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DIAGRAMMATIC WRITING AND THE CONFIGURATION 
OF SPACE 

Kenneth J. Knoespel 
Georgia Institute of Technology 

A diagram can transfix a gesture, bring it to rest, long before it curls 
up into a sign, which is why modern geometers and cosmologers like 
diagrams with their peremptory power of evocation. They capture 
gestures mid-flight; for those capable of attention, they are the 
moments where being is glimpsed smiling. Diagrams are in a degree 
the accomplices of poetic metaphor. But they are a little less imperti
nent - it is always possible to seek solace in the mundane plotting of 
their thick lines - and more faithful: they can prolong themselves into 
an operation which keeps them from becoming worn out. Like the 
metaphor, they leap out in order to create spaces and reduce gaps: 
they blossom with dotted lines in order to engulf images that were 
previously figured in thick lines. But unlike the metaphor the diagram 
is not exhausted. (10)1 

By bringing into critical range the diagrammatic writing that shadows science, 
Chatelet's splendid book Figuring Space provides an intellectual space for a 
far more articulate anthropology of scientific discovery. In fact, it is quite 
accurate to view the book as marking the formulation of a critical practice 
that could be called diagrammato[ogy, a practice that would bring into range 
the phenomenological analysis of diagrams and diagrammatic practice in 
science. Chfrtelet not only poses questions about figures and writing technol
ogies and how we think about space with them, through them, and in them, 
but offers strategies for assuring that subsequent discussion does not become 
isolated in one discipline. In contrast to discussions that approach the practice 
of science from the vantage-point of natural language, Chfrtelet shows how we 
encompass our scientific practice in the inventive spaces provided by diagram
matic writing. Although Chatelet tells us that he has written his book as a 
philosophical dialogue, it is neither an orchestrated classical discourse nor a 
staged philosophical conversation. We might instead approach Chatelet's dis
cussion of physics, mathematics and philosophy as a discourse reminiscent of 
the seductive strategies for thinking about optical mathematics and physics in 

IX 
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provocative French texts such as the Roman de fa Rose. 2 Such 
are not as as initially appear when one recalls that Jean de 
the author of the second part of the medieval work, taught optical 
the University of Paris. I want to emphasize such an unexpected comparison 
because it anticipates the deliberate manner in which Chatelet deploys unex
pected metaphors within a mathematical field. The comparison is useful because 
it reminds us that the book should not be adopted automatically into one 
genre or another but applies to a broad audience. In what follows, I want to 
look at the extended audiences for the book, the sequence of case histories that 
make up the book, and several of the implications inherent in Chatelet's 
discussion of diagrams and metaphors. 

PART ONE: SETTINGS 

Chiitelet's project must be situated from the outset within an ongoing discussion 
about the conceptual or cognitive formation of space pursued by various 
disciplines. Although it is impossible to register all the names here, the terrain 
is marked by a range of well-recognized works devoted to thinking about the 
configuration of space: in art history and aesthetics (Arnheim, Gombrich, 
Stafford), in graphic and computer interface-design (Tufte, Turkle, Coyne, 
Bolter), cultural studies (Mitchell, Foster, Haraway), language and metaphor 
(Ricoeur, Barthes, Lakoff and Johnson), history of science (Galison, Daston, 
Lenoir).3 Given the wealth of such discussions, the absence of broad study of 
the ways mathematical space has been configured is striking. At least initially 
this may be explained by an awareness of the ways in which mathematics 
continues to stand as a bastion of internalist theories of science or as the 
domain of logic par excellence. Chiitelet's book is remarkable exactly for the 
ways it would have readers recognize the contortions embodied in a history of 
mathematics written from the vantage-point of theorems rather than from a 
combination of theory, practice and application. In effect, for Chiitelet our 
relationship to mathematics has been explained only halfway. To activate our 
understanding of intuition, invention and discovery in mathematics we need 
to become cognisant that the space of mathematics has been mediated not 
only through theorems but also through diagrams. 

I am pleased to introduce the translation of Chiitelet's book because it marks 
a significant moment in the reexamination of the practice of mathematics.4 On 
the broadest level, the book conveys multiple arguments against the prevalence 
of disciplinary identity that would isolate, mythologize, or black box mathemat
ics. When approached through sweeping historical surveys or embedded 
assumptions that mathematics should be equated with logic or that mathemat
ics is "pinned" to nature, mathematics as practiced becomes distorted. For 
Chatelat, there is far more to do than honour a theorem-driven history of 
mathematics or interpret mathematics from the vantage-point of philosophy. 
What Chiitelet proposes is a project for looking at the ways mathematics has 
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explored geometric space. Instead of proving theorems, Chatelet argues that 
our investigation of mathematics must include our manual technologies for 
representing space - marking, drawing, sketching, scribbling. For Chatelet our 
own interaction with the figures that we draw constitutes a place of invention 
and discovery that cannot be explained away by the theorems that appear to 
lock-down a particular mathematical procedure. 'There remains, however, a 
confused desire to take up again in the flesh with what is perceived as a whole 
that has been mutilated by technical dispersement, a genuine nostalgia for 
magical power, exasperated by the incapacity of classical rationalism to get to 
grips with all these sleights of hand, all these 'recipes', all these thought experi
ments, these figures and diagrams, all these dynasties of problems seemingly 
capable of the 'miracle' of reactivation.' (3) 

It is precisely the reactivation of problems that Chatelet undertakes in the 
book. Rather than great names, it is a matter of strategies. 'The great names 
of Galois, Faraday, Maxwell or Heisenberg reverberate - but substances, estab
lished categories, structures, objects and forms do not. That is why I will devote 
myself here, with the aid of some examples, to demonstrating the historical 
dignity of problems, their dynastic exemplariness that has never been exhausted 
by acknowledgment or hypothesis of 'influences.' Gestures and problems mark 
an epoch and, unknown to geometers and philosophers, guide the eye and hand.' 
[My emphasis] (3) Chatelet's observation is important not for abstraction but 
for specificity. What Chatelet emphasizes is the importance of looking at the 
manual technology used to formulate space. Rulers, straight edges, compasses, 
protractors, right angles, coordinate systems, etc. - each has been taken so for 
granted that we fail to see the way they have controlled our spatial interactions. 
'These diagrams take their place in a line of descent that runs from Avicenna 
to Leibniz and therefore prepare for what Heidegger calls modern sciences's 
project of the mathematical questioning of Nature. It is no exaggeration to 
speak of the historical resonance of these diagrams, which abolish the rigid 
division between algebra, which clarified the determination operations of vari
ables, and geometry, whose figures ensured the protection of the contemplative.' 
(11) In contrast to the metaphors which become fixed as it were in the sedimenta 
of language, diagrams may be reactivated. 'The diagram never goes out of 
fashion: it is a project that aims to apply exclusively to what it sketches; this 
demand for autonomy makes it the natural accomplice of thought experi
ments.' (11) 

It is not the paradigm shifts but the continuity of problems that concerns 
Chatelet. 'Thus, two very different rhythms underpin the 'history of ideas'; the 
first is intermittent and consists of 'ruptures', of paradigms and their refutations; 
the second is quieter but is still open to reactivation, and consists of a rumina
tion, a motionless worrying of the problematic cores.' (7). 'That is why two 
different rhythms underpin the 'history of ideas': the one, completely discontinu
ous, of 'ruptures', 'paradigms' and their refutations, and the other of the prob
lematic latencies that are always available for reactivation and full of treasures 
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for those who can reawaken them.' (69~ 70). For Chatelet the double pro
gression of truth in science involves not only a definition of truth but an 
ongoing progression of technologies which control the process itself. It is 
precisely the progression of the technologies that has been ignored within the 
study of mathematics. 'It has long been the case in mathematics, and Euclid 
himself provided the model, that of the two series of developments it is normal 
to value only the one that forms the content proper, while the trouble of finding 
the other between the lines is left to the reader. Only, although arrangement 
and presentation of this series of developments are complete, it is nonetheless 
impossible to make the overview visible at each stage of the latter to whoever 
should first of all know science, and to put it in a state where it can progress 
freely and of itself. To do this, it is rather necessary for the reader to be put in 
the state in which the discoverer of truth ought to be in the most favorable 
case.' (Grassman quoted by Chatelet, 104). 

What Chatelet envisions is a genealogy of diagrams that begins to map the 
way that mathematics has worked through writing. In effect, what Chatelet 
brings before his reader is a study that would distinguish between the historical 
events of mathematics and the technologies that accompany them. Just as the 
study of language or history may be divided into various synchronic and 
diachronic components, so mathematics may be looked to not only for 'correct 
answers' but for strategies of cognitive intuition. Mathematics is historicized 
at the same time that it is recognized to contain patterns of thought. Chatelet 
opens a new science not of tropes or figures in the sense of Vico but for a new 
survey of mathematical topoi and the way that they provoke thought. Such a 
project has various generations. Certainly one ground is provided by neo
Kantian epistemology (Cassirer), another by the efforts of phenomenology to 
describe mathematical operations (Hursserl, Ponty, Bachelard, Heidegger, and 
Derrida), and another by the pragmatic semiotics of Pierce. Such ground, in 
part recognized by Chatelet's bibliography, allows us to recognize philosophers 
of science who share a similar spirit of inquiry such as Michel Serres, Gilles 
Deleuze, and Brian Rotman.5 Even more recently it would not be misleading 
to recognize the linkages between Chatelet and the recent publication of discus
sions between Changeux and Connes.6 A further setting for the work is provided 
by visualization within our evolving electronic environments which I will return 
to below.? Although it may initially appear a misstep to compare Chatelet with 
Derrida, I think the comparison not only appropriate but instructive. A major 
feature of Derrida's work, usually lost within the world of Anglo-American 
theory, is Derrida's ongoing conversation with mathematics which is in part a 
consequence of his own education and best represented through his work on 
his commentary on Husserl's Origins of Geometry.8 But while Derrida's project 
has involved language and the multiple strategies that have been used to 
encompass language, Chatelet's project involves the ways entailment has 
worked in the description of geometric space.9 Both are drawn to moments in 
which the use of language or mathematics becomes self-referential. Both are 
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or the technologies we create not only to remember 
m work as devices 

that become vehicles of intuition and Chatelet's book challenges us 
to think of a precisely in such settings. 

PART TWO: REACTIVATING PROBLEMS: 
CASE HISTORIES FROM MATHEMATICS 

Far from being encased displays in a museum-like history of science, Chatelet's 
case histories function like apertures or nodes within an ongoing exploration 
of abstract space. Although the chapters interact with each other within an 
historical continuum, reading them out of order would show not only the 
theoretical linkages at work throughout the book but would provoke the reader 
to make further discoveries about diagrams. 

When placed side by side the chapters describe evolving strategies for address
ing the extension of space and the diagrammatic technologies that render such 
extension possible. Let us look briefly at the terrain Chatelet explores in five 
chapters devoted to virtuality, geometric perspective, negative numbers, the 
dialectic between real and imagined space, and electromagnetic space. In the 
first chapter, ChiHelet shows that Aristotle's conception of matter (hyle) bears 
with it an idea of virtuality that makes it impossible to fix nature within a 
geometric grid. It is precisely such virtuality which provides Leibniz with a 
means for thinking of matter as living. 'Leibniz is certainly among those who 
have most profitably pondered Aristotle's discreet invitation; he was able to 
see in virtuality a means of combining act and power that was suited to 
answering the questions that were preoccupying him:' (20) It is not, however, 
the virtuality or potentiality of nature which interests Chatelet but the impossi
bility of affirming an absolute correspondence between matter and mathematics. 
Instead of a one to one correspondence between mathematics and nature which 
would render mathematics as mechanical, Chatelet emphasizes the drama that 
takes place between matter and the languages used to describe it. 'Leibniz saw 
that the complete staging of mathematical physics involved the construction 
of imposing infrastructures which could not help but implicate metaphysics.' 
(22) 

In the second chapter, Chatelet looks at how ideas of 'horizon' functions 
within the discourse of mathematics and physics. What Chatelet would have 
his reader see is the way the invention of geometric perspective becomes a 
vehicle for staging space. What is so intriguing about Chatelet's discussions is 
the way in which he can move from a discussion of horizons in fifteenth
century perspective drawing to evolving ideas of the spectrum and the horizons 
created by the movement of a pendulum. Each action or representation 
described by Chatelet is crucial because it creates an expectation of an ever 
changing horizon. For Chatelet it is the gestures or diagrams that register 
matter which are important not because they fix an understanding but because 
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they become stages for an intuition of how the horizon may be altered. The 
passage from Leibniz's which so much 

DeJeuze, attracts Chatelet as well. 'We have to postulate that 
there is a screen in this dark room to receive the and that it is not 
uniform but is diversified by folds representing items of innate knowledge; and, 
what is more, that this screen or membrane, being under tension, has a kind 
of elasticity to active force ... This action would consist in certain vibrations 
or scintillations, like those we see when a cord under tension is plucked.' It is 
not the convoluted or even mystical representation of space which attracts 
Chatelet but the playful way in which Leibniz draws out or intimates the 
potentiality of geometric space. Rather than offer a prosaic explication of 
Leibniz, Chatelet remodels or echoes Leibniz through his own description of 
space.lO 'These were a reminder that the degrees of removal from a painting 
cannot be glided over like the degrees of a thermometer but compel the eye to 
accept the patience of the oblique; one must saturate oneself with the degrees 
of removal without ever letting oneself be trapped by verticality or horizontality 
alone, and everything that can be contemplated by a simple raising of the look 
or by a later inspection only wrecks the depth.' (50) 'Whether it is a question 
of a landscape or of a domain of knowledge, the obliquity given out by the 
horizon imposes a fragile but implacable norm, which, by setting right the 
figures of finitude (iterations, transits, logical chains ... ), establishes a precious 
hinge between the sparkle of the 'metaphorical' and the already domesticated 
rational.' (53) The horizon makes it possible to venture into the turbulent 
space where science, art and philosophy brush against one another without 
merging.' (53). 'The horizon is neither a boundary marker that prohibits or 
solicits transgression, nor a barrier drawn in a dotted line across the sky. Once 
it has been decided, one always carries one's horizon away with one. This is 
the exasperating side of the horizon: corrosive like the visible, tenacious like a 
smell, compromising like touch, it does not dress things up with appearances, 
but impregnates everything that we are resolved to grasp.' (54) We might say 
that it is not the potentiality of the stone which stands before the sculpture 
that interests Chatelet but the potentiality of the space surrounding the stone 
and the sculpture. 

In the third chapter, Chiitelet moves from optical strategies for envisioning 
and extending geometric space to the imaginary landscapes provoked by the 
discovery of negative numbers. 'The geometric intuition is therefore no longer 
only the kind of ocular inspection which ascertained the agreement to mathe
matical calculations with measurements of real objects: it is henceforth more 
the possibility of grasping by diagram the exposition of the conquest of space, 
consecrating thus the emergence of a physico-geometric continuum in two dimen
sions .. .' (79) The discussion not only invites the reader into less known work 
by Kant on imaginary numbers but shows how the utility of negative numbers 
can be linked to the visual representation of electromagneticism in the nine
teenth century. 'Historians of science have probably not given enough thought 
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to this surprising fact: the identification of imaginary numbers with the plane 
appears in the mathematical literature only at the beginning of the nineteenth 
century.' (78-79) As throughout the book, Chiitelet's interest is not in the 
development of theorems or in pointing to the peaks of some mountain chain 
in the history of mathematics, but rather in the way that imaginary numbers 
provoke new ways of envisioning matter. As I will suggest below, Chatelet may 
be thought of as identifying spacial topoi within mathematics just as one is 
able to identify topoi within the study of literature. From some a vantage point, 
Chatelet may be thought of opening a tropology of mathematics. 

In the fourth chapter, Chatelet moves to the mathematical strategies for 
spreading and stretching dimensionality. The discussion shows how ideas of 
multidimensional space emerge through the extension of an idea of entailment. 
In effect, the conception of one set of spacial parameters provokes a process 
by which those parameters can become entailed by another parameter. Chatelet 
finds ground for his analysis in Grassmann's Theory of the Extension (1844). 
Grassmann provides an entry point into twentieth-century physics through the 
ways in which he intuits the relationships between visible and invisible space. 
In Chiitelet's words 'space thus appears as a visible understanding and the 
understanding as an invisible space.' (101) What Chatelet finds most intriguing 
about Grassman, however, is the way that he 'represents a genuine pedagogy 
of the forms of the grasping of space.' (103) Essential to this pedagogy is the 
reader's capacity for an overview. 'This 'overview' is not the dilettante's distant 
contemplation; it takes part in the action: it is an intellectual intuition, in the 
sense intended in the philosophy of nature. It transports us to that privileged 
zone where intuition and discursivity become knotted into a living unity. It is 
neither a priori nor a posteriori; it is contemporaneous with what it grasps.' 
(104) In Grassman's own words: "Presentiment [Ahnung] appears foreign to 
the domain of pure science, above all to the domain of mathematics. However, 
without it, it is impossible to find any new idea ... It is - if conceived in the 
right way - the look that seizes in one go any development that leads to the 
new truth, but comprising instants that have not yet become exposed. It is for 
this reason that the presentiment can at the beginning only be obscure [dunkles 
Vorgefuhl]." (104) 'That is why scientific presentation is essentially a pro
gression of two series of developments, one of which leads in consequence from 
one truth to the next and forms the content proper, while the other controls the 
process itself and determines the form .. .' (l05) 

In the fifth chapter, Chatelet shows how the discovery of electrogeometric 
space in nineteenth-century physics opens strategies for twentieth-century phys
ics. But the chapter resonates with the previous discussion in pressing well 
beyond a narrative that would simply 'show' connections between ideas of 
space. It is precisely the intervening diagrams which 'show' space, or to be 
more precise, space is revealed by the experimental space of electro geometric 
diagrams. '[O]ne might speak of a preparation of space of experimentation, 
analogous to that of the moved awakened to mobility.' [My emphasis] (163) In 
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a discussion that at times takes up issues similar to those treated by Brian 
Rotman, ChiHelet notices that the orientation provided by an idea of '0' 
continues to change. Just as different conceptions of '0' distinguish Euclid and 
the new terrain of imaginary numbers, so a different idea of '0' operate in 
electrogeometric space. As Chatelet shows there is a sense in which it is the 
diagram itself replaces an idea of '0' as a point of orientation. 'Electrical 
positivity is not that of accumulation, but that of current that loops the (sic) 
around opened by separation. The era of the circuits has begun and it will 
come as no surprise if this device crystallizes a new type of intuition linked 
with the domination of oppositions by loops and bends.' (154) The mediating 
linkage is not '0' but the space itself. (156) '[C]urrent must appropriate a new 
spatial dimension.' (156) For example, Hamilton's quaternions offer not only 
a new mathematical method, but 'a method of thinking, and not, at least for 
the present generation, a method of saving thought.' (Maxwell as quoted by 
Chatelet, 174) Maxwell 'forges a scientific praxis of analogy and the introduction 
of similarity.' (180) The figure of speech or of thought by which we transfer 
the language and ideas of a familiar science to one with which we are less 
acquainted may be called Scientific Metaphor.' (Maxwell as quoted by 
Chatelet, 181) 

PART THREE: DIAGRAMS AND METAPHORS 

Just as a rich terrain is negotiated between the different valences of the word 
plot in English, revealing valences surround the word diagram or (jzrxyprxJ.lfJ.lY. 
in Greek. The root verb of (juY.yprxJ.lJ.lrx, (jzrxyprxlPov not simply something which 
is marked out by lines, a figure, form, or plan but also carries a secondary 
connotation of marking or crossing out. This meaning is specifically present in 
the word (jlrxyprxlPW. In contemporary Greek the verb (jzrxyprxlPov means to write 
someone off.) The connection between drawing figures and crossing something 
out is more than a philological curiosity because it suggests a word that was 
used in Greek to refer to writing on a wax note pad in which the mark of a 
stylus would simultaneously cross over the marks that had been drawn pre
viously. AzrxyprxJ.lJ.lrx in effect embodies a practice of figuring and defiguring. 
What is interesting here is that diagram participates in a genealogy of figures 
that moves from the wax tablet to the computer screen. From a phenomenologi
cal vantage point, the Greek meaning of diagram indicates that any figure that 
is drawn is accompanied by an expectancy that it will redrawn. From the 
vantage point of the Greek root, diagram presents a reminder of how frequently 
technologies of representation are ignored within the history of mathematics. 
The status of the diagram is at least in part a consequence of technologies of 
representation whether in scrolls, codices, printed books, mimeographed or 
xeroxed sheets, or hand-held calculators or desktop monitors. Is there not a 
relation between Cusa and problems with manuscript representation on the 
eve of Gutenberg? Is there not a relationship between Poincares work and 
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color-lithography or Descartes and new engraving technologies? These are 
questions that we are only now to ask. 

Diagrams hardly stand as isolated figures but are placed within a narrative 
setting. They become or are intended to become ~ part of a structured 
argument. If we want we may think of mathematics as a process of building 
modalities that entail the representation of space (diagrams). Just as it is 
possible to define a taxonomic structure for genre of story problems, it is 
possible to identify diagrammatical categories. Although I cannot go into detail 
here, I want to notice that a broad distinction can be made between ephemeral 
and professional applications. Doodling on a napkin, or the idiosyncratic 
systems of a Fyneman are in a category separate from the diagrams of textbook 
traditions. Even here, however, it is not possible to make a rigorous distinction. 
And indeed it would appear that rigorous distinctions will be increasingly 
difficult to make as we follow diagrams into the experimental space of the 
monitor. I want to make an additional observation as well. The distinction 
made between diagrams in textbooks and in doodling is one that has continued 
to be reinforced by a history of mathematics that continues to emphasize 
theorems and their display in textbooks. Whether one looks at Tartaglia, 
Galileo, Newton, or Leibniz, ephemeral manuscript diagrams (napkin doodling) 
is placed in the realm of biography rather than realm of mathematics. This is 
a mistake I think because it removes the site of invention from mathematical 
discourse. 

Less we begin to think that the questions we are asking about diagrams are 
somehow unique within the practice of mathematics, Chatelet reminds us we 
are actually part of an important discussion that has accompanied mathematics 
for a long time. It is, however, a discussion that has been exported into the 
footnotes or marginalia of philosophy. Plato's use of a diagram to teach the 
Pythagorean theorem to an ignorant servant, Nicolas of Cusa's metaphor 
experiments, the explosion of diagrammatic matter diffused through the diffu
sion of printing technologies ~ provides evidence of efforts to speak about 
diagrammatics. In several cases we have evidence of diagrammatics as central 
in epistemology and the philosophy of education. Leibniz, for example, becomes 
increasingly attracted to understanding the interaction between different symbol 
systemsY At the end of the nineteenth century, Charles Sanders Peirce writes 
a critical report on the status of math education in the United States in which 
the relationship between narrative and diagram becomes a focal point.12 

In his preface to the first edition of the Principia (1687), Newton observes 
that geometry is 'founded in mechanical practice.' 13 Even though he literally 
means that geometry relies on the manual arts, Newton's own discussion shows 
that he ultimately believes that such mechanical ability depends on one's 
capacity to comprehend natural law. In other words one's mechanical ability 
to draw, is shaped by one's capacity to translate God's graphic presence in 
nature. In effect, the Newtonian mechanic takes inspired dictation. Newton's 
argument is all the more remarkable given the extraordinary degree to which 
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he is obsessed the graphic of his own thought. 14 I want to 
lIll,:Wl'"'- the case of Newton because it illustrates the avoidance that 

phy and the of mathematics have shown the presence of 
writing technology. Ch<ltelet would have us see how diagrams, far from being 
simply a register of a mechanical process, work as a means for mathematical 
discovery. What Newton ascribes to metaphysics ~ and what has become factor 
in the mystification of mathematics ~ is rather a manifestation of his interaction 
with the shapes, marks, scribblings, sketches on the paper before us. What 
often is taken for granted ~ what was regarded as 'scratch paper' becomes a 
significant means for mathematical exploration. It is revealing that even at the 
same time Newton assumes a transcendent authority and even authorization 
of his work, his own manuscript work is filled with masses of scratch paper. 
Indeed, from the vantage point of seventeenth-century mathematics, Leibniz's 
own fully conscious and active interest in the importance of the graphic media 
used to think marks an important difference between his work and Newton. 

Before commenting on the use of metaphor in the book, I want to review 
several functions Chatelet ascribes to diagrams. Although the book will surely 
provoke the reader to identify additional diagrammatic operations, it may be 
helpful to notice six major features. 

~ Diagrams constitute technologies that mediate between other technologies of 
writing. The physicality of the diagram is also an extension of the literal 
technologies used in their construction. 'Hence I have thereby as it were 
propelled a hand by thought and one might be tempted to say that the 
pincers or compasses give a point of view to the hand, by associating an 
angle in which the interval is 'seen' with the grasp.' (151) 'We get the full 
measure of what distinguishes the ruler from the compasses and the angle. 
The ruler implies an end-to-end placement of standard measuring units, a 
manipulation of a piece of direction. The ruler is a transfer that has been 
frozen ~ a bar.' (151~152) As we will see below, the physicality associated 
with diagrams is also associated with metaphor. 

~ Diagrams create space for mathematical intuition. 'We could describe this 
as a technique of allusions' (10) and 'A philosophy of the physico-mathe
matical cannot ignore this symbolic practice which is prior to formalism, 
this practice of condensation and amplification of the intuition. (11) 

~ Diagrams are not static but project virtuality onto the space which they seek 
to represent. 'Faraday turns physics on its head by deciding no longer to 
see them (lines offorce) as subsidiary figures, but as incitements to provoke 
space, as diagrams, as dotted-line experiments alluding to 'real' experiments 
that manifest latent actions.' (166) 'Lines of force are neither 'real' or 
'artificial'; they do not mathematize forces; they do not pin geometrical 
onto physical, rather they substitute an idea, but elastic and tough, net
work, which allows virtuality to reclaim its rights.' (166) 

~ Diagrams represent a visual strategy for entailment. [The horizon is neither 
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a boundary marker that prohibits or solicits transgression, nor a barrier 
drawn in a dotted line across the sky. Once it has been decided, one always 
carries one's horizon away with one. This is the exasperating side of the 
horizon: corrosive like the visible, tenacious like a smell, compromising 
like touch, it does not dress things up with appearances, but impregnates 
everything that we are resolved to grasp.' (54) 

'To grasp a dimension is to invent a diagram where the pure dispersion 
of what Hegel called aussereinandersein (the 'being outside one another') 
and the exuberance of the intensive balance one another out: the unfolding 
of the latter nourishes the mobilization and straightening of the former, 
and vice versa.' (113) 
Diagrams are mediating vehicles which means that they cannot only be 
recovered but rediscovered. While they mediate between other technologies 
of writing, they may also mediate or reveal links between problems. 
'Nothing is more fertile, all mathematicians know, that these obscure 
analogies, these murky reflections of one theory in another, these furtive 
caresses, these inexplicable tiffs; also nothing gives as much pleasure to 
the researcher. A day comes when the illusion vanishes: presentiment turns 
into certainty ... Luckily for researches, as the fogs clear at one point, they 
form again at another.' (Andre Weil as quoted by Chiitelet, 7) 

- Diagrams have a pedagogical force that could be integrated into mathematical 
education. 'Faraday's lines of force succeed in appropriating what we are 
proposing to call diagrammatic experiments and in giving a status of this 
language of 'speaking with the hands', of the 'physical sense' whose driving 
power was sensed by the greatest electro geometers and which can grasp 
the instant when the metaphor solidifies, when the operation contends 
with it for sovereignty. This language feeds on gestures much more than 
on already available mathematical forms and possesses a particular allusive 
power, which can traverse the deductive chains of mathematical physics 
and illuminate whole sections of geometry. The field has an intrinsic 
experimental mission that protects it from the pretensions of the under
standing (in this sense it is irreducible to a transcendental grasp) and from 
the appetites of causalities. There is, in the literal sense, no 'application' 
of the lines of fields, but rather an astonishing pedagogy by allusions 
which straight away introduces an elastic space and place with its capacity 
to resonate.' (167) 

Chatelet's presentation of diagrams becomes intimately associated with his 
discussion and use of metaphor. Metaphors are deployed throughout the book 
in ways that purposely cut against the common propensity to exile metaphor 
from mathematical discourse. At times Chatelet's sentences show him investi
gating mathematical space as a body which holds its history in the way that 
it has been marked by scars or signs of mutilation. Such wounds even require 
that addition of new forms of abstraction which Chiitelet refers to as prostheses. 
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The cluster of 
or animated 

For 
space throb.' ( Other times mathematics is portrayed as a collection of 
rituals that have become empty gestures. The metaphor suggests that Chatelet's 
project may be rightfully approached of as a anthropology of mathematics. 
Chatelet's metaphors hardly mark some bizarre incursion of linguistic promis
cuity into a domain of imageless logic but are supported by the metaphors 
that have consciously been employed within mathematical practice. For exam
ple, when Ampere 'substitutes 'a conductor folded into a helix' for the magnet
ized bar, the diagram of the solenoid is born' (155). Ampere himself describes 
his idea as 'an assembly to which I have given the name electrodynamic 
solenoid, from the Greek word solenoeides, whose meaning expresses precisely 
that which is shaped like a channel, that is to say the surface of the form on 
which all the circuits are to be found.' (155) 

Chatelet's discussion and use of metaphor shows that he thinks of metaphor 
as a form of technology and perhaps even more precisely as a kind of conceptual 
scaffolding. 'We should speak of a technology of the metaphor that possesses an 
autonomous logic and precedes formalization.' (177) Chatelet's observation 
have relevance not only for broad discussions of metaphor and science, but 
should be related to numerous insights provided from famous case histories in 
the history of science. For example, Chatelet's insights give further meaning to 
observations made by Cassirer in his work on the metaphor experiments of 
Nicolas of Cusa. 1S They also provide a means for approaching Latour's explica
tion of Einstein's presentation of the Theory of Special Relativity.16 Above all, 
metaphor is vehicle for thinking and on certain occasions for altering the way 
one thinks. Rather than being simply collected and controlled as topoi, meta
phor provides a means for intuiting a still evolving idea. 'We must therefore 
discover some method of investigation which allows the mind at every step to 
lay hold of a clear physical conception, without being committed to any theory 
founded on the physical science from which that conception is borrowed, so 
that it is neither drawn aside from the subject in pursuit of analytical subtleties, 
nor carried beyond the truth by a favorite hypothesis.' (Maxwell as quoted by 
Chatelet, 181) 

CONCLUSION 

In conclusion, I want to recognize the multiple ways that Chatelet's book 
complements the intensified work on visualization that accompanies our cul
tural adaption of multiple screen technologies. In regard to mathematics, much 
discussion has concerned the pedagogical implementation of programs such as 
Mathematical and even more the multiple impulses for exploring space found 
in the study of non-linear mathematics. Without computer technology, fractal 
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geometry would have remained imagined or invisible. The of mathe-
matics as an experimental science is an of these 
technologies. But as Chatelet shows the experimental nature of mathematics 
should hardly be thought of as confined to electronic environments. Chatelet's 
book is important because it demonstrates how the experimental nature of 
mathematics can be recovered from diagrams registered in the history of 
mathematics. Finally, however, it is not single diagrams that Chatelet would 
have us see but the register they provide for asking how we discover geometric 
space and how such space in turn becomes used as space for thinking. It is 
here that Chatelet's project involves not simply diagrams but diagrammatics 
as the study of diagrams within our evolving cognitive histories. As Chatelet 
amply demonstrates, such study ultimately cannot be restricted to a single 
discipline or domain. 'There is an urgent need for philosophy to penetrate 
further into the straits where the figures tracing contemplation and the formulae 
actualizing operations of determination are articulated. But these represent a 
strategic place already haunted by two other combatants on the battlefront of 
the obscure: art and science. Here, metaphor begins the process of shedding its 
skin that will metamorphose it into operation, and here it is that this nook 
swarms with cliches that strive to invite us to view a rediscovered operativity.' 
(8-9) It is Chatelet's accomplishment not only to have written a book rich with 
insights about geometric space but to have 'rediscovered operativity' and in so 
doing to have defined a critical movement from diagrams to diagrammatics. 
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THE LIBERATION OF THE GESTURE AND THE BIAS 
OF THE VISIBLE 

Jean-Toussaint Desanti 

To see what one loves live: that is perhaps what happiness is. Whoever loves 
mathematics will experience some happiness in reading Gilles Chatelet's book; 
and whoever does not may discover a reason to love them in the particular 
way they have of assuming attitudes and motion. Yet it will be necessary to 
learn to think backwards, 'against the grain', to smash the multiple immobile 
shells in which the 'mathematical thing' is delivered, solid and congealed. 
Delivered like a regulated object of learning, solid like an architecture of con
cepts, congealed like a system of subsistent entities. In short, a product packaged 
and labelled, ready for consumption. 

