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ABSTRACT

This paper reviews the generalized application of the linear quadratic (LQ) model of radiobiological ef-
fect to targeted radiotherapy. Special attention is given to formulations for normal tissue responses and
these are applied, in particular, to the kidney. Because it is derived from self-consistent bio-physical prin-
ciples, the LQ model currently remains the standard formalism for assessing biological responses for the
whole range of radiotherapy treatments. A central feature of the model is the derivation of biologically
effective doses (BEDs), which may be used to quantify the impact of a treatment on both tumors and nor-
mal tissues. BEDs are routinely derived for conventional external-beam treatments. The likely limits of
targeted radiotherapy may, thus, be assessed by comparing the expected normal-tissue BEDs for such
treatments with those known to be just tolerable in conventional therapy. The main parameters required
in the model are defined, and data are provided which demonstrate the tentative link between targeted
radiotherapy doses and those used in conventional radiotherapy. The extension of the LQ method to tar-
geted radiotherapy involves using parameters for which the numerical values may not be accurately known
at present. This places a restriction on the overall predictive accuracy of the model and the necessary
caveats are, therefore, outlined.
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INTRODUCTION

The linear-quadratic (LQ) model of radiation ef-
fect was originally developed from consideration
of subcellular bio-physical events; but, in prac-
tice, the model provides a satisfactory and prac-
tically useful explanation of fractionation and

dose–rate effects observed at the macroscopic
(clinical) level.1–3 The model may be applied to
both tumor and normal tissues and is, therefore,
of particular use in evaluating how altered pat-
terns of radiation delivery might impact on over-
all therapeutic index (i.e., on the balance between
the probabilities of tumor cure and normal-tissue
complications).

As demonstrated schematically in Fig. 1, the
LQ formulation assumes that lethal radiation
damage is created in either of two ways: as a con-
sequence of a single ionizing event (Type A dam-
age) or as a consequence of two, separate, sub-
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lethal ionizing events which interact pairwise to
create lethal damage (Type B damage). Because
the individual sublethal events giving rise to Type
B damage are considered to be repairable, the
time spacing of the two events required for Type
B lethality is particularly important. If the sub-
lethal damage resulting from the first event is 
repaired before the second event occurs, no
lethality is produced. Thus, the opportunity (or
otherwise) for repair is an important determinant
of the amount of Type B damage, and the time
taken to deliver the treatment, the dose–rate, and
the repair-rate of sublethal damage all have an in-
fluence on this.2

In most bio-physical derivations of LQ-type
models, the Type A and Type B damage is inter-
preted in terms of different patterns of DNA strand
breakage, as shown in Fig 1. However, other in-
terpretations of the damage-forming process can
lead to mathematically similar formulations.

ESSENTIAL PARAMETERS

For normal tissues the two principal radiobio-
logical parameters are the tissue �/� ratio and the
sublethal damage recovery constant (�).

Fractionation/Dose–Rate Sensitivities (�/� ratios)

�/� ratios provide a quantitative indication of the
sensitivity of a given tumor or organ to changes
in fractionation or dose–rate. The individual ra-
diosensitivity coefficients (�, in units of Gy�1

and �, in units of Gy�2) are respective measures
of the probability of inducing the Type A or Type
B forms of damage discussed above. In practical
terms � and � respectively relate to the initial
slope and degree of downward curvature (“bendi-
ness”) of the underlying cell-survival curve. Fig.
2 illustrates this point. In practice, � and � are
rarely known in individual cases, but generic val-
ues of the ratio between them are nonetheless use-
ful when reviewing the efficacy of different types
of radiation treatment. The �/� value (in units of
Gy) is generally higher for tumors (typical range,
5–25 Gy) than for late-responding normal tissues
(typical range, 2–5 Gy).

The literal interpretation of �/� is that it rep-
resents, for a given tumor or organ, the physical
dose at which the two types of biological dam-
age (Type A and Type B) are equal. Type A dam-
age predominates at doses of magnitude less than
�/�, whereas, at higher doses, Type B damage
predominates. Fig. 2 illustrates this point also.
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Figure 1. Schematic showing the formation of radiation damage as a result of double-strand breaks (DSBs) in the DNA. The
DSBs may be created in a single ionizing event (Type A damage) or by complementary interaction between two separate ionis-
ing events (Type B damage). In each case, the base sequence on both strands is disrupted and cell lethality results. With Type B
lethality, it is necessary for the second ionizing event to occur before the first has had time to repair itself. It is also necessary
for the two events to be located within a few base pairs of each other.
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Tissues possessing a small �/� are said to have
more sparing capacity than those with higher val-
ues. This means that, for any given dose, the re-
duction in cell kill brought about by a reduction
in dose per fraction or dose–rate will be relatively
greater in low �/� tissues. Therefore, relative to
tumors receiving the same dose and pattern of ra-
diation delivery, late-responding normal tissues
would be expected to be preferentially spared in
treatments involving small fraction sizes or low
dose–rates. For kidney, the �/� value is in the
range 2–3 Gy, with a recent recommendation to
use 3 Gy.4 In the numerical examples which fol-
low in this paper, a figure of 2.4 Gy is used, as
this provides results which err on the cautious
side.

