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Use the Taylor expansion

ot — :L‘)2

$7) = 1)+ - ) ) + gy

for f € C?[a,b] to derive Newton's method for approximating a root z* of the cquation
fa) =0,

Show that Newton's method can be written as a fixed point iteration

.’En_..{.]_ = g(xﬂ)'!

for a suitable choice of g(z).
Furthermore, show that g'(z*) = 0 provided that f/(x*) # 0.
Find limy - ¢'(x) for Newton’s method when f/(x*) = 0 but f"(z*) # 0.
The root z* =5 of
Jlry = o — 92% 4 152 + 25

15 approximated using Newton’s method with 2y = 3.

i. Compute 5.

ii. What is the apparent rate of convergence?

2. Let g{z) be a continuous function on the real line that maps the interval fa, b] into itself, such

that

lg(x) —glw)| < vlz —yl  Ve,y € (—oc,0)

where v < 1, and supposc the sequence {2,122, is gencrated iteratively via z,41 = g(z,).

b

(c)
(d

(a)
()

Show that there exists * € [a, b such that * = g(z*).
Show that 2* is the unique real fixed point of g.

, and deduce that 2% = lim,.. .00 Tn.

Show that {z;4) — 2% < y|z; — 2*
‘T'he usual “Fixed Point Theorem” makes one additional assumption on ¢ that we did
not. make here; what is it? Hence give an example of a function for which the uswal fixed
point theorem doecs not apply, bul for which the assumptions of this question imply
existence of and convergence 1o a fixed point.
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3. Assume that wo < 21 < ... < z,. Then divided differences can be defined recursively using
the formula

_ Sl mige, - wing] — flon @i, e g

Lipg — &y

Sz iy, ,-’L'fz‘+-j]

(a) Define the zeroth divided differences f[r;] for j = 0,1,...,n.
(b) Let

polz) = Z ciwi{x)
j=0

be the Newton form of the interpolating polynomial based on xy, Z1,...,%n. Define
the polynomials w;(x) for 7 == 0,1,...,n. State ¢; in terms of the appropriate divided
difference(s) for j = 0,1,...,n.

(¢) Assuming thal [ is n-times diffcrentiable, show that there exists & € [y, z,,] such that

Fe) '

7!

fleo oy, g =
(d) Given
=0, =1 w2=2, x3=23,
fleo) =3, flz) =5, [flz2) =9, flua) =17,
construct the appropriate table of divided differences and hence state
i. the polynomial of degree 3 which interpolates at xg, 1, T2, T3.
ii. the polynomial of degree 2 which interpolates at z1, z2, x3.

4. Consider the Forward Difference Approximation

Jlxzo + h) — f{xo)
i ;

filao) ~

and the data

T 0 0.1 0.2
f{x) | 0] 0.090483 | 0.163746

(a} Use the forward difference formula with £ = 0.1 and h = 0.2 to obtain two approxima-
tions to f(0).

(b} Using Taylor Series or otherwise find the crror term for the forward difference approxi-
mation.

(¢} Use Richardson extrapolation to obtain a hetter approximation to f/(0).

(d) State a finitc formula for approximating f”(zq), and use it to obtain an approximation
to f7(0.1).
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5. (a) Define the degree ol accuracy (also known as the degree of precision) of a quadrature
formula Ty (f) for approximating the integral

b
I(f)ﬁ[ fla)de.

(b} Find the degree of aceuracy of the quadrature formula

.

1) = 2110 + 3f(a 1 2m)

where h = (b—u)/3.

(¢) Given that I(f) = I,(f) + khPT2f+0(£), where p is the degree of accuracy of the
method {ind k.

(d) Use this method and the fact that

2 1
In{2) :/1 Ed:z:

to oblain an approximation to In(2). Use the error formula from above to derive an
upper bound for the error in this approximation.

6. Simpsen’s Rule Jy(f) = (h/3)[fo + 4/1 -+ fo], where fi = f(z;) for approximating T(f) —
Jr:f fz)dx has the crror formula

B
1) i) = s )
where 7 € |20, za).

(a) Let n be cven, xq = a, 2, = b, h = (b - a)/n and x; = a + jh. Derive the Composite

Simpson’s Rule for approximating I(f) = f ? Fla)dz by applying Simpson’s Rule to
appropriate subintervals,

(b) Assnming that f € C*[a,b] prove that the Composite Simpson’s Rule satisfies
(b—a), 4 (1)
If -1 =-—>—1h
(F) ~ I(f) = = S 200
for some £ € [u, b].

(¢} Tet I,(f) be the Composite Simpson’s Rule approximation to

IfHy= ]0‘1 23+ sin(wx)dz.

Show that I{f) < I,(f) and give an wpper bound on |I{f) — I.(f)| when h - 1/10.
What, value of i is required to ensure that [I(f) — In(f)| < 107%7?
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7. Consider the initial value problem
y=Fflty) =2y, 0<t<T, y0)=a>0, A<
Supposc you approximate the solution y{t) using the Runge-Kutta method

wo — &,
Wiyl = Wy + zlihf(ti, ’LU»;) -+ ﬁ‘hf (t'g -+ %h‘,, wy + %hj'(ti, wz)) , =20, N

wilh time-step &
(2) Show that y(t;4)) = e™y(t,),
(b} and that w; 1y = (1+hA+ %)wi.

)
(¢} Under what conditions on i docs lim;_,q w; =07
)

(d) Deline the local truncation error 7;41(h) and show that for this problem

1
Tip1(h) = E(E)\)Swi,

where £ ¢ (0, h) and hence that 0 < y{t;) < w; for all i > 0.

8. Usec the linear shooting method to approximate the solution y’(1) of the boundary valuc

problem
Y= 3y 2y 2043, 0L, p0)=2, y(1)=1,

using £ = 4, and the (Forward) Euler method,



