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Nan and Bert Problems (pg. 2-3) 

Solve and then discuss with a partner: 
•  Did you use the same strategy for each 

problem? Why?  
•  What strategies would you expect from 

your students? 
•  What strategies would you hope for?  
•  How might the tools support reasoning?  
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Goals for this Session 
•  Briefly establish a rationale for helping 

students develop multiple and flexible 
computation strategies.  

•  Explore how students develop proficiency 
with whole number operations.  

•  Analyze instructional strategies that 
encourage students to develop meaning 
and proficiency with those computation 
strategies.  
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Math Trailblazers  
Research and Revision Study 

2003–2006  Research on implementation of 2nd 
edition in classrooms  

2006–2009  Revision and field test of new 
materials in grades 1–5 

2008–2009  Student Achievement Study 
2010–2014   Final revision of materials for 

publication 
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Research Studies 
•  Whole Number Study–UIC & KSU       2003–2008 
•  Implementation Study–UIC       2003–2006 
•  Fractions and Ratios–UMN       2004–2006 
•  Video Study–UIC       2003–2006 
•  Field Test Study–UIC       2006–2010 
•  Student Achievement Study–UIC       2009–2011 
•  Embedded Assessment Study–UIC   2010 - 2014 
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How do 
students learn? 

How can 
instruction 

support that 
learning? 



Research Studies 
•  Whole Number Study–UIC & KSU       2003–2008 
•  Implementation Study–UIC       2003–2006 
•  Fractions and Ratios–UMN       2004–2006 
•  Video Study–UIC       2003–2006 
•  Field Test Study–UIC       2006–2010 
•  Student Achievement Study–UIC       2009–2011 
•  Embedded Assessment Study–UIC   2010 - 2014 
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“To find one’s way around the mathematical 
terrain, it is important to see how the various 
representations connect with each other, how 
they are similar, and how they are different. 
The degree of students’ conceptual 
understanding is related to the richness and 
extent of the connections they have made.”  

    - National Research Council, 2001 
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Why Multiple Strategies? 
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Why Multiple Strategies? 
Rationale #1 A range of strategies allows 
for sense-making and development of 
conceptual understanding.  
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Stages of Conceptual Development 
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Direct Modeling Counting 
Strategies 

Reasoning from 
Known Facts 

Carpenter, 1999; National Research Council, 2001 
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Direct Modeling Counting 
Strategies 

Reasoning from 
Known Facts 

Carpenter, 1999; National Research Council, 2001 

Stages of Conceptual Development 
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Direct Modeling Counting 
Strategies 

Reasoning from 
Known Facts 

Carpenter, 1999; National Research Council, 2001 

Stages of Conceptual Development 



Why Multiple Strategies? 
Rationale #1 A range of strategies 
promotes computational fluency.  
 

14 

Flexibly 

Accurately 

Appropriately 

Efficiently  

-National Research Council 



What strategy would you use?  
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Would you use the same strategy?  
  

9 + 2 

Fluency: Flexibility 



What strategy would you use? 
 

104 – 89 = 
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Is the strategy efficient?  

Fluency: Appropriateness 



Why Multiple Strategies? 
Rationale #3 A range of strategies helps 
students access and respond to 
mathematical contexts. 
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There are 5204 Chocos. A customer came in 
and bought 565. Another customer came in 
and wanted to buy 4859 pieces of candy. 
Was there enough candy in the store so that 
he could buy that much? 
 

Mental 
Math 

Estimation Paper and 
Pencil 



Why Multiple Strategies? 
Rationale #4 A range of strategies supports 
a range of student identities and needs. 
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Chris’s group made 28 hats. Julia’s 
group made 44 hats. How many hats 
did both groups make altogether? 

 



Why Multiple Strategies? 
Rationale #4 A range of strategies supports 
a range of student identities and needs. 
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Why Multiple Strategies? 
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Direct Modeling Counting 
Strategies 

Reasoning from 
Known Facts 

Carpenter, 1999; National Research Council, 2001 

Why Multiple Strategies? 



Why Multiple Strategies? 
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Why Multiple Strategies? 
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•  Too many.  
•  Keep using the same 

inefficient strategy.  
•  Found a favorite.  
•  Some students do not 

connect to other 
strategies.  
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Stages of Conceptual Development 

26 

Direct Modeling Counting 
Strategies 

Reasoning from 
Known Facts 

Carpenter, 1999; National Research Council, 2001 

Look at the student work, what phase of reasoning is 
evident?  



Promote Phases Reasoning 
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Promote Phases Reasoning 
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Direct Modeling Counting 
Strategies 

Reasoning from 
Known Facts 

Carpenter, 1999; National Research Council, 2001 

Choose one activity from the folder. Which phases 
does it support or promote? 