Excellent clinical results have often been
claimed for traditional continuous low dose–rate
(CLDR) treatments, delivered over periods of
several days. Through the LQ model, it is clear
that CLDR essentially emulates what might be
expected of a highly fractionated treatment in-
volving many small fractions.2 In both cases, as
already mentioned, a higher degree of radiobio-
logical sparing is likely in tissues possessing low
�/� values. The sparing effect resulting from the

lowering of dose per fraction or dose–rate effec-
tively manifests itself as a “straightening out” of
the cell-survival curves, i.e., cell kill becomes
more closely a purely exponential process. This
is why the use of a low dose–rate delivery pat-
tern is analogous to the use of multiple small-
dose fractions.

Extending this argument, it is to be expected
that targeted radiotherapy that involves pro-
longed low dose–rate (as a result of there being
a slow clearance rate of activity from the tissue)
will also exhibit the advantages of CLDR. Cru-
cially, however, this argument may only apply
when the tumor and critical normal tissue are ad-
jacent and are being irradiated simultaneously.
When the dose-limiting normal tissue is irradi-
ated as a consequence of tumor therapy directed
elsewhere in the body, different considerations
apply, as is demonstrated later.

Repair Rates (� Values)

Sublethal DNA damage in cells may repair itself
if allowed sufficient time, but if further damage
accrues before earlier damage has repaired then
the sublethal damage is compounded and be-
comes lethal. Although this is a simplistic expla-
nation of the repair process, it can nonetheless
help in the understanding of several important
facets of clinical radiotherapy.3

In conventional external-beam radiotherapy
(where fractions are around 24 hours apart) the
sublethal damage remaining after each fraction is
usually fully repaired by the time of delivery of
the next fraction. In CLDR or targeted radionu-
clide treatments, the repair process takes place
during the period of radiation delivery and is,
therefore, in competition with the induction of
further damage caused by the ongoing irradiation.
As a consequence of ongoing repair, there is less
radiation damage when, for any given total dose,
treatment delivery is protracted.

Average repair half-times for mammalian tis-
sues are usually of the order of 0.5–3 hours, with
increasing evidence that tumor repair half-lives
are probably shorter than those for late-respond-
ing normal tissues.5,6 The repair process is often
assumed to be monoexponential, in which case
only one parameter (the repair-rate constant, �)
is required to characterize the process. The re-
pair-rate constant, �, and the repair half-life
(T1/2)r are related by means of:

� � �
(
0
T
.6

1/

9

2)
3

r
� Equation 1
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Figure 2. The solid curved line shows the linear quadratic
(LQ) relationship between cell survival (SF) and radiation
dose (d), the curve being plotted on a log–linear scale. The
mathematical relationship between SF and d is SF �
exp(��d � �d2), where � is the initial slope of the line (at
0 dose) and � is a measure of the downward curvature of
the line at higher doses. The dotted straight line indicates
the linear (Type A) component of cell kill; the deviation of
the true cell survival curve from the straight line is a mea-
sure of the extra lethality being caused by Type B damage.
Type A and Type B lethality become equal at a dose that is
numerically equal to the �/� ratio. In this particular case,
�/� is of the order of 5.5–6 Gy. At lower doses than this,
Type A damage predominates; at higher doses, Type B dam-
age predominates.
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Significantly, however, for some normal tissues
the repair process appears not to proceed at a con-
stant rate but slows down with time. In such
cases, the events are described better by a mul-
let-exponential pattern, for which more parame-
ters are required.7,8 The colony-forming cells in
mouse kidney appear to be associated with bi-ex-
ponential repair kinetics, with repair half-times
of approximately 0.15 and 5.03 hours.9 Alterna-
tively, the slowing-down process may be charac-
terized by other, nonexponential forms of repair
kinetics.10 Regardless of the mechanism or mod-
eling explanation, for any given total dose, a long
(i.e., slow) repair component will likely give rise
to higher-than-expected kidney toxicity in tar-
geted radionuclide radiotherapy.

