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Introduction

Recapitulation

Two weeks ago, we saw that Rafael Bombelli confronted the possibility that the square root of negative
onemight have some positive significance when he solved the cubic equation

x3 - 15 x - 4 = 0

and, using the formula Cardano stole from Tartaglia, got

x = 2 + 11 -13

+ 2 - 11 -13

which he was then able to solve by intuiting that

2 + 11 -1 = 2 + -1 
3.

Last week, we followed Caspar Wessel in developing a graphic understanding of the arithmetic of
complex numbers. In particular, we saw that

(i) complex numbers can be expressed in polar coordinates by giving a distance (modulus) and an
angle (argument);

(ii) multiplication of complex numbers amounts to

(a) multiplication of their distances (moduli) and

(b) adding their angles (arguments); and

(iii) the solutions of equations of the form xn - 1 = 0, known as the “Roots of Unity,” appear
graphically as the vertices of an equilateral n-gon in the unit circle on the complex plane.

So far, so good.

Today’s Agenda



Today, we’re going in different direction.  Today, we will talk about constructing numbers and the 

emptiness of the Euclidean plane.

The Geometrical Plane

The Awkward Question

“Are there holes in the geometric plane?”  This is a question that rarely gets asked when doing geome-
try.  There is no reason to raise such a question until some awkward questions get asked, and there is 

no way to answer the question without being able to step back from intuitively given geometrical space 

by thinking algebraically.

Construction

In Euclid’s geometry, one begins with five postulates, three of which authorize constructions:

Postulate One:  to draw a line between any point and any other point;
Postulate Two:  to continue a line indefinitely;  and 

Postulate Three:  to draw a circle with any center and radius.

The references to “any point,” “any center” and “any radius” give the impression that the Euclidean 

plane contains all possible points.  But that isn’t quite true or, to be more precises, there are many 

points in a plane to which Euclidean geometry provides no access.

For instance, suppose you wanted to “square the circle.”  This is a classical problem that amounts to 

drawing a rectangle with an area equal to that of a given circle.  Archimedes shows that such a rectan-
gle would have a height equal to the radius of the circle and base equal to half its circumference.  If you 

can draw a circle with any center and radius, could you draw one whose radius is equal to the semi-
circumference of the circle you are trying to square?  If you could do that just by saying it, your problem 

would be solved.

That would not satisfy a mathematician.  She or he would want to know how to get that radius length, 
that is, how to construct it.  Beginning with the one length that is given -- the radius of the circle to be 

squared -- and using only permissible manipulations, how can we construct the desired straight line 

with a length equal to the semi-circumference of the given circle?

The Meno Problem

This problem sounds a little like the geometrical problem of the Meno:  Socrates asks the slave boy, “If 
you are given this square with these sides, can you show the side of a square with double the area?”  

The slave boy is stumped.  Some modern students think they have a better answer than the slave boy 

and say, “That’s easy!  It’s the square root of two!”  They don’t realize that they are not giving an 
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answer at all.  The phrase “square root of two” is just a slightly shortened version of “the magnitude 

which, when multiplied by itself, gives two.”  So, to Socrates’ question, “What is the magnitude which, 
when multiplied by itself, yields two?” they have answered, “The magnitude which, when multiplied by 

itself, gives two.”  True, no doubt, as any tautology is true, but it doesn’t really advance our knowledge 

of, well, anything.

Socrates provides what is really needed:  a geometrical construction for finding the square root of two 

by looking at the diagonal of a square with sides equal to one.  (Really, he gives the construction for 2 

2  because his original square had sides equal to two, but that is minor detail.)

For the squaring of the circle, we want a construction for a straight line whose length is equal to the 

semidiameter of the given circle.  Alas, not all that humankind desires does it obtain!  There is no 

Euclidean construction for that length.  The story that leads to that result culminates in the late nine-
teenth century.  It involves Ferdinand Lindemann’s demonstration of that  π is not just an irrational 
magnitude -- that had been known for over a century (Johann Lambert 1761) -- but that it is a particular 
kind of irrational magnitude.  Getting to that result, if anyone here is interested in it, would require 

work that goes beyond what this series of talks will cover.  If it is any consolation, however, the ideas 

we will cover tonight are necessary preliminaries to that work.