Stop consuming for a while; suspend the ordinary power of the rules, lay the 
cards of this game out on the table. Here they are henceforth 'outside the game', 
they have now passed into a free state and are yet still visible, these 'cards' that 
we have learned to define and name: 'points', 'sets of points', 'ordinary sets', 
'systems of numbers', 'spaces', etc. Free, but by no means inert. Outside the 
game with its predetermined rules, they demand to be taken as stakes and offer 
themselves up to the rules that they themselves arouse, without ever submitting 
to any extremity of violence. If there is violence, its seed is in them alone. 

At root it seems to me that this is what Gilles Chatelet's demand consists 
of: break up the ready-made games; to surprise the rising up of the thing itself 
that these games have been concerned with but which they have ended up 
masking in their well-ordered and very satisfying accumulation. The 'thing 
itself'. This expression needs to be examined. As paradoxical as it appears, we 
must rid it of all 'thing-like' presuppositions. Normally, 'thing' designates what 
is there, already securely determined, in a closed and unchanging mineral form. 
You can point to it; and it is always awaiting designation, 'object', as it is called, 
separable and separated. Leave this usual sense; and think rather of the two 
Greek words that we can translate by 'thing': chrema and pragma, and try to 
think of them together. The first designates that which is made use of; the 
second that which requires an action and responds to it. If we agree to give 
the name 'thing itself' to that which designates the two together, we can say 
that by this name is understood that which worries us and sets our actions in 
motion: thus, the sea for whoever swims in it, the air for whoever breathes, the 
earth for whoever places their feet on it. In a certain way, the 'thing itself' is 
always inhabited by whoever is concerned with it. It manifests itself as its 
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'element', and the latter finds itself immersed in it, so to speak, It is thus that 
ago in a famous verse and existence are the same 

Parmenides said of being that it is the element of thought, in the same way 
that the air is the element of the bird, the sea that of the swimmer. And this 
same Parmenides added: 'Without the being where its expression is located, 
you could not find thought.' 

To free the expressive capacity (the logos, to use the word consecrated by 
tradition) residing in the thing itself where mathematical activity is immersed, 
this is, it seems to me, Gilles Chatelet's project. From this follows the look, 
altogether new, that he casts towards the 'history', in many ways common to 
all three, of mathematics, of physics and of metaphysics. From this also follow 
the remarkable periods that he picks out and to which he devotes himself: 
Oresme and the latitudo formarum (the extensivity of forms); Argand and the 
unfolding of the complex plane; Kant and the 'naturalness' of negative 'magni
tudes'; Faraday and the geometry immanent in magnetic fields; Grassmann and 
the journey from the polar to the axial as the seed of an unfolding of dimensions; 
Hamilton and the appearance of an algebra capable of expressing the forms of 
such an unfolding; Schelling (and more generally Romantic idealism) as the 
bringing to light of the virtual realities that guarantee the unitary life of nature 
and the intellect. 

These choices are not arbitrary. Nor are they the result of a preconceived 
thesis on the part of Gilles Chatelet regarding the course (or teleology) of the 
'history' of mathematics. They suggested themselves to him as a result of the 
profound nature of his particular experience as a mathematician-philosopher. 
They express his unmistakable way of finding himself immersed in the 'thing 
itself', which demands his most attentive care: that in which he invests himself 
principally as a zoon noon echon (as a 'living creature endowed with intellect', 
we might say, to repeat with minor modification Aristotle's traditional proposi
tion), that is to say in the 'mathematical element'. 

'Invested' should be taken here, it seems to me, in its strongest sense: involved 
bodily, in the place where he is directly inserted into the heart of the visible. 
The virtual demands the gesture,' he writes. Here is something to make us 
pause for a moment. This is where the crux of the matter is: in the unbreakable 
connection of the particular body (as the seed of motion), the virtual and 
the visible. 

And, in fact, this monadic body, which we call 'our own', is always attended 
by the mobile horizon of its virtual sites. Everything happens for this body as 
if a cortege of ghostly bodies, all equally its own, always followed it and always 
preceded it, marking out its possible places of occupation, according to a form 
of spacing out which is unfolded within it and by it. Thus, I move through the 
streets of a familiar town. A crowd surrounds me: others - bodies - who also 
move. I see some of them from the back; others in profile; others face on. In 
turn they see me. Or at least I behave as though I were seen by them. In my 
turn, I could put myself where I see them, in the place that they occupied and 



THE LIBERATION OF THE GESTURE XXXI 

from which saw me. That they could have seen me in the way that 1 saw 
them is inscribed in the singular mode of existence of my body. In this sense. 
my . my body which is visible from an elsewhere, is constitu
tive of the form of presence for me of the body that I call mine. So much so 
that in this reciprocal relation of spacing the site where each person is inscribed 
at the present time is for the other his virtual site, the sign of a possible presence, 
which could also, inasmuch as it is that of another, hide his own. The anony
mous corporeality of the Other always inhabits the mode of presence of all 
particular bodies and prints there the mark of a virtual ubiquity, without which 
no 'positioning in space' would be possible. 

It is in this horizon, which is always in process of being spaced out, that the 
modes of objectification are constituted according to which we learn to deal 
with the 'corporeal things', always assigned to the virtuality of their sites, that 
our ghostly bodies inhabit, figures of the virtual ubiquity innate to the particular 
body of each. If we agree to give the name of 'seed of dialectic' to any connection 
of differences maintained in a state of tension within the particular form of 
their coexistence, we will say of any relation between virtualities that it consti
tutes such a seed. Consequently, any 'thing', however immobile and inert it 
may appear, consists of the unity of two 'virtualities': that of its site relative to 
another thing; and that of itself relative to its site. The 'virtualities' echo one 
another and, in truth, each indicates the other and therefore maintains itself 
only through this surmounted difference. From this it follows that a point is 
fundamentally disquieting. 

If I write these strange words, it is because I allow myself to be carried along 
by the dreams that Gilles Chiitelet's work has produced in me. Indeed, I 
dreamed a great deal in the course of my reading: I projected myself into my 
phantom bodies; I was Ampere's 'bonhomme'; I was the inhabitant of Einstein's 
lift; I was an 'event' in Minkowski's cone. Now, I was actually nowhere other 
than on my chair in front of my table. What have I discovered then, if not this: 
the open field of the virtual ubiquity of my own body, without which the world 
itself would be but absence and without which consequently nothing that we 
call 'mathematical' would ever have come to us. 

When I finished reading, I was still dreaming. Of Kant and of this 'first' of 
whom he speaks, who 'may have demonstrated the isosceles triangle', of Husserl 
also and his 'proto geometer'. And I asked myself the question: how can I 
imagine this 'first'? Where do I place him? And in what world? I do not imagine 
somebody doing calculations, or even a busy surveyor; rather, someone of 
leisure, sitting in front of the sea, under an olive or fig tree. He would have 
closed his eyes and begun to dream: to travel in the virtual universe of phantom 
bodies. The strangest traces would become visible to him. Criss-crosses, unravel
lings, knots, ruptures, retracings, comings and goings. He would delight in the 
spectacle, even within his motionless body. He would open his eyes - would 
see the light hitting the sand and, with his finger, would trace there some lines 
in order to retain something of this saraband. Perhaps he would think that he 
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had slept and dreamed. But, Homeric he would rejoice all the more for 
this. To gar anar ek Dios 'for the dream comes from Zeus'. The 
he would think, is more real than crude light. 

That is how Chatelet leads me to imagine the 'first' geometer. Which IS 

enough to make one rejoice to become a mathematician. 



INTRODUCTION 

This book will try to draw the moral of a vaudeville play with three protagonists 
- the mathematician, the physicist and the philosopher - whose disputes have 
animated various debates about ideas for two centuries. It is true that in the 
last decade things have taken a different shape. Our three protagonists would 
now perhaps hesitate a little longer before taking up their traditional attitudes. 

The mathematician might not be so willing to play the fierce defender of the 
autonomy of structures, contemptuously ignoring the nudges from an experi
mental 'reality' that would make his speculations tangible. 

The 'working physicist' would certainly cling less tightly to the facile certain
ties of a dualism between 'model' and 'reality'. Not so long ago, there was no 
question of the field worker wasting time playing around with the pretty 
structures, too 'sophisticated to be found in Nature', emanating from mathema
ticians' brains. For many ordinary practitioners of the exact sciences, mathemat
ics was only a 'tool'. But why does the latter work so well? It would appear 
that this question is no longer only a matter of interest for the aesthetes of 
philosophy. Wigner, Einstein, Heisenberg and many others would also certainly 
have shunned the 'pragmatism' of our ordinary practitioners. What hand is 
holding the tool? What gestures are involved in this 'functioning', which estab
lishes a higher form of continuity between 'structure' and 'reality'? Is it simply 
a case of 'applying' mathematics to physics or rather of awakening the physical 
in mathematics? Indeed, there is quite enough to exasperate even the most 
patient of understandings: the triumph of the operation is always accompanied 
by a sort of mystification, the 'hand' seems to become increasingly invisible 
and the 'application' very quickly forgets the gestures that it mobilizes. 

Which leaves the philosopher, who is always suspected of being the fly in 
the ointment. However, he long ago gave up trying to have the benefit of the 
last word. In any case, he hates having to make up his mind, which is why he 
is accused of abandoning himself too readily to lazy meditations on the 'prob
lematic' and even of often succumbing to the seductions of hermeneutics. Does 
he pride himself on fundamentals? On such occasions he is rightly reproached 
for mixing up logic and mathematics, for reducing the latter to a formal game 
and confusing it with the administration of proofs by letting himself become 
intoxicated with the certainties of syntax. 

It should be acknowledged that the philosopher's task is not of the simplest: 

1 
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it is difficult to drive a wedge between the 'metaphorical' and the 'operational'. 
He will therefore feel the pressure of the combined forces of art and science 
and will be the object of two opposed temptations: to give himself over to 
sweeping surveys, having absolved himself of the responsibility of the patient 
examination of the concept, or, which is much more often the case and much 
worse, become the humble major domo of scientists, who are assumed to be 
in possession of the only really 'serious' truths, and thus to confine himself 
'modestly' to a role of formal policing. Sad destiny for philosophy; the discipline 
that formerly sat at the head of the table finds itself reduced to the role of a 
Cinderella taken up with 'verification' and its thrilling problems of directing 
the circulation of commonsensical ideas! 

Cinderella can also seek forgiveness for her anxiety when faced with 'calcula
tions' by showing her devotion through persevering with rearguard justifica
tions reconciling technique with humanism. This scientifico-charitable 
approach claims to introduce the 'educated' public to certain spectacular results, 
which are deemed too abstract and which seem to collide head-on with common 
sense. Mr Prudhomme1 adores our Cinderella and her 'ethical' generalizations. 
The latter inform gently without giving offence and bring science into the realm 
of the 'everyday'. The angel of the bizarre is at last reconciled with the security 
of common sense! Our good man declares himself surprised and even 'interested' 
by these Great Problems, particularly by these little butterflies that call deter
minism into question at the North Pole by beating their wings in the tropics. 
After his visit to the cabinet of curiosities, Mr Prudhomme leaves stimulated 
and reassured; he has been able to confirm 'for himself' what he has suspected 
for a long time: after all, these Great Problems are not so far removed from 
his own little problems; all's well that ends well and everyone can sleep easy; 
at root, this is just like that. 

To consolidate these anaesthetic and orthopaedic functions, Cinderella can 
offer her services in a more subtle manner, by showing that science, despite its 
occasional unruliness, might very well be tamed in the great garden of philo
sophical categories. The public is thus invited to participate in a game ofI-Spy: 
'Guess who's here! Who's back? Look! Here's the new figure of Substance. 
Come this way ... The Transcendental grappling the nine-headed hydra of the 
Empirical to the ground will be familiar to everyone ... And over here's the 
Dialectic. It's a bit chipped .. .' Naturally, this guided tour of allegories always 
concludes with a 'this is just like that'. Our 'rationalism', all got up in its 
Sunday best, doesn't care much for surprises: for such-and-such a structure, 
such-and-such a category! Everything will have its place, from the Big Bang 
to the non-determinist butterfly ... 

But do we really want Cinderella to be always so zealous, always so impatient 
to prove her 'modernity' and her multidisciplinary good will? Do we really 
want her to offer science a supplement of soul and play the part of healer 
woman by taking up conjuring and incantations? Should she dedicate herself 
to communication and dialectic, and pledge her allegiance to science? Cinderella 
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probably has everything to lose; by agreeing to the tasks of bringing 'crises' to 
heal, plugging gaps and softening paradigms, she finds herself shrunk to the 
status of 'a frame for seeing the world' and being asked to come up with 
arguments destined to reinforce the artillery of the different 'schools of inter
pretation'; is there any need to point out that, when a question has been settled 
by experiment or arithmetic, our servant is no longer needed? 

There remains, however, a confused desire to take up again in the flesh with 
what is perceived as a whole that has been mutilated by technical dispersement, 
a genuine nostalgia for magical power, exasperated by the incapacity of classical 
rationalism to get to grips with all these sleights of hand, all these 'recipes', all 
these thought experiments, these figures and diagrams, all these dynasties of 
problems seemingly capable of the 'miracle' of reactivation. This reactivation 
is 'informative' in the proper sense and cannot be reduced to the conveying of 
a pre-conceived form from one transmitter to another receiver. It avoids the 
cliches of vulgarization and scientific 'journalism'. 

It is clear why classical rationalism doesn't much like to rub against the 
'mystery' of these practices and these ways of seeing: the latter are applied on 
precisely the sensitive, but blind, points of the Understanding, at the hinge
horizons where inchoate systems begin to unfold, in all those places where 
orientation can't be had for free and where the true is not synonymous with 
the verifiable. The great names of Galois, Faraday, Maxwell or Heisenberg 
reverberate - but substances, established categories, structures, objects and 
forms do not. That is why I will devote myself here, with the aid of some 
examples, to demonstrating the historical dignity of problems, their dynastic 
exemplariness that has never been exhausted by acknowledgment or hypothesis 
of 'influences'. Gestures and problems mark an epoch and unknown to geome
ters and philosophers guide the eye and hand. 

A thrusting philosophy cannot be content with continual ratiocinations on 
the 'status' of scientific objects. It has to position itself at the outposts of the 
obscure, looking upon the irrational not as 'diabolical' and resistant to articula
tion, but rather as the means by which new dimensions come into being. 

A science that remained obsessed with reference and prediction would be 
quite incapable of taking up Heidegger's famous challenge, which is why we 
want to give due weight here to the function of operative contemplation referred 
to by Galois, Faraday, Einstein and many others. Any philosophy that deliber
ately neglected the contemplative pole would soon have to bow to what is 
operation and 'feasible', trying to pacify them with whatever paraphrases and 
cliches are to hand. 

Some contemporary debates seem to see the relationship between science 
and philosophy only in terms of servility or of perpetual cold-shouldering, 
forgetting that for the past two and a half millennia in the West, metaphysics, 
mathematics and physics have always (willy nilly) gone hand in hand. It is a 
shibboleth of the history of ideas to state that each scientific revolution produces 
a new paradigm with the more or less explicit assistance of metaphysics. The 
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great scientists of the eighteenth century stated clearly the autonomy and 
positivity of metaphysical intervention in their work. It was about a common 
problematic that mathematics, physics and metaphysical speculations were 
articulated. Each approached the questions in its own fashion, without feeling 
threatened by its rivals. Scientists and philosophers of the eighteenth century 
demanded such a community of questions, not to mask lack of technique with 
a 'metaphysical stop gap', but as a means of preventing the separation of the 
modes of apprehending, acting and feeling. 

But it may be that modern philosophy is the only dissenting voice in a 
dialogue between mathematics and physics which would otherwise be 'con
structive' and peaceful. 

A knowledge, even a summary one, of the history of science demonstrates 
that the relationship between mathematics - 'general maid'2 (but also queen 
of the sciences) - and physics - the grubby, efficient cook - has hardly been 
idyllic. Aristotle saved himself a lot of bother by keeping the enemy sisters 
under the strict tutelage of theology! But it is a long time now since physics 
and mathematics liberated themselves - beginning a fierce ontological rivalry 
that shows how urgent it is for us to think of their relationship in terms other 
than subordination, application or utilization. 

Of course, with or without 'metaphysics', precarious deals can be struck: 'I'll 
give you the real, if you give me the fundamental.' As a result, epistemologies 
more or less expected to confer official status proliferate: 'conventionalism', 
partisans of mathematical symbolism, partisans of 'realism' ... They can para
phrase 'formulae', hunt down some metaphysical principle 'at the root of it all', 
and reduce mathematics to a 'language' that is indifferent to its own content 
and physics to a construction of 'models' furnishing predictions. However, a 
philosophy that would think physico-mathematics must break through the 
'assumptions' inscribed in this contract and understand, for example, that giving 
a mathematical existence to the fulgurations of matter is not to confine a point 
within a geometrical cell, but instead to learn to welcome all the potentialities 
of particles, of the 'physico-monads'. Leibniz gives clearest expression to this 
reciprocal formulation: 'My metaphysics is entirely mathematical so to speak, 
or could become so', and it is precisely the metaphysical concept of 'monad' 
that makes it possible to understand differential calculus. 

How can mathematics, as an 'exact science', avoid becoming trapped between 
the Identical and the absolutely Other? How do we make a world from the 
monads of physics, mathematics and metaphysics? How are we to conceive 
this triple cohesion without adopting Aristotle's theological solution? Husserl 
is responsible for underlining the philosophical stakes in the elaboration of 
modern physico-mathematics. Analyses of the krisis show that, if the world is 
thought of as a mathematical universum (as science has insisted since Galileo), 
there must be a mode of correspondence between 'purely geometrical' acts 
which involve the world of boundary forms and figures and the acts of material 
filling. Nature, as a calculable universum, assumes the unprecedented violence 
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of a protocol of agreement between the community offorms and the community 
of bodies: 

Anything that offers itself as real within the specific sensible qualities should 
have its mathematical index within the processes of the sphere of the 
form ... and, thence, an indirect mathematization should become possible 
in order to construct ex datis all the processes on the side of the fillings.3 

Naturally, this revolutionary coup assumes the dislocation of Aristotle's 
tutelage. It also assumes the concept of 'abstract space' - not there in the 
Greeks - capable of absorbing into its homogeneity the world ·of forms and 
that of bodies and, finally, the construction of a differential calculus able to 
apprehend motion by giving a mathematical existence to entities defined by a 
mode of fading. The complete staging of physico-mathematics therefore leads 
to the construction of imposing infrastructures which necessarily involve the 
whole of metaphysics. 

At first sight this physico-mathematics does appear to be an axiomatics 
giving precise form to the system of equivalence between mathematical concepts 
and physical concepts. To understand the revolutionary coup that installs this 
axiomatics is to discover the proximity of two horizons made up of virtual 
determinations which exceed the current set of explicit determinations and 
which still remain available for examination. Conceived as an apprenticeship, 
as a Promethean impulse and not as a combinatorial manipulation of beings
in-the-world, or as an 'abstract game', mathematics necessarily fulfils itself in 
physics. It is in these terms that we should understand Galileo's audacity in 
daring to bring the boundary forms of pure geometry into contact with the 
world of moving bodies. 

Let's give some examples. 
Quantification confirmed the community of the particular horizons of ana

lytic mechanics and of the theory of abstract spaces on the one hand and of 
those of chemistry and atomic physics on the other. The discrete affinities of 
electrochemistry expressly required a field of operation that was really irreduc
ible to a homogeneous continuum (Bohr's orbits, where the electron does not 
radiate, already implicitly acknowledged this). At the beginning of the twentieth 
century, functional spaces constitute a theme in which the mathematician's 
attention focuses much more on the play of the operators itself than on the 
substrate that the latter are supposed to shape. A geometrical language 
(Hilbert's 'spaces') accompanies this play and tends to give it an autonomous 
contemplative pole and to forge the idea of a functional figural ('cone' of 
functions, spectrum, etc). It is precisely this autonomy that was granted to the 
operators that allows them to be recognized as 'observables' in quantum 
mechanics. Paradoxical result: it is the motion itself of the amplifying abstrac
tion of mathematics that governs their incarnation as physical beings: the more 
'abstract' mathematics is, the better it works in application. Thus, to establish a 
new mathematical physics is to be capable of recognizing to what extent such 
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an effort of radical autonomy in mathematics necessarily involves the horizon 
of the virtualities of physics. 

Let's take another example: the scandal caused by the discourse of the non
Euclidean geometers in the nineteenth century is well known. We can hail this 
event as the complete liberation of geometry, 'freed' at last from the physical 
universe; it was down to the metaphysical genius of Riemann to sense the 
enormity of what was at stake in the existence of such geometries. In fact, 
Euclidean geometry's assumption of unicity was inherited from the covenant 
of classical mathematical physics: affine Euclidean space is 'our' space and the 
plurality, now acknowledged, of geometric worlds implied that the very effort 
of invention which had conceived them should also penetrate the horizon of 
physics. Conceived by Riemann and Gauss as being associated with a theory 
of the inhabiting of surfaces, the concepts of modern geometry (connection, 
curvature) can be fully realized as potentials and as forces. It is from this point 
of view that we should assess the efforts of Jauge's Theory. What is at stake 
in the latter is not so much the discovery of the formula that will 'finally' 
condense the equivalence of natural forces, but the 'physical' understanding of 
geometry, in other words the opening up of the effort of construction of worlds 
in general to pure mobility, an effort derived from the vacillation of the 
categories of the 'purely geometrical' and the 'purely physical'. 

It is true, however, that there is always something scandalous about revealing 
the physical existence of this or that concept that was previously grasped as 
'purely mathematical'. Mathematics never functions as a simple tool for the 
physicist and is indifferent to its status as 'queen of the exact sciences' in which 
it is sometimes got up out of mistrust and envy. Because its axiomatics cannot 
be reduced to a stock of data and rules for creating formal enunciations, 
modern mathematics becomes more and more explicitly capable of inhibiting 
the horizon of its virtualities and therefore of reactivating itself. We shouldn't 
forget that Lautman showed that the most technical theorems can involve 
categories that are deemed to be strictly philosophical and that Bachelard 
knew that 'the association of operators produces living words, thought-out 
sentences, thinking sentences'; in this sense, the physico-mathematical involves 
thought otherwise than would the 'pure and simple' translation of a physical 
'content' into a mathematical 'language'. Particles do not present themselves 
as things, as beings-in-the-world that are simply 'available' (Heidegger's 
Vorhandenheit), and modern physics leads us close to the geometrical origin of 
thought. If Leibniz can articulate causality and differential, it is because the 
latter is not a simple tool or even a paradigm, and if potential can claim the 
crucial status that is henceforth accorded to it in physical theories, it is because 
it has always retained a certain ontological dignity, even if it was, until quite 
recently, sacrificed as a mere intermediary element in calculation. 

The great founders of physics revealed in the order of the calculable the 
cohesion of both physical and mathematical horizons by means of an axiom at
ics. There remain unexplored some problematic cores that are not directly 
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involved in the arsenal of assumptions and equivalences made possible by this 
axiomatics. two very different rhythms underpin the 'history of ideas': 
the first is intermittent and consists of 'ruptures', of paradigms and their 
refutations; the second is quieter but is still open to reactivation, and consists 
of a rumination, a motionless worrying of the problematic cores. 

This possibility of reactivating and welcoming the problematic as such implies 
that today's physico-mathematics really has 'metaphysics' under its skin and 
therefore is of concern to the philosopher. He must know that there are no 
ultimate truths (since it is not the truths but the problems that are reactivated) 
and ignore any lamenting of a 'real', the truth of which conceals itself 'behind' 
the calculations. What becomes increasingly unlikely, by the favour of God, is 
the possibility of burying questions with our common sense and of 'having 
done' with them once and for all. 

Metaphysics does have a catalytic effect, which has been described in a very 
beautiful text by the mathematician Andre Weil: 

Nothing is more fertile, all mathematicians know, than these obscure 
analogies, these murky reflections of one theory in another, these furtive 
caresses, these inexplicable tiffs; also nothing gives as much pleasure to 
the researcher. A day comes when the illusion vanishes: presentiment turns 
into certainty ... Luckily for researchers, as the fogs clear at one point, 
they form again at another.4 

Andre Weil cuts to the quick here: he conjures these 'murky reflections', 
these 'furtive caresses', the 'theory of Galois that Lagrange touches ... with his 
finger through a screen that he does not manage to pierce.' He is a connoisseur 
of these metaphysical 'fogs' whose dissipation at one point heralds their reform
ing at another. It would be better to talk here of a horizon that tilts thereby 
revealing a new space of gestures which has not as yet been elucidated and cut 
out as structure. 

A mathematician of this calibre is aware that science supports itself on two 
crutches: 

- the official crutch of the literal text, which accounts for the carrying out 
of the operations and which guarantees the transmission of knowledge; 

- a more subtle crutch, reserved for initiates, who are able to sense a whole 
network of allusions interlaced with the literal text and continually over
flowing it. 

This is the point where the reactivation of the gestures that multiply knowl
edge is acted out and where the passage from premonition to certainty is 
fomented. 

In its ordinary work and communication, science pretends to lean mainly 
on the first crutch. Hence, it is quite possible to anticipate, predict, store up 
data and above all to carry out operations, that is to say to make the best of 
the artificial disjunction of product and productivity; we forget the roughness 
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of the conquest of homogeneity required by the operation in order to ensure 
the exteriority of its relationship to its parameters. There is a sort of unreward
ing prudishness about the clarity of the operation; it always strives to conceal 
the gesture that cuts out a form of articulation - a liaison or a function; it 
forgets that this gesture unfolds while unwittingly arousing another articulation 
(the fulcrum of its lever arm). The artifice that creates a form always has a 
blind spot: 'If a fog clears at one point, it reforms on another.' 