Quantification of Overall Biological Effect

Within the LQ model, the concept of biologically
effective dose (BED) may be used to quantify the
gross biological effect. BED is related to the log-
arithmic cell kill and, because the radiobiologi-
cal parameters differ between tumors and normal
tissues, there are different BED values for each
irradiated tissue.1,11 This is true even if all the tis-
sues receive the same dose and are subject to the
same temporal pattern of radiation delivery. The
relative change between tumor BED and critical
normal-tissue BED when treatment delivery 
conditions are altered is, therefore, a useful 
indicator in assessing how Therapeutic Index is
changed in such cases. Through consideration of
tissue-specific BEDs, it is possible to intercom-
pare different treatment modalities and, in prin-
ciple, for targeted radiotherapy regimes to be 
designed from a knowledge of existing external-
beam treatments.

The main radiobiological parameters relevant
to conventional radiotherapy are equally relevant
for targeted radiotherapy. Thus, with temporal
variations in dose–rate included, the LQ formu-
lation may be applied to this modality also. The
relevant formulae for calculating late-responding
normal-tissue BEDs are:

For fractionated external-beam therapy:

BED � Nd �1 � � Equation 2

where N is the number of fractions and d the dose
per fraction.1

For continuous therapy at low dose–rate:

BED � RT �1 � � Equation 3
2R

�
�(�/�)

d
�
(�/�)

where R is the dose–rate and T the treatment time.
It should be noted that Equation (3) is the sim-
plified form of a more complex expression.2,3

For continuous therapy with an exponentially
decreasing dose–rate:

BED � �1 � � Equation 4

where Ro is the initial dose–rate, and � is the over-
all rate constant describing the loss of activity
(assumed to be exponential) from the organ in
question, being the sum of the radioactive decay
constant and the organ clearance constant.2

It is again stressed that Equations 2–4 are
those relevant for late-responding normal tis-
sues. For tumors and acute-responding normal
tissues, both of which may exhibit cellular re-
population during treatment, more complex for-
mulations are necessary.12,13 Also, the tempo-
ral pattern of activity uptake and clearance in
targeted radiotherapy is complex and is not par-
ticularly well approximated by a monoexpo-
nential function, as is assumed in deriving
Equations 4.14

Approximate Relationship Between
Dose–Rate and Dose Per Fraction

Since most of the clinical experience in radiation
therapy has been with external-beam irradiation,
it is possible to use Equations 2 and 4 to explore
the likely link between this form of treatment and
targeted radiotherapy. If similar total doses are
given in each case, then Nd � Ro/� and, if the
normal-tissue response is to be the same in both
types of treatment, then Equations (2) and (4)
may be equated, leading to:

1 � � 1 � Equation 5

Because ���� in almost all cases the relation-
ship simplifies to:

Ro � �d Equation 6

Thus, the quantity Ro/� in targeted therapy is
analogous to dose per fraction (d ) in conventional
fractionated radiotherapy. Because � is typically
of the order of 0.5 hours�1, it follows that the ef-
fects of fractionated treatments delivered with
1.8–2 Gy fractions will be emulated with initial
targeted therapy dose–rates of the order of 1 Gy
hour�1. But again, it is stressed that both this rule

Ro��
(� � �)(�/�)

d
�
(�/�)

Ro��
(� � �)(�/�)

Ro�
�
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of thumb and the simple relationship shown in
Equation 6 are each true only when similar total
doses are given with the external-beam and tar-
geted treatments.

For activity being cleared through the kid-
ney, the initial dose–rates may be �1 Gy
hour�1 and, in such cases, the toxicity might
be greater than that expected with conventional
fractionation. Also, it must be remembered
that, in addition to large uncertainties in the re-
nal dosimetry, the maximum tolerable dose is
not well known for targeted radionuclide 
therapy.4

A more useful intercomparison is to use the
above equations to consider how combinations of
initial dose–rate (Ro) and effective organ clear-
ance rate (�) are related to their external-beam
equivalents. This avoids having to make the as-
sumption that the same total doses are delivered
with both the external-beam and targeted therapy.
Equation 4 may be used to calculate the BED as-
sociated with various combinations of Ro and �.
Equation 2 may then be used to identify the to-
tal external-beam dose (Nd) which delivers that
same BED. In practice, it is better to express the
relationships in terms of the effective clearance
half-life (T1/2)c of activity from the organ. Be-
cause:

� � Equation 7

then Equation 4 may be rewritten as:

BED � 1.44 Ro

(T1/2)c�1 � � Equation 8

Substituting Equation 8 into Equation 2, the ex-
ternal-beam (XTB) dose (Nd) which delivers this
same BED is given as:

XTB dose � Nd �

1.44 Ro(T1/2)c�1�
Ro

�� � �(�/�)�
1 �

Equation 9

d
�
(�/�)

0.693
�
(T1/2)c

Ro���

�� � �
0
(T
.6

1

9

/2

3
)

�
c
� (�/�)

0.693
�
(T1/2)c

As noted from Equation 1, � � 0.693/(T1/2)r and,
substituting for � in Equation 9 and simplifying,
we have:

XTB dose � 2.082

Ro(T1/2)c{0.693(�/�)[T1/2)c
� (T1/2)r] � Ro(T1/2)c(T1/2)r}
[(T1/2)c � (T1/2)r][(�/� � d)]

Equation 10

Table 1 shows the total external-beam doses
(when given in 2 Gy fractions), which are bio-
logically equivalent to targeted treatments given
with varying Ro and clearance T1/2. The tabulated
values are derived by way of Equation 10. The
supralinear effect resulting from an increasing
initial dose–rate should, in particular, be noted.
The shaded cells indicate those combinations of
IDR and effective half-life which produce an ef-
fect greater than that from an external-beam dose
of 20 Gy, delivered in 2 Gy fraction sizes, which
is generally regarded as being at the upper limit
of kidney tolerance. It will be noted that some of
the treatment combinations are well in excess of
tolerance and that, regardless of the initial
dose–rate, very short effective half-lives are more
likely to limit the biological damage to the kid-
ney. Table 1 provides general guidance only, with
the important caveats being:

(1) Instantaneous activity uptake, followed by
monoexponential clearance, is assumed.

(2) Monoexponential sublethal repair kinetics
are assumed. In practice, it is more likely that
the repair is bi-exponential, with the possi-
bility that one of the components is relatively
slow, i.e., with a relatively long half-time.

(3) It is assumed that the targeted irradiation of
the kidney is uniform, as with the external-
beam case.

The tabulated results should, therefore, be re-
garded only as indicators of general behavior.

Effect of Changing Dose–Rate on Different
Tissue Types

In external-beam radiotherapy, it is well estab-
lished that using a reduced fraction size will gen-
erally lead to a therapeutic benefit, the late-re-
sponding normal tissues being spared relatively
more than the tumor, even if each receives the
same total dose.11 It is this possibility that has
given rise to numerous investigations into the po-
tential benefits of hyperfractionation.15,16 By the
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same token, when a targeted radionuclide irradi-
ates tumor and normal tissue to the same extent,
delivering the dose over a longer time (i.e., at re-
duced dose–rate) will cause relatively more spar-
ing of normal-tissue damage.

On this basis, therefore, radionuclides with
long half-lives ought to be preferable as, for any
required dose, the dose–rate at any instant is al-
ways less than if a shorter-lived nuclide were
used. But, as has already been demonstrated, this
argument does not hold in the case of radionu-
clides being excreted through the kidney and
when the kidney is not also the site of the tumor.
In such cases, a rapid rate of activity clearance
(deriving from a short biological halflife and/or
a short decay half-life) will deliver less dose for
any given initial dose–rate.

The Influence of RBE Effects

The radiations used in conventional external-
beam treatments are mostly high-energy X-rays
produced by linear accelerators. These have a low
ionization density along the trajectories of the
electrons liberated in the irradiated tissues and
are, hence, classified as being low-LET (Linear
Energy Transfer) radiations. It is known that
some of the radionuclides used in targeted ther-
apy exhibit high-LET characteristics and create a
denser pattern of ionization. Thus, relative to the

low-LET radiations used in conventional therapy,
more biological damage is created for each unit
of dose delivered. This enhancement is quanti-
fied in terms of Relative Biological Effectiveness
(RBE), the experimentally determined ratio of
doses (low-LET versus high-LET) required to
produce a given degree of cell kill, with the X-
rays (by convention) being assigned an RBE of
unity.