The Delian Problem

 Once upon a time, a long time ago, a great plague afflicted the city of Delos.  The citizens consulted 

Apollo’s oracle at Delphi who told them that the god was dissatisfied with the altar of his temple.   The 

altar was made in the shape of a cube, and the oracle said that the god wanted an altar twice as big.  
The citizens, eager to be rid of the plague, got a great piece of marble and built an altar twice as long, 
twice as deep and twice as tall as the one that was there.  The plague continued.  The priest of the 

oracle corrected the people saying the god wanted an altar with twice the volume of the present one.  
The newly built altar had eight times the volume, and was not what was wanted.  The people were 

understandably annoyed, but everyone in the ancient world knew that gods love to mess with people 

by issuing weirdly misleading oracular pronouncements.  Gods are cruel, that’s all there is to it.

Geometers realized immediately that what was needed was, in effect, an altar whose side was 23

 

times bigger than the present one.  When they set out to design it, however, they found that the god 

had been even crueler than expected.  They couldn’t figure out how to construct the altar.  Finding a 

construction for 2  was easy, but finding one for the 23

 was surprisingly difficult.

To get to the bottom of the problem that they faced, we have to sketch out a new kind of algebraic 

operation, finite field extensions.  Ordinarily this would be a semester-long study, but since this is St. 
John’s College, I will try to compress it into about fi�een minutes.
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Rational Operations

What is a Field?

To begin, we need to define “a field.”

For our purposes, a “field” is a collection of objects -- we’re going to be talking about numbers -- that 
are closed under the operations of addition (and its inverse, subtraction) and multiplication (and its 

inverse, division).  

Consider first, then, the whole numbers:  1, 2, 3, ….  These are closed under addition, that is, if you add 

any two whole numbers you get a whole number.  But they are not closed under subtraction.  Although 

you can subtract 5 from 7 to get 2, you cannot subtract 7 from 5.

So set aside the whole numbers and take up the integers:  … -3, -2, -1, 0, +1, +2, +3, ….  Now you have 

closure under addition and subtraction.  You also have closure under multiplication but not division.  10 

divided by 5 is 2, but 10 divided by 3 is not among the integers.

So set aside the integers and take up the rational numbers:  … 

-1
3 ,

-1
5 ,

-2
11 , … 0… 1

10 ,
2
7 ,

5
3 ….  That is, 

all the numbers made up by ratios of integers with one another (forbidding division by zero).  Now we 

have it:  this is a field.  It is closed under addition and subtraction, it is closed under multiplication and 

division.  

For convenience’ sake, we will give the rational numbers a symbolic name, Q. (Why Q and not R?  

Because R is reserved for the real numbers.  Alas.)

Euclid’s Operations Allow Us to Form a Field

The operations of Euclid’s geometry allow us to construct lengths on a line that correspond to the field 

of rational numbers.  If we begin with a given length that we will call the “unit,” we can with straight-
edge and compass easily make a double length, a triple length, etc.  If we define “negative” to be mean 

motion in one direction from an arbitrary starting point and “positive” to mean going in the opposite 

direction, we can construct lengths corresponding to all integers.  By an easy construction, we can also 

divide our given unit length into equal parts corresponding to any whole number.  Thus we can make 

lengths corresponding to any positive proper fraction; by multiplying these we can make any proper or 
improper fraction, and by directing them toward the negative side of our arbitrary zero point, we can 

identify places corresponding to any rational number.  The lengths from zero to these points can be 

added, subtracted, multiplied and divided at will and the result will always be another rational length.  
We have a field.

If we erect two such lines at right angles to one another, we can locate and label any point on a plane 
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that corresponds to (a, b), where a and b are rational numbers.  As my grandfather used to say, “Now 

we’re cookin’ with gas!”

Other Lengths

All points with rational coordinates is a lot of points, but we know that there are other lengths that can 

be found in Euclidean geometry.  There is, for example, 2 , which is the diagonal of the square with 

sides of unit length.  In fact, we can construct lengths equal to the square roots of any lengths we can 

find through other means.