Fear of the irrational undoubtedly feeds on our lack of knowledge, but above 
all on those points of omission, on a certain impatience that keeps us from 
penetrating to the heart of the operative by confusing learning with the talent 
for rapidly consuming an 'informational content'. But to learn is to prepare 
oneself to learn what one in some way already knows, and to put oneself into 
such a state where the connection between things reverberates in the connection 
of the mind. The operation is not at first given as an arrow that links a source 
to a target, but rather emerges in the places where variables become merged 
and get tangled up without being policed by parentheses. 

This is the beating heart of operativity, this is where the relation given 
implicitly as a 'curve' Q(x, y) = 0 can be attained, where determination envelops 
itself and then liberates, in its singular points, external relations - 'parametric' 
relations or a 'function' of the type y = P(x), where the separation between the 
two sides of the equation - therefore between datum and result - is already 
consummated. Here the gestures of cutting and what they carry off with them 
can be grasped, testifying that science does not think like philosophy, but that 
it is concerned with thought without allowing itself to be reduced to a refutable 
prejudice. Here the reverberation, the learning of learning, can be approached; 
here that strange capacity of Science to draw its power from its very partiality 
can be illuminated; here the difference between the knowledge of beings and 
what makes it reverberate becomes flagrant. 

This is why logicism, like a mathematics applied to the calculation of the 
liaisons between propositions and to the administration of proof, cannot claim 
to reach the status of that which marks an epoch within the development of 
physico-mathematical knowledge. There can indeed exist 'objects' whose formal 
definition is impeccable and allows problem-free operation, but whose presenta
tion, by a new notation, shakes up a whole mathematical continent. An obvious 
example is that of the 'rediscovery' of imaginary numbers by the introduction 
of the plane (see chapter III). If, solely from the point of view of mathematical 
logic, the discovery is trite, this fresh encounter of the geometric with the 
algebraic (and therefore of the visible with the calculable) will dictate the works 
of Hamilton and Riemann (and many others), at the same time as having an 
impact on the very notion of the application of mathematics: physics, geometry 
and algebra will cooperate to make up a real electrogeometric space, which 
will continue to inspire the most contemporary research. 

There is an urgent need for philosophy to penetrate further into the straits 
where the figures tracing contemplation and the formulae actualizing operations 
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of determination are articulated. But these represent a strategic place already 
haunted by two other combatants on the battlefront of the obscure: art and 
science. Here, metaphor begins the process of shedding its skin that will 
metamorphose it into operation, and hence it is that this nook swarms with 
cliches that strive to invite us to view a rediscovered operativity. 

Cliche dissolves the gesture that patiently managed to trace out an identity 
of relations into a relation of resemblance; it thus claims to soften the technical 
nature of the operation and its 'cold' exteriority by a warm confusion. But 
such cliches always come too late! They will always be depreciated as 'meta
phorical' and denounced for usurping the operation's prestigious place. 
Superstitions have nothing to fear from this poor man's operativity which 
leaves the operation's exteriority intact. Cliche poses no challenge to the arro
gance of the functional, but sets out to disallow any thought that is at all 
conceptual. Witness, the puerile display evoked by such concepts as the big 
bang (which never stops starting), chaos (which neutralizes everything), catas
trophe (which no longer frightens many people), the fractal (fascinating above 
all to minds of a simpler understanding), chance (of which it is well known 
that God has a horror), etc. 

In the section of his Methode axiomatique et Formalisme dedicated to physical 
experiments, Jean Cavailh::s demands that we should rediscover 'the central 
intuition ... which constitutes the profound unity - but this time graspable in 
action - of a theory.'5 This concept of gesture seems to us crucial in our 
approach to the amplifying abstraction of mathematics, which eludes rationaliz
ing paraphrases - always too slow - metaphors and their confused fascinations 
and finally, above all, formal systems that would like to buckle shut a grammar 
of gestures: Godel has demonstrated that rebellious statements - ones that are 
true, but not provable - are immediately produced by any syntax that is at all 
ambitious.6 

This gesture does not allow itself to be 'captured' in front of us - it does not 
throw out bridges between us and things - nor 'behind' us - no algorithm 
controls its staging. It would be better to speak of a propulsion, which gathers 
itself up again in an impulse, of a single gesture that strips a structure bare 
and awakens in us other gestures. 

It is also necessary to emphasize that: 

- the gesture is not substantial: it gains amplitude by determining itself. Its 
sovereignty is equal to its penetration and that is why we refer to the 
gesture's 'accuracy': the precision of the strike is proof of the reverberation 
of its skill. The gesture inaugurates a family of gestures, whereas the rule 
only enunciates 'instructions', a protocol for decomposing the action into 
endlessly repeatable acts. The gesture possesses a historical exemplariness: 
if one can speak of an accumulation of knowledge over the course of 
successive generations, one should speak of gestures inaugurating dynasties 
of problems; 
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- the gesture is not a simple spatial displacement: it decides, liberates and 
suggests a new modality of 'moving oneself'. Hugues de Saint-Victor 
defined the gesture as 'the motion and figuration of the members of the 
body according to the measure and modalities of all action and attitude,.7 
The gesture refers to a disciplined distribution of mobility before any 
transfer takes place: one is infused with the gesture before knowing it; 

- the gesture is elastic, it can crouch on itself, leap beyond itself and reverber
ate, where the function gives only the form of the transit from one external 
term to another external term, where the act exhausts itself in its result. 
The gesture is therefore involved with the implicit pole of the relation; 

- the gesture envelops before grasping and sketches its unfolding long before 
denoting or exemplifying: already domesticated gestures are the ones that 
serve as references; 

- a gesture awakens other gestures: it is able to store up all the allusion's 
provocative virtualities, without debasing it into abbreviation. 

It will come as no surprise then that we pay particular attention to the 
dynasties of gestures of cutting out, to diagrams that capture them mid-flight, 
to thought experiments. We will hunt out the hingeing point at which principles 
become unstable, we will seek out the constructed symmetrizing devices and 
reveal the less expected dissymmetry that orients a more radical project. 

A diagram can transfix a gesture, bring it to rest, long before it curls up into 
a sign, which is why modern geometers and cosmologers like diagrams with 
their peremptory power of evocation. They capture gestures mid-flight; for 
those capable of attention, they are the moments where being is glimpsed 
smiling. Diagrams are in a degree the accomplices of poetic metaphor. But 
they are a little less impertinent - it is always possible to seek solace in the 
mundane plotting of their thick lines - and more faithful: they can prolong 
themselves into an operation which keeps them from becoming worn out. Like 
the metaphor, they leap out in order to create spaces and reduce gaps: they 
blossom with dotted lines in order to engulf images that were previously figured 
in thick lines. But unlike the metaphor the diagram is not exhausted: if it 
immobilizes a gesture in order to set down an operation, it does so by sketching 
a gesture that then cuts out another. The dotted line refers neither to the point 
and its discrete destination, nor to the line and its continuous trace, but to the 
pressure of the virtuality (see chapter I) that worries the already available 
image in order to create space for a new dimension: the diagram's mode of 
existence is such that its genesis is comprised in its being. We could describe 
this as a technique of allusions. 

We know how Gilbert Simondon managed to illuminate processes of con
vergence and adaptation of the gesture into a technique which make it possible 
to speak of a technical line of descent.8 There are therefore families of diagrams 
of increasingly precise and ambitious allusions, just as there are lines of descent 
that are increasingly autonomous and concrete, and, just as the technical object 
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does not follow knowledge, so the diagram does not simply illustrate or 
translate an already available content. The diagrams are therefore concerned 
with experience and reveal themselves capable of appropriating and conveying 
'all this talking with the hands' (which it would perhaps be better to call this 
talking in the hands) of which physicists are so proud and which they naturally 
reserve for the initiates. A philosophy of the physico-mathematical cannot 
ignore this symbolic practice which is prior to formalism, this practice of 
condensation and amplification of the intuition. 

We will see, in chapter I in particular, how Oresme's diagrams defy the 
fearful logical course uttered by Aristotle against all thought concerning motion. 
Taking advantage of the distinction made by Avicenna and Giles of Rome 
between virtual and dimensional quantities, these diagrams seize each motion 
like the articulation of three panels (a 'triptych') and endow the determination 
with plasticity. Like the gesture, they also avoid the dilemma of a substance 
which only gains in comprehension what it loses in extension. They also show 
that ontological measurement is not a simple external observable, but the living 
relationship that intermingles an intensity (the 'ontological' pole of measure
ment) and two extensive quantities. 

It is not only a question of historically acknowledging a subsidiary 'tool' for 
representing equations, but of appreciating the considerable stakes of an onto
logical dignity particular to the figural which made kinematics and analytical 
geometry possible long before the discovery of differential calculus. These 
diagrams take their place in a line of descent that runs from Avicenna to 
Leibniz and therefore prepare for what Heidegger calls modem science's project 
of the mathematical questioning of Nature. It is no exaggeration to speak of 
the historical resonance of these diagrams, which abolish the rigid division 
between algebra, which clarified the determination operations of variables, and 
geometry, whose figures ensured the protection of the contemplative. 

The diagram never goes out of fashion: it is a project that aims to apply 
exclusively to what it sketches; this demand for autonomy makes it the natural 
accomplice of thought experiments. 

The thought experiment does not claim to predict or verify a law, nor to 
tackle the causality of things head-on; it seeks rather to avoid it, to do away 
with weighty truths and available intuitions. If it is 'ideal' or 'theoretical', it is 
not because it is impossible to carry out with 'real' instruments, but because it 
claims to question or uncover processes of idealization. In its way it is very 
practical: it is the test by which the physicist-philosopher takes upon himself 
to lose his bearings, to know the perplexity inherent in any situation where 
discernment is by no means self-evident. It is a matter for him of arranging a 
subversion of the habits associated with sensible cliches ('reality' thus deciding 
for him) and of transporting himself through thought into precincts beyond 
causality, sheltered from forces, to let himself float between mathematics and 
physics. 

This is how Galileo imagines 'a body launched on a horizontal plane in the 
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absence of all obstacle' and remarks that 'the motion of the body will continue 
uniformly and eternally on this same plane, provided that it is infinitely pro
longed.'9 In the same way Einstein isolates himself in a lift to shatter the cliche 
of a recipient-form welcoming a living matter and to see the free emergence of 
the tenuous hinge that joins them. It is a matter of staging the most complete 
state of disorientation in order to orient and assert a physico-mathematical 
project that will appear, thereafter, as the most obvious. We have already noted 
that learning was above all a preparation for learning what one already knew. 
It could be said that the thought experiment also aims at putting one in such 
a state that it becomes obvious that this principle or that identity (even where 
contradicted by 'real' experience) is the most 'natural'. This 'naturalness' seems 
to defy all contingency and to belong to the order of the inevitable: Galileo 
knew that 'inevitably' objects fell through a vacuum at the same speed, without 
having experienced it. 

One could even say that the radical thought experiment is an experiment 
where Nature and the Understanding switch places. Galileo sometimes puts 
himself in Nature's place, which, in its simplicity, could not have chosen to 
'move at an inconceivable speed an immense number of very large bodies, to 
produce a result for which the moderate movement of a single body turning 
around its own centre would suffice'.10 Einstein was in the habit of saying that 
it was necessary to put oneself in God's place to understand Nature. There is 
nothing surprising therefore in these teleportations where Einstein takes himself 
for a photon and positions himself on the horizon of velocities (see chapter II), 
in these immersions where Archimedes, in his bathtub, imagines that his body 
is nothing but a gourd of water. Thus, to understand the photon, it is necessary 
to become a photon and, to understand floating, it is necessary to turn oneself 
into a wineskin! The thought experiment taken to its conclusion is a diagram
matic experiment in which it becomes clear that a diagram is for itself its own 
experiment. The gestures that it captures and particularly those that it arouses 
are no longer directed towards things, but take their place in a line of diagrams, 
within a technical development; thus Oresme's rectangles are swallowed up by 
the perspective projection of restrained relativity (see chapter II), the magnet 
closes upon itself in a circuit (see chapter V), loops transform themselves 
into helices. 

There are certain devices, deliberately productive of ambiguity, which give 
rise to thought experiments that penetrate closer to the heart of relation and 
operativity; we call them allusive devices and the last three chapters (III, IV, V) 
are taken up with their study. An allusive stratagem compresses and unfolds, 
but is not the same as either an abbreviation or an explanation. From the end 
of the eighteenth century, philosophers and scientists will compete with one 
another in France, England and Germany to solve the mystery of the birth of 
polarities and discover a spatial negativity whose fecundity Kant had sensed 
in two crucial articles ('What Is It to Orient Oneself in Thought?' and the 
'Attempt to Introduce into Philosophy the Concept of Negative Quantity'). 
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This spatial negativity, too neglected by the history of philosophy (especially 
in its concern with the work of the negative in a perspective of temporality 
and historicity), plays a crucial role in the emergence of dimension, as much 
in Naturphilosophie as in the discovery of new connections between algebra 
and geometry or in the development of electromagnetic theories. It was neces
sary, however, to note that the science of the nineteenth century, from Argand 
to Grassman and Maxwell, could understand the negative as a positional 
relation in order to drive on its redoubtable offensive against extended spatiality 
and its dead distances. Allusive devices are capable of appropriating all the 
lateral mobilities involved in an orientation and of discharging longitudinal 
forces ('naturally' identified with an operativity that moves from one boundary 
to another or from one point to another) in favour of 'latitudinal' (transverse) 
forces that are linked to a diffusion of dimension. These devices can be thought 
of as 'dialectal balances'; unstable balances that are only upset when carrying 
off a more ample space. They bring to light an indifference centre (the eye of 
the cyclone), a pivot point that commands a network of symmetries whose 
breakage leads to a finer degree of discernment. 

Such is our interpretation of dialectal immanence: dialectic is not the syn
thetic neutralization of two pre-existing and opposed terms, but the discovery 
of the articulation that opens out the dimension along which they will surge 
like 'sides'. This explains our interest (see chapter V) in diagrams associated 
with the conquest of dimensions: iron horseshoe magnets, corkscrews, helices, 
etc. They show that orientation cannot be reduced to a simple 'choice' and 
possesses an effectivity that involves geometry and physics as much as meta
physics. They suggest a discipline of gestures and give rise to thought experi
ments that are articulated long before any formalizing grasp. 

We will study in particular the following examples: 

~ Grassmann's theory of the extension (see chapter IV) and the definition 
of non-commutative products, where the question of orientation plays a 
crucial role; 

~ Hamilton's spatial square roots (see chapter V), which overcome the 
duality of translations and rotations; 

~ the axis-loop systems of Ampere, Faraday and Maxwell, which show that 
the secret of what it is as well to call electrogeometry is linked to the 
possibility of capturing the ambiguity that arises when one tries to produce 
the 'axial' (rotational lateral forces) from the polar. This ambiguity suc
ceeds, by its twists and unscrewings, in loosening up the 'natural' character 
of the extensive divisions which accompany the mechanistic understanding. 

The stratagems grasp the operation at its very birth, which is the ambition 
of any theory of singularities. This theory proposes to master the points at 
which the canonical choice of a parameter ~ which allows distance to be 
travelled and y = f(t) to be written ~ no longer 'goes without saying'. These 
points therefore necessitate the invention of a continuum which is able to 
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welcome all the solutions of an algebraic or functional equation. These 'mani
folds' are cherished by the geometer like a miniature Nature that retains and 
condenses a geometrical gestuality which it is fitting to appropriate. Thus a 
new type of intuition is born which does not 'rely on' the abstract figures of 
the sensible world, but aims at experimenting with surfaces (Gauss' geometry) 
or even at deforming them (Riemann's modules). Allusive devices are not 
limited to the adult relation in the process of 'functioning', that is to say of 
proliferating into sequences of terms which should be wrapped in parentheses 
according to a pre-established rule, but of harnessing thought experiments -
geometrical or physical - that furnish the relation as a curve or as a prejudice 
innocent of all causality. 

With these devices, science has in its possession pieces of evidence that attest, 
better than the quantitative infinites or the most exotic multiplicities of set 
theory, that it masters the infinite. This is where vigil is kept by the scars of 
fierce and ample gestures which are never 'produced', but rather cut out the 
forms, set up and separate the axes, position themselves on the horizons, 
immobilize that which, 'by definition', is supposed to be mobile, posit the sign 
'=' that separates and links the two 'sides' of an equation, impose a rhythm 
of unfurling - a 'parameter'l1 - on the most headstrong of compact unities. 

In its ordinary functioning, science seems to limit itself to the gestures that 
guarantee the preservation of knowledge and leave undisturbed the patrimony 
of those that set it alight and multiply it. Those are also the ones that save it 
from indefinite accumulation and stratification, from the childishness of estab
lished positivities, from the comfort of the transits of the 'operational' and, 
finally, from the temptation of allowing itself to be buckled up in a grammar. 
They illustrate the urgency of an authentic way of conceiving information 
which would not be committed solely to communication, but would aim at a 
rational grasp of allusion and of the learning of learning. The latter, of course, 
would be far removed from the neuronal barbarism which exhausts itself in 
hunting down the recipient of the thought and in confusing learning with a 
pillaging of informational booty. Schelling perhaps saw more clearly: he knew 
that thought was not always encapsulated within the brain, that it could be 
everywhere ... outside ... in the morning dew. 

NOTES 

1 A nineteenth-century French literary creation, Mr Prudhomme is a vapid and banal bourgeois, 
referred to by the writer Henry James as a 'timid philistine'. 
2 This is an allusion to Auguste Comte's 'bonne a tout faire'. 
3 E. Husser!, La Crise des sciences europeennes et la phenomenologie transcendantale (Paris: 
Gallimard, 1976),43. 
4 A. Weil, 'De la metaphysique aux mathematiques', (Euvres, vol. II, p.408. We give here a fuller 
extract: 'Eighteenth-century mathematicians were in the habit of speaking of the "metaphysics of 
the infinitesimal calculation", of the "metaphysics of the theory of equations". They understood by 
these a group of vague analogies, difficult to grasp and difficult to formulate, which nonetheless 
seemed to them to play an important role at a given moment in mathematical research and 
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discovery. Were they calumniating "true" metaphysics by borrowing its name to designate what, in 
their science, was least clear? I will not seek to elucidate this point. In any case, the word will have 
to be understood here in their sense; I will take care not to touch on "real" metaphysics. 

'Nothing is more fertile, as all mathematicians know, that these obscure analogies. these murky 
reflections of one theory in another, these furtive caresses. these inexplicable tiffs; also nothing gives 
greater pleasure to the researcher. A day comes when the illusion vanishes; presentiment turns into 
certainty; twin theories reveal their common source before disappearing; as the Gita teaches, one 
attains knowledge and indifference at the same time. Metaphysics has become mathematics, ready 
to form matter with a treatise whose cold beauty can no longer move us. 

Thus we know what Lagrange was trying to divine when he talked of metaphysics in connection 
with his own work in algebra; it is Galois' theory, which he almost lays his finger on, through a 
screen that he does not manage to pierce. Where Lagrange saw analogies, we see theorems. But the 
latter can only find expression by means of notions and "structures" which for Lagrange were not 
yet mathematical objects: groups. bodies, isomorphisms, automorphisms, all this needed to be 
conceived and defined. Insofar as Lagrange only senses these notions, insofar as he strives in vain to 
achieve their substantial unity through the multiplicity of their changing incarnations, he remains 
caught in metaphysics. At least he finds there the guiding thread that allows him to pass from one 
problem to another, to bring the materials on site, to put everything in order in provision for the 
future general theory. Thanks to the decisive notion of the group, with Galois it all becomes 
mathematical. 

'In the same way again, we see the analogies between the calculus of finite differences and 
differential calculus serve as a guide to Leibniz, Taylor and Euler, during the heroic period in which 
Berkeley could say, with as much humour as aptness, that the "believers" in infinitesimal calculus 
were little qualified to criticize the obscurities of the mysteries of the Christian religion, the one 
being at least as full of mysteries as the other. A little later, d'Alembert, enemy to all metaphysics in 
mathematics as elsewhere, maintained in his articles in the Encyc/opedie that the true metaphysics 
of infinitesimal calculus was no other than the notion of the boundary, If he did not himself take as 
much from this idea as it was capable of yielding, the developments of the following century proved 
him right; and nothing could be clearer today, nor, it must be said, more tedious, than a correct 
demonstration of the elements of differential and integral calculus. 

'Luckily for researchers, as the fogs clear at one point, they form again at another.' 
5 J. CavaiIJes, Methode axiomatique et Formalisme (Paris: Hermann, 1981), 178, 
6 See J.-v, Girard in E. Nagel, J.R. Newman, K. G6del and J.-v' Girard, Le Theoreme de G6dei 
(Paris: Seuil, 1989): 'If one separates out the profoundly innovative ideas - essentially the distinction 
true/provable - around which the theorem is constructed .. .' (p, 156). 
7 Quoted by J.-c. Schmitt, La Raison des gestes, Paris, Gallimard, 1990, p. 177. 
8 G. Simondon, Du mode d'existence des objects techniques, Paris, Aubier, 1969. See particularly 
pp. 19-49 on processes of concretization, and pp. 158-·77 on the genesis of technicity. 
9 See Galileo, The New Sciences (1638). 
10 See Galileo, Dialogues Concerning the Two Chief World Systems (1632). 
11 Parameter refers to a quantity that is maintained unchanging and on which depends a function 
of independent variables. In physics or in any applied mathematics, the question of parameters is 
crucial. The point is to allow for 'variation, all other things being otherwise equal'. Note that 
Heidegger in Unterwegs zur Sprache reminds us that to measure something against something else 
by running alongside it is called by the Greeks nrxprx/1ETpE1V. 





I 

THE ENCHANTMENT OF THE VIRTUAL 

1 ABSTRACTION AND POTENTIAL 

Did Aristotle have any suspicion of the potency of the boundary he had thrown 
up between physical and mathematical natures? Whatever the case, he revels 
in opposing them point by point: physical natures are dedicated to mobility 
and subject to final causes, but enjoy a separate existence; mathematical natures, 
immobile and necessary, are separable only by thought, and our wit has to 
lend them an existence. 

Many modern epistemologies still carry the marks of the split effected by 
Aristotle to found his classification of the sciences, and remain fascinated by 
the relationship of reciprocal predation that these two natures seem to foster 
towards one another. For these natures fight over ontological precedence. 
Aristotle, as it so happens, remains ambiguous on this question: he refers to 
physics as a second philosophy, behind metaphysics, making no mention of 
mathematics;1 he even states that if there were no substances other than those 
that exist in Nature, physics would be first among sciences! But mathematical 
natures are not prey to mobility and, as an intelligible matter, mathematics 
can be deduced from a first principle by a chain of necessities. The task of 
choosing is therefore far from simple. 

It is not easy to weigh in a single balance a 'real' existence, which is 
independent of us, but mobile and corruptible, and an intelligible matter, which 
exists only by proxy through the wit of the geometer. How do we choose 
between precedence in the order of Being (which physical natures canlay claim 
to) and logical precedence2 (which mathematical natures can lay claim to)?3 
We know how Aristotle reconciles the two rivals: by subordinating them to 
metaphysics - the first philosophy - whose objective is the theory of immobile 
and real being, immutable substance. 

But Aristotle does not content himself with the tutelage of metaphysics; his 
theory of abstraction also takes care to make a more concrete passage between 
the two natures, whose opposition he had so strongly underlined. The 
Aristotelian theory of abstraction-addition, which relates however not only to 
the relationship between mathematics and physics, establishes a reversible 
action that makes it possible to add or subtract determinations at leisure. 
Stripping a physical being of its matter and its mobility, I can also produce by 

17 



18 THE ENCHANTMENT OF THE VIRTUAL 

abstraction a mathematical being -- to which the geometer's wit will lend an 
existence - and then simply reintegrate this being into the order of physical 
natures, by restoring the determinations of which I had deprived it: this is the 
action of 'prothesis' or addition of determinations.4 The theory of abstraction
prothesis also makes it readily possible to break the ties with sensible matter, 
to forget about mobility, to opt for this or that mode of contemplation, to see 
without differentiating - at the price perhaps of the 'lending' of an existence -
a piece of sensible matter or a disembodied geometrical solid. 

But can one extract a part from a whole without leaving scars? Can one 
solder determinations back on at will? 

We have just touched on the weak point of the theory of abstraction: a 
certain casualness with regard to what makes it possible to attach or detach 
determinations. For to abstract is always to mutilate. Aristotle's sensible nature 
(hyle) is always part of a whole; abstraction removes a piece from the flesh of 
the sensible,S and this operation, always cruel, cannot be reduced to an inoffen
sive subtraction of determinations, which one can neutralize as and when one 
chooses. Anyone who has practised mathematics or the physical sciences a 
little cannot help but detect here a sleight of hand: is it so easy to 'begin' with 
a physical being, 'purify' it to turn it into a mathematical being and then 
'remake' it (blemish or enrichment?) into a physical being? One senses that the 
real existence of beings cannot be grafted on by a simple whim of the philo
sopher, for sensible matter is associated with cutouts of placed or inserted 
individuals; as for mathematical beings, their dignity as eternal and necessary 
beings seems above all a way of compensating for the extreme poverty of their 
determinations. Moreover, abstraction pushed to its limits presents us with a 
paradoxical situation: immobile substance, the object of metaphysics, would 
then be of the poorest content! 

It is easy to discover what places this strain on the theory of abstraction: its 
contempt for the gesture that made the determination possible. It seems that 
the theory of abstraction-prothesis exacerbates the opposition of the terms 
that it was supposed to bind back together. The shift becomes inevitable. 
Mathematical beings appear above all as impoverished physical beings, and 
the latter remain prisoners of the order of final causes: a moving body is moved 
according to the form that it should have and according to the place where it 
ought to remain. 

These shortcomings at least have the merit of drawing attention to two 
crucial points: 

- the principle of cutting out mathematical beings by thought, which allows 
them to be sheltered from the mobility of the world. Later we will show 
the creative force of this principle at work in the thought experiments of 
modern physics (chapters II and III);6 

- the characterization of the physical as sensible matter, a strong mixture 
of friskiness 7 and submission to the order of final causes. 
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Several questions then pose themselves: can one conceive of physico-mathe
matical beings that are not irremediably enslaved to the appetites of the world, 
without turning them into abstract figures reduced to existence by proxy? To 
answer these requirements, modern physico-mathematics has borrowed a good 
deal from Aristotle's famous definition: 'The fulfilment of what is potentially, 
is motion.'8 Motion, according to Aristotle, is the process of actualization of a 
potential form which cannot be reduced to the simple nostalgic yearning of a 
form in transit towards a higher form. For to reduce motion to an act is 
immediately to quench it: the moving has to be fulfilled in respect to power, 
since all motion is above all a seed of motion. It is precisely this patience in 
the fulfilment of the act that means that thought cannot rid itself of motion by 
assimilating it to a transition between states dictated by appetences. 

But neither is motion the passive waiting of a form. Motion is a way of 
knitting act and power together and, if potential is not reduced to the receiving 
of accidents, a thought of the metastable becomes possible: the melting of ice 
is not of ice that 'can' melt, but of ice that is 'really' in the process of melting; 
water is of course 'potential' in ice, but above all it actualizes itself there. 
Potential is what, in motion, allows the knotting together of an 'already' and 
a 'not yet'; it gives some reserve to the act, it is what ensures that act does not 
exhaust motion and, in giving some scope to the grasping of the motion, it 
respects and extols the latencies coiled in the bodies. That is why perfect motion 
must be understood as an indefinitely suspended actualization, dissipating no 
power and requiring no displacement (no 'local motion'): patient and sovereign, 
the mobility of the first motor does not draw attention to itself by eating 
up space. 

Potential - the particular patience attached to each moving body - is exactly 
the thing that evades the clutches of an abstraction that seized mobility from, 
or granted mobility to, beings. The thought of the potential does not siphon 
mobility off from the motor to the moved, it does not pour it from a full 
receptacle into an empty one. The motor and the moved are not two inert 
beings opposite one another, transmitting a quality; the moved is not the only 
one to change: the motor possesses the form, but can only act in the presence 
of the moved. The moved is awakened to mobility; there is a whole preparation 
of the moving body to the superior form and, at any rate, not just any form 
could imprint just any matter; the ass cannot learn, but the pupil, even an 
ignorant one, can. That is, moreover, what is at stake in learning: to create a 
kind of tension that answers to the particular call of the pupil. 

To learn or teach, to accord or cede mobility gradually to a body, is always 
to invent a new homogeneity - a potential - and to resist the expeditious 
processes of the 'transference of information'. 

2 ELASTIC AND DECISIVE VIRTUALITY 

In sensing that physico-mathematics was being played out at the level of an 
exchange of mobility and that there existed a kind of profound affinity between 
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the pupil who learns and the moving body that progressively receives degrees 
of velocities of Aristotle sketched out the path of another theory of 
abstraction, or another manner of cutting out by thought, which does not limit 
itself to making a 'prothesis' that can be adjusted at wilL Leibniz is certainly 
among those who have most profitably pondered Aristotle's discreet invitation; 
he was able to see in virtuality a means of combining act and power that was 
suited to answering the questions that were preoccupying him: 

- By what 'miracle' are mathematical beings, 'abstract' and immutable, 
linked to the determination of physical beings from 'Nature' which are 
subject to contingency and mobility? 