Incorporation of the RBE factor may be im-
portant for targeted radionuclide therapy, as some
of the nuclides used may be associated with ra-
diation emissions possessing RBEs significantly
greater than unity.17,18 Allowance for RBE ef-
fects is easily made within the model because
RBE maximizes to RBEmax at a low dose–rate
(or low dose per fraction), and in Equations 2–4
it is necessary only to insert this parameter in
place of the unity factor inside each of the square
brackets. It is always necessary to consider the
possible existence of an enhanced RBE when us-
ing novel radionuclides. For example, a nuclide
possessing an RBEmax of (say) 1.2 produces the
same degree of toxicity with approximately 20%
less dose than is required with conventional
(linac-produced) X-rays. This is a potentially se-
rious complicating factor when using the experi-
ence gained with conventional radiations to pre-
dict normal-tissue tolerance doses for targeted
radionuclides. Although the radiobiological mod-

368

Table 1. Total External-Beam Doses

IDR (Gyh�1) 0.25 0.50 0.75 1.00 1.25 1.50

T1/2 (h)
6 1.4 3.2 5.3 7.9 10.9 14.3

12 2.8 6.5 11.1 16.5 22.8 30.0
18 4.2 9.8 16.8 25.1 34.8 45.9
24 5.7 13.2 22.5 33.8 46.9 61.8
30 7.1 16.5 28.3 42.4 58.9 77.7
36 8.5 19.9 34.0 51.1 70.9 93.7
42 9.9 23.2 39.8 59.7 83.0 109.6
48 11.4 26.5 45.5 68.4 95.0 125.5
54 12.8 29.9 51.3 77.0 107.1 141.5
60 14.2 33.2 57.1 85.7 119.1 157.4

Tabulated values are the external-beam doses (in Gy), delivered in fraction sizes of 2 Gy, which are approximately equivalent
to targeted therapy delivered to the kidney at any given initial dose–rate (IDR). The half-life (T1/2) is the effective half-life 
(assumed to be monoexponential) of a decrease of dose–rate in the kidney resulting from natural radioactive decay and organ 
excretion. The assumed rate constant (�) for sublethal damage repair is 0.5 hour1, corresponding to a repair half-time of ap-
proximately 1.4 hours. The assumed ��� value is 2.4 Gy. The shaded cells indicate those combinations of IDR and effective half-
life that produce an effect greater than that from an external-beam dose of 20 Gy, which is generally regarded as being at the
upper limit of kidney tolerance. The necessary caveats to be noted in interpreting this table are discussed in the text.
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els can account for such effects, there is a dearth
of knowledge of RBE values for most radionu-
clides.17,18

For a radionuclide possessing an RBE of x
(x � 1), the tabulated figures in Table 1 are all
increased by a factor of at least X, i.e., the range
of circumstances for which targeted therapy can
be delivered without exceeding kidney tolerance
is further diminished.

SUMMARY

The BED concept is widely used in conventional
radiotherapy and, on account of the biophysical
basis of the LQ model from which it is derived,
it may also be used to quantify various forms of
targeted radiotherapy. For slowly dividing nor-
mal tissues, for which cellular repopulation dur-
ing the period of irradiation is insignificant, the
relationship between BED and total physical dose
(TD) is:

BED � TD � RE

where RE is the Relative Effectiveness factor
which converts physical dose to a tissue-specific
biological dose.1 In Equations 2, 3, and 4, the RE
factor is that appearing within the square brackets.

For any given physical dose in targeted radio-
therapy, the RE (and, hence, BED) will be higher
when:

(1) The �/� ratio is low
(2) The radionuclide half-life is long
(3) The repair half-time (or a subcomponent of

it) is long
(4) The RBE factor is high
(5) The maximum dose–rate is high.

If the maximum dose–rate is low then the in-
fluence of the �/� and repair half-time parame-
ters is much less significant. However, the work
presented in this article suggests that when the
kidney is the dose-limiting organ, rapid organ
clearance, where possible in conjunction with a
short radionuclide half-life, are the most impor-
tant factors in limiting the likelihood of serious
toxicity. These conditions illustrate the paradox
that exists with targeted radiotherapy because, for
the targeted tumor, a significant sterilizing effect
is more likely with radionuclides with a long
physical half-life and where the biological clear-
ance rate is slow.12,18

A further significant problem with assessing
targeted therapy is the likely presence of local

dose (and, hence, dose–rate) variations, which
make accurate RE and BED assessments more
difficult, particularly as it may not be appropri-
ate to use averaged values of these parameters.
Moreover, the kidney is a complex structure and
the internal physical and biological characteris-
tics of radionuclide excretion influence the over-
all organ response.19 Integrated models of bio-
logical response have been developed for
external-beam radiotherapy and could, with some
provisos, be applied to targeted radiotherapy also.
The significance of kidney dose–rate variations
resulting from antibody nonuniformity have re-
cently been examined.20
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