
Graphs

By the term graph, we shall mean a structure such as:

Node

Edge

Thus:

Definition 1 A graph is a collection of nodes (sometimes called
vertices), connected by edges (sometimes referred to as arcs).



Implementing Graphs

In the week 4 lectures, we have already encountered some data
structures for modeling graphs.

Adjacency Tables

One way to represent graphs is using a two dimensional array.Each
entry in the array is of type boolean(ie. we explicitly encode the graph’s
accessibility relation).

Since each entry in the table is addressed by two co-ordinates (we have
two dimensions!), we may view the boolean value stored in a particular
entry as being an answer to the question: is there an edge joining vertex
i to j?.

In other words, if node i has an edge to node j in our graph, then:

graph[i ][ j ] = true

otherwise:

graph[i ][ j ] = false



Example 1 The following graph:

5

0

1

2

3

4

can be represented by the following adjacency table:

0 1 2 3 4 5

0 false true false true false false

1 false false true false false false

2 false true false false true true

3 false false false false false false

4 false false false false false true

5 false false false false true false



Remarks

For sparse graphs (ie. many more nodes than edges), adjacency tables
waste a lot of space.

• need (number of nodes)2 memory cells in order to store the array

• for large graphs (eg. number of vertices ≥ 210), we do not have
enough space to store an adjacency table!



Adjacency List

Adjacency lists are sometimes also referred to as associative lists.

Here we use a one dimensional array.

Each entry in the array is a linked list of vertices.

Each linked list describes the graph vertices accessible from a given
vertex.

If vertex i is only joined (via an edge) to the vertices i, j, k:

i

i

j k

then:

graph[i ] = [i , j , k]

where [i, j, k] is a linked list with i as its first (ie. head) element; j
as its second element; and k as its third (ie. last) element.



Example 2 The graph:

5

0

1

2

3

4

can be represented by the following adjacency list:

0 [1, 3]

1 [2]

2 [1, 4, 5]

3 []

4 [5]

5 [4]



An Important Remark

Notice that, so far, we have made the implicit assumption that vertices
of a graph should be labelled using integers.

If we use Hash Tables instead of array to implement our graphs, then we
may label vertices using other objects.

eg. strings, doubles, etc.

This is particularly useful when we use graphs to model:

• parse trees

• lazy data structures (in functional programming languages)

• relational data structures (in databases and logic programming
languages)

• states of machines (eg. Turing machines and push-down automaton)

• etc.

An Important Assumption

From now on, we shall assume that all our graphs will be modeled
using adjacency lists.



Traversing Graphs

Many graph algorithms require us to visit all nodes of the graph.

eg. in determining what nodes are path-accessible from a given node
or searching for an appropriate node

There are two main ways in which we may traverse graphs:

Depth-First Traversal

The idea of a depth-first traversal is to follow a chain of edges as far as
we can into the graph(ie. we go as deep as the rabbit hole allows).

When we can follow the edges no more (ie. we can no deeper), we
backtrack to find previously visited nodes out of which other edge chains
(ie. paths) may lead.

To avoid following the same path more than once, it is imperative that
we mark nodes as visited when we reach them.

Thus, each node needs a flag associated with it.



We will illustrate how the depth-first traversal strategy works using the
following example:

Example 3 Consider the graph:

5

0

1

2

3

4

which may be represented by the following adjacency table:

0 false [1, 3]

1 false [2]

2 false [1, 4, 5]

3 false []

4 false [5]

5 false [4]

Notice how we have included a column to record when each node has
been visited.



In addition to this data structure, we shall also maintain a traversal list
and a backtrack list.

The traversal list is initially empty.

However, when our algorithm ends, the traversal list will contain the
actual traversal (ie. the list of nodes) that was followed with our
depth-first traversal.

The backtrack list is initially empty.

It is used during the algorithm to determine where we have to backtrack
to.

