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Beginner

1. Consider the Hénon map:

x
n+1 = y

n
+ 1− ax2 , y

n+1 = bx
n
. (1)

Let a = 0.2 and b = 0.3

(a) What is the long-term behavior of the orbits?

(b) For a two-dimensional iterated function there are two fixed point equations: x
n+1 = x

n

and y
n+1 = y

n
. Solve the fixed point equations for the Hénon map. Are your answers

consistent with the long-term behavior you observed in part (a)?

2. In Fig. 1 are shown pairs of solutions x(t) and y(t) for three different differential equations.
For each, sketch the solution curve in the phase plane.

3. What is the long-term behavior of orbits of the Hénon map for the following parameter
values?

(a) a = 0.8, b = 0.3

(b) a = 1.1, b = 0.2

(c) a = 1.5, b = 0.2

4. In Fig. 2 is shown the solution to a differential equation plotted in the phase plane. The
initial condition is x(0) = 4, y(0) = 8. Sketch x(t) and y(t).

Intermediate

1. Consider the Lotka-Volterra Equations:

dR

dt
= R−

1

4
RF , (2)

dF

dt
= 0.2RF − 0.6F . (3)

Find all fixed points for these equations.



Figure 1: The solutions x(t) and y(t) to three different differential equations.

Advanced

There are many programs one could write to explore the dynamical systems introduced in this
unit. Some options are below. The last question uses some algebra to come up with a qualitative
picture of phase plane for the Lotka–Volterra equations. I don’t think this will lead to any big
new insights about the LV equations, but it does illustrate a technique that is fairly common in
analyzing 2D differential equations.

1. Write a program that makes time series and x-y plots for the Hénon map.

2. Write a program that solves the Lotka–Volterra equations and makes plots of x vs. t, y vs. t,
and y vs. x.

3. Write a program that solves the Lorenz equations and makes plots of x vs. t, y vs. t, z vs. t,
and z vs. y vs. x.

2



−12 −10 −8 −6 −4 −2 0 2 4 6
X

−4

−2

0

2

4

6

8

Y

Figure 2: A solution in the phase plane.

4. Consider again the Lotka–Volterra equations:

dR

dt
= R−

1

4
RF , (4)

dF

dt
= 0.2RF − 0.6F . (5)

Note that we can factor these equations and write:

dR

dt
= R(1−

1

4
F ) , (6)

dF

dt
= F (0.2R− 0.6) . (7)

(a) For what F values does dR/dt = 0? (Assume R! = 0.) You should find that F = 4.
Draw this as a horizontal line on the phase plane. This is called a nullcline—a line
or curve on the phase plane in which one of the derivatives is zero. On this nullcline,
the solutions move straight up or down, because the rabbit population is constant.

(b) For what R values does dF/dt = 0? (Assume F ! = 0.) Draw this as a vertical line.
This is the nullcline for F . On this nullcline, solutions move horizontally, because the
fox population is constant.

(c) You should now have the phase plane divided into four quadrants. In which quadrants
is dR/dt > 0? In which quadrants is dF/dt > 0? Use this information to sketch the
general direction of solutions in each of the quadrants.
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