A B

D

C

If you want to find a length equal to r , draw line AB in length equal to r + 1.  Here, let Ac = r and let CB 

= 1.  Erect a semi-circle on line AB and a perpendicular at C meeting the semicircle at D.  Join AD and DB.

Triangle ADC is similar to triangle DCB and to the combined triangle ADB.  Therefore:

AC : CD :: CD : CB

AC × CB = CD2

But AC = r and CB = 1; therefore:

r × 1 = 2 = CD2

r = CD.

Combinations

A little examination will show that these are all the operations that are available to us.  We have addi-
tion, subtraction, multiplication, division -- these are sufficient to find any rational lengths.  In addition 

to this, we can take the square root of any length that we can find.  Not only that:  we can do so as many 

times as we please.  So, can construct 2 , or 5 , or 17
3 , or of any rational length.   And that’s not 
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all!  We can construct 2 .  Or 2 + 2 .  Or 17
3 + 2 + 7

3  … or any sequence or combina-

tion of the rational operations and repeated extraction of square roots.  

With these techniques in hand, someone might easily jump to the conclusion that these Euclidean 

operations can construct any length whatsoever.  That’s probably what I would have said if anyone had 

asked me back when I was a Johnnie Freshman more years ago than I care to think about.  But I would 

have been wrong.

Jumping to Conclusions

When I learned about the Pythagorean theorem and irrational numbers (or their equivalents, incom-
mensurable lengths), I didn’t take time to think about these new numbers as carefully as, in retrospect, 
I should have.  Looking back, I think my understanding ran something like this:

“We had the whole numbers, but they weren’t enough to do subtraction so we added the negative 

numbers and got the integers.  But the integers weren’t enough to do division, so we added the frac-
tions and got the rational numbers.  But even the rationals weren’t enough to account for all the 

lengths we could find in geometry -- the 2  is irrational!  (Hey!  I was just as surprised by this as the 

Greeks were!) -- so we added the irrational numbers to the rational numbers and now we have all the 

real numbers, which is all that there are!”

That understanding didn’t get challenged for decades until I began working on a preceptorial on Galois 

Theory and Professor Charles Hadlock, author of Field Theory and Its Classical Problems, introduced me 

to finite field extensions.  It was here that I learned the humbling lesson that not all irrational numbers 

are the same.  Some numbers are more irrational than others, and lumping them all together blurred 

together distinctions that are best kept separate.

Baby Steps

Let’s start over.  Go back to when we had just the rational lengths and could find any point with rational 
coordinates.  Now, we read the Meno and find out about 2 .  Instead of pretending that we are now 

able to generate all possible irrational lengths, look carefully at what we have.  We can make any 

rational length, and we can make the square root of two.  If we continue now to use just with our 
rational operations (+, -, x, ÷) on the two lengths we have at hand, 1 and 2 , we can make any number 
that looks like this:

 a + b 2
 

where a and b are rational numbers.  Notice something important about these numbers:  we can add 

them, subtract them, multiply them, and divide them any way we please and we always get other 
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numbers of this same kind.  So, if we have:

3 + 5 2  + -1 + 7 2  = 2 + 12 2 .

or

3 + 5 2  × -1 + 7 2  = -3 + 21 2 - 5 2 + 35  2 
2
= 67 + 16 2

Division is a bit more complicated, but it works as well.  The upshot is this:  the numbers  a + b 2  form 

a field of their own.  This new field is called an extension field.  Because we added a finite number of 
elements to form it (in this case, just one), it is called a finite field extension.  And because the element 
we added was a solution of a polynomial with elements of the original field as coefficients -- in this 

case, x2 - 2 = 0 -- it is called a finite algebraic field extension.  And because it was made by adding an 

element that is the square-root of a member of the original field, it is called a quadratic finite algebraic 

field extension.  Let’s call it F1 and write F = Q( 2 ) to signify that F was formed by appending 2  to Q 

and making all the numbers of the form  a + b 2  where a and b are elements of Q.

F is big.  It’s bigger than Q, the rational numbers.  It includes Q as a subset, so we write:

F1 ⊃ Q.

