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Disclaimers

* These activities take between 3 47-minute
days to about a week, depending on how
much the kids get into it...

| start Series in January, first | do delta/epsilon
and then right into series

« | started thinking about all this while | was
teaching History of Math at Towson
University; struggling to explain what was so
damn important about these ugly things...

How we teach the topic:

* Asequence is a discrete function

* We represent it graphically, numerically,
verbally, & symbolically with a twist
— recursively; explicitly
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A series is a sequence with “+’s”
instead of commas...
If the sequence of partial sums converges, so does the
original sequence. The sequence of partial sumsis a

sequence of sums of finite series...
Y1 = sum(seq(100%5"(A-1) A, 1, x))

Time for a little History Lesson

“Seeing that there is nothing (right well beloved
students in the Mathematics) that is so
troublesome to Mathematicall practise, nor that
doth more molest and hinder Calculators, than
the Multiplications, Divisions, square and cubical
Extractions of great numbers, which besides the
tedious expence of time, are for the most part
subject to many slippery errors.”

~John Napier’s preface to A Description of the Admiral Table of Logarithms

(Note that he’s ok with additions & subtractions.)
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SO, let’s make some tables...
NO CALCULATOR!!!

o = i Does
=1 R | | Napier’s
expressi
| on
| “tedious
expence
1 of time”
' have any
1 meaning
yet?

Now let’s use the table...

* Jacob Bernoulli (1655 —1705) defines what
we have come to call the number “e”

* The number ends up being called “e” because
Euler (1707 — 1783) called it “e” and nobody
was arguing with Euler.

* So all these dates are clearly before the
advent of the calculator.

* So ask yourself, how was Euler figuring out e2?
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We want to be accurate to three decimal places
for the AP Test, so how many terms does it take
to get that much accuracy?

So now let’s use our newly discovered n =9
series to approximate e* for other values of x.
We already know for e? because we just did
that to 9 terms...
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Here’s some hints...

y,=sum(seq((1/A1)x"A,A,@,9,1))
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(make y, the bouncy ball)

put seq(x,x,1,14,1)->L,
put y;(L;)->L,
put y,(L;)->Ls
put Ly-L,->L,

Wait!! Shouldn’t the accuracy at 9 terms be great
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Of course, the radius of convergence for the infinite
series is infinity:

i |20 1!
T 7 [n!

But if I limit my number of terms to 9, how close do
I have to be to 0 to be as accurate as | want to be?

Our question: Out at 9 terms, when is
the partial sum about the same as the
calculator’s graph of ex?

Make y; = y,- y,;; this will allow you to see
what the erroris...  This is on a 10x10 window.
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I have found that the week | spend on

this activity

Helps students to believe that the series they

memorize actually do approximate the

transcendental functions they represent

Put the radius of convergence in context

Help them to remember that while the infinite

series may converge, the finite series need

proximity & length

Help them to get a handle on what the Error

means, and to better understand the need for

error approximations later on...

More on Error™

« If you do this with an alternating series, you
can graph the error term as a function and see
that the next term is bigger than the error on
your y, =y, graph.

+ | haven’t played much with LaGrange yet, but |
imagine there is a way to make that
meaningful, too.
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WAIT! Update!

This last Saturday | was visiting with a friend
and fellow AP Calc nerd-teacher* and look
what we figured out...

Remember that the Lagrange Error Bound is
the next term (just like the Alternating Series
Bound) except that instead of the actual next
term, it’s the next term with an “arbitrarily
bigger numerator,” M.

*Shout out to Greg Timm, from Baltimore...

The next term of the Taylor Series would be
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Apsy(x) = T (x —c)m*?

And LaGrange informs us that the error is bounded by

Ry (x) < (x -yt

M
(n+ 1)

for some M, arbitrarily bigger than f™"*'(c)

So for our e, at 9 terms,
M could be 3%,
and our cis zero;
ysis the actual error,
and y, should be a bound on that error.
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It took some playing, but

The black is
the error, and
the pink is
the error
bound

the window
is[-1, 1] x [-
1x102°, 1x10°
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So what is an Infinite Series?

A series is a technique to get an approximate
value of a transcendental number by using
arithmetic.
— | can be as accurate as | want to be by being close
to the center of the series,
—and/ or by adding terms.

...And why do | care?

Likewise, integration is a numerical action, but |
don’t know how to integrate transcendental
functions. If | turn the pesky transcendental
function into a polynomial, I can use the power
rule to integrate it (or even to take it’s
derivative).

— I can be as accurate as | want to be by being close

to the center of the series
— and/or by adding terms
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