- How is one to reconcile multiplicity and magnitude? How is one to capture 
the physico-mathematical gesture? Can one grasp degree and quantity 
simultaneously? 

Virtuality invents and decides on a mode of elasticity; it prepares, cuts out 
and propels new plastic units. Virtuality awakens gestures: it solicits determina
tion, it does not snatch it. It is not the same as the range of the possibles, but 
allows for its decision and unfolding. Leibniz knew that there is an invitation 
in the virtual that escapes the philosopher who is in a hurry; to the latter, a 
block of unrefined marble and the statue that 'comes out' of it will seem 
strangers to one another, if he does not know the meditations of the Theophilus 
of the New Essays: it is hard to imagine that there are veins in the marble until 
one discovers them.9 

In a way, Avicenna had already brought virtuality into the world of bodies 
by distinguishing between the dimension that is actualized in length, width and 
depth (quantitas dimensionalis) and the indeterminate dimension (quantitas 
virtualis) that predisposes the unrefined matter to receive this or that determina
tion. The quantitas virtualis is therefore linked to the susceptibility of the matter 
to acquire extension and to become graspable in three dimensions, and is what 
gives it its character as a corporeal form (forma corporalis).l0 The quantitas 
virtualis is not a magnitude, but an experiment by which the metaphysician 
propels certain components of his own body towards the matter: he inscribes 
what we would today call a reference trihedron in each point of the fragment 
of matter whose motion he wishes to study. A coordination of this kind thus 
allows him to make sure at a distance of the 'solids' that are so many genuine 
rudimentary artificial bodies, which have since become identified with the 
object of classical mechanics. The quantitas virtualis is not an 'abstraction': it 
removes no determination. It poses the extended body as that which virtually 
gathers and coordinates the determinations of the quantitas dimensionalis. The 
latter can vary, but it is impossible to strip matter of an indeterminate dimen
sion, of one of its quantitates virtu ales, which neither deteriorate nor fade. 

This way of opening a field of investigation is characteristic of the virtual: 
controlling the diversity of the accidents of a substrate by introducing a subject 
- with a range sufficiently extensive and sufficiently elastic to unfold these 
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accidents in one go without exhausting itself in 'registering them simultaneously 
and successively'. 

Bear in mind that it is the quantitas virtualis that allows Aegidius to give a 
convincing solution to the theological problem of transubstantiation. If acci
dents can only be imagined embedded in a subject, then the independent 
existence of the colour of the bread and the wine, when these, as substance, 
become the body and blood of Christ, remains incomprehensible. But, if the 
accident is linked with only the capacity to adhere to a substrate, the Eucharist 
can be the object of a rational theology. To grasp this 'capacity', one should 
have to construct a device that splits the quantity in the quantitas virtualis and 
quantitas dimensionalis at the same time as articulating them, in such a way 
that the first is able to unfold the accidents of the second. It is thus that, to 
take account of the permanence of certain accidents (such as the degrees of 
condensation and rarefaction of fluids), Aegidiusll constructs a triptych 
(M, d, V) where M is the quantitas materiae (what we today call the mass), d 
the density and V the volume. 

The density d provides a hinge between the mass M and the volume V, the 
former enveloping the variations of the latter. Indeed, each piece of the triptych 
possesses a specific ontological status. Aegidius states: 

It should be understood that in the matter of the bread and the wine as 
well as in all earthly matter there are two quantities and two kinds of 
dimensions: determinate and indeterminate dimensions. For matter is so 
and so much and occupies such and such a volume. If it can be shown 
that it is not the same quantity by which matter is so and so much and 
by which it has such and such a volume, and, on the other hand, if we 
can state that the quantity in virtue of which matter is so and so much 
precedes the quantity in virtue of which it occupies such and such a volume 
and that in the first kind of quantity, as in a subject, the second kind of 
quantity is anchored, then it is easy.12 

As the relation (ratio) between two quantities, the density makes it possible 
to compensate for the variations of volume and to show the ontological 
precedence of the mass, which likewise can remain constant while unfolding 
different degrees of concentration. The distinction between 'dimensional' quan
tity and 'virtual' quantity leads therefore to the invention of a device that, 
making use of the elasticity gained by the introduction of an intensive quantity 
(the density in our example), provides itself with the means to articulate them 
by enveloping with one the variations of the other. 

It would not be exaggerated to hold that the discoveries of Avicenna and 
Aegidius threw down the foundations of a physico-mathematical project, the 
understanding of which has conditioned that of all of Western metaphysics 
since Descartes. 

The significance of this did not escape Leibniz: the devices for unfolding 
spectra must be an integral part of a mechanics that, because it does not 
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disregard potentialities, does not allow itself to be subordinated to geometry. 
Being elastic, mass gives some spring to things; one cannot simply swallow it 
up in a kinematics as Descartes did. This is probably what Leibniz most 
reproaches him for: having reduced the Galilean project to a description of 
impacts and transference of impulses. This project certainly had the ambition 
of conceiving the world of bodies as a geometric universum, but also, and before 
all else, of grasping in a single intuition the emergence of the concepts of 
geometry and that of the acts of material filling and connections of causality. 
This last requirement certainly does not imply quite the contrary - the 
elimination of all potentiality. It is nonetheless this that Descartes points to as 
carrying suspect 'metaphysical' connotations, because they are always suspected 
of not giving themselves up bound hand and foot to the clarity of the extension. 

To Descartes, who claims to grasp the physical being-in-the-world under the 
determinations of length, breadth and depth only, Leibniz responds that the 
bare size does not exist alone and that 'the points weigh nothing'. He does not 
accept that the quantity of motion is the sole determination that is 
not completely geometric, which actualizes itself when impacts occur. In fact, 
the impact is the privileged type of physical event in Cartesian mechanics, 
which denies the body all latent power of action and seems consumed by an 
impatience of actualization. Leibniz saw that the complete staging of mathemat
ical physics involved the construction of imposing infrastructures which could 
not help but implicate metaphysics. In particular, he is convinced that these 
notions of potentiality and of internal mobility, suitably interpreted, make it 
possible to conceive the profound identity between mathematics and physics 
without resort to the ontological subordination proposed by Aristotle. 

To give elasticity to mass, to assert its irreducible difference from geometric 
size, is to confer an ontological dignity on it and to associate it with the active 
potentiality of which Aristotle had already had an inkling. It is elasticity that 
gives spring to mass (which for Descartes is a simple factor of inertia) and that 
makes it possible for the Understanding to grasp the progressive reception of 
degrees of velocity. 

Is there any danger of this plasticity of mass 'sullying' the new mechanics? 
Is it not the corruptible wing of the edifice? Quite the opposite, for Leibniz 
states: 

Although I am convinced that everything is done mechanically in corporeal 
Nature, I nevertheless also believe that the very principles of mechanics, 
that is to say the first laws of motion, have a more sublime origin than 
pure mathematics can furnish ... There is in matter something other than 
the purely geometric, that is, than the extension and its alteration, and its 
bare alteration ... One realizes that some superior or metaphysical notion, 
that is, of substance, action and force, must be added; and these notions 
mean that everything that suffers an action must in turn act, and everything 
that acts must suffer some reaction ... I remain persuaded that all bodies 
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are naturally extended, and that there is no extension without body. 
Nonetheless, we must not confuse the notions of place, space or pure 
extension with the notion of substance, which, in addition to the extension, 
also contains the opposition, that is to say, the action and the reaction. 13 

It is not enough to dismiss Aristotle's definition as 'obscure and metaphysical'; 
it is necessary to acknowledge that it was able to see motion as a way of 
knitting act and power together: 

I had penetrated deeply into the land of the Scholastics, when mathematics 
and modern authors made me withdraw from it while I was still young. 
Their beautiful ways of explaining Nature mechanically charmed me, and 
with good reason I despised the method of those who use only forms or 
faculties of which nothing is understood. But later, after trying to explore 
the principles of mechanics itself in order to account for the laws of Nature 
which we learn from experience, I perceived that the sole consideration of 
extended mass was not enough but that it was necessary, in addition, to 
use the concept of force, which is fully intelligible, although it falls within 
the sphere of metaphysics. 14 

[T]he concept of forces or powers, ... for whose explanation I have set 
up a distinct science of dynamics, brings the strongest light to bear upon 
our understanding of the true concept of substance. Active force differs 
from the mere power familiar to the Schools, for the active power or 
faculty of the Scholastics is nothing but a close possibility of acting, which 
needs an external excitation or a stimulus, as it were, to be transferred 
into action. Active force, in contrast, contains a certain action or entelecheia 
and is thus midway between the faculty of acting and the action itself and 
involves a conatus. It is thus carried into action by itself and needs no 
help but only the removal of an impediment.15 

[The] whole nature of body does not consist solely in extension, that 
is to say in size, figure and motion, but that there must necessarily be 
recognized in it something which is related to souls and which is commonly 
called substantial form.16 

It is therefore a matter of radically extending the Galilean project: live force 
carries off the world of the boundary forms of pure geometry, above figures 
and identities, to meet the causal connections of the world of bodies. In Leibniz, 
a new type of mathematical being, the differential, escapes being trapped 
between identity and absolute otherness;17 its emergence is completely contem
poraneous with the idea of the live force element, which allows the conatus 
(acceleration) to be grasped prior to any impetuous actualization. The integral 
of the elements of live force makes it possible to connect the past of the body 
at the same time as enveloping its future: this is what permits the peculiarly 
physico-mathematical notion of the parametrage of trajectories. Quantity and 
extension have no power to act and are therefore not integral to the constitution 
of physical space. 
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The progressive acquisition of live force does not reduce the 'information' of 
the matter to the brute gain of impetus by impacts. This live force is not 
'geometric'; it does not suddenly appear from geometry through purely mathe
matical deductions; it is peculiarly physico-mathematical, in the sense that the 
causal connection that links the different instants (measured by the element of 
live force) is to be identified with the synthesis effected by the differential 
between the space attached to the instant t and the space attached to the 
instant t + Dt. 18 It is therefore necessary to rehabilitate this force, which the 
Cartesians wanted to get rid of too quickly, to assert its radical irreducibility 
to geometry, by articulating it with a theory of virtuality, and not to rest 
content with recording it as a 'fact', as Newtonians do. Leibniz, having read 
Newton's book, confided to Huygens his repugnance for this occult force 
embedded in things: 'I do not understand his conception of gravity or attraction. 
It would seem that, according to him, it is nothing but some incorporeal and 
inexplicable property.' 19 To this Huygens replied: 'Regarding what Mr Newton 
gives as the cause of the tidal ebb, I am not at all satisfied with it, nor with 
any of his other theories, which he bases on his principle of attraction, which 
seems absurd to me.'20 

As an 'incorporeal and inexplicable property', the force is thus frozen in a 
figure of pure exuberance, which claims finally to grasp motion unceasingly, 
at the same time as reserving for itself a part of inaccessible interiority concen
trated at its point of application; the force is always implanted in matter that 
is mysteriously endowed with forces. 21 

The Understanding always allows itself to be fooled by this burst of 'sincerity' 
from motion. Impatient to proceed, it sees to what is most urgent by propelling 
an arrow whose mission is to inject some activity into matters presented as 
'inert'. Matters thereby have some force, but a force paralysed into exteriority 
by the arrow, without regard for what Leibniz called the 'manner of opera
tion',22 which curiously brings it closer to the incorporeal properties of scholas
ticism. The force seems more 'real' and even 'truer' than the thing itself. The 
Understanding 'believes' in the force, but, when it botches up such a prothesis 
in order to have done with causality, it would settle too easily with the powers 
of acting of the matter. Although stuck into a point of the thing, the arrow 
exhausts itself in leaping outside it: ersatz of exteriority. In fleeing its point of 
application, it rejects all its intensity. 

F 

Figure 1 
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The force arrow would like to pass itself off for causality, but this label says 
too much and not enough: it never stops repelling itself. 

Extended space is no stranger to this realism offorce: interaction at a distance 
is a way of creating a symbiotic relationship between an inert spatial interval 
- a residue of vacuum between things - and an intensity freely given by the 
forces of attraction or repulsion. But in this swindle, the force allows itself to 
be swallowed up in the spatial. Leibniz recognized that it was a single motion 
that would fluidify space and desubstantiate force: to throw a bridge between 
space and action, it is necessary to promote the idea of a generalized elasticity 
that is applicable to things, figures, forces, distances and cutouts of substance 
by the Understanding. 

These are the ideas that led Leibniz to the notion of the spatium of monads. 
The spatium is not 'abstracted' from sensible reality. It is not an absolute space 
that externally determines material points, which, perhaps grouped in solids, 
only let themselves be apprehended as position-velocities. Monads are 'meta
physical points', thunderbolts from the Divinity and not states of things. They 
are without parts and do not interact materially: Leibniz likes to recall that 
'matter does not flit outside substances'. They are basically dis symmetrical and 
are not immersed in the spatium. The spatium contains no possible parts; it 
does not come from the abstraction of that which does have parts, but from 
an a priori relation between non-extended things. 

The constitution of the space of virtualities only in fact presupposes a law 
of coordination of the internal spontaneities of monads. This law (the principle 
of harmony) ensures each monad the greatest quantity of existence, and to 
conceive the spatium is to conceive the free unfolding of the internal forces' 
power of acting. Thus the conservation of the total quantity of live force is 
suggested by this principle and not by some induction or certified stability of 
substances. There are neither parts nor 'external constraints' for the spatium. 
The conditions of a problem are an integral part of its intelligibility and no 
longer set themselves up as impediments as soon as one attempts to see them 
as making possible the free unfolding of the virtualities unleashed by it. 

Leibniz continually denounces this way of thinking and its unfortunate 
obsession with separating the whole into parts, which makes us believe in the 
existence of 'external' forces. No interactions take place in the spatium, even if 
they are manifest in the extension. Interaction, part, the lack of rectitude, 
external impact: these are only the mutilated residues, projected into the clarity 
of the extension, of absolutely internal forces that can only be understood in 
the spatium by 'concrete physics', otherwise known as metaphysics. 

For this concrete physics, to define certain domains of the spatium is necessar
ily to bring into being an external 'constraint', which is the vestige of a totality 
whose internal cohesion has been broken and which has to be restored despite 
the partiality of the imagination. Thus, a force that is 'external' to a given 
system should be considered an 'internal' force in an appropriate, more ample 
system: there is a kind of materialization of the cutting out of a totality into 
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parts. Leibniz's concrete physics revolutionizes the theory of abstraction: the 
cutouts and subtractions it effects are no longer mere caprices of thought; 
the exteriority of a force is acknowledged as being associated with the mutilation 
of a whole. 

3 THE PRINCIPLE OF VIRTUAL VELOCITIES 

We are going to see how the principle of virtual velocities expounded by 
Lagrange responds to the wishes of Leibniz: 

- endowing the force with patience by finding, in the elasticity of a potential, 
a 'middle between power and action'; 

- demystifying the force by asserting the free unfolding of spontaneities and 
by accepting that which interacts, weighs or presses in the extension as 
constraints and conditions coming from certain partitions of the spatium; 

- the principle of virtual velocities establishes a free mechanics that no longer 
bows down before the partitions of the imagination, the 'diktats' of the 
spatial or the diversity of forces. 

For Fourier, a genuine 'philosophical' mechanics had at last just been born: 
'His principal work, the Analytical Mechanics, could as easily be called the 
Philosophical Mechanics, for it reduces all the laws of equilibrium and motion 
to a single principle.'23 Like Leibniz, Lagrange wants to examine forces when 
they are not hindered: 

In general, by force or power is understood whatever cause imparts or 
tends to impart motion to the body to which it is assumed to be applied, 
and it is also by the quantity of motion imparted, or ready to be imparted, 
that the force or power must express itself. In the state of equilibrium, the 
force has no actual effect; it produces only a simple tendency to motion; 
but it must always be measured by the effect that it would produce if it 
were not stopped.24 

A system of bodies being given, I can by thought endow it with imaginary 
fragments of mobility: virtual displacements. These displacements are by no 
means comparable to 'small' 'real' motions in the extension; as it were, they 
liberate the bodies from immersion in the spatial to transfigure them in mobile 
units of the spatium. 

Stated generally, the principle allows bodies to move about on top of one 
another, to distend and even not to respect the implicit or explicit liaisons of 
the systems that they are supposed to constitute. These displacements can stage 
all the powers of acting and oblige the mechanic to consider everything that a 
material system is capable of: to make one part slide on another, to set one 
mass apart from another and even to explode the system by thought by 
breaking this or that liaison. Limited to the static, the principle of virtual 
powers can be stated as follows: 'For a group of forces to hold a material 



THE ENCHANTMENT OF THE VIRTUAL 27 

Figure 2 

system in equilibrium, it is necessary and sufficient that any infinitely small 
virtual displacement imposed on the system make the sum of the virtual works 
of the forces take the value zero.' The statement therefore relates to the sum 
of the works of the forces: 

(1) 

(the bqi are the 'virtual' displacements). 
It is to be observed that the statement relates to the work of the forces and 

is therefore a notion that envelops them by relegating the points of application 
to the background. What is determining is the work or the power that we 
allow them to unfold in thought; it is in showing ourselves capable of evaluating 
the works developed by the mobilities with which we endow the bodies that 
we can deduce the equilibria and the 'real' motions. We have succeeded in 
making Aristotle's protheses concrete. 

It should also be emphasized that the terms b ~ = Fibqi of formula (1) bring 
two extensive quantities (b~ and bqJ and an intensive quantity (FJ into play. 
We can speak of a triptych: 

(bW, F, bq) (2) 

whose arrangement is absolutely identical to that of Aegidius' quantitas materiae 
(M, d, V). 

Here again, the unfolding of the physico-mathematical virtuality is achieved 
by dint of the intensity Fi which creates a hinge between b~ and bqi in such 
a way that b~ elastically envelops the variations of the parameter. 

It will come as no surprise if the magnitudes Fi are not necessarily forces in 
the ordinary sense and if the bqi are not necessarily distances. In fact, to know 
all the effects of the forces that act on the system, it is necessary and sufficient 
to know the expression of their virtual work and, to know this expression, it 
is necessary and sufficient to know the sizes Fi which can be called generalized 
forces. It will be noticed that the nature of a generalized force F depends on 
the nature of the variable q to which it relates, for the product F bq must always 
represent a work bW25 

In certain cases, the application of the principle of virtual works leads to the 
introduction of a potential function V(ql, q2' ... , qn) of the parameters, making 
it possible to envelop the totality of the actions of certain forces external to 
the system. 
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Generalized forces and potential allow a much more creative grasp of the 
equilibrium than that which confines itself to the purely static consideration of 
a parallelogram of forces. 26 With the principle of virtual powers, the fundamen
tal relation of the dynamic is established, as it was for the static, by reaching 
an equilibrium such that the virtual works i)Tt; of the 'generalized forces' Fi 
are compensated for by the works of the forces of inertia J i proceeding from 
accelerations. These last can be expressed in the form r. J;l5qi and, in the light 
of the foregoing, it is natural to name them generalized forces of inertia. The 
fundamental formula of the dynamic requires then that the sum of the two 
quantities b Tt't = r. Fi bqi and b Wz = r. J sbqs should equal zero for all the virtual 
displacements imposed on the system or, in other terms, that one has, at any 
moment: 

(3) 

These are the famous Lagrange equations, which state that at any moment 
the sum of the forces acting on the system and the sum of the forces of inertia 
would be capable of keeping the system in equilibrium in the very state in 
which it appears at this moment. It is easy to deduce from them the theorem 
of live forces: 'The work done, in a particular amount of time, by the real forces 
that solicit a system is equal to the increase undergone at the same time by 
the system's live force.' 

We are now in a position to appreciate the whole force of the principle of 
virtual velocities: by positioning himself straight off in the Liebnizian paradise 
of the spatium, that of the maximal displacement of the powers of acting, the 
mechanic can invent new devices of equilibrium and not let himself be subju
gated by the transcendence of 'real forces', which are external to the system. 
In the case of the dynamic, these forces could be compensated by forces of 
inertia; these new devices of equilibrium must therefore be sufficiently ample 
to allow the equivalence and exchange of mobilities belonging to a priori orders 
as radically heterogeneous as those of geometry and substance. 

We are now going to see how, in the wake of Leibniz, the principle makes 
it possible to grasp the forces external to a system of bodies as the scars of a 
mutilation of the spatium. 

More precisely, with the aid of the principle, the mechanic will be able to 

Figure 3 
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conceive of the forces external to a system L as the forces of liaison internal 
to a system L' which is more ample than He will also be able to bring them 
back at will by cutting out LI again in a suitable manner, which is then 
understood as the aggregate of L and other systems. Consider therefore two 
systems of bodies S 1 and S2' Let () ~ = L Ft 6q; (respectively b Trt2 = L FJ bqJ) 
be the virtual work of the forces that act on S1 (respectively S2)' 

The sum of these two works is naturally: 

(4) 

If, now, I constitute a system of bodies with those of S1 and S2 by juxtaposing 
them in such a way that some bodies of the first system find themselves in 
contact with some bodies of the second system, each virtual displacement of 
the resultant system will impose on the quantities q~ and qJ variations bq~ and 
bqJ, and on the acting forces a work: 

bW = b~ + bWz = L Ftbqf + L FJbqJ (5) 

But one will not always obtain a virtual displacement of the resultant system 
by combining just any virtual displacement of system 1 with just any virtual 
displacement of system 2: that was possible when each of the systems 1 and 2 
existed alone; but their combination may become impossible when systems 1 
and 2 are juxtaposed, because it would have the effect of bringing at the same 
time, to a single point of space, some bodies of system 1 and some bodies of 
system 2. 

The juxtaposition of systems 1 and 2 therefore imposes new restrictions on 
the displacements of each: new liaisons, and these liaisons do not leave the 
values that one can attribute by a virtual displacement to bqf and bqJ entirely 
arbitrary. They demand that these values confirm one or several equalities 
called equations of liaisons which take the form: 

(6) 

To the conditions of cancellation of the sum (5), one should therefore add 
the constraints given by (6); the elimination of the displacements bq~ and bqJ 
between the equations (5) and (6) brings into being new quantities Ab the 
so-called Lagrangian multipliers, the number of which is equal to that of the 
equations of liaison and which can be interpreted as forces of liaison. These 
are the forces that compel S1 and S2 to constitute a new system and which 
must naturally be considered as internal to the system I:. 

I can also cut the system L out again into S1 and S2 and decide to see them 
as autonomous wholes to which I could apply the principle of virtual velocities 
in the form given on page 27, provided I explicitly add on the virtual works 
of the forces of liaison ~ which are internal to L, but which are now conceived 
as forces external to S1 and S2' 

We can illustrate this double interpretation with some examples. 
Two bars A and B are articulated as shown in figure 4. 
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A B 

o 
Figure 4 

These bars can be imagined as being linked at 0 and at M. There are two 
equations of liaison, which give two Lagrangian multipliers. These quantities 
can be interpreted as the forces that compel the bars to respect their joinings. 
These bars can also be imagined as being 'free', but each being subject to the 
actions of forces At and A2 (A undergoes these actions at 0 and at M, B at 
M only). 

The multiplier method can also be applied to dynamic equilibria. Take the 
example of a trolley going down an inclined plane (see fig. 5). 
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Figure 5 

We can adopt the classical approach by considering the trolley as subject to 
two forces; gravity and the resistance of the ground, the resultant of which acts 
on the cart, which is as such subject to a kind of artificially reduced gravity (it 
was Galileo's clever trick to study the 'slowing down' of falling bodies). 

One could also imagine the 'free' trolley as subject to one force only (natural 
gravity), but compelled to follow the slope (the condition would here be written 
y = tgax). It would be easy to demonstrate that we thus find ourselves again 
with the equation given by the first approach. 

Let us now take a final example from Lagrange?7 This provides an elegant 
illustration of the way in which some concepts from mechanics (in this case 
pressure) are comparable to virtual cutouts. Consider a fluid in equilibrium 
(see fig. 6). 
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Separate by thought a part A from the rest of the fluid. The latter is now 
divided into two parts A and B separated by a single surface S. If it undergoes 
a virtual displacement which respects the cutout, the two parts A and B do not 
mingle; this displacement could therefore not result from just any displacement 
of part A, taken in isolation, in conjunction with just any displacement of part 
B, taken in isolation; for each of the two parts the contact constitutes a liaison. 

Keep the form and position of part A but empty out the fluid by thought, 
so that part A becomes a cavity. The fluid from part B, with the obstacle of 
contact with the fluid of part A removed, is no longer naturally in equilibrium 
and has a tendency to flow into the interior of the cavity. 

The multiplier method now makes it possible to show that it will be restored 
to equilibrium if a force that is normal to the surface S is applied to each 
element dS of the surface S, penetrating to the interior of the region A and of 
magnitude ndS, the factor n representing the hydrostatic pressure at this point. 

When the two fluid parts A and B are in contact, the hydrostatic pressure 
does not really act on either one; but if, by thought, one of them is suppressed 
so that the other is treated as if it alone existed, the hydrostatic pressure must 
be applied to this one to replace the obstacle that the other opposed to its 
motion. From this, Archimedes' theorem can be readily demonstrated. If a 
body lodges itself exactly in the cavity A, it will be subject to the action of the 
resultant of the forces of pressure, obviously equal and opposed to the weight 
of its volume of water since the fluid was initially in equilibrium. 

This game of amplification of the systems and cutouts at work in the 
application of· the principle of virtual velocities is reminiscent of that of abstrac
tion and prothesis (see I, 1), but, here, the cutouts and adjunctions are neither 
harmless nor arbitrary. Here we can find the means of dissipating the illusion 
of the irreducible exteriority of certain forces soliciting a system I: by thinking 
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of them as forces of liaison of a larger system LI (L, now considered as a 
part of LI, will be subject to contacts with the other parts). 

This is the great merit of Leibniz's meditations: to have shown us that the 
battle waged against the spatial was also a battle waged against the mechanical 
forces of interaction and that it could only be won by inventing the concept 
of spatium, which destroys any ultimate 'reality' of cutouts, in Nature as in 
thought. The force allows itself to be stripped of its mystery by showing itself 
clearly as a condition, part and parcel of the intelligibility of a system: it is 
born with the gesture which separates and links, and therefore becomes an 
articulation between an exterior and an interior. No longer is the force an 
arrow cleaving to a material point and continuously pushing it back; it embod
ies the effort of abstraction, the fact of giving itself the means of extracting this 
or that part, and does indeed participate in the concrete process of constituting 
a system. The force received from a 'head-on' hit is simply to be explained by 
a partial - in both senses of the word - point of view, which is merely the 
punishment of an impatient monad faced with processivity. 

This has repercussions well beyond the mechanism and establishes a new 
relationship between sensible and intelligible matter. Intelligible matter is no 
longer obtained by 'subtraction of determinations', but by a better capacity to 
grasp the 'veins in the marble' or the 'manner of operation'. The Leibnizian 
theory of the equivalence of abstraction and force awakens something akin to 
a sensible matter in geometry; geometric beings are not what remains when all 
individuation is ignored, instead they must be recognized as part of more ample 
physico-mathematical beings, which force us to reconsider the relationship 
between logical implication and real implication. 

4 CAUCHY AND POISSON'S VIRTUAL CUTOUTS 

We have just seen how virtuality prepares the ground for individuation and 
links force to a process of partialization, to a dotted-line cutout which reveals 
the vanity of all solidity by dissolving the given parts. Dotted lines bring the 
force to life because they constitute themselves against the figures which reduce 
it to a pure implantation or expulsion. 

Remember: Leibniz dreamed of a mechanics that would 'set points ablaze'. 
Less ambitious in their aims, Cauchy and Poisson succeeded, as we shall see, 
in such a way that the geometer would no longer be happy to indicate points 
without regard to their potential extraction. They at last provided an answer 
to the problem: how to make a sensible point out of a point. 

Naturally, I can 'give' myself a point by simply stating: 'Let Xo be such-and
such a real number taken to be on the straight line', or: 'Let A be such-and
such a point on the plane .. : This designation which 'gives' me the point leaves 
it with no option; I simply make it available to myself; I claim to exhaust it 
by this single designation; I 'point', I summon, but I mobilize nothing: the 
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extraction of this point would be a matter of total indifference to the 
around it. 

33 

The situation is completely different if, for I consider the fraction 

1 
f(x)=--

X-Xo 

If x tends towards xo,f(x) tends towards infinity (hereafter Xo is what mathema
ticians call a pole). Now the designation 'is problematic'; it is no longer a 
question of simply substituting the free letter Xo for the letter x: it would only 
produce an absurdity, for Xo can only be grasped as the inaccessible goal of a 
mobile point x; Xo is henceforth a pole that 'invites' infinity and this infinity 
can be mastered. This is Cauchy's great idea: to position oneself in the complex 
plane to get round the poles. 