But F does not include all the numbers (lengths) that we can construct because we can adjoin other 
elements if we wish.  We can even take the square root of some squirrely element of F1 that already has 

a square root of two, say:

3 + 7 2

We can append this element to F1 and form the numbers:

c + d 3 + 7 2

where c and d are elements of F.  This is a quadratic finite algebraic field extension of F1.  Let’s call it F2 

and write F2 = F1( 3 + 7 2 ) to signify that F2 was formed by appending 3 + 7 2  to F1 and mak-

ing all the numbers of the form  c + d 3 + 7 2  where c and d are elements of F1.

F2 is big.  It’s bigger than F1 and much bigger than Q.  It includes F1 as a subset, so we write:

F2 ⊃ F1 ⊃ Q.

Do you see where this is going?  We can continue this process as long as we wish.  
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… F5 ⊃ F4 ⊃ F3 ⊃ F2 ⊃ F1 ⊃ Q 

When I put them all together, I have a tower of finite quadratic field extensions.  Every number that 
corresponds to every possible constructible length is somewhere in that tower.  Altogether, they are 

called the constructible numbers.  The set of constructible numbers is very big.

But it’s not everything.

There are Non-Constructible Numbers

There are, as it turns out, non-constructible numbers, as can be shown in several ways.  For instance, 
23

 (the real cube root of two) is not a constructible number.  It does not belong to any tower of 
quadratic field extensions over the rationals.

For, proceeding in the time honored way of reductio ad absurdum, suppose that 23

 were con-
structible.  Also remember that, since in the real numbers y = x3 is strictly increasing, there is only one 

real cube root of two. Now, if 23

 were constructible, it would belong to some quadratic field extension 

of a field that was itself part of a tower of quadratic field extensions leading back to the rationals.

23

∈ Fn where Fn ⊃ Fn-1 ⊃ Fn-2 ⊃ Fn-3 ⊃ … F1 ⊃ Q

That means that 23

= a + b c , where a, b and c are all parts of Fn-1, but where Fn-1 does not itself 
include 23 . 

Cube both sides of this equation.

 23


3
= a + b c 3 = a3 + 3a2 b c + 3ab2 c + b3 c c

2 = (a3 + 3a b2 c ) + ( 3a2 b + b3 c ) c

The number 2 is a part of Fn- 1; we know this because it is a member of Q.  Therefore, it has no compo-
nent multiplied by c , which means that  ( 3a2 b + b3 c ) = 0. 

Next consider (a3 + 3a b2 c ) - ( 3a2 b + b3 c ) c  (notice the minus sign).  Since 3a2 b + b3 c = 0, this 

has the same value as (a3 + 3a b2 c ) + ( 3a2 b + b3 c ) c .  But it unpacks into a - b c 3.  So we 

have two cube roots of 2:

a + b c a - b c

But there is only one value ; therefore b = 0.  That means that a + b c  is really just a, and 23

 is in 
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Fn- 1.  By the same reasoning, it is a member of Fn- 2 and Fn- 3 and so on until we discover it is a member 
of Q, that is, that it is rational.

But 23

 is NOT rational.  (Those who doubt this can see Appendix 1.)

Thus, 23

 is NOT in ANY tower of quadratic field extensions beginning with the rationals.  It is not 
constructible.

The Delian Problem is Thus Solved

At this point, the architects and engineers at Delos should despair:  if 23

 is not constructible, then 

they cannot double the size of the altar of Apollo with Euclidean mathematics.  The gods are cruel, but 
they are are mathematically well-informed.

There are Lots of Non-Constructible Numbers.

The demonstration that the 23

 is not constructible is all well and good, but it is rather ad hoc.  It 
doesn’t immediately produce any broad conclusions about constructible vs. non-constructible num-
bers.

A slightly more detailed investigation of field theory allows broader conclusions.  It is possible to 

characterize the size or “degree” of one algebraic field extension over another.  Compare, for example, 
the quadratic extension that results from adjoining 2  to the rationals with what would be called the 

“cubic” extension that occurs when you adjoin 23 .  In the first case, we can express any number in the 

extended field by an expression that looks like this:

a + b 2 .