Connect to Student’s Thinking 
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Invention 

Make 
Thinking 

Visible 

Multiple 
Ways 



Connect to Student’s Thinking 
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Analyze 
Other’s 
Thinking 

Invent 
other 
ways 

Try Other 
Strategies 



Connect to Student’s Thinking 
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Analyze 
Other’s 
Thinking 

Invent 
other 
ways 

Try the 
Strategies 
of Others 
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Connect to Student’s Thinking 
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Connect to Student’s Thinking 



Promote Phases Reasoning 
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Direct Modeling Counting 
Strategies 

Reasoning from 
Known Facts 

Carpenter, 1999; National Research Council, 2001 

What phases are supported 
by this activity?  



 “Discussions that focus on cognitively 
challenging mathematical tasks, namely those 
that promote thinking, reasoning, and problems 
solving, are a primary mechanism for promoting 
conceptual understanding of mathematics.”  
Smith, Hughes, Engle & Stein, 2009, p. 549 
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Connect to Representations 
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Five frogs on the log. 
Three jump off.  

There are 2 frogs on 
the log.  

3 minus 5 is 2 



Connect to Representations and 
Strategies(pg. 5) 
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Look at the solutions to 8 + 6 
 
•  Which used the same 

representation?  

•  Which used the same strategy?  



Connect to Representations and 
Strategies(pg. 5) 
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•  Did these three students 
use the same strategy?  

 
•  I notice the +2 in Student B 

solution. Does student C 
add 2 to 8? How is that 
shown?  

•  How is the +2 shown in 
Student D’s solution? 



Connect to Representations and 
Strategies(pg. 5) 
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Your turn. Work with a 
partner.  
 
Write questions that help 
students connect the 
strategies and 
representations.  
 
Use Questions on pg. 4 as a 
guide.  



Connect to Representations and 
Strategies AND Properties or Big Ideas 
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I notice that both of these 
students counted on.  
Student F started at 6 and 
Student B started at 8.  
 
Can they do that? Why does 
that work?  



 
 

Connect to Representations and 
Strategies 



Connect to Context Demands 
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Would you use the same strategy?  
  

9 + 2 



Connect to Context Demands 
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Sort the problems by strategy?  



Connect to Context Demands 
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Sort the problems by strategy?  
Counting 

Back Doubles 
+1 

Sarah’s 
Strategy 
Doubles -1 
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Connect to Context Demands 



Stages of Conceptual Development 
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Direct Modeling Counting 
Strategies 

Reasoning from 
Known Facts 

Carpenter, 1999; National Research Council, 2001 

Solve 79 + 28.   
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Are all students 
in the same 

place?  

Connect to Student’s Thinking 
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Use Menus to prompt. . . 
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Try a method you hardly 
ever choose.  

Show Tanya’s 
method using a 

number line instead.  

Is your strategy 
similar to . . .. 
 

Which strategy 
do you think is 
best?  

Carols got stuck. . .what 
strategy do you think 
will help him?  
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Connect to Student’s Thinking 

Connect Representations 
and Strategies 
 

 
Connect to Context Demands 
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Rate this presentation on the 
conference app! 

 

Search “NCTM” in your app 
store or follow the link at 

nctm.org/confapp to download 
Join in the conversation! 

#NCTMannual 

Download available 
presentation handouts from 

the online planner at nctm.org/
planner 
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Tell a Story 

There are 10 pieces of fruit. Some are in 
the bowl and some are out of the bowl.  
 
Show and tell a story with the story mat 
and 10 cubes.  
 
Write a number sentence for your story.  
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Towers of Ten Game 
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Find Ten Matches  

Put two sets of 0-10 ten frame cards on the 
table, face down or face up.  
Players take turns finding the partners to ten. 
Goal, match all cards.   
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Make 5 (or 10)  

Roll 10 (0-5) dice. (6 is a zero.) 

Look for ways to make of 5 (or 10). Pull 
those to the side.  
Roll the remaining dice and look again.  
Repeat until all dice are paired to show 
partners to 5.  
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Name Date

Combining and Partitioning SAB • Grade 1 • Unit 6 • Lesson 1 117
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Birthday Party
Show how you solve each problem. Use connecting cubes, ten
frames, or number lines.

1. John has 5 red balloons and 3 blue balloons. How many
balloons does he have?

2. There are 9 children at the party. Four of the children are girls.
How many are boys?

0 1 2 3 4 5 6 7 8 9 10

0 1 2 3 4 5 6 7 8 9 10
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