• We now assume that we shall start our depth-first traversal with
node 0.Thus, node 0 is marked as visited:

0 true [1, 3]

1 false [2]

2 false [1, 4, 5]

3 false []

4 false [5]

5 false [4]

and our traversal and backtrack lists are now [0].



• Node 1 is accessible from node 0 and has not yet been visited:

0 true [1, 3]

1 true [2]

2 false [1, 4, 5]

3 false []

4 false [5]

5 false [4]

and our traversal and backtrack lists are now [0, 1].



• Node 2 is accessible from node 1 and has not yet been visited:

0 true [1, 3]

1 true [2]

2 true [1, 4, 5]

3 false []

4 false [5]

5 false [4]

and our traversal and backtrack lists are now [0, 1, 2].



• Node 1 is accessible from node 2, but it has already been
visited.Node 4 is accessible from node 2 and has not yet been visited:

0 true [1, 3]

1 true [2]

2 true [1, 4, 5]

3 false []

4 true [5]

5 false [4]

and our traversal and backtrack lists are now [0, 1, 2, 4].



• Node 5 is accessible from node 4 and has not yet been visited:

0 true [1, 3]

1 true [2]

2 true [1, 4, 5]

3 false []

4 true [5]

5 true [4]

and our traversal and backtrack lists are now [0, 1, 2, 4, 5].



• Node 4 is accessible from node 5, but it has already been
visited.There are no other nodes left to consider at this level, so we
backtrack to node 4:

0 true [1, 3]

1 true [2]

2 true [1, 4, 5]

3 false []

4 true [5]

5 true [4]

is unchanged.

However, our traversal list is now [0, 1, 2, 4, 5, 4] and the backtrack
list is now [0, 1, 2, 4] (5 deleted).



• Node 5 is accessible from node 4, but it has already been
visited.There are no other nodes left to consider at this level, so we
backtrack to node 2:

0 true [1, 3]

1 true [2]

2 true [1, 4, 5]

3 false []

4 true [5]

5 true [4]

is unchanged.

However, our traversal list is now [0, 1, 2, 4, 5, 4, 2] and the backtrack
list is now [0, 1, 2] (4 deleted).



• Nodes 1, 4 and 5 are all accessible from node 2, but they have all
already been visited.There are no other nodes left to consider at this
level, so we backtrack to node 1:

0 true [1, 3]

1 true [2]

2 true [1, 4, 5]

3 false []

4 true [5]

5 true [4]

is unchanged.

However, our traversal list is now [0, 1, 2, 4, 5, 4, 2, 1] and the
backtrack list is now [0, 1] (2 deleted).



• Node 2 is accessible from node 1, but it has already been
visited.They are no other nodes to consider at this level, so we
backtrack to node 0:

0 true [1, 3]

1 true [2]

2 true [1, 4, 5]

3 false []

4 true [5]

5 true [4]

is unchanged.

However, our traversal list is now [0, 1, 2, 4, 5, 4, 2, 1, 0] and the
backtrack list is now [0] (1 deleted).



• Node 1 is accessible from node 0, but it has already been
visited.Node 3 is accessible from node 0 and has not yet been visited:

0 true [1, 3]

1 true [2]

2 true [1, 4, 5]

3 true []

4 true [5]

5 true [4]

Our traversal list is now [0, 1, 2, 4, 5, 4, 2, 1, 0, 3] and our backtrack
list is now [0, 3].



• No nodes are accessible from node 3, so we backtrack to node 0:

0 true [1, 3]

1 true [2]

2 true [1, 4, 5]

3 true []

4 true [5]

5 true [4]

is unchanged.

However, our traversal list is now [0, 1, 2, 4, 5, 4, 2, 1, 0, 3, 0] and our
backtrack list is now [0] (3 deleted).



• Nodes 1 and 3 are accessible from node 0, but they have both been
visited.

They are no other nodes to consider at this level so we attempt to
backtrack.