These numbers form a field.  You can add, subtract, multiply and divide to your heart’s content and 

never leave the field.  If you try this with 23 , however, a problem arises.  Form a number like:

a + b 23 .

You can add and subtract alright, but as soon as you start multiplying, you’ll find yourself running into:

 23

× 23

= 43

The cube root of four is not the same as the cube root of two.  It can’t be expressed by combinations of 
rational numbers and the cube root of two.  It is outside of the (purported) field.  This problem did not 
arise with 2  because 

2 × 2 = 2
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which is within the field defined by a + b 2 .  With the cube root, it is not enough to add one term; you 

need to add two.  To get a field that includes 23 , you need numbers of this form:

a + b 23

+ c 43 .

A little experimentation will persuade you that these numbers do form a field.  

Notice that when you formed a extended field with 2 , your new numbers had two terms, a + b 23 .  
With 23

 of two, your new numbers have three terms.  The quadratic extension is of “degree two,”  

while the cubic extension is of “degree three.”  Field extensions can be compounded:  an extension of 
degree two followed by an extension of degree three will yield an extended field of degree six over the 

original field.  Field extensions can get remarkably complex, but for our purposes it will be enough to 

focus on relatively simple extensions of relatively small degrees.  

The degree of an extension is measured by complexity of the minimal polynomial needed to produce 

the new elements whose addition to the original field leads to the extension.  Determining whether a 

polynomial is “minimal” poses some problems, but this approach can produce sweeping knowledge 

about whole classes of extensions.  So, for instance, every quadratic field extension over the one before
it, so that a tower of quadratic field extensions -- that is, the collection leading to any constructible 

numbers -- will have powers 2, 4, 8, 16 … 2n over the rationals.  At the same time, it can be shown that 
for equations of the form:

xn - 2 = 0

the number n gives the degree of the extension resulting from appending one of the solutions of the 

equation to a field.  This result allows is to know that 
Solutions of I.e. Appended to Q are of degree And thus are generally

x2 - 2 22 2 Constructible

x3 - 2 23 3 Not Constructible

x4 - 2 24 4 Constructible

x5 - 2 25 5 Not Constructible

x6 - 2 26 6 Not Constructible

x7 - 2 27 7 Not Constructible

Also, it can be show that the solutions of the equations for the nth roots of unity, a�er factoring out (x - 
1), are minimal when n is prime.  So 

Roots of   x3 - 1 = 0 appended to Q are of degree 2 over the rationals, so con-
structible

Roots of   x5 - 1 = 0 appended to Q are of degree 4 over the rationals, so con-
structible
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Roots of   x7 - 1 = 0 appended to Q are of degree 6 over the rationals, so NOT con-
structible

Roots of  x11 - 1 = 0 appended to Q are of degree 10 over the rationals, so NOT con-
structible

Roots of   x13 - 1 = 0 appended to Q are of degree 12 over the rationals, so NOT con-
structible

Roots of   x17 - 1 = 0 appended to Q are of degree 16 over the rationals, so con-
structible

Roots of   x19 - 1 = 0 appended to Q are of degree 18 over the rationals, so NOT con-
structible

etc.

Many -- indeed, most -- of these create extensions whose degrees are not powers of two over the 

rationals.  Thus they create field extensions filled with numbers that are not constructible.  Literally 

infinite fields of non-constructible numbers emerge.  

Hierarchy of Irrationals

Viewing all the irrationals as an undifferentiated mob is a mistake.  We can distinguish between those 

irrationals that are constructible and those that are not.  The constructible numbers are built by succes-
sive quadratic field extensions starting from the rationals.  

Rationals

Constructibles

Non-Constructibles

The distinction between the constructible and non-constructible numbers is interesting enough, but 
situation is even stranger than that.

As we have seen, the Constructibles are made from towers of field extensions all of degree two.  We 
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have just seen that many polynomials have solutions which, when appended to a field, give an exten-
sion of degree other than two; the equation x3 - 2 = 0, for instance, has solutions of degree 3, which 

takes us away from the powers-of-two towers of constructible numbers.