Taken ingenuously as being 'on' a straight line, the point-pole is simply 'that 
which must not be bumped into'; infinity warns that something has to be 
incised to 'give a value' to f(x). 

x )( 
x 

------------~x~~~-----------
Figure 7 

But, in the complex plane, I can get round the obstacle (see fig. 7). 
This simple observation leads to Cauchy's residue calculus, the essential 

consequence of which can now be stated: let a domain D be encircled by a 
curve r (see fig. 8) and let a function be developable into a complete series in 
the vicinity of each point of this domain D. A point Po of D being given, the 
value of the function at this point is known as soon as the values of the function 
on the curve r are known. The choice of f on r echoes through the whole 
domain: this justifies the use of the term 'holomorphy'. 

This theorem allows an electrostatic formulation: Poisson's theorem, which 
is moreover valid for other dimensions: the electrostatic potential in a domain 
depends only on its values on the edge of this domain. 

We will only go over the crucial part of the demonstration which shows how 
far Cauchy and Poisson revolutionized the coarse conception of the point as 
a simple position established through designation. 
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D 

Figure 8 

How do we bring to life 'just any' point chosen in the interior of the 
domain D? 

If I am content merely to designate this point, I point an imaginary finger 
at the plane. The contours of the plane are naturally immaterial to this 
approach, which could be concerned with 'just any' other point. I can make 
this )ust any' singular by clearing a little space around Po. 

As in Lagrange's example, this consists in cutting out a part by thought and 
propelling oneself there, inventing a passage between an interior and exterior 
decided on by the geometer. The dimensions of the cavity are of little impor
tance: to complete the demonstration, it will in any case be necessary to make 
its radius tend towards zero. What is important here is for Po to make an 
opening in the plane and become the visible scar of the incision. That means 
that the edge of the small cavity has to enclose it completely. The choice of 
this 'just any' point is no longer an external prescription which designates such
and-such a point engulfed in the plane among others. With Po virtually installed 
at the heart of a niche, the plane is made flesh as it were; the careful geometer 
will see this point as soliciting an extraction which is in no way a matter of 
indifference to the domain D. 

We see a continuity of gestures sketching itself out here: give a point thickness 
and have it radiate out by extracting a small disc capable of revealing a 
geometric matter, of which it might almost be said that this 'negative transplant' 
makes it akin to Aristotle's sensible matter. 

We can now appreciate how far we have come: 

- we started out from the point conceived as a pure geometric figure, made 
individual by the arbitrary impact of the designating finger; 
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next, as a pole on the straight it resists all direct capture by producing 

-- as a pole in the plane, it shows a peculiar vigour: it is now that around 
which one can excavate and which can be given density. 

In expounding the theorem ofresidues, we observed that the curves bordering 
the domain D had to satisfy a certain condition. Specifically this condition is: 
the curve has to embrace the point Po once only. In a more complicated case 
- for example, that shown in figure 9 - we have to specify the number of loops 
actually completed by r around Po. 

r 

c 

Figure 9 

In this way the cutout of a small circle imposes a new plan of work on the 
geometer. By considering a point as a potential hole - a dotted-line hole, so to 
speak - the geometer has already propelled himself into another field of 
intuition: that of the numbers of embraces and deformations of contours. 

A mathematician familiar with the theory of residues no longer holds to the 
figure of this or that curve, but rather to the possibility of continuously 
deforming such-and-such a curve into such-and-such another. Such a curve 
can throw its loops out 'very far' from Po (see fig. 9), but it is no less deformable 
by stages into a small circle Co, which is done, moreover, avoiding the point 
Po - whereas the 'little' curve C, by looping a less extended field than r, cannot 
be deformed into Co avoiding Po. 
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The term 'residue' is flawed however because it leads to misunderstanding, 
for it is no means a of what space remains available to 
my action. The calculus of residues leads us to the antipodes of the trivial 
activities of marking and evaluating the congestion of space or the possibility 
of this or that motion. A spatial interval upsets no knowledge and solicits no 
dimension, it defines only a limit to my motion between the bodies. It refers 
only to a control of the possible places; the residue makes little of the extension 
and, by appropriating a 'having turned', captures a flick of the wrist, a modality 
of motion capable of stirring the vicinities of a point. 

In giving a point thickness, I thereby cause it to reverberate through the 
whole plane: this is the miracle of holomorphy. The designated, 'purely geomet
ric' point opposed itself coarsely to the plane as a whole; in detecting a more 
subtle duality between the whole and the part, the point, as a virtual cavity, 
introduces the geometer into a new landscape, almost against his will: the hole 
invites a number of turns and this number of turns articulates a point and 
families of loops. 

Cauchy and Poisson, of course, did not know about algebraic topology, but, 
by deciding to see a point as a provocation to extraction, they forged a 
discipline of the eye and hand that was capable of relegating the extensive 
plane to the wings and of evaluating the connivance between circuits that show 
no evident similarity. In their work, all the richness of elasticity and cutouts of 
the virtual is to be found: the venturing of a gesture that liberates a new plastic 
unit and that, provoking repercussions through a whole field, alludes to other 
gestures, which are however always detachable within a single horizon. 

The following chapter attempts to show specifically how virtuality and 
horizon are linked, by considering the presentation of the kinematic diagrams 
of the school of Paris and its application to the wave/particle duality. 
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theories of modern physics reactivate the Leibnizean idea of the association of differential and 
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indifference points. 
27 Lagrange, Mecanique anafytique, I, 7, pp. 173-201. 



II 

THE SCREEN, THE SPECTRUM AND THE PENDULUM 
Horizons of Acceleration and Deceleration 

We have to postulate that there is a screen in this dark room to receive 
the species, and that it is not uniform but is diversified by folds representing 
items of innate knowledge; and, what is more, that this screen or membrane, 
being under tension, has a kind of elasticity or active force ... This action 
would consist in certain vibrations or oscillations, like those we see when 
a cord under tension is plucked '" (G.W. Leibniz, New Essays on the 
Human Understanding, II, 12, 1) 

1 ORESME'S DIAGRAMS 

We saw (1,2) how the invention of the triptych quantitas materiae (M, d, V) 
gave a 'kind of resilience' to substances. 1 M, d, V are indeed three 'magnitudes', 
but are as it were articulated by the relation M = dV. Their complementarity 
must never be forgotten, even if it is not explained in the practice of calculation: 
the indeterminate quantity M - the 'enveloping amplitude' - is chosen because 
it is capable of enveloping the variations of the parameter V by means of the 
elasticity provided by the intensity d. 

We are going to show how such a device goes together with any emergence 
and unfolding of dimension by first of all analysing how some kinematician
philosophers of the School of Paris, Oresme in particular, were able to clarify 
through their diagrams what is at work in the relation L = VT and find a new 
angle of attack for the difficult problem of the motion of motion.2 In accordance 
with the scholastic tradition, it is necessary in motion to distinguish between 
the extensive point of view - the interval actually travelled, its duration in time 
- and the intensive point of view - that relating to its quickness or slowness 
(its 'lateness'). 

The diagrams given by Oresme in his De configuratione qualitatum succeed 
in creating a plastic unit capable of knitting the two points of view together. 
They appear as in figure I? 

The idea is very simple: a mobile subject manages to give extension to the 
quality of which it partakes (here velocity represented vertically) by travelling 
a certain distance during the unit of time. We see how clearly the diagram 
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underlines the distinction between extensive subject (horizontal) and intensive 
subject (vertical). 

The length is calculated as the area comprised between the line of the degrees 
and the line of the extended subject, and the different motions appear therefore 
as deformations of the standard rectangle (see fig. 1). 

One thing here is an immediate cause of surprise to the modern mathemati
cian, who would obviously have drawn a graph representing the time T on the 
x-axis and the length L on the y-axis, and who would certainly have avoided 
'seeing' this length as an area (see fig. 2). 

L 

L=VT 

T 

Figure 2 

The modern graph immediately seeks to focus all attention on the distance 
actually travelled by the moving body by reducing it to an output; such a 
quantity of time at such a velocity 'transmits' such a quantity of length and 
the relation L = VT is satisfied with making this bit of the x-axis 'correspond' 
with that bit of the y-axis, thus atrophying the horizontality of the x-axis and 
the verticality of the y-axis. 

The line can only represent a transit of foms, whereas the area has enough 
amplitude to envelop the units (here, T) of parameter already consumed by 
the spreading out of V By representing the length as an area, Oresme showed 
that he had succeeded in grasping intensities and extensions by means of a 
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single intuition, without departing from a tradition that carefully distin
guished them. 

It should be remembered that intensities are measured by degrees and are 
only susceptible of 'more or less'. Thus, St Thomas Aquinas states, with regard 
to the increase of intensities: 

In forms that intensify and extend, the growth and diminution have a 
manner of production which does not relate to the form itself considered 
in itself, but to the fact that the subject participates in them diversely. 
Now the perfection of a form may be considered in two ways: first, in 
respect of the form itself: second, in respect of the participation of the 
form by its subject. In so far as we consider the perfections of a form in 
respect of the form itself, the form is said to be little or great: for example, 
great or little health or science. But in so far as we consider the perfection 
of a form in respect of the participation thereof by the subject, it is said 
to be more or less: for example, more or less white or healthy.4 

In the case of motion, to measure a velocity is to measure how a subject 
participates in this motion, and St Thomas adds: 

A motion is augmented by everything that is added to it, be it in the form 
of the time it lasts, be it in the form of the path it takes; and however 
because of the unity of the goal, it is always the same species of motion. 
Nevertheless, a motion also grows in intensity according to the subject's 
participation, that is to say, in so far as the same motion can be produced 
more or less easily or promptly.s 

Intensities allow no such thing as an indifferent juxtaposition: they do not 
add themselves together: they arrange one another, they increase or lessen one 
another. A degree that is inferior to another is not included in the latter as a 
part might be in a whole: 

Therefore these increases [ of intensity] do not result from the addition of 
one form to another, but from the more or less perfect participation of 
the subject in a single forrn.6 

This very strict interpretation of the quality prohibits its dispersion in several 
subjects; a quality is as it were imprisoned in the subject and no addition can 
be made except by means of the bringing together of several subjects. 

Oresme's diagrams get round the difficulty by moving variable intensities 
along a line protracted in the subject.7 One can speak here of a regulated 
modulation of intensities, and it is a single plastic unit8 that grasps the velocities 
vertically - which are therefore more or less high - and the durations that are 
represented horizontally, the perpendicularity underlining here the opposition 
between intensive and extensive. Oresme has the following to say about his 
diagrams (see fig. 1): 

Hence such an intension is to be imagined by lines; and, most conveniently 
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and truly, by lines applied to the subject, which are erected perpendicularly 
to it. The consideration of these lines is of assistance and leads 
to the knowledge of any intension whatsoever ... Hence equal intensions 
are designated by equal lines, a double intension by a double line, and so 
continually in a proportional manner as we proceed.9 

Oresme's diagrams make the extension of the qualities possible: the subject 
is not in danger of being trapped between a pure verticality ('pure' intensity) 
and a pure horizontality: that of an already realized extension with no possi
bility of any further increase. By representing the length as an area, Oresme 
shows that this length envelops the mobile subject and avoids the dispersion 
of the qualities: 

The quantity of any linear quality at all is to be imagined by a surface 
whose longitude or base is a line protracted in some way in the subject ... 
And I understand by 'linear quality' the quality of some line in the subject 
'informed' with that quality. For that the quantity of such a quality can 
be imagined by a surface of this kind is obvious, because there can be 
found a surface relatable to that quantity, a surface equivalent in length 
or extension and whose altitude is similar to the intension. lO 

The length is not obtained only by putting standard measures end to end -
that would be a simple accumulation - but mobilizes itself and makes it obvious 
that a dimension emerges, heterogeneous to the time parameter. Moving a line 
above a mobile subject to sweep over a surface invites another type of operation 
than that of the simple juxtaposition of bits of space that have already been 
cut out: it would be better to speak here of a coalition of stripes generating 
this or that surface and realizing a device for summing degrees. In combining 
verticality and horizontality, these devices are not content just to 'give resilience' 
to extended space, but enable us to watch the progressive acquisition of degrees 
of velocity and even immediately to obtain significant results concerning the 
'uniformly deformed motions' without knowing any differential calculus, as 
figure 3 shows. 

Figure 3 

The kinematician-philosopher can thus cut out forms of motion obtained 
through continuous variations of the standard unit, that is, by the rectangle 
associated with uniform motion (see fig. 3). Such deformations provide access 
to the motion in motion, which is however strictly prohibited in Aristotle's 
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physics. ll We already know that the question of motion as such is a delicate 
one for a metaphysic of substance and we see all the advantages gained 
these diagrams, which are capable of presenting motion as a regulated unfolding 
of velocity, as a plastic and undivided unit through which a subject appro
priates space, 

It should be remembered that, for a scholastic, the measurement is a unit 
that makes it possible to know a quantity or a degree of intensity. It must 
above all be understood as an act of knowledge, as an articulation of a degree 
of intelligibility ~ here a more or less swift conquest of space by thought ~ and 
a rhythm of juxtaposition of parts extracted from a whole. For Oresme, as for 
us, to measure a velocity is of course to know the distance travelled in a unit 
of time, but it is above all to judge the more or less great perfection of the 
grasping of space and its explanation by a subject. 

The degree 1 of velocity (absolute mobility) seizes space in the blinking of 
an eye; as such space is given as infinitely compressed, absolutely vertical. It 
can also be given as completely extended: this is at the zero degree of velocity, 
and there is a whole continuum of degrees that unfolds between this degree 
(4c) and absolute mobility (4a). 

4b 4c 

Figure 4 

Before it is quantified according to the number of fixed markers that the 
moving body passes in the unit of time, the intuition of the 'more or less swift' 
attaches itself to a certain degree of virtual grasp of space, and this grasp in 
fact assumes no prior displacement of the subject. As a kinematician at Merton 
College, one of Oresme's predecessors, stresses: 'To every degree of velocity 
corresponds the distance that would be described assuming a movement at this 
degree.'12 

This is consistent with the idea that the comparison, the composition or, 
better, the coalition of several degrees implies a simultaneous grasp of these 
degrees, and this, within a single subject. One of the masters of the school of 
Paris has no hesitation in asserting that a successive presentation of the latter 
ruins all comparison: 

A given form of intensity includes several degrees of the same kind such 
as the preceding and the following degree; if the following degree, the 
precise means of distinguishing it from the preceding degree, is neither 
more perfect nor less perfect than the latter, if, on the contrary, one 
considers this degree as including in itself the inferior degree, as taken at 



THE SCREEN, THE SPECTRUM AND THE PENDULUM 43 

the same time as this inferior degree, it is more perfect than this weaker 
degree considered in isolationY 

There is even an effectivity of addition; for if there is indeed dispersion of 
two intensities applied in distinct subjects, their application in a single subject 
('at a single point' for Oresme) allows for their offensive coalition. Thus, the 
addition of tepidnesses becomes possible where the latter furnished the classic 
example that justified the rejection of all summing of intensities: 

When one adds one tepidness to another tepidness, these two faded heats 
remain in separate subjects, as before; thus the heat is not thereby aug
mented; but it would be increased if the addition of the two tepidnesses 
were made in the same subject. 14 

Moreover, it is not difficult to see that this is the condition for all intuition 
of the notion of acceleration: the comparison of degrees of velocity acquired 
by a single subject can only be made 'on the spot' at the same instant. The 
mechanic-geometer can endow this mobile subject with a more or less swift 
contemplation: in accelerating, this subject would see markers go past increas
ingly rapidly, the distance actually travelled being completely beside the point. 

Thus, two types of measurement are naturally associated with the addition
juxtapositions of extended units and the coalitions of degrees of velocity. In 
his commentary, Oresme takes care to distinguish between two terms for 'to 
measure': mensuratur and attenditur. Mensuratur is associated with an exhaus
tion through iteration. This is the purely quantitative measurement of a size 
corresponding to a spatial or temporal extension, which assesses therefore 
whether the motion is more or less big or more or less short. Measurement in 
the sense of attenditur aims to grasp the changes of velocity, the jumps from 
one degree to another, and therefore the gap that separates the 'deformities' 
and the unit of motion. 

Moreoever, Oresme emphasizes that these two intensive and extensive - or 
ontological and quantitative - measurements have two corresponding figura
tions. He first describes a 'horizontal' journey: 

How the acquisition of a quality is to be imagined. Succession in the 
acquisition of a quality can take place in two ways, according to extension 
and according to intension ... And so extensive acquisition of linear quality 
is to be imagined by the motion of a point flowing over that subject line, 
so that the part [of the line] traversed has the quality and the part not 
yet traversed has not the quality. Example: if point C were moved over 
line AB, whatever part was traversed by that point would be white and 
whatever was not yet traversed would not yet be white.1s 

The extensive journey is therefore assessed as it were by the contrast between 
a part that has already conquered by the quality and another, still virgin part. 
On the other hand, intensification can be imagined as the motion of a point 
rising continuously above the punctual subject. For example: let AB be the line 
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of the extensive subject, then the acqUIsItIOn of degrees corresponds to the 
ascension of the point (see figs 1 and 5). 

Oresme's diagrams' greatest merit is their success in articulating these two 
measurements, controlling their opposition and staging the principle that means 
that, in the corporeal order, ontological degrees and extensive sizes cooperate 
without becoming merged. Of course, this superposition necessitates the clear 
demonstration of an extension common to the two motions: here the length 
already travelled enables the quantitative comparison of the velocities of two 
mobile bodies, Ml and M 1 . We can say that VI> V; if during a unit of time 
the mobile body Ml covers Ll and the mobile body Ml covers Ll with Ll > L 1 . 

We have just seen that Oresme makes these inequalities clear by contrasting 
what has been travelled and what is yet to be travelled. This type of evidence 
would satisfy the surveyor, who is happy merely to evaluate how encumbered 
or otherwise spaces are and who knows only juxtapositions (ideal or 'real'). 
The ambition of the diagrams is of another kind altogether: by considering, in 
defiance of naive intuition, the length as an area, Oresme means to make it 
clear that it comprehends the parameter. It is not only that which is already 
dissipated in the extension, but above all that which makes it possible to give 
out the 'ontological' measurement by degrees and the 'quantitative' measure
ment by standard units by embracing in a single gesture the spreading out of 
the discrete units by consecution and the selection of a degree of the continuous 
spectrum of the velocities. 16 To consider the length as an area is to make clear 
that the cooperation of the two measurements involves the invention of a 
continuum capable of presenting as contemporaneous that which appears as 
already divided and that which asserts itself as an undivided entity. 

Let us call such a continuum the amplum,17 as Leibniz does. Leibniz shows 
that such an amplum allows us to understand two diverse quantities, which are 
'heterogeneous in principle', as 'translatable' the one into the other. To control 
this 'heterogeneity', he constructs diagrams that articulate two series, one of 
which (the 'appliquat') is presented as discrete and the other (the 'appliquant') 
as a family of degrees. This family is applied 'in composed reason'18 at each 
point in the discrete series, that is to say by following the order of the terms 
of the series and is represented by continuous lines in figure 6, which is a copy 
of Leibniz's diagram. 
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This diagram clearly marks the opposition between the discrete and ordered 
presentation of the appliquat (the 'patient') and the undivided arrows of the 
appliquant (the 'agent'), which ensure the perpendicular distribution of the 
intensities (of the 'action'). There is also a noticeable rebalancing of the roles, 
as it were: it is the patient that standardizes the order of the terms of the series, 
the unfolding of the degrees. The parallelism of the arrows avoids the dispersion 
of these degrees by limiting to a single gesture the distribution of what Leibniz 
calls the ductus 19 and which presents the amp/urn as a striated area, like a fascia 
of stripes. 

There is no exaggeration in speaking of an ordered compenetration of the 
two series of factors: the constant perpendicularity of the appliquat discourages 
any neutralization of the second by the first and therefore any dissemination 
of the degrees that would lead to their impotence. The stripe effect exerts a 
pressure in the same direction: by knitting together the discrete and the con
tinuous, it forbids the gaze any peaceful crossing of the amplum that would 
reduce it to a juxtaposition of parts. Leibniz's amp/urn, as a diagram of the 
'placing according to composed reason', as a striated area, makes it clear that 
the homogeneity must be won and that, far from resulting from a neutralization 
of the dimensions, it accompanies their emergence. This diagram, in the tradi
tion of Oresme, shows that 'the outline of one dimension in another is the real 
manifestation of mental multiplication'20 by coalescing two effectivities tradi
tionally opposed to one another: 

- an 'extensive' effectivity, exerted discretely in several subjects (the different 
points of the diagram); 

- an 'intensive' effectivity, affecting a unique subject by diffuse pressure. 

:::~~t~~s~~es-~-------7- -------

latitude / / 
subject 
vertical 
not extended 

striated area permitting 
contrasts 
= amplitude 
= extension 

enveloping --- p 

Figure 7 Virtual quantity/dimensional quantity 
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The diagram of amplum gives priority to the envelopment in its strategy of 
ordered unfolding of whose mathematical expression could be con-
densed into the formula (1): 

A = f I dp (1) 

where p is a parameter, I an intensity and A what we called at the outset an 
enveloping amplitude, The diagram of the amplum makes it clear that the 
integral sign S - for which Leibniz opted only after long hesitations21 - has to 
be,understood as an unfolding, that is to say as an enveloping contemporaneous 
with a fibration. The triptych (A, I, p) is a hinge: it opens a dimension at the 
same time as closing it. 

The sign S is not an 'abbreviation' that designates the approximated summing 
up of the amplum by 'little rectangles'; rather it is because it unfolds that it can 
be related to such approximations. One will therefore not be surprised to 
encounter such diagrams and formulae in the exposition of a physics that does 
not confine itself to drawing up a simple record of the fact of diversity. 

Hence, energy can be defined as: 

W= f F dl (2) 

or, diagrammatically, as in figure 8: 

1 I xxxxxxxxxx 
Figure 8 

The latter is obtained as the 'composed reason' of the journey along a path 
and of a force applied at each point.22 

The end of this chapter and the commentary on Grassmann's 
Ausdehnungslehre (given in chapter IV) will allow us to demonstrate yet more 
clearly the repercussions of the diagram of the amplum and the gesture of 
integral envelopment that it made possible. 

The preceding examples might easily lead us to think that the articulation 
(A, I, p) can be expressed by a statement of the kind 'p "gives" A "because of" 
I'. One would 'begin' from the parameter p to obtain A; there would be a kind 
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of 'natural' transitivity from p to A represented by: 

I 
p~A 
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But this mechanical cliche overlooks that the cutout of the triptych is precisely 
the condition of this transitivity, which, afterwards, seems self-evident. The 
parameter is by no means the point of departure, the 'obvious source' from 
which A flows, as in a function; the ensuing example, borrowed from thermo
dynamics, shows that the envelopment does not necessarily 'follow' from the 
parameter. 

In the relation dS = bQjT (where bQ is a variation of quantity of heat, T the 
temperature and dS the variation of entropy), we 'begin' from bQ, which, when 
divided by T, will 'give' the variation at the parameter S. Here, the envelopment 
by the quantity of heat seems rather to precede the intuitive grasp of the 
parameter S, whose unit is not at all revealed by sensible cliches and, in this 
particular case, the perpendicularity decided by the triptych (Q, T, S) seems to 
'descend' from Q to S. 

In its strategy of breaking with mechanical cliches, modern physics has 
recognized that the undivided character of the amplum triptych (A, I, p) and 
the promotion of the envelopment (permitted by A) played a crucial role. To 
grasp spectra of variation, it first positions itself in an amplum of paths, fields 
and even universes23 and strives to discern the most determinable fold of this 
amplum. As we shall see at the end of the chapter, the amplum permits an 
individuation obtained by promotion of the singular - an 'optical' individuation 
- and not by totalization of previously cut-out parts. 

2 SPECTRA AND HORIZONS: RESTRAINED RELATIVITY AS 
PERSPECTIVE PROJECTION OF ORESME'S DIAGRAMS 

We are forewarned: tepidnesses coalesce only in a single subject and, to be 
effective, the degrees can only be distinguished by remaining as it were enshrined 
in their spectrum; one could not appropriate them by removing them like the 
petals of a flower: it is necessary to find a device that unfolds them as contempo
raneous elements. 

This is particularly relevant to the degrees of velocity: a velocity taken on 
its own has little to tell us, but a range or fan of velocities prepares the intuition 
much better for a leap. This is why it is not enough simply to take an inventory 
of Oresme's rectangles which corresponds to the various degrees of velocity. 
Between them there exists a kind of connection that precedes the determination 
of this one or that one. The velocities should not be added up like rulers placed 
end to end, but should be grasped in the way that a single subject would unfold 
them in thought in order to inspect a space more or less promptly. We should 
therefore speak of the spectrum of the velocities and, in this spectrum, the 
maximal degree (the degree 1 of velocities) (see fig. 4) clearly plays a very 
particular role:24 
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-- it subordinates to all the other degrees, which exist only through 
their proximity to it; it therefore functions as the central piece of the 
'ontological measurement'; 

- this situation, which is prominent in the hierarchy of the degrees model 
of perfection), forbids all assimilation to an extensive unit (of length or 
time, for example) whose choice is arbitrary: the degree 1 of velocity is 
that at which all distinction between time and space is revealed to be 
impossible. 

It is this degree that opens and closes the amplum (the 'space-time') and the 
distinction between time and space is possible only for bodies capable of rest 
(non-zero masses). 

To render the coalition of the velocities diagrammatically, it is not enough 
just to associate a rectangle that is simply 'bigger' than the others to the first 
degree (see fig. 9a), rather it is necessary to make it an operator of perspective 
projection (see fig. 9b). 

Figure 9 Perspective projection of Oresme's diagrams 

We have seen how each of Oresme's rectangles managed to give extension 
to a degree of velocity, by considering the length as opened out by the moving 
body: the area-length summed together lines of velocity and made clear the 
connection with the mobile subject (see figs 5 and 8). If we now want the 
unfolding of the spectrum of the velocities and the coalition of the degrees to 
jump out at us, we must make ourselves capable of a contemplation that takes 
in all the diagrams in one go and makes the subordination of the imperfect 
degrees to the degree 1 patent and creative. 

The degree 1 thus appears as 'inaccessible' from an inferior degree, but above 
all as the degree that surreptitiously controls all the explorations carried out 
to a given degree. By stealing away like a mirage from any observer who would 
try to fix it opposite him like an 'object', by giving itself as 'asymptotic' for all 
imperfect degrees, the degree 1 firmly establishes itself as the degree where it 
is expressly required to position oneself right off if one wishes to embrace all 
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degrees in single look. The degree 1 of the velocities must therefore function 
as a horizon in Oresme's diagrams: this is probably the central intuition of 
relativity. 

We have already been able to judge everything that was gained by these 
diagrams that combined envelopment and perpendicularity and how the pre
conception of a space simply constructed by juxtaposition of dead extension 
found itself destroyed. No length without velocity! To this dogma of the 
kinematician-philosophers, the perspective projection of Oresme's rectangles 
echoes in reply: no space without depth, without appeal to the discernment, 
without the power to envelop things! 

Now, the effect of perspective resounds for the spectrum of velocities as 
depth does for the degrees of removal from a painting where 'the space that 
one imagines overflows on all sides the space represented, the finitude itself of 
the painting making the infinity of space and its continuity perceptible.'25 

vanishing point point of view vanishing point 

Figure 10 

- As horizon of velocities, it remains hopelessly 'asymptotic' for material 
bodies, even where indefinitely accelerated. It is therefore 'really' inaccessi
ble, but the degrees of velocity seem no less carried off by a motion of 
generalized engulfment. This is the result of the compactijication of perspec
tive (the 'finitude' on which Panofsky insists). 

- This compactification domesticates the inaccessible: to decide on a horizon 
is to make oneself master of the units oflength associated with the different 
lines of distance (here, to decide on a degree 1 of velocities is to dominate 
discretely all the developments of intensity permitted by Oresme's diagrams 
and to distribute them in a single range before any journey has been 
completed). 

But this contemplation could not be mutilated by reducing it to a look that 
disregarded horizontality and contented itself with merely sweeping from 
bottom to top over the degrees of a scale. The obliquity that gives the effect 
of depth in a painting is achieved by a regulated knitting together of verticality 
and horizontality?6 Everything rests on the manner in which a degree of 
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removal and an apparent diminution of the standard measure of length are 
articulated: perspective can therefore be understood as a compensating device 
between a virtual leap from one distance line to another and a virtual con
traction of the associated standard measures" Obliquity decides on a pact 
between the vertical and the horizontal; it obliges the eye to arrange juxtaposi
tions in a scale and therefore to give a height to an iteration. 

But for all that, there is no question of sacrificing horizontality, and this is 
what the great masters of perspective had grasped so completely in often having 
horizontal motifs like tiles at their disposal at the 'base' of their paintings. 
These were a reminder that the degrees of removal from a painting cannot be 
glided over like the degrees of a thermometer but compel the eye to accept the 
patience of the oblique; one must saturate oneself with the degrees of removal 
without ever letting oneself be trapped by verticality or horizontality alone, 
and everything that can be contemplated by a simple raising of the look or by 
a lateral inspection only wrecks the depth. 

We know that the horizon is the location of the subordination points of all 
similarities, the central axis of a balancing game between vertical and horizontal 
which contains them all. Is a device as powerful as this not in danger of merging 
all the degrees into a single one? No, because the degree 1 is not a common 
denominator of these degrees but the hinge that distinguishes them by unfolding 
them; the compactification of the similarities distinguishes between them much 
better than their presentation one by one. 