In doing this, our backtrack list becomes empty.

We now search through our array looking for a node that has not
yet been visited.No such node exists so our algorithm ends.

Thus, we see that a depth-first traversal for this graph is:

[0, 1, 2, 4, 5, 4, 2, 1, 0, 3, 0]



Breadth-First Traversal

The idea of the breadth-first traversal is to first visit the immediate
successors of a given vertex, and then to successively look at each of
their immediate successors (which have not been visited yet).

Example 4 Consider the graph:

5

0

1

2

3

4

which may be represented by the following adjacency table:

0 false [1, 3]

1 false [2]

2 false [1, 4, 5]

3 false []

4 false [5]

5 false [4]



Again, notice how we have included a column to record when each node
has been visited.

Also, in addition to this data structure, we shall also maintain a
traversal list and a to do list.

The traversal list is initially empty.However, when our algorithm ends,
the traversal list will contain the actual traversal (ie. the list of nodes)
that was followed with our breadth-first traversal.

The to do list is initially empty.It is used during the algorithm to
determine which nodes we have yet to visit.



• We shall assume that we are to start at node 0, thus it is marked as
visited:

0 true [1, 3]

1 false [2]

2 false [1, 4, 5]

3 false []

4 false [5]

5 false [4]

and our traversal list is now [0].

Nodes 1 and 3 are accessible from node 0, and they have both not
yet been visited.

Thus, our to do list is now [1, 3].



• Node 1 is at the current head of our to do list and has not yet been
visited. We now visit this node:

0 true [1, 3]

1 true [2]

2 false [1, 4, 5]

3 false []

4 false [5]

5 false [4]

and our traversal list is now [0, 1].

Node 2 accessible from node 1, and has yet to be visited. So we add
it to the end of our to do list.

Thus, our to do list is now [3, 2] (1 deleted).



• Node 3 is at the current head of our to do list and has not yet been
visited. We now visit this node:

0 true [1, 3]

1 true [2]

2 false [1, 4, 5]

3 true []

4 false [5]

5 false [4]

and our traversal list is now [0, 1, 3].

No nodes are accessible from node 3, so we have nothing extra to
add to our to do list.

Thus, our to do list is now [2] (3 deleted).



• Node 2 is at the current head of our to do list and has not yet been
visited. We now visit this node:

0 true [1, 3]

1 true [2]

2 true [1, 4, 5]

3 true []

4 false [5]

5 false [4]

and our traversal list is now [0, 1, 3, 2].

Nodes 1, 4 and 5 are all accessible from node 2, however, only nodes
4 and 5 have yet to be visited.

Thus, our to do list is now [4, 5] (2 deleted).



• Node 4 is at the current head of our to do list and has yet to be
visited. We now visit this node:

0 true [1, 3]

1 true [2]

2 true [1, 4, 5]

3 true []

4 true [5]

5 false [4]

and our traversal list is now [0, 1, 3, 2, 4].

Node 5 is accessible from node 4, and has yet to be visited.

Thus, our to do list is now [5, 5] (4 deleted).



• Node 5 is at the current head of our to do list and has yet to be
visited. We now visit this node:

0 true [1, 3]

1 true [2]

2 true [1, 4, 5]

3 true []

4 true [5]

5 true [4]

and our traversal list is now [0, 1, 3, 2, 4, 5].

Node 4 is accessible from node 5, but it has already been visited.

They are no other nodes accessible from node 4, so we have nothing
extra to add to our to do list.

Thus, our to do list is now [5] (5 deleted).



• Node 5 is at the current head of our to do list, but it has already
been visited.

Thus, it is ignored and our to do list becomes [] (5 deleted).

All other data structures are unchanged.

• Our to do list is empty.

We now search through our nodes looking for one that has yet to be
visited.

No such nodes exist, so our algorithm ends.

Thus, we see that a breadth-first traversal for this graph is:

[0, 1, 3, 2, 4, 5]