Suppose we toss away that restriction.  Suppose we consider all  algebraic field extensions of any 

degree.  What if we allow ourselves to build towers in which each step can be of any degree -- that is, to 

append to a field the solutions of a polynomial of any degree.  In this way, we could make towers of 
fields that include the solutions of any finite polynomial equations.  That would include all the con-
structible numbers and much, much more.  This immense collection is known as the algebraic num-
bers.  It includes the rational numbers and the constructible numbers and much, much more.

It does not, however, include everything.  There are numbers that are not included among the algebraic 

numbers.  You know a few: π is not an algebraic number.  Neither is e, the base of the natural logarithm 

system.  Leibniz and later Euler called these non-algebraic numbers “transcendental numbers,” a 

wonderfully mystical “woo-woo” name that stuck and is in common use today.

Rationals

Constructibles

Algebraics

Transcendentals

There are LOTS of Transcendental Numbers

When I name π and e as transcendental numbers, you may be misled into thinking that there are only a 

few such numbers and that each of them is a precious rarity, much treasured by mathematicians like 

these two specimens.

Au contraire!  Far from being scarce, the transcendental numbers not only surpass all other numbers in 
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quantity, they do so by an infinite amount.  Of course, to characterize one infinity as greater or lesser 
than another is a controversial project first pioneered by nineteenth century mathematician Georg 

Cantor.  According to Cantor, the smallest sort of infinity is like that of the natural numbers which can 

be ordered in such a way that one can count off the members of an infinite set sequentially and be sure 

eventually to encounter every member.  The natural numbers are obviously countable in this way, as 

are the integers if we number them like this:

0 +1 -1 +2 -2 +3 -3 …

1st 2nd 3rd 4th 5th 6th 7th …

It takes a little more work to see that the rationals can be placed in countable order (they can), and a 

bit more still to figure out that the algebraic numbers can also be ordered and counted.  But they can.  
Cantor designates this infinity by the symbol  ℵ0.  

The complete collection of real numbers -- and also the collection of all complex number a + b i where a 

and b can be any real number -- cannot be so ordered.  These numbers, according to Canto, form a 

higher degree of infinity, the infinity of the continuum,  ℵ1 which is widely take to be equivalent to 2ℵ0, 
a quantity distinctly different, and distinctly bigger than  ℵ0 -- insofar as “bigger” is a concept applica-
ble to infinities.

From this perspective, the relation of the algebraic numbers to the entire set of complex numbers is 

pretty much what Ptolemy would call “the ratio of a point to a line.”  The whole realm of all our manipu-
lations, geometric and algebraic, occur in a vanishingly small subset of the totality of real numbers.  Yet 
though we speak of infinities, do not imagine that these transcendentals are far away.  They are not far 
away in heaven, so that you have to ask, “Who will ascend into heaven to get them?” Nor are they 

beyond the sea, so that you have to ask, “Who will cross the sea to get them?” No, they are very near to 

you always on every side, crowding about with incredible density.  And the net of constructible num-
bers seems now to spread across the Euclidean plane like ever-thinning gossamer network of barely 

perceptible points, each separated from the next by gulfs teeming full with inaccessible points.  

While we all contemplate the miserable smallness of all our endeavors, let us take a brief break and 

then there will be time for questions.

Appendix 1:  Irrationality of 23

This result follows from Euclid, Book X, proposition 9.  It can also be shown from arithmetic principles 

as follows:

Suppose that 23

 is rational.  Then it can be expressed as a fraction 

a
b  where a and b are finite whole 

numbers.  We may assume also that the fraction 

a
b  is expressed in lowest terms, so that a and b have no 
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factors in common. 

We have:

23

= a
b

2 = a3

b3

2 b3 = a3

That means that a3 is even, which means that a is even; thus a3 is divisible by 8.  Let it be 8 c3.

2 b3 = 8 c3

b3 = 4 c3

That means that b3 is divisible by 4, which means that b is even (and that b3 is in fact divisible by 64).  
But we began with the hypothesis 

a
b  was a fraction where a and b have no factors in common.

Therefore, 23

 cannot be expressed as a fraction a
b .
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