Note well that the 'metric', dependent on a neutral observer dedicated to 
measuring the intervals between things, the distances from point to point, can 
only be the arbiter of a combat that has already been won by the spatial. To 
this defeat of the metric, it is necessary to oppose the victory of the 'projective' 
- that of the horizon that teaches thought to overturn all the finite degrees of 
removal. With the horizon, the infinite at last finds a coupling place with the 
finite. Its absence ruins the creative homogeneity provided by depth. This 
homogeneity is by no means the same as an averaging operation. Remember 
that the latter attempts to neutralize after the fact the disparity of a collection 
of objects by producing a standard measure whose iteration exhausts this 
collection extensively. It is exactly this type of operation that is demanded by 
the finitude that has been divorced from infinity. It requires a homogeneity 
that does away with relief - albeit a relief as derisory as that of a set of 
differences - and with time makes all things equal. The finite, isolated from the 
infinite, remains blind and clenched on the illusory guarantee of the one-to
one. Finitude fetishizes iteration: it naively clings to a manipulable unit and 
would thus become intoxicated with concreteness while forgetting that it surren
ders itself bound hand and foot to the demands of the successive, which gives 
it no respite: it endlessly covets the next + 1. It will see one, two, three ... n 
poplars, but will never manage a row of poplars (see fig. 12a),n 

For a row, mutilated from the horizon that unfolded the similarity, immedi
ately breaks up into one, two, n poplars and so on (see fig. 12b): the poplars 
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Figure 12 Poplars 

are at once too diverse and too identical and, engaged in such a calculation, 
one soon finds oneself hoping for a 'true difference', forever hounded beyond 
the finite: there lies the frustration of the indefinite, a false infinite. 

An iteration deprived of horizon must give up making use of the envelopment 
of things,28 and, as figure 12b shows, by truncating the oblique, one tips quickly 
into the triviality of the juxtaposition and the transportation of units. 

We could, of course, go to check 'on site' that the segments are not 'really' 
at the same distance, but, without a horizon, no device alludes to it. The situation 
is identical for the line of people in figure 13: the eye positioned at 0 observes 
only an apparent equality of size between HI, ... , Hn- Naturally it is enough to 
move the eye a little to dissolve the illusion of this equality which was obtained 
from a random position and which obviously does not institute the grasp of 
any new dimension. These examples illustrate the miracle of the perspective 
projection, capable of unfolding similarities, without spatial displacement and 
prior to any submission to an etiquette of verification. The joining of the finite 
and the infinite provided by the horizon invites more a pivoting than a transfer 
or deduction. This joining up does not measure the distance that remains 
between things, but invites the degrees of removal, always suggested as only 
virtually distinct, to distend. 

This subtle device, which loathes the easy victories of the equalities or 
differences that are taken for granted, nonetheless demands, to interfere in the 
envelopment of things, a sharp cutout. Any timidity in deciding the horizon 
tips the infinite into an indefinite. Furthermore, this indefinite also contaminates 
the finitude, which, when it is simply placed beside the infinite, ignores the 
discipline of the oblique and breaks up, still nursing the hope of recapturing 
its foundation - the infinite - which always steals a little further away. This is 
why, in the indefinite, everything 'finishes' by being the same thing: these are 
the 'distances', and these 'distances' sometimes venture as far as the foreground, 
a bit like wandering ghosts from the infinite that was not neatly decided one 
way or another. 

It is therefore necessary, in order to refuse any concession to the indefinite 
and to appropriate a geometric infinite, to decide the horizon, by saturating 
oneself with the discipline of discernment that it proposes and which makes 
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Figure 13 

the infinite shine in every finite thing. Whether it is a question of a landscape 
or of a domain of knowledge, the obliquity given out by the horizon imposes 
a fragile but implacable norm, which, by setting right the figures of finitude 
(iterations, transits, logical chains ... ), establishes a precious hinge between the 
sparkle of the 'metaphorical' and the already domesticated rational. Remember 
how Leibniz mastered the ductus by the regulated exposure of the degrees. The 
metaphorical leap produces generous clusters of unusual significations (the 
'dazzling tissue of metaphors' of which Jacques Lacan talked); they spread out 
well beyond familiar referents, but only to burn out and 'fall back' rapidly into 
the accepted literal meaning, if they have not been able to provide themselves 
with a horizon that opens a field, a continuum of degrees, between the illusion 
of a transparent reading and what looks as if it will never be within reach 
because it maintains all these 'reaches'. This field, which governs the distribution 
of the degrees of discernment, takes over from the metaphor, which, as soon 
as it no longer grasps two ideas in one, succumbs to the gravitational pull of 
ordinary language and allows itself to be divided into two doubtful significa
tions. The horizon therefore rescues the cluster of the impertinences of metaphor 
by preparing a protocol that folds it out or closes it back up like a fan or 
range of degrees. This protocol guides a more patient approach to the unarticu
lated and, although it is never reduced to a formal policy, no less clearly 
prescribes a field of experiment, as the examples in chapters IV and V show. 

The horizon makes it possible to venture into the turbulent space where 
science, art and philosophy brush against one another without merging. This 
space is naturally much fought over and the obliquity and cohesion of a field 
of intensities are at once won against the density of the figural and its lateral 
pressures and against the discrete sequences of the discursive. The horizon of 
a landscape or of a domain of knowledge leads to an articulated contemplation 
of the field that reveals that what hollows out the degrees of discernment is 
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also what joins up the standard measures of length or the units of signification. 
The horizon opens the field of all that, virtually, is within reach, capable of 
being deduced, filled, but that evades all these gestures that it nonetheless 
sustains. One cannot extract the horizon from the 'projective' without mutilat
ing the field-fan's capacity of unfolding. The horizon is not 'accessible', but 
adheres no less to the grasp that it inaugurates and controls: it is as unremitting 
as Bluebeard's key. 

Jean-Toussaint Desanti says quite rightly that it is 'implicit and co-posited'.29 
The horizon is neither a boundary marker that prohibits or solicits trans
gression, nor a barrier drawn in a dotted line across the sky. Once it has been 
decided, one always carries one's horizon away with one. This is the exasperat
ing side of the horizon: corrosive like the visible, tenacious like a smell, compro
mising like touch, it does not dress things up with appearances, but impregnates 
everything that we are resolved to grasp. 

Any detailed inspection of a landscape or of a domain of knowledge presup
poses a survey, and the horizon is what endows caution with some style. If this 
survey were reduced merely to prescribing a 'horizontal' reading and a 'vertical' 
reading, it would lead only to a fixed stratification. The survey induces an axis 
of distribution of the mobilities that reactivate knowledge: the strata become 
a field, whose exploration implies a norm of virtual grasp of the statements. 
This norm never offers itself up placidly for analysis and always evades anyone 
who would seek it 'on the near or far side' of the horizon that controls it. Its 
withdrawal is always painful and is paid for by a 'metaphorical' dislocation of 
the field or by its reduction to significant networks subordinated to a code. 

The implicit pressure of the horizon is like the scar of a gesture, since it is a 
gesture that has been able to establish a delicate pact between the lateral 
pressures of the image tending to fuse the degrees and the forces aiming to 
explode the axes into significant units. This pact is not nothing: it is perhaps 
one of the keys to the preparation, always allied to a process of learning (see 
1,2), but the horizon-scar is always implicit to give some latitude to a protocol 
of allusions that must never congeal into abbreviations. There is indeed an 
availability of the horizon; it is never that of the computable; it pinpoints and 
organizes stratagems of compression of deductive chains; it even ventures, as 
we shall see, to utter 'principles' which, if they are not yet 'axioms', do not 
discipline fewer fields of experiments. This availability is, of course, to be 
compared with the horizon of velocities, which, because it is not tainted by 
any particular finite degree, can unfold virtually all the degrees of discernment 
of time and of space, all the hinges which, in the same motion, distend the 
degrees and join up the standard units of length or time. The availability 
invented by the horizon is indeed that of the fan which offers an elastic refuge 
to the intensities: one can thus, as one chooses, liberate them or put them in 
reserve. This is what allows metaphors to come to life again and distances to 
offer themselves as depth. The fan is not available like a thing: a fist that closes 
about it only crumples it. Its ambition is of quite another kind: it aspires to 
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regulate an pvr"~"11n by articulating a resolution into a notion and a resolution 
into an extension. 

The horizon orchestrates as it were a subversion of the finitude where each 
part is endowed with an elasticity that invites it to overflow itself and to 
promote a unity that is more that of a class of tangibles (or that of the rainbow) 
than that of the parcel. 

We see to what extent the sovereign and elastic horizon walks hand in hand 
with the virtual and partakes of some of the characteristics of a type of effect
ivity that can excite propulsions, dilatations: in short, audacious thought 
experiments. 

This is why Einstein decided to position himself right away at the horizon 
of the velocities by perching on a photon,30 thereby renewing a scholastic 
tradition which asserted a maximal degree of perfection, even if this meant 
eroding it towards the infinitely obscure: the zero degree (see figs 14 and 19). 
This is perhaps the central intuition of restricted relativity and the operation, 
asserting that what holds for the degrees of removal also holds for the degrees 
of velocity. 

zero 
mass 

mass 
at rest 

Figure 14 

v = 1 

v 

v=o 

Unfolding of the spectrum of the velocities from the 'groundline' 

Thus, the velocities can be contemplated solidly in a spectrum like the 
different distance lines of a painting. But we know that the compact grasp 
sanctioned by the perspective projection is only achieved by resolute positioning 
at the horizon of the velocities: failing to propel himself there straight off, the 
physicist, who accelerates in his mind to reach a very high but finite velocity, 
remains a prisoner of the cliches of mechanics and obstinately persists in 
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'catching up' with the horizon without ever seeing himself at the horizon. For 
the horizon plays crucial role: it provokes and controls thought experiments. 
A thought experiment does not set out to predict a fact or to transform this 
or that object, but rather to stage the physicist himself grappling with his 
mental habits, and above all to lay bare the imagery that he uses when he 
claims to be merely 'commenting on' or 'verbalizing' the operative power that 
is supposed to be buried in the calculations. 

We know that Einstein liked to imagine himself being dragged along in a 
chariot at the speed of light or totally isolated in a lift: to have shown that 
there is no innocence of intuition is certainly one of his most decisive contribu
tions to the community of physicists. Among the cliches peddled by classical 
mechanics, the self-evidence of solidity was undoubtedly one of the most 
tenacious, and the whole of the elastic capacity of the horizon-hinge was 
necessary to dissolve it and to mould parts and segments from the same clay. 
The velocity horizon destroys the pretension of any standard measure subordi
nated to it; this is Lorentz's famous contraction. Thus, just as depth betrays 
the collusion between the apparent size of an object and the distance of 
observation, so the existence of a velocity horizon, of a degree 1 of the grasps 
of space, explodes the arbitrariness and 'naturalness' of the standard measures 
of length and of the juxtapositions associated with them: an observer associates 
the number -vT=1? with a ruler passing in front of him at the velocity v if he 
'already knows that it is identical to a ruler of length 1 placed motionless 
opposite him', Lorentz's contraction must be understood as a thought experi
ment that allows the ruler-standard measure to take on the whole interval of 
values between 0 and 1: '1' is no longer a unit but the extremity of a spectrum. 

We are ready to tackle the third stage of this progress by diagrams which 
leads to the revelation of the duality between the grasp of a natural body as a 
particle and its grasp as a wave. In the first stage, Oresme's diagramming of 
motion allowed it to be cut out as the plastic unit of three gestures and made 
a figural approach possible. Then, in the second phase, the perspective projec
tions of these diagrams led to the invention of the specific elasticity that allowed 
their insertion in a spectrum opened out from a horizon. Each kinematic 
diagram is articulated with mechanics, thanks to Galileo's experiment, which 
consists of attaining, for every degree of velocity, a situation where mechanics 
is indistinguishable from pure kinematics and described by the principle of 
inertia: 'In the absence of any external force, a body continues to move straight 
ahead at a uniform speed.' 

Let's call this fictitious hinge between mechanics and geometry the ruler of 
mass. The ruler of no mass - the horizon - therefore unfolds all the rulers of 
mass that embody the degrees of distinction between time and space, from that 
of the 'groundline', fixed by a mass at rest and therefore not zero, to that where 
they are indistinguishable?1 Note, and this is very important for what follows, 
that the datum of a mass abstracted from mobility is therefore equivalent to 
the intuition of a radical alienation between time and space and defines an 
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infinite degree of distinction between the latter, whereas a zero mass is associ
ated with a zero degree of distinction, We know that the horizon, in 
degrees of elasticity, functions like a powerful balancer of intuitive cliches: it 
makes all velocities pivot The intuition associated with an indefinite accelera
tion allows only a partial neutralization of the cliche of the juxtaposed rulers, 
of 'invariable length'; it confines itself to joining them up externally by having 
them file past faster and faster. Lorentz's contraction manages to vanquish 
the cliche. 

We are now going to see, in the third stage, how de Broglie takes Einstein 
at his word: to be positioned right away at the velocity horizon is to have the 
photon (a zero mass) within reach. But what about non-nil masses? And if rest 
were only a cliche? It is de Broglie's genius to have seen that the logic of 
Planck's and Einstein's prescriptions led to making rest itself problematic by 
understanding it as a horizon, by unfolding that which seems the most 'given' 
from that which looks as though it is inaccessible. 

3 EINSTEIN AND DE BROGLIE: TWO SYMMETRICAL FANS 

We know that Oresme's diagrams assessed velocity by contrasting a region 
that had already been visited by a moving body with another that had yet to 
be explored. These diagrams therefore privilege a spatial cliche: that of an 
infinity of markers taken to be already placed at an equal distance from one 
another and fixed in relation to an observer. For the latter, the associated 
diagram by Minkowski (we have chosen an origin of time figured with a dotted 
line) presents space-time as if striped with verticals. 

Note that if this system is now animated by a velocity v in relation to the 

x 
space 

Figure 15 
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observer, the lines of the diagram become oblique and a time interval arises 
from the continuum. 

Figure 16 makes it possible to follow closeJy the progressive acquisition of 
degrees of velocity which corresponds to the folding back of the angle on the 
diagonal A. A 'finite' velocity (O:s;; v < 1) does therefore correspond to a degree 
of distinction between time and space. Note that this degree is maximal when 
the moving body is of zero velocity, the angle n being then a right angle. In 
this situation, 'space-time' is only a 'pure space', completely subject to the 
cliche of juxtaposed rulers for eternity?2 
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Figure 16 

The strength of Minkowski's diagram is in the way it captures velocity as 
an angle, thus making visible the pivoting of velocities around their horizon. 
In making 'pure space' commonplace as a perpendicular, velocity no longer 
appears as what is missing in order to avoid the cliche of the fixed markers: 
the intuition of an 'infinite' velocity (it would be better to say 'indefinite') 
detects the weakness of an intuition which, too weak to cut out the degree 1, 
exhausts itself in doing away with space by remaining prisoner of a groundline 
that it could not 'open' and in having the markers file past 'faster and faster'. 

That is why it is better to 'set out' from the diagonal A, open the angle n 
progressively and thus reveal the progressive spreading out between the sections 
of pure space (t = ete) and the sections of pure time (x = ete). The diagram of 
the moving body at rest thus appears like a boundary diagram symmetrical 
with the situation of the completely closed angle (degree 1). By letting velocity 
open out like an angle, we give it 'two sides' and discourage any temptation 
to see it as merely claiming to abolish a spatial intervaL 

To make the symmetry of time and space at the kinematic level where he 
places himself still more patent, de Broglie decides to give himself a pure 
'periodic phenomenon', that is to say, to switch the roles of time and space in 
the preceding diagram. Space-time is now striped with horizontals. 
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Space-time is reduced to pure time, to a cyclical universe that traverses 
'states' and permutes phases without spatial distinction. 

Let's suppose now that this 'periodic phenomenon' moves at the velocity v 
in relation to the observer: the 'bevelled edge' closes up and a length appears. 
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Figure 18 

This time, space is the parameter and time is what we have called the 
enveloping amplitude (see II,l). With the markers of figure 15, we hadjolded33 

space-time in the 'direction of space'. We have just folded the latter in the 
'direction of time' to obtain an interval of space ),(v), but this length is not 
'real'; it is not obtained by actually moving a material standard measure along 
a body. This length is associated with what physicists call the phase velocity 
of a wave. This velocity is that of an imaginary observer moving in such a way 
that the system always appears to him in the same state?4 De Broglie shows 
that this phase velocity (which we denote as V) is equal to l/v and therefore 
greater than 1. An optical 'index' n(v) = I/V can be made to correspond to it. 
Since V = (I/V) > 1, n(v) is comprised between 0 and 1; this index is fictitious 
and is not linked to the passage across a 'real' material environment. 

The diagram in figure 19 unfolds the spectrum of phase velocities, which is 
also that of the degrees of distinction of time and space. 

We observe that the mass at rest is 'reached' for an infinite value of the 
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velocity V This is the same as considering as a horizon the cyclical universe 
associated by the observer with the 'periodic phenomenon' which is at rest in 
relation to himself. A reading of the preceding diagram shows that the placidity 
of the intuitions linked with this phenomenon at rest is not at all self-evident 
for an observer-wave, always on the move, who, to reach it starting from the 
standard wave (v = V = 1) ~ which corresponds for him with a 'natural' indistin
guishability between time and space ~ will have to 'spread himself out' indefinitely 
(I/V = V = 00) to position himself in the 'rest' (see fig. 4). (In terms of angle, 
the perpendicularity of diagram 16 is at the horizon of the spectrum of variation 
of V) 

De Broglie gives an example that illustrates the virtual spatial distinction 
that arises when the 'periodic phenomenon' is set in motion in relation to the 
observer. 

Consider a system of springs oscillating in phase in relation to which we are 
immobile. This situation is defined by the diagram (fig. 17) and its horizontal 
stripes. The system appears 'given in a single piece' to us and we associate with 
it the image of a myriad identical springs vibrating in unison. For us space~ 
time is just a large clock and the system offers up no spatial difference from 
which a unit of length could be cut out. 

But if the system is set in motion ~ if the scissor-blades of figure 18 close up 
~ the springs no longer appear to us as all vibrating in phase. We can distinguish 
the lines of identical phase and decide to see wave motions sketching themselves 
out. These wave motions are not 'real'; we have to as it were print them 
virtually in a space and de Broglie indeed specifies that they are not to be 
confused with an appearance. The streaks of diagram 18, which are henceforth 
oblique, correspond to the different returns of the system into the same state 
and we can, through a game of intersections, associate it with an interval in 
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our space-time35 The system of springs in phase and immobile imprisoned 
In a rhythm. it seems to be made iridescent 

whose number of crests per metre it is 'natural' to count, as Oresme's 
measured the number of markers passed per second. 

De Broglie's great merit consists in his having understood that at the essen
tially kinematic level where he placed himself he would not establish the 
wave/particle duality by misleading simple analogies, induced by considering 
waves that are 'real, existing in nature', in a contingent manner, and that the 
new physics must give its attention to the intuitive grasps themselves: the phase 
wave is not a tangible or causal cliche, associated with the actual transit of 
form or energy (waves in water, shock waves, electromagnetic waves or 
others ... )?6 

Nor was it a question for him of relying on a 'certain analogy' linking the 
principles of Maupertuis - 'a particle deploys the minimum of action in crossing 
its trajectory' - and of Fermat - 'light crosses material media in a minimal 
time'. Indeed, it is easy to see that, if light were composed of particles to which 
Maupertuis' principle could be bluntly applied, the passage from a medium 1, 
of index n1 , to a medium 2, of index 112 (with 112 > I1d, would make the rays 
diverge, which contradicts the laws of refraction (see fig. 20). 

light particle 

Figure 20 

The crude analogy with real media (whose indices are superior to the unit) 
leads to an impasse and therefore brings out an opposition between the corpus
cular point of view and the undulatory point of view. Experience understood 
as a stark confrontation with 'reality' decides in favour of the undulatory point 
of view championed by Fresnel. 

To reconcile the two points of view, it is necessary to consider fictitious 
waves, velocities and indices, implying no causality. To break the cliche of wave 
motions crossing real media, de Broglie revives Galileo's bold stroke; to con
ceive the common emergence of geometry and mechanics, Galileo had come 
up with the famous thought experiment of the trolley descending an increasingly 
shallow slope. In this fiction, the 'external' forces die out gradually. Galileo 
succeeds in putting parentheses around the materiality of the world and the 
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causalities associated with it We know that this scenario cleared the way for 
the statement of the of inertia Descartes. De Broglie recognized 
that if, in the vacuum, in the absence of all forces, a pure quantity of motion 

a 'ruler of mass', a means of purging mechanics to the utmost point 
to join it up with geometry, in the same way a rigorously monochromatic 
wave, existing from all eternity, is not dispersed - as a particle is not deflected 
in the absence of force - and asserts itself as that which can grasp the common 
emergence of optics and geometry. Naturally, the parameters of this wave 
(frequency, wave length, etc) are directly calculable from those of a ruler of 
mass, without reference to any external medium transcending the problem 
posed. 

In privileging time as parameter, we posited the unit form for all motions: 
uniform rectilinear motion (Galileo's 'massive ruler'), which made it possible 
to measure force as the cause of a greater or lesser deviation in relation to this 
canonical form. By taking space as parameter, the phase wave asserts itself as 
the unit form for vibrations. 

This is Aristotle's revenge on Galileo! Classical mechanics had discharged 
uniform circular motion from its dignified position as standard measure; hence
forth, thanks to the periodic phenomena associated with a moving body by 
the procedures formulated by de Broglie, the circle finds a new ontological 
dignity. As a figure of the cyclic, it implies no real trajectory: it is, one might 
say, the unit form of vibrations. By deforming Galileo's rulers of mass, we can 
obtain all the motions of classical mechanics and equally, by modulating its 
oscillators, we can in principle respond to all the problems posed by wave 
mechanics. 

We have just seen that the association of an oscillator and a ruler of mass 
in no way depends on a figural analogy abstracted from the experience of 'real' 
media. No more could it be calculated from the principles of analytical mechan
ics (Planck's introduction of oscillators for the photon is already a revolutionary 
stroke). We have already sensed that this association is played at the level of 
diagrams and the grasp of the unfoldings of degrees that they authorize. 

Let's go back to the perspective projection diagrams of the velocities of the 
moving body v and the phase velocities V = l/v (see figs 14 and 19). 

In juxtaposing these two diagrams, it becomes patent that the unfolding of 
the spectrum of rulers of mass can be superposed symmetrically with the 
unfolding of the spectrum of oscillators (perfect chromatic wave). 

This superposition is possible while respecting the hierarchy of degrees of v 
and of V It is easy to see that the relativistic composition of the velocities of 
the moving body is also that of the phase velocities. In particular, the horizon 
of punctual velocities superposes itself on that of phase velocities (mass at rest). 
This diagrammatic isomorphism aims at a deeper field than that of 'structures' 
or functional relations. It makes flagrant the proximity of boundary experiments 
which, by raising themselves beyond the causalities and dispersions that affect 
mundane mobility, makes it possible to propose, for each degree of discernment 
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of the spatio-temporal, a truce between geometry and mechanics and a truce 
between geometry and optics. Thus it is the horizon which, in providing a 
hinge between what must be called diagrammatic experiments,37 controls them 
by unfolding a common elasticity: that of the wave-particle. 

We saw how Einstein smashed the inaccessible character of the degree 1 of 
velocities. By recognizing the mass at rest as a horizon by means of an 'infinite' 
velocity, de Broglie renews the scholastic tradition which posited a maximal 
degree (= degree 1) and then shaded off to the infinitely obscure (the zero 
degree). Like Einstein, de Broglie understood the whole elastic force of the 
horizon and its capacity to unfold and to compress at will. The landscape of 
physics is henceforth turned on its head: the velocity of light is no longer the 
asymptote that evades all material grasp and the mass at rest is no longer 
naively palpable, made available, there, in front of me, by a self-evident intuition. 
Einstein, in perching on a photon, and de Broglie, in sending the mass at rest 
'infinitely far', daringly offered two thought experiments whose repercussions 
cannot be overestimated. 

4 INDIVIDUATION BY IMPACT AND INDIVIDUATION 
BY ELECTION 

Geometry and optics had gone hand in hand for a long time before Galileo 
imagined the boundary experiment of the inclined plane and conceived the 
diagram of the rulers of mass (see fig. 14) which articulates mechanics and 
geometry by making explicit the line where they merge and from which they 
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bifurcate. The mechanical point of view privileges the impact of individual 
solids and the of forces. Leibniz's succeeded in giving 
certain elasticity to mechanical contemplation, but the latter remains a prisoner 
of the spatial cliche of the fixed markers and, to liberate the powers of acting 
of bodies, must content itself with accelerating individuals at rest indefinitely. 
It would like to be able to dissolve completely (at least in thought) the tenacious 
intuition of the juxtaposition of standard measures of length - by going past 
them 'infinitely quickly' - to reach this paradise where time and space are 
indistinguishable and which seems to hold the secret of mechanical individua
tion. We know that it was necessary to wait for the dawn of the twentieth 
century for mechanics to risk looking the infinite in the face, cutting out its 
horizon and mastering the device of articulated contemplation which unfolds it. 
For optics, its rival, all that had been 'natural' for nearly ten centuries. For 
there exists a sovereign elasticity of intuitions dispensed by light: optics does 
not 'begin' from already given units to then exhaust itself in endowing them 
with some flexibility, in making asymptotically a statistical continuum which 
is always far removed from the perfect plenitude of a spectrum. 

This is no doubt why, at the horizon of perfection of forms, scholastic 
optician-philosophers placed pure, indeterminate light (lux), principle of all 
the distinctions. But it was radiated light (lumen) that awakened the active 
potentialities of matter, and all bodies, including the most humble, partook of 
the luminous. With AI-Kindi, Grosseteste and Bacon, optics is thought of as 
physico-mathematical; they state a principle of correspondence between the 
figures of geometry (straight lines, angles, similarity) and the modes of rectilinear 
propagation (reflected, refracted, diffracted ... ).38 Pure light does not fear the 
infinite: simple, undivided, it never dissolves into the indefinite and adheres 
resolutely to its horizon - that which Grosseteste had recognized as the begin
ning of forms: 

Light, in fact, spreads out from itself in all directions, in such a way that, 
from a luminous point, a luminous sphere, of any size, is instantaneously 
generated, unless it is blocked by something opaque. Now, corporeality is 
what has as a necessary consequence the extension of matter in three 
dimensions ... Light is not therefore a form that results from corporeality, 
it is itself corporeality ... In truth, light is, of all corporeal things, that 
which has a more worthy, noble and excellent essence; it is, more than all 
other bodies, assimilable to the separate forms that are the intelligences. 
Light is therefore the first corporeal form ... 

For if light, by the infinite plurification of itself, gives extension to matter 
[in such a way as to constitute it] in dimension of two cubits, then, by 
doubling this infinite plurification, it gives extension to matter in dimension 
of four cubits.39 

By diffraction the plasticity of lux finally makes generous multiplication 
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possible- a 'plurification' ~- which does not exhaust itself in collating the debris
units of a fallen totality_ This plurification makes it possible to give matter 
extension, to confront actual infinites and even to have an effect on them: 

It is possible that an infinite collection of numbers may be tied proportion
ally to an infinite confluence according to all numerical [relationships] 
and also according to all non-numerical [relationships]. And there are 
infinites that are greater than other infinites and infinites that are smaller 
than others. 

The collection of all numbers, odd as well as even, is infinite; and it is 
therefore greater than the collection of all even numbers, which is nonethe
less infinite. For it exceeds it by the collection of all odd numbers. 

Furthermore, the collection of continually doubled numbers beginning 
with the unit is infinite; and in the same way the collection of all the halves 
corresponding to these doubles is infinite ... And it is clear that the same 
is true for all kinds of numerical proportion, since the infinite can be 
linked proportionally to the infinite according to anyone of these 
proportions.40 

This plenitude dispensed by the lux and manifested by the diffraction of the 
lumen never allows itself to be corrupted by the indefinite, and that is why it 
is so fascinating. Bouncing and caressing, it lets materialities shine; it does not 
mark them in the way that a stamp imprints wax. Wave sends out wavelets, 
then others and, much better than the material point, takes up the motion 
itself of intelligibility by distinguishing through sheens, marks and halos much 
more than through contrasts. 

Classical mechanics and geometry might well begrudge the lux two privileges: 
to be already positioned at the horizon of forms and to individuate patiently 
degree by degree by giving free rein to the play of caustics41 and deflections. 

\r 
PI 

P2 

~~p 
stationary inflexion 

a b 

Figure 22 

Consider the points P1 and P2 in figure 22. 
The 'singular' character of these points cannot be captured by a simple 
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external designation, but must be grasped by the very motion of the look. This 
point makes no contrast - like an isolated point in a plane - but patiently 
prepares for its detection, and this is why such 'remarkable' points always keep 
in their definition something of the motion that brings them closer and of the 
look that, by delaying more or less, was able to pay attention to them and 
awaken potentialities. 

This distinguishes the points PI and P2 from ordinary points like P, which 
can be reached in two completely independent manners. One can follow the 
curve with one's finger and designate P as the point that marks the contrast 
between what has been covered and what remains to be covered; one can also 
let a straight line slide parallel to itself - which is equivalent to absorbing the 
look in a constant direction - until b becomes simply 'touching' (tangential) 
to the curve. With an ordinary point, the hand that draws completely ignores 
the look that envelops. The situation is different for a stationary point like PI 
or a point of inflexion like P2 ; the deflection of the line echoes the pausing of 
the look, the motions of the hand and eye become entangled there. 

Stationary points or points of inflexion are therefore those which problema
tize the 'natural' functional correspondence between the point running along 
its trajectory and the tangent that envelops. Among all the points of the curve, 
the singular points are therefore elected as those where envelopment by the 
look is not equivalent to a contrast and forces us to respect the specificity of 
optical individuation. The latter is able to be patient and is aware of the vanity 
of claiming to isolate this or that colour from a rainbow or to extract this or 
that singular point from a spectrum: it is better to allow the most determinable 
to be elected by discovering a device capable of opening out all virtualities, and 
this is why light introduces the principles of stationary determination from 
the outset. 

In order to distinguish this or that individual, these principles do not allow 
themselves to be guided by simple contrasts or by crude quantitive inequalities, 
proceeding from partitions or manipulations of already accomplished individ
uals, which reduce measurement to a balance sheet of which one hopes it will 
be able to gather them into a presentable totality. The principles of stationary 
determination do not hesitate to meddle in the very process of individuation, 
as the two following statements, coming respectively from Fermat and 
Feynman, show: 

- 'Among all the rays proceeding from the point A and compelled to pass 
through B, there is one that accomplishes the journey in a minimum time 
and this is the path actually followed by light .. .' 

- 'No path is privileged a priori, they constitute a continuum where they 
are virtually equivalent. A photon proceeding from A and absorbed into 
B can take any trajectory of this continuum, but the probability of maximal 
location is the segment that joins A to B.'42 

These two statements, in particular Feynman's, which introduces the method 
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Figure 23 

of the 'integral of the paths', show that the stationary principles are always 
subject to 'formal integrals of amplitude' or 'amplum integrals' given by formulae 
of the type: 

a = f e~L~~ dy (3) 

Notice immediately that the integral sign J does not always refer to a 
rigorously defined mathematical being, but to the envelopment of all the paths 
of a continuum D subjected to certain constraints (for instance, all of the paths 
passing by A and B in the case of the preceding statements), The 'amplum 
integrals' should not be understood as a calculation technique or as the balance 
sheet of the juxtaposition of all the paths of D; they accomplish and finish the 
lineage of Ores me's diagrams by linking it to a principle of optical individuation 
which first of all envelops, to determine afterwards,43 

In (3), the term L(y) is not an ordinary function but a triptych (L, J, y) 
obtained by moving Oresme's intensity J along a path (see fig. 24). 

y 

L (y) = S I dt 

B 

y 

A 

Figure 24 

Naturally, L(y) varies when y is deformed, and it is precisely this variation 
that is going to allow the 'ordinary' paths to be distinguished from the singular 
paths: for an ordinary 'individual' y, any virtual disturbance by of y induces on 
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L(y) a variation of the same order. In this case one can therefore compare the 
triptych (L, I, y) and the relationship between and with a 'function', with 
a simple conveyance of form from a transmitter individual to a receiver indivi
dual, with no 'preparation' (in the sense of 'preparation of the moving body', 
see chapter I, p. 19). The relationship between y and L(y) is such that the 
variation of one of the terms can be assessed from the variation of the other. 
There is a transparency of the relationship between the 'cause' - the form of y 
- and the effect - L(y) - which is indifferent to the constraints of the domain 
D. The transitive and reciprocal character of the relationship that links y to 
L(y) is that of naive 'determinism'. The 'singular' individuals yare those whose 
virtual disturbances do not induce a variation of L of the same order. These 
'stationary' individuals are therefore those that discourage any reversible func
tional grasp of the type 'the one gives the other' - of the triptych (L, J, y). 
Moreover, their existence and their determination are analytically bound up 
with the constraints of the domain D.44 

Let's return now to the 'integral' (3). It is possible to show that it is precisely 
the 'stationary' individuals that provide a significant contribution to (3). We 
therefore now see the interest of this type of integral: to select certain singular 
modes of exposition of degrees (of certain 'journeys of Oresme'), ignoring the 
ordinary modes (,functional' triptychs). The selection of these modes is not an 
arbitrary external designation: the integral (3) is constructed to give a certain 
'naturalness' to the emergence of the singular 'journeys of Oresme', which seem 
to sketch themselves out with the self-evidence of the folds of Leibniz's 
membrane. 

We have already been able to observe the great allusive power of the 
perspective projection of Oresme's diagrams; the integral of the paths (3) is a 
still more redoubtable stratagem, which acutely links the conditions that define 
the domain D ('pass by points A and B' in the case of Feynman's statement) 
and the election by folds of certain individuals in optical D. 

These folds are as natural and artificial as allusions of depth can be. Nature 
certainly makes generous, thoughtless provision of scales, spectra of variations 
and intervals of degrees that are as many guides for our journey over Being, 
but these precious hinges are mixed Up.45 It is necessary - and with what 
difficulties! - to construct devices of separation and liaison which deliver 
independent parametrages and also assure us of the mastery of entire families 
of individuals and the power to plough at will the domains of variation which 
regroup them. It is thus that, by a retrospective illusion, we are tempted to 
conceive a stratified 'model' of the natural amp/urn, wisely divided into strata 
of triptychs which with perseverance one would finally exhaust. 

But the example of the stationary point of figure 22 shows the naivete of the 
cursory hand or look. We have also already emphasized that the singular 
triptychs that are distinguished by the method of the integral of the paths are 
those that cannot be reduced to a functional tautology and that therefore 
prohibit any stratified reading of the amp/urn, any reduction of its unfolding to 
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a parametric 'follow-up', to a 'natural' journey that would ignore the conditions 
that define the domain D. 

The amp/urn integral (3) is adjusted in such a way that the conditions 
associated with D become creative in exerting maximal influence over certain 
remarkable individuals. These individuals are elected because they solicit and 
assert themselves as obligatory stages of our journey through Being. Here, the 
singular claims its rights: the dualities between what is determined and what 
determines, between the conditions of unfolding and the actualizations, are 
abolished to the profit of a coupled resonance accounted for very well by the 
mathematical theory of the drum: the modes of vibration (the 'spectrum') give 
information about the form of the drum (the conditions which define D).46 

It would even be tempting to say that certain modes appear capable of 
creating their own condition of existence by looping around themselves. Interest 
in the integrals of amplum, contemporary physics no longer limiting its ambition 
to stockpiling spectra of variations and stratifying a body of knowledge, but 
aiming to grasp as closely as possible the gestures that liberate triptychs that 
unfold and compress: these will come as no surprise. 

The crucial role played by envelopment should be emphasized: it functions 
like a 'horizon' that controls a field of intuitions, and does so almost always 
before the rigorously expressed mathematical definition of the type of (3) 
emerges. The amplum integral captures an experiment of individuation which 
envelops in order to determine, and this gesture supersedes in ontological 
dignity the summing of already accomplished individuals. It is not a question 
of seeking to totalize the diversity of the real or of 'deducing' individuals from 
the horizon-amplum, but of cutting out the continuum (of trajectories, but also 
of spaces, of metrics and of multiplicities of all kinds) so that the constraints 
echo in the most perfect way in the form of creative virtualities and so that 
one thus ensures the 'natural' selection of individuals that are increasingly 
capable of secreting their own condition of existence. 

This is why de Broglie's meditation on the analogy of Fermat's and 
Maupertuis's principles has such far-reaching consequences, well beyond its 
stakes in physics. In subordinating optical individuation and mechanical indi
viduation to a common horizon, he succeeded (with Planck and Einstein) in 
overcoming the rivalry of the two poles which, for nearly two centuries, had 
been fighting over the direction of the project of the scientific grasp of the 
being-in-the-world: 

- a 'horizontal' pole, which fragments and realizes processes; 
- an allusive, vertical spectral pole, the privileged field of exercise for 

virtuality. 

That is why two different rhythms underpin the 'history of ideas': the one, 
completely discontinuous, of 'ruptures', 'paradigms' and their refutations, and 
the other of the problematic latencies that are always available for reactivation 
and full of treasures for those who can reawaken them. 
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NOTES 

1 We prefer the term 'triptych' to that of 'triplet'. 'Triplet' belongs to the technical vocabulary of set 
theory: it is an ordered collection of three elements. 'Triplet' only refers implicity to a process of 
orientation, which it hurries to open out. 'Triptych' is a three-panelled painting and explicitly 
suggests hinges. To speak of a 'triptych' (amplitude, intensity, parameter) is to emphasize the articula
tion and the undivided character, whereas the 'triplet' concentrates the attention only on the rule 
that associates the statement )i, then B, then C' and the symbol (A, B, C). 
2 For all the notions and concepts used in this chapter the reader can refer to the Cambridge History 
of Later Medieval Philosophy (Cambridge University Press, 1982). 
3 We follow M. Clagett, The Science of Mechanics in the Middle Ages (University of Wisconsin Press, 
1959),347-70, for the text and diagrams of the configurations of qualities. 

Remember that Oresme (ca. 1325-1382) was bishop of Lisieux. We are indebted to him for works 
of popular science and on kinematics (the Commentaire aux livres du ciel et du monde) and an 
important treatise on money (De mutationibus monetarum). 

On these questions, see P. Duhem, Etudes sur Leonard de Vinci (Paris, 1909-13), 3 vols; and 
A. Maier, An der Grenze von Scholastik und Naturwissenschaft (Rome, 1952), and Die Probleme der 
intensiven Grosse (Rome, 1939). 
4 St Thomas Aquinas, Summa Theologica, I-II, question 52, article 1. 
5 Ibid. 
6 Ibid. 
7 We are following here the Latin text given by M. Clagett: ' ... seu basis est linea in subiecto quasi 
protracta .. .' (The Science of Mechanics in the Middle Ages, p. 371). 
8 It is necessary to distinguish between 'unity' as the character of what is one (for instance, of a living 
body or a work of art) and 'unit' as a means of measuring sizes of the same basic type (metre, 
kilogram, pound, etc). 
9 Clagett, p. 348. 
10 Ibid., p. 350. 
11 Aristotle, Physics, V, 225 b 16-226 a 22. B. Besnier, in a paper given at Cerisy (Colloque 
Rationalite et objectivite, chaired by J. Petitot, September 1988), showed that for Aristotle there 
could be neither motion of motion, nor change of change. In fact, it would be necessary for the 
change of type 1, acted upon by the change of type 2, to be capable of furnishing it with a substrate 
that would undergo the change while itself remaining unaltered. 

The modulation of intensity saves the Merton College authors and Oresme from being trapped 
between motion and rest. The truth of motion is in its elasticity, and this is why Leibniz so often 
insists on considering rest as motion that is infinitely slow. 
12 Richard Swineshead: 'To every degree of velocity (i.e., qualitative or instantaneous velocity), there 
corresponds a lineal distance which would be described, assuming a movement throughout the time 
at this degree' (quoted by M. Clagett, The Science of Mathematics in the Middle Ages, p. 214). 
13 Quoted from the Questions of Jean Le Chanoine by P. Duhem (Etudes sur Leonard de Vinci, 
p.343). 
14 Geoffrey of Ockham, ibid., p. 342. Remember the classical argument against such addition: one 
never obtains hot by juxtaposing tepidnesses. 
15 Clagett, The Science of Mechanics in the Middle Ages, p. 357. 
16 Continuous in the scholastic sense, where no part is distinguished in action. 
17 G.W. Leibniz, 'Initia rerum mathematicarum metaphysica', Leibnizens mathematische Schriften 
(M), Gerhardt, vol. VII, p. 19: )implum est ultimatum terminatum extensum.' There is a plenitude, a 
creative homogeneity about the amplum: 'Similarity is recognized on the basis of their boundaries; 
thus, since a solid is something more than what can be a boundary, it is internally everywhere 
similar.' The amplum is a space of deformation where things that 'are not homogeneous ... can pass 
into one another by continuous change.' It creates homogeneity by distributing similarity and 
makes the cooperation of the dimensions possible: 'The dimensions are diverse quantities, hetero
geneous in principle, which can be understood as protracted in each other.' 
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18 'An application of several elements of a series to several elements or another series, applied in an 
ordered manner, is the quantity obtained by associating with each element in a series an element of 
the other' (Leibniz, 'Dynamica de Potentia', 1, I, 3, 1'.1, VII, pp, 307-19), 
19 The ductus comes into the 'Dynamica de potentia' a great deal and can be imagined as a discipline 
of line that defines a protocol of encounter between two disparate series, It is this that distributes 
the homogeneity that will make the functional grasp of the emergence of another dimension possible, 
20 Leibniz, 'Initia »:, M, VII, p, 34, 
21 F. Cajori, History of Mathematical Notations (Chicago, 1952), 
22 One can naturally associate analogous diagrams with the impulse p = f v dm and with the action 
a= f p dl. 
23 See notably, in modern cosmology, Everett's theory of competing worlds and Hawking's universal 
wave: J, Hartle and S,W, Hawking, Phys, Rev" 1983, D 28 2960; S,W, Hawking, Houches conference 
(1983), c. De Witt (ed,) (New York: Addison-Wesley, 1984), 

On the theory of competing worlds, see R Everett, Rev, Mod. Phys., 1957 (29), 454; B.S. De Witt 
and N. Graham, The Many-Worlds Interpretation of Quantum Mechanics (Princeton: Princeton 
University Press, 1973). 
24 On maximal degrees, see M. Clagett, 'Richard Swineshead and Late Medieval Physics', Osiris, 
1950, vol. 9, pp. 142-61. 
25 E. Panofsky, La Perspective commeforme symbolique (Paris: Minuit, 1975), 138. 
26 See G. Guillaume, Langage et Science du langage, Montreal, 1973, on the fundamental character 
of the split between verticality and horizontality; in particular p. 186: 'The mechanism to which the 
hnman spirit obeys in the case in point is that of an operative, constructive longitude and of resulting 
latitudes marking the state of advancement of the constructive operation engaged and developed 
in longitude.' 
27 On the inadequacy of successors, see A. Badiou, Le Nombre et les nombres (Paris: Seuil, 1990), 
chapter 9. 
28 I am referring to Hegel's analyses of the bad infinite (die schlechte Unendlichkeit), Science de la 
logique. L'Etre, Bk I, 2nd section, chapter 2, C, b, 1 (Paris: Aubier, 1972),231-48. 
29 J.-T. Desanti, Les Idealites matMmatiques (Paris: Seuil, 1968), 133. 
30 A. Miller, Imagery in Scientific Thought (Boston: Birkhiiuser, 1984), chapters 3 and 4. 
31 The datum of a non-zero mass is equivalent to providing a perpendicularity. See Goldblatt, 
Orthogonality and Space- Time Geometry (Springer Verlag, 1987). 
32 On this paragraph, see de Broglie, Recherches sur la theorie des quanta (1924) (Paris: Masson, 
1963), 19-31; and Ondes et Mouvements (Paris: Gauthier-Villars, 1926),6-11. 
33 On the fold, see G. Deleuze, Le Pli, Leibniz et Ie Baroque (Paris: Minuit, 1988); A. Scala, La 
Genese du pli selon Heidegger (forthcoming). 
34 De Broglie, Recherches sur la tMorie des quanta, p, 23. 
35 Ibid., p. 29. 
36 See de Broglie's lovely meditation, 'Sur Ie paralJelisme entre la dynamique du point materiel et 
l'optique geometrique' (Journal de physique, Jannary 1926, series VI, vol. VII, pp. 1-6), where he 
studies 'the propagation of a given type of wave in a vacuum at a great distance from all other 
matter .. .' 
37 At the level of fundamental discoveries, the work of a physicist is comparable to that of the 
painter who has to smash figurative data. On the relationship between diagram and pictural event, 
see G. Deleuze, Logique de la sensation (Paris: La Difference, 1981), chapters XI and XII. 
38 On these subjects, see A.C. Crombie, R. Grosseteste and the Origins of Experimental Science, 
1100-1700, Oxford, 1953; E. Gilson, La Philosophie de saint Bonaventure (Paris: Vrin, 1924). 
39 'De luce seu de inchoatione formarum', in L. Baur, Die philosophischen Werke des R. Grosseteste 
(Munster, 1912), 52-61, 
40 Ibid. 
4! Remember that the caustic is the luminous curve formed by successive intersections of rays 
leaving a point and reflected or refracted by another curve. 
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42 R.P. Feynman, The Strange Story of Light and Matter (Princeton: Princeton University Press, 
1985). 
43 See (Il,l) the final observation on the triptych (Q. T, S). 
44 This is the object of the calculus of variations. 
45 On the nature and spectra of ordinals, see A. Badiou, L'Etre et ['Evimement (Paris: Seuil, 1989). 
141-47. 
46 The pitch of the sounds produced is linked to the connecting edge (the edge of domain D) of the 
membrane. 
47 See n. 23 above. 
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THE FORCE OF AMBIGUITY: DIALECTICAL BALANCES 

INTRODUCING THE GREAT REVOLUTION OF THE 
INSTABILITY POINTS 

Naturphilosophie has had a bad press. It seems that historians of philosophy 
have agreed to hold onto the political or aesthetic part of the oeuvres of Fichte, 
Schelling and Hegel, but have given up on the idea of 'saving' German idealism's 
philosophies of nature. In Germany, however, the beginning of the nineteenth 
century was a period of lengthy exchanges between scientists and philosophers. 
Schelling had a 'passion for the positive' and Hegel saw no insuperable enemy 
to speculation in positivity. Certain works in the United States, Germany and 
England stress this aspect of the philosophy of nature and the importance that 
should be accorded to metaphysics as the 'matrix of ideas'; these analyses, 
however, generally remain at the level of sociology. German idealism neverthe
less attempted to rethink the articulation between the exact sciences and 
philosophical speculation, refusing to limit itself to the problematic of the 
philosophy of knowledge and situating the horizon of the thinkable well beyond 
the object's conditions of possibilities. 

Considered the golden age of the great philosophical systems, that of the 
emergence of the notion of structure, the beginning of the nineteenth century 
is also perhaps the moment when the centre changes status: the infinity point 
of the classical age gives way to the neutral indifference points which mark 
degrees of equilibrium and from which polarities continuously spring. 

We know how much mathematicians and philosophers of the classical age 
had banked on the homogeneity that unfolds a horizon. Analytical philosophers 
in particular knew how to make use of it: they had succeeded in taming the 
'indeterminate forms' of the type % and 00/00, which crush the crude finite 
differences (by formulae that amount to the type 

and reveal themselves formidable machines for producing 'deaf' (irrational) 
numbers.1 The geometric infinite was also properly tamed by Desargues' per
spective, whose vanishing points put the horizon within reach as it were. But 
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if, for the analytical philosopher or geometer, the quantitative infinite and the 
vanishing points were no more than inoffensive singularities, if not actually 
domesticated, the menacing singular is that which reveals - often cruelly the 
naivete of the 'on the one hand, on the other hand' on which the understanding 
of Mr Prudhomme likes to feed. The latter begins to note with a certain dread 
that functional correspondences are never self-evident, that they had to be 
removed from situations where the rules of selection that seemed to assert 
themselves 'naturally' and therefore to legitimate canonical protocols of discern
ment collapse. Magnetic and electrical polarities and the ambiguous choice 
that guides the indexation of the roots of an equation reveal this scandal: the 
'canonical' was decided 'behind the back' of the geometer or philosopher, with 
a gesture made without his knowing. 

Consider the diagram of the magnet: the difference between the North pole 
and the South pole is clear at the points Nand S but becomes elusive at the 
point 0 (see fig. 1). 

N s 
function 1 

function 2 

branch 1 branch 2 

o 
Figure 1 

The points of the North branch can be superposed on those of the South 
branch and a functional arrow immediately emerges to compensate for this 
given difference, by inducing a correspondence between a circuit of the North 
branch and a circuit of the South branch. At the point 0, this 'canonical' 
correspondence vanishes, 0 seems to be the point where the two functional 
correspondences separate and join. 

o is a ramification point where the two parametrages linked to the North 
branch and the South branch offer themselves, thereby making several func
tional grasps possible. This necessity of opting for this or that determination, 
which always accompanies the encountering of an indifference centre, troubles 
geometers: it becomes obvious that these points promise a much headier (and 
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much more difficult to control!) multiplication of correspondences than the 
'indeterminate forms'. 

The centre, as an infinity point, no doubt made it possible to control the 
quantitative differences that separate finished beings, but did so by subjugating 
the particularities externally. The indifference centre positions us at the heart 
of individuation: the instability device which detects it makes it possible to 
envelop a whole fascia of virtualities without mixing them up. Symmetry is 
rediscovered as a producer of differences. 

The existence of such an indifference centre in electrical and magnetic dia
grams fascinates physicists and speculative philosophers. As the North and 
South poles of a magnet seem to proceed from a neutral point, it is tempting 
to think that the given differences cannot initiate the processes of individuation. 
Their overbearing heterogeneity produces no dimension: new forms only arise 
when a kind of congruence sketches itself out, and this congruence seems 
indeed associated with the inflexions of the hand that draws a curve, with the 
ambiguity of the choice of the roots of an equation, with these strange points 
where the charges balance one another out: in short, with those places where 
the understanding falters. At the indifference centres the highest uncertainty is 
achieved, which therefore requires the most irreversible decision. 

These centres spare neither the scientist nor the philosopher and the tribute 
they lay claim to is consistent with what they overcome and dominate: opposed 
poles. An indifference centre can always be defined as the principal hinge of a 
compensation device for received positivity. The ambiguity produced by these 
devices throws us into perplexity, and it is precisely this ambiguity that triumphs 
over an opposition by proclaiming it as the scar of an 'around' which always 
accompanies the birth of a pair. For it is around a centre that such arrangements 
that so insistently solicit our interventions pivot. They manage to grasp every
thing enveloped and contaminated by the emergence of a Two. This Two, here, 
is not an extensive cardinal number, but a couple, and therefore obliges the 
sketching of an order in no way present in space: in short, orientation.2 

Thanks to these arrangements, the physicist, with his axis/loop duality, the 
geometer, with his orientatiol}, the philosopher, with his dialectic, can, at last, 
capture what language had recognized when it detected that that which gives 
itself simply 'side by side', like the 'ambe',3 must have arisen together, and that 
it is the ambiguity of a proposition that invites the exploration of a context. 
What 'comes out together' is not one thing and another thing, the latter beside 
the former; that would be no more than the platitude of the 'side by side' on 
an already arranged background. The choice of an orientation indeed shows 
that a Two inexorably knits itself with an envelopment. Consider the diagram 
below (see fig. 2), which intersects a way of enveloping with a way of transiting. 
It is the journey of the moving body, articulated in the envelopment, that 
makes the creation of the lateral possible by permitting the designation of a 
'left side' and a 'right side'. 

The opposites are indeed surpassed, for the gesture that brought them into 
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A B 

Figure 2 

existence has been cut out, but this cutting out is paid for by the intrusion of 
another dimension, which permits us to see that the arrow AB can be turned 
round into BA in two ways (see fig. 3) and that the overcoming of an opposition 
is always paid for with the emergence of a singularity. 

B ~ B 
4 • 

~ 
Figure 3 

We have seen how the implicit and coposed horizon managed a controBed 
aBusion to the coalition of degrees, to acceleration. The ambiguity and aBusive 
arrangements which provoke it torment the understanding until it is ready to 
burst: this is the 'pound of flesh' that must be taken to penetrate further into 
the unarticulated. That is why Kant's article 'On the Concept of Negative 
Quantities' marked an epoch by revealing the cruelty of the devices that 
ScheIIing would later caII 'exponents': they disdain the trivial chaIIenge of 
logical contradictions (which immediately invalidate any assertion) to tackle 
the oppositions with balances where a point commands the gyration that 
rules them. 

We are touching here on the tender spot of the philosophy of nature: that 
of the intuition of the degrees of articulation, those where Being overhangs, 
where quantitative differences and 'canonical' choices of parametrage vanish. 
Ambiguity accompanies these critical thresholds, for it alone bestows a dynamic 
positivity on the separation. Two grossly unequal quantities fiB us with the 
certainty of the established dualisms. Pyrrhic victory! One does not overcome 
an antagonism by playing on the contrariety of two terms, but by arousing the 
secret affinity that links them, by sliding oneself into the motion by which 
positivity hollows out a thickness for itself. The simple datum of a functional 
grasp 

y = f(x) (1) 
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assumes that a sharp separation between a position and what has made it 
possible has been achieved too quickly.4 An established correspondence of the 
type of (1) is always born of a tear. Well in advance of the function, the 
exponent captures a power of operation without 'flattening'. To expose is not 
to explain, but to contrive a niche-continuum to the singular by enveloping all 
the virtual determinations proceeding from a problem (this is the case with 
'multiform functions' or with Galois' bodies which are attached to an 
equation).5 

In the notation x 2 , 2 functions neither as a second nor as 1 + 1, but at last 
allows 'magnitude to interact with itself ... ' Wherever exponents appear, an 
ambiguity always intervenes; this is the price to pay for tying product and 
productivity together and for giving form memory. This memory is not placed 
in the form; it is only awakened by the intuition of the intuition: the ambiguity. 
The geometric intuition of geometry considered as Raumlehre always appeals 
to certainty, to the reassuring inertia of a spatial tranquilly wrapped around 
things, for help. This intuition of the intuition - of which the young Hegel 
dreamed - undertakes the dismantling of falsely obvious appearances and 
invites us to cross the thresholds of maximal ambiguity to remobilize already 
established knowledge. In the example of the measurement of angles, we shall 
see that it is precisely the existence of two symmetrical paths that shows that 
the intuition has to pull itself up into the space of the paths to associate a 
number with a flat angle. 

If I do not give two solutions to the equation x2 = 1 (equals in 'absolute 
value'), the magnitude is not mobilized; it collapses in on itself and the produc
tivity is exhausted in the product. In the same way, Grassmann's product will 
show that if it did not fundamentally rest on the ambiguity of a choice (in 
order to increase the thickness of the naive intuition's rectangle to two pages), 
it would miss the capture of the extension, short of revealing the neutral centre 
where everything is going to be decided (see chapter IV). Through the ambiguity 
of the root-exponent, what was posited in the unity of an act - apply a rule R 
- unfolds in the continuity of a gesture. The available positivity, ingenuously 
palpable, cracks to envelop a spectrum of solutions, following the formula: 
(?f = R. The Greeks had a presentiment of this formula: they knew that 'the 
straight line has the power of its square'.6 Opposition, tearing apart, impossi
bility: these can be the symptoms of a degree of intuition to be crossed, but 
the new dimension does not arise 'because' of the opposition or the impossi
bility. These last merely invite me to despise the certainty of the 'intuitive' 
cliches, but they do not 'lead' me to the solution: the articulation is a leap, 
which is neither deductive exhaustion nor 'abstract' induction from common 
features. 

For the indifference centre, the exponent always presents itself as a degree of 
Being. In it, product and productivity are indistinguishable and the forms seem 
to have triumphed over the ambiguity. The exponent-root offers its memory 
and its depth. Its conquest is part of the 'presentiment' of which Grassmann 
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speaks, which acts well before the spreading out of all the moments of the 
new truth. 

At last the event of a separation becomes conceivable. Too often interpreted 
as a rupture, and quickly engulfed in the fracas of quantitative disparities, this 
separation of forms is now played out in the infinitesimal step backwards 
revealed by the exponent: the higher the symmetry, the more irrevocable the 
decision. These are not the least paradoxes of these strange paradises, where 
forms seem to originate without injury from themselves. In understanding the 
negative as a relation of situation, Kant opened the doors to new paradises 
that scientists and metaphysicians would no longer wish to ignore. We will see 
how exponents solicit the intuition in the most acute manner and how they 
succeeded in overturning the classical pact sealed between geometry and 
algebra, by tying the images of the first ('figures') to the literality of the second 
(the series of formulae and of calculations of magnitude). 

As an allusive arrangement, the exponent and the balance concentrate all 
their fire power in a point or an axis, and it is in such points or axes that the 
gesture that gives birth to the polarities arises. But the more the cutout seems 
'natural' afterwards, the more it has made us wait. It was by tapping deeper 
that the new homogeneity was found: such is the dialectic's austere lesson. 

Orientation has to dig very deep, for it is only at the beginning of the 
nineteenth century that the attack of the lateral erupts. The negative, as inserted 
and situated, is recognized as a force at the same time freeing algebra from 
successivity and geometry from spatial cliche; it at last smashes the boundary 
that previously separated spatial intuition and deductive understanding and 
strictly defined the domains of algebra (the science of magnitudes) and geometry 
(the science of figures). Leibniz was not aware of this divorce and had sensed 
the possibility of calculating on the 'relations of situations' (analysis ditus), as 
a letter to Christian Huygens bears witness: 

I have discovered certain elements of a new characteristic which is entirely 
different from algebra and which will have great advantages in representing 
to the mind, exactly and in a way faithful to its nature, even without 
figures, everything which depends on imagination. Algebra is the character
istic for undetermined numbers or magnitudes only, but it does not express 
situation, angles and motion directly. Hence it is often difficult to analyse 
the properties of a figure by calculation. 

Or again: 

I believe that by this method one could treat mechanics almost like 
geometry, and one could even test the qualities of materials, because this 
ordinarily depends on certain figures in their sensible parts. Finally, I have 
no hope that we can get very far in physics until we have found some 
method of abridgement to lighten its burden of imagination.7 

Historians of science have probably not given enough thought to this surpris
ing fact: the identification of imaginary numbers with the plane appears in the 
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mathematical literature only at the beginning of the nineteenth century. The 
synthesis of geometric gestures effected in the two-dimensional continuum and 
calculations implying 'impossible quantities' therefore took nearly three centu
ries to complete! The mathematicians of the eighteenth century had however 
already tackled some problems that were, from a technical point of view, 
extremely elaborate; but by considering as subsidiary, or quite simply as self
evident, these gestures of orientation, of indexation and envelopment that begin 
the revolutions of Galois, Faraday, Mobius, Grassmann and many others, by 
flinging these gestures beyond its own horizon - or rather from under its feet 
- classical mathematics condemned algebra and geometry to maintaining a 
curious relationship of reciprocal predation: algebra is executed by avoiding 
the pitfalls of figures and geometry, in return, guarantees the 'real', tangible 
character of algebraic calculations, which, without it, would be pure 'abstrac
tions'. Geometry makes them 'leap out at you'; the 'real' objects of our space 
and their relations of distance embody a self-evidence that compels conviction 
and thus remain the agents of a mathematical truth akin to a simple faith; this 
faith also nourished itself on the 'real' existence of kinematics and dynamics, 
which indeed showed that algebraic forms were not 'pure visions of the mind' 
and that they controlled the laws of nature. 

With Argand-Wessel's complex plane, then Hamilton's quaternions, Grass
mann's algebra and the works of Mobius, a revolution is brought about: one 
at last 'sees' the multiplication of imaginaries (which then become 'allegedly 
imaginaries'), angles and vectors. The multiplication of magnitudes required 
only dilatations; henceforth, a geometric transformation in two dimensions -
a rotation - accompanies the mysterious symbol v:=I. 

The geometric intuition is therefore no longer only the kind of ocular 
inspection which ascertained the agreement of mathematical calculations with 
measurements of real objects: it is henceforth more the possibility of grasping 
by diagram the exposition ofthe conquest of the space, consecrating thus the 
emergence of a physico-geometric continuum in two dimensions, as far removed 
from Euclid's plane as it is from the abstract vectoral space R x R of our 
formalists. 

But this mobilization of space also causes physics and, above all, the whole 
of the electrophilosophy of the beginning of the century to totter; in understand
ing that a magnetic bar concentrates no boreal or austral fluid around its 
poles, in conceiving of it as a loop splitting space into two faces and as an axis 
capable of producing a third dimension, Ampere and Faraday invent a strata
gem that is sufficiently powerful to inspire and give definite form to the whole 
electromagnetic vision from which Maxwell and Einstein drew their inspiration. 

2 A QUESTION FROM KANT: 
WHAT DIAGRAMS FOR THE NEGATIVE? 

To introduce the concept of negative magnitude or quantity, Kant observes: 

Two things are opposed to each other if one thing cancels out that which 
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is positive in the other. Opposition can be logical or real. Hitherto attention 
has been centred on logical opposition. This consists in affirming and 
denying something of the same subject. This logical connection is without 
consequence [nihil negativum repraesentabile], as the principle of contradi
tion states.8 

The simple logical contradiction is not 'real'; it solicits no intuition, produces 
no 'consequence' and leads thought into an immediate impasse. The 'real' 
opposition which 'is such that two predicates of a subject are opposed, but 
without contradiction' does imply destruction, but this destruction is thinkable 
('the consequence is some thing') and does not brutally discourage all philosoph
ical effort. 

Kant then gives a few examples which show that the opposition always 
envelops itself (at least in thought) with an equilibrium that grasps the positivity 
of the destruction of a thing or of a motion: 

The driving force of a body tending towards a certain point and a similar 
effort of this body to move in the opposite direction are not contradictory 
and are possible as predicates in a single body at the same time. The 
consequence of this is the rest which is something [repraesentabile]. But 
we have to do with a genuine opposition: one tendency suppresses the 
real effect of the other; the two tendencies are real predicates of a single 
body and refer to it at the same time. The consequence of it is equally 
Nothing, but in a different sense from contradiction [nihil privativum 
repraesentabile] .9 

There is the example of the accountant's balance sheet: I can create a table 
with the passive inscribed on the right and the active on the left. I will thus 
have succeeded in representing a compensation, in understanding a zero capital 
as the consequence of two activities that are positive in themselves (credits to 
be recovered or debts to be paid back). The third example, that of the ship 
that goes from Portugal to Brazil, is probably the most illuminating: I can 
mark the distances travelled by an east wind with a sign' +' and those travelled 
by a west wind '- '. We see that the signs '+' and '-' serve to mark the 
opposition of two magnitudes which, put together, suppress one another 
reciprocally. 

Kant's examples are not picked at random: they all allude to a device ('real' 
or 'ideal') suggesting a cancelling out and a balancing, a means of linking two 
predicates that are positive by themselves, 'but in such a manner that, in the 
liaison, the consequences suppress one another reciprocally in the same subject'. 
Thus, in these three examples, to cancel out is not to 'make a vacuum', it is 
not to prohibit all intuition, in the way that a logical contradiction, impatient 
to 'have done' with talk, would tax it with absurdity, to swallow it up with no 
possibility of redemption. 

In the case of real opposition, the sign '-' indicates a certain capacity to get 
round that which asserts itself as purely given and self-evident, to roll back an 
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unrolling, to escape the inertia of a pure expansion. This capacity, combining 
mobility and orientation, starts a turning motion in the mind which liberates 
it from taking into account what is simply posited there: a force embedded in 
matter, a sum of money, a distance travelled. The intuition thus escapes from 
the kind of subjugating stupidity of the iteration of the sum, from the tyranny 
of the extensive which imposes itself on me with the heavy obviousness of lids 
or discharges. 

Kant adds: 

A magnitude is negative in relation to another magnitude in so far as it 
can only be joined together with it by an opposition, that is to say, in so 
far as the one makes a magnitude equal to itself disappear in the other.1O 

A negative magnitude therefore rises up with the emergence of a singular 
joining together, which is by no means self-evident but can be brought about 
by a suitable effort; positioned on the bridge of the ship, I can simply allow 
myself to be led, I can accept its eastward progress. But I can always cancel 
this progress virtually by thought, by imagining a contrary wind. We see what 
is at stake: the allusion to a moving body which could move in the opposite 
direction does not deny the existence of this moving body, but initiates a 
thought loop capable of controlling the spreading of an extension (here, abolish
ing a distance that has already been travelled). Zero is therefore not 'nothing', 
since it ratifies a subject's capacity to invent a counterweight device that will 
produce this joining together, and the three preceding examples show that 
orientation and mobility playa crucial role in the construction of this device. 
Real opposition therefore involves a single subject in a struggle between two 
affirmative predicates. This struggle does not leave the subject intact; this is 
perhaps what distinguishes real opposition from logical contradiction, which 
casually puts the proposition A and its rebuttal on the same footing and is 
very little concerned to know which of the two predicates is truly affirmative.' 

'Real' opposition, the 'concrete' zero, equilibrium: these are not obtained by 
the simple juxtaposition of two positivi ties, but by their oriented articulation. 
A given force can only be overcome by another which exerts itself in a contrary 
direction; a counterweight is not a 'dead' weight but re-establishes a disturbed 
rest. To assess a monetary flux, it is necessary to invent a double-entry balance 
sheet, for the latter implies a clear distinction between two sides separated by 
a vertical line. Reversing the course of a ship 'really' or by thought is by no 
means reducible to a simple denial of the existence of this ship: this denial 
would mobilize no action, either in nature or in the mind. There is moreover 
in the negative a kind of imperative of precision: of all forces, of all possible 
courses, there is exactly one that is capable of balancing the one that has been 
imposed. 

Such a balance is by no means given, and this, according to Kant, is most 
relevant to the forces that affect the soul: 

One feels manifestly that to make a thought filled with bitterness disappear 
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and destroy it demands a genuine, and often considerable, activity. He 
who wants to restore a solemn tone will only with great effort efface the 
image that excited laughter.ll 

The subject must therefore take it upon itself to overcome the opposition 
and the articulation that it must produce can only be its own. To tame its 
internal forces, it must set up a centre of gravity at the very heart of the 
thinking subject: 

There can be no difference between the accidents of spiritual nature and 
the consequences of the forces acting in the corporeal world, that is to say 
that they can never be destroyed except by the genuine opposed driving 
force of another body, and that an internal accident, a thought of the soul, 
cannot cease to exist without a genuinely acting force of the same thinking 
subject. Only the laws that govern these two kinds of beings differ: the 
matter's state can only be modified by external causes, and that of the 
mind can equally be so by an internal cause; the necessity of the real 
opposition nonetheless always remains the same in the two domains.12 

It is indeed this effort of mobilization that constitutes the ontological dignity 
of the negative, and Kant calls the idea according to which 'negative magnitudes 
would be less than nothing' absurd. Negative numbers are not arranged on a 
ladder which is simply 'below' that of positive numbers. Zero, 'this relative 
nothing', is produced by a thought experiment, by a compensation device 
capable of enveloping a Two with minimal means. Negative magnitudes signal 
the access to a domain of homogenization which is superior to crude differences 
of quality or quantity: it is easy to distinguish beings of different length or 
form, I have only to note the failure of their superposition. That is why it is 
very important that A and - A should be exactly equal in 'absolute value' so 
that the accent is placed exclusively on the positional relation (opposition). But 
if I want to distinguish between A and - A, I must stage a mirror or a balance 
and decide to privilege one side. This staging not only allows zero to be 
understood as 'middle', as the product of the neutralization of + A by - A, 
but also makes it possible to open zero out into two branches, and it is just 
this allusion to opening that permits the conquest of the cliches associated with 
iteration. 

3 ARGAND AND THE ATTACK OF THE LATERAL 

We know how enthusiastically scientists greeted perspective and the seculariza
tion of the geometric infinite that it allowed. Thirty-odd years after the publica
tion of the essay on negative magnitudes, they discovered the full power of the 
counterweight, the lateral and a geometric negativity capable of formally mas
tering gestures and metaphors that had previously seemed reserved for painters 
and poets. The research conducted by Argand, Wessel, Gauss and others at 
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last made it possible to give an 'intuitive content' to the imaginary number. In 
a memoir published in 1806 which passed unnoticed at the time, Argand 
proposes to develop 'a means of representing imaginary quantities in geometric 
constructions'.13 He begins with the account of a construction of negative 
magnitudes, from which we give a few extracts: 

Let a be any arbitrary [prise a volante] quantity. If to this quantity another 
equal to it be added, we may express the resulting sum by 2a. If we repeat 
this operation, the result will be 3a, and so on. We thus obtain the series 
a, 2a, 3a, 4a, ... , each term of which is derived from the preceding by the 
same operation, capable of indefinite repetition. 14 

We see therefore that, 'any arbitrary quantity' being adopted, the series of 
positive numbers simply becomes identified with an iteration aiming at the 
elaboration of an aggregate that is never finished. This aggregate grows indefi
nitely and the series is reduced to the parametrage of a juxtaposition of units. 
To unfold it, it 'is enough' to let one's hand slide to the right: 1, 2, 3, etc. 

Naturally, two thorny questions are left to one side: that of the choice of the 
unit and that of the etc. Hence the series appears mired up in the successivity 
of time, identified with the ticking of a clock. Hence all the illusions of the 
naive consciousness, which 'posits' [pose] 1, then 2, then 3, etc, appear com
forted by this lazy positivity, while remaining totally captive to the cliche of 
an 'infinite' collection that would have to be exhausted, without its having been 
clearly defined. It seems therefore that, to obtain negative numbers, it is enough 
to consider this same series backwards, that is: '" 4a, 3a, 2a, a. Argand adds: 

Each term of this new series may be regarded as derived from the preceding 
by an operation which is the reverse of the former; yet, between these 
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series there is this difference: the first may be indefinitely extended, but 
the second cannot. After the term a, we should obtain 0, but beyond this 
point the quantity a must be of such a nature as to permit our operating 
on zero as we did on the other terms ... , 4a, 3a, a. But this is not always 
possible. 1s 

Argand therefore shows all the limits of the aggregate, which exhausts itself 
'simultaneously and successively [au fur et a mesure]'. The negative cannot be 
reduced to the image of a booty offered in the extension. How is this obstinacy 
of the '+ l' which always weighs in the same pan to be overcome? It is here 
that Argand brings in the scales, which make it possible to balance the iterative 
indefinite in thought in the way that they do with 'real' masses: 

But instead of a series of weights, let us consider them as acting in a pan 
A of a balance containing weights in the other pan also; and for the 
purpose of illustration, let us suppose the distance passed over by the arms 
of the balance is proportional to the weights added or withdrawn, which 
indeed would be the case if a spring were adjusted to the axis. If the 
addition of the weight n to the pan A moves the extremity of the arm A 
a distance n', the addition of the weights 2n, 3n, 4n, ... , will cause this same 
extremity to move over the distances 2n', 3n', 4n', ... , which may be taken 
as measures of the weight in the pan A: this weight is zero when the pans 
are balanced. By placing the weights n, 2n, 3n, ... , in the pan A, we may 
obtain the results n', 2n', 3n', ... , or, by starting with 3n' and withdrawing 
the weights, the results 2n', n', O. But these weights may be reached not 
only by taking weights out of the pan A, but also by adding them to the 
pan B. Now the addition of weights to the pan B can be continued 
indefinitely; and in so doing we shall obtain results expressed by 
- n', - 2n', - 3n', ... , and these terms, called negative, will express quanti
ties as real as did the positive ones. We, therefore, see that when two terms, 
numerically equal, have opposite signs, as 3n', - 3n', they designate 
different positions of the balance arms, such that the extremity indicating 
the weight is in both cases equally distant from the point 0. 16 

We see the intervention of the lateral very clearly. It allows the reequilibration 
of an iteration just as it compensates for an accumulation of points, however 
considerable it may be. I can thus, by associating degrees of weight with each 
couple of weights (PI, P2 ), get round the impasse to which any deduction leads 
and prolong the juxtaposition or subtraction indefinitely. 

A negative number makes it lean to the left, a positive number makes it lean 
to the right. Mobile image and negative number associate to produce a whole 
plane which bears a slight inclination to one side or the other. A number 
(positive or negative) thus appears like a set of possible inclinations (measured 
here by the tension in the spring adjusted to the axis): (0, A) = + A, (A, 0) = 

- A and in particular (A, A) = o. 
How should we conceive this victory over iteration? What can the trigger 
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be? We should note the changed status of zero: 'arbitrary' in origin (this always 
slightly shameful stigma borne by positive numbers), it asserts itself henceforth 
as a fulcrum, as that around which the two arms pivot while enveloping a whole 
plane which is torn from the spatial intuition where it was paralysed. It is 
Argand's great geometric talent that enables him to grasp zero as the kinematic 
heart, as that which sets up a gyration while itself remaining immobile. All the 
ambiguity and power of envelopment of the Two seem coiled in zero. A balance 
therefore makes it possible - in thought and in Nature - to quantify the 
negative by opening out the zero in two, by making laterality sprout. The 
balance, or more precisely its fulcrum, therefore functions as a multiplier of 
virtualities, as an allusive device. 

As an allusive device, as a miniature that solicits the intuition in an extreme 
degree and crushes cliches, zero is not in nature, nor even a fulcrum, nor the 
number = O. The balance does not 'lead' to the 'idea' of the negative. Zero is 
neither 'noetic' nor 'noematic', it absorbs the geometer's investigations, who 
finally discovers a blissful place where mobilities are precisely exchanged in 
nature and thought. Argand sees very clearly that all the strategies of symmetri
zation concentrated in zero, the division in two of the axis of the arms (the 
'real straight line') can contaminate a whole plane. It is easy to see that zero 
resolves the equation (a, x) = (x, a), which is written x - a = a-x. Zero is a 
'middle'. It is therefore tempting to search for a 'middle' for multiplication: this 
is the geometric mean that, utilizing Argand's notations, is defined by a: x : : x : b, 
and, in modern notation, by 

x a 

b x 
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If a and b are two numbers such that a> 0 and b > 0, such a 'multiplying 
middle' is equivalent to determining the geometrical proportional mean between 
two quantities of different signs, that is to say the quantity x which satisfies 
the proportion + 1 : + x :: + x: -1. 

Argand continues: 

Here we encounter a difficulty, as when we wished to continue the decreasing 
arithmetical progression beyond zero, for x cannot be made equal to any 
quantity, either positive or negative; but, as before, the quantity which was 
imaginary, when applied to certain magnitudes, became real when to the 
idea of absolute number we added that of direction, may it not be possible 
to treat this quantity, which is regarded imaginary, because we cannot assign 
it a place in the scale of positive and negative quantities, with the same 
success? On reflection this has seemed possible, provided we can devise a 
kind of quantity to which we may apply the idea of direction, so that having 
chosen two opposite directions, one for positive and one for negative values, 
there shall exist a third - such that the positive direction shall stand in the 
same relation to it that the latter does to the negativeY 

The figure below, reproduced by Argand, shows how the neutralization 
which seemed to be concentrated in 0 stretches itself along the whole axis OE, 
perpendicular to the arms of the balance: perched on OE, I can contemplate 
the positive and the negative with the same indifference (see fig. 6): 

E 

o 
------------~----------------A 

-I +1 

D 
-i 

Figure 6 

A few lines further on, Argand emphasizes again that 'the direction of OA is, 
in regard to the direction OE, what the latter is in regard to OJ': the notion of 
'mean geometric unit' had been born, linked to the idea of directional line. i8 

The mean unit is possible in magnitude and in position. These units (paradoxi
cally called imaginaries) were previously only grasped literally (by the symbol 
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'/-1\ This literalism permitted, no doubt, algebraic operations that were 
formally beyond reproach, but involved no intuition. it seems that the 
genesis of these units is revealed to us, that the units are incarnated: 'OA is the 
original or positive unit, 01 is the negative unit, OE and OD are the mean units.' 

We see with what care Argand presents these units: 1 is what is posited first, 
- 1 is the counterweight, i and - i are the lateral units. The zero centre alludes 
to a constellation of gestures which form a continuous chain between the plain 
designation (the pure position of + 1) and the emergence of the lateral units, 
which triumphed over the opposition of + 1 and -1. Zero, as centre of rotation, 
invites us to share in a kind of geometric epic which leaves us in no doubt as 
to the reality of directional lines: 

But these lines are quantities quite as real as the positive unit; they are 
derived from it by the association of the idea of direction with that of 
magnitude, and are in this respect like the negative line, which has no 
imaginary signification. The terms real and imaginary do not therefore 
accord with the above exposition. It is needless to remark that the expres
sions impossible and absurd, sometimes met with, are still less appropriate. 
The use of these terms in the exact sciences in any other sense than that 
of not true is perhaps surprising. 19 

i and - i are indeed 'real' for they can be generated as sides, and that is far 
more relevant to us than the measurement of a length. However, certain of 
Argand's contemporaries discerned in this merely the invention of a particular 
'notation'. He himself frankly admits that it might be seen as nothing more 
than the simple use of a particular notation: 'For myself, I avow that I do yet 
see, in this notation, only a sort of geometric masque, superadded to analytic 
forms whose direct use was more simple and expeditious.'20 But the interest of 
this 'geometric masque' did not escape J.D. Gergonne, who rejoiced to see 
'algebraic Analysis at last disencumbered of these unintelligible and mysterious 
forms, of these nonsenses which spoil it and make of it a sort of cabalistic 
science, so to speak.' 21 

This is why Argand's treatise marked an epoch. Geometers are at last 
disencumbered of the formal mystification of V-1. 

From the strictly logical and operative point of view, the notation 
z = x + V-1 worked perfectly well, but it solicited only one gesture: the 
replacement of V-1 x V-1 by -1. Things only alter when this notation 
solicits a perpendicular propulsion of the geometer, breaking with all the plati
tudes of the successive and offering all the ambiguities and riches of the lateral. 

-1 and + 1, being contrary signs, invite an average position, and J.D. 
Gergonne says very wisely that 'the proportional mean of magnitude between 
+ a and - a is and could only be a; for when one is speaking solely of 
magnitude, one must omit the signs ~ = a. But when one takes ± aV-1 
as the mean, one announces thereby that one has taken into consideration the 
inverse positions of + a and - a; the mean must therefore then bear the trace 
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of this consideration; it is therefore, de a mean of position as well as of 
magnitude: the interpretation of the symbol is therefore reduced to 
hunting out a straight line of which it can be said that it is posited in relation 
to +a, as -a is posited in relation to it.'22 It is the 'consideration [of] the 
inverse positions' that succeeds in breaking the blind transitivity of the 'imagi
nary' calculations, which can finally become complex. 

It is impossible to exaggerate the repercussions of such an event: deciding 
to see i and - i as a geometric mean rising up from a deliberate and controlled 
ambiguity and resolutely grasping zero as a problematic hinge, as the centre of 
a device which does not confine itself to generating negative numbers, but 
reactivates itself in an attack of the lateral capable of splitting a whole plane. 
It is therefore with a certain rapture that geometers and physicians will next 
strive to hunt out those more or less hidden key points that conspire to guide 
our grasp on truth. 

4 INDIFFERENCE CENTRES AND KNOTS OF AMBIGUITY, 
FULCRA OF THE BALANCES OF BEING 

A Eschenmayer's diagram23 

This capacity for renewed attack in singular points had also intrigued philo
sophers for some time: five years before Argand's work, Eschenmayer published 
his first Researches towards an a priori Deduction of Magnetic Phenomena.24 

We must not, of course, judge these Researches according to contemporary 
scientific criteria, but rather understand how they succeeded in articulating the 
metaphysical stakes of point-exponents with those of the completely new 
'electrophilosophy'. In particular, the appearance in the Researches of a certain 
diagram seems crucial to us in order to grasp the precise moment at which 
metaphor tips over and crystallizes a whole operative field. 

This diagram lays bare the process of distinguishing and opening out two 
entities rand r beginning from an equilibrium point 1°. These entities are 
'infinite', but opposed in such a way as to balance one another out (they can 
be conceived of as indeterminate forms of the type 00/(0). 

13 1-3 12 I' 1-' 1-2 
I +~----+-I --~-+--~ ,--t---+---II----- I-~ I I " I I 

1° 

Figure 7 

The 'point' 1° explodes into opposed sequences of equilibria. These equilibria 
present the progressive decomposition of the entity 1°. Eschenmayer speaks of 
a 'product in the process of becoming a quotient'. 1° is an entity of degree 
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zero, and from J + and 1- are derived a series of 'real' figures (graspable as 
things) and quantified finite values ()j, 000 The latter must be 
understood as the degrees of distinction and separation of the forms by which 
I exposes itself to real existenceo One must therefore speak of the exponent n?5 

I + and r are totally bound to the exponent 0 and merged with one anotheL 
By mobilizing separating apparatuses of increasing penetration (,balances of 
Being' of increasing sensitivity), enveloping equilibria of increasing subtlety, I 
can release states where the polarities 1 + and 1- assert themselves with increas
ing independence (the individual 1+ being increasingly dominant towards the 
left and 1- increasingly dominant towards the right). Thus a spectrum of 
opposed qualities can unfold from the point 1° (point of absolute indistinguish
ability) right up to the asymptotic points roo and roo, where 1+ 00 and roo 
are totally separate. We must remember that a kind of affinity persists between 
the opposed powers P and r n, which is demonstrated by the bracket which 
joins them together in figure 7. The relations 61 , 62 , . 00' 6n , •.• can be conceived 
of as measuring a power of resolution of the devices of equilibrium which 
produce the different forms, and this degree of resolution is also the degree of 
liberty 1n in relation to rHo 

This diagram possesses an amazing suggestive capacity and perhaps explains 
why Eschenmayer's works marked an epoch. Schelling later acknowledged his 
debt when he elaborated his concept of power.26 We know that one of the 
major ambitions of the philosophy of nature was the patient explanation of 
the Absolute. It is no longer a question of letting oneself be subjugated by the 
Absolute (whether in relegating it to the ineffable, or setting it down formally), 
but of distinguishing stops, problematic hinges where nature and the under
standing cross one another, where the first turns itself into 'visible 
Understanding and the second invisible Nature',27 where an articulation 
between the individuation of Being to be known and that of the knowing 
subject becomes apparent. Eschenmayer's diagram works like a powerful con
denser and generator of intuitions, which succeeds in knitting together all the 
forces of ambiguity, of the unstable point and of the infinite that we attempted 
to draw out in the preceding examples. 

By controlling the ambiguity concentrated in 1° (where two 'infinite' entities 
confront one another), it preserves a continuity in the opening out in figures 
of the metastable which are never completely separate for the finite values of 
the exponent. Each equilibrium invites a rupture that alludes to the next phase 
of compensation, itself destined to be broken by a yet sharper device (a finer 
'measurement by zero'}o28 Eschenmayer's diagram is a very handsome example 
of the allusive device. This strange compression of two infinites (two 'indetermi
nate' quantities) at the point 1° might be thought astonishing. But if the 
equilibrium were happy just to neutralize finite forces (determinate in 'real 
existence'), 1° would be merely the immediate result of an addition (10 = 

r + r), and would be only a simple 'mean', exhausted with no possibility of 
reactivation, for which the formula would be r + r = 1° = O. 
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Here 1° opens out into two divergent branches, but which are screwed down 
into the infinite. rand r separate themselves increasingly distinctly and the 
affinity that links them can only become less and less trivial. One should hardly 
speak of a filling up of intuition in connection with figure 7, but rather of a 
mobile unit ('disrupted unit', as Schelling was to say).29 Once more it can be 
observed that the gesture of the hand does not lie: I cannot draw the diagram 
of the opening out (see fig. 7) without pausing to draw the bracket or without 
decomposing into two phases the sketching of the arrows. To capture the 
suggestive power of these diagrams, I must mobilize the hand and the eye at 
the same time. 

The intuition makes itself increasingly penetrating with the crossing of these 
points of equilibrium (also called solstitial points, Wendepunkte), for they initiate 
a turning: these are the points of maximal ambiguity where a new pact is sealed 
between the understanding and the intuition; these are the points of which 
Schelling would say that they capture the 'intuition in the intuition', which 'is 
neither difference nor indifference, but that in which both become identified.'30 

B The power of indifference points 

These points of backward-and-forward motion crystallize increasingly subtle 
branchings out of the unit and allow us to think of a productivity that does 
not entirely exhaust itself in its product and therefore leaves a chance of 
reactivation. These points finally smash the cliches of the mechanism, the 
transitivities that subjugate nature and the understanding under the same yoke. 
Here, we are perhaps at the heart of the philosophies of nature that followed 
Eschenmayer's work: at solstitial points nature can escape the mechanism that 
exhausts it in the simple transference of impact or in the monotony of the 
extensive partition; in the same impulse, the understanding is no longer reduced 
to administering deductions or transferences of information. These points allow 
us to hope to conceive of a Nature or Understanding that differentiates direct 
objects and is no longer trapped by the diagrams S ----> 0 or 0 ----> S. A dimension 
such that a backward-and-forward motion may be possible and where the 
activity (the passage of the productivity into the product) gains in amplitude 
as it manifests itself. 

Electrochemical forces are enthusiastically discovered at the beginning of the 
nineteenth century. With these, nature becomes subject (,takes itself for object'); 
combustion effects itself by renewing its own conditions; heat reactivates the 
phenomenon on the spot. We have here a sustained disequilibrium, but solely 
at the periphery: fire leaves in its wake only a burnt earth with no possibility 
of reactivation, whereas life can patiently construct for itself indifference centres 
which allow it to gather itself to leap further. 

We saw how the balance destroys the cliche of iteration by alluding to an 
equilibrium that I can break and restore as I choose, a precarious equivalence 
from which negative quantities, then imaginary quantities, emerge. The allusion, 
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here, must not be reduced to an abbreviation of contents, but should rather 
be conceived of as a symmetrizing which never makes ambiguity 
succumb to generality, the equivocal or the vague evocation of this or that 
case. These operators make it possible to prepare spaces for the gathering up 
of deductive chains where they can be bent or knotted to be covered at a much 
greater velocity. The symmetrization disorients our understanding, which is 
always tempted by the facility of the transitive, and forces it to construct a new 
balance of Being where other forms will be decided, to think out a new 
individuationY 

The following example makes it possible to understand how symmetry allows 
us to shake up transitivity. The theorem according to which impulse is con
served while undergoing perfectly elastic shocks can be seen as the diagram
matic equivalent of figure 8. 

Figure 8 

We begin from a very ill-matched situation: that of two ordinary balls rushing 
towards one another at possibly different velocities: .. 

.. 

Figure 9 

We are going to see how a series of diagrams, inspired by a demonstration 
by Huygens, succeeds in conquering this heterogeneity, producing a homogen
eous entity which can only be split into symmetrical pairs. 

The self-evidence of the law of shocks is therefore made