Lq] took
values in the range [0, 70]. We plot E[Lq] on the x-axis versus
Pr[entry] on the y-axis (Figure 9).

As expected, when E[Lq] ⌧ Lmax (Case 1), every taxi
is able to enter the queue and so Pr[entry] = 1. As E[Lq]
approaches Lmax, 0 < Pr[entry] < 1 due to the stochastic
nature of passenger arrivals at the front of the queue (Case
3). As we increase E[Lq] past Lmax, Pr[entry] drops to 0 (Case
2).

We validate Theorem 2 in simulation by adjusting Lq
and Ltrans so that Pr[entry] = 0.65. The simulation results
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QUEUEING MODEL AND PREDICTION ENGINE

We designate two groups of drivers, Group A (r isk loving) and 
Group B (r isk averse). Group A is content to specify wmax = 40 
min while Group B specif ies wα with probabil i ty α = 0.9

ChangiNOW prediction:

Fig. 9: This graph highlights the area of uncertainty (middle section in
between the vertical dashed lines) when 0 < Pr[taxi entered the queue]< 1
effect due to E[Lq] ⇡ Lmax. The plot shows the expected queue length on
the x-axis against the probability of a taxi entering the queue on the y-axis.
The vertical dashed lines indicate the certainty (either 0 or 1) cutoff at an
accuracy of 3 decimal places.

(100,000 runs) are as follows:

no. taxis entered = 65,154/100,000 = 0.65

C. Waiting Time Simulations
Again the terminal simulator was initialized with variable

travel time t = 35 minutes and service rate µ(t). LQ and
Ltrans were adjusted so that E[LQ] falls within the area
of uncertainty. The ChangiNOW server predictions are as
follows:

Pr [entry] ⇡ 0.76
avg. E[W ] ⇡ 48min

avg. Pr[W < E[W ]] = 0.55

The simulation results (100,000 runs) are as follows:

no. taxis entered = 75,431/100,000
no. entered with W < E[W ] = 41,234/75,431 = 0.55

D. Maximum Waiting Time and a-certainty Simulations
The terminal simulator was initialized with variable travel

time t and service rate µ(t). Again, LQandLtrans were
adjusted so that E[LQ] falls within the area of uncertainty.
We calibrate using both the maximum acceptable waiting
time Wmax and the certainty margin a . For the simulation,
we designated two groups of drivers. Group A (risky) decide
whether to accept the deployment based on the probability of
Wmax = 40 min. Group B (safe) decide whether to accept the
deployment based on a 90% certainty waiting time (i.e. a-
certainty waiting time Wa with a = 0.9). The ChangiNOW
server predictions are as follows:

Pr [entry] ⇡ 0.76
no. taxis entered = 75,431/100,000

Group A: avg. Pr[W < 40] = 0.18
Group B: avg. Wa ,a = 0.9 = 57 min

Tested in simulation:

no. Group A with W <Wmax = 13,695/75,431 = 0.18
no. Group B with W <Wa = 70,243/75,431 = 0.93

E. Large Scale Urban Simulation

We test our rebalancing policy with a simulation environ-
ment comprising of 500 taxis, and 5 nodes, 4 representing
each terminal at Changi Airport and the last, downtown
Singapore. In our simulation, passengers arrive stochastically
at each terminal i according to a time varying Poisson process
with parameter µi(t). They are served by taxis arriving at rate
ltaxii(t). Both µi(t) and ltaxii(t) are based on historical data.
We chose to simulate 500 taxis because this was empirically
sufficient to achieve stability and saw no significant changes
in queuing behavior when this number was increased. We
conducted experiments using two policies:

Observed Policy: Pobs is based on empirical taxi data. It
represents the “ground truth” travel behavior of taxis that
visit Changi Airport. To obtain it, we take the proportion of
taxis entering terminal i at time t and smooth it using a 1x5
Gaussian kernel in time. This gives us the distribution ai(t).

Smart Rebalancing Policy: In Psmart , taxis at each node i
(including the terminal nodes) query our ChangiNOW server,
which returns an answer, DESTj that tells the taxi where to
go based on the projected waiting times each taxi would
encounter and wmax, the maximum amount of time each taxi
is prepared to wait. If there are no better alternatives, our
server returns DESTj=i, effectively telling the taxi to stay
put (Figure 8).

We ran 5 simulations of 24 hours each. Each minute,
the server updates the destination of each taxi. For Pobs,
destinations are based on historical patterns while for Psmart ,
taxis are routed to the terminal with the shortest predicted
waiting time.

For each policy, we plot the waiting time of taxis (Figure
10a) and passengers (Figure 10b) over the course of a
simulation day. Each data point represents the the average
waiting time of taxis and passengers that entered and left a
terminal queue at each 3 hour interval.

Our results show that with the Smart Rebalancing Policy,
we achieve a 51% improvement in taxi waiting time and
a 31% improvement in passenger waiting time over the
Observed Policy. Intuitively, we can explain the validity of
our results by considering a simple example of an airport
with two terminals, one with many taxis and no passengers
and the other with many passengers and no taxis. With the
Smart Rebalancing Policy, such situations are unlikely to
persist because the ChangiNOW server would immediately
send idle taxis from one terminal to pick up passengers from
the other, thereby creating a better matching of taxi supply
and demand so both taxis and passengers wait less. Our con-
trolled experiments used simulated taxi and passenger arrival
rates based on observed data. In actual implementation, we
believe similar results can be achieved by using both real
time taxi trajectories and ChangiNOW server requests in
our queuing model. Passenger arrival information in both

7Simulation results:
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go based on the projected waiting times each taxi would
encounter and wmax, the maximum amount of time each taxi
is prepared to wait. If there are no better alternatives, our
server returns DESTj=i, effectively telling the taxi to stay
put (Figure 8).

We ran 5 simulations of 24 hours each. Each minute,
the server updates the destination of each taxi. For Pobs,
destinations are based on historical patterns while for Psmart ,
taxis are routed to the terminal with the shortest predicted
waiting time.

For each policy, we plot the waiting time of taxis (Figure
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LARGE SCALE SIMULATION

Simulation results showed 51% improvement in taxi wait ing t ime
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Simulation results showed 31% improvement in passenger wait ing t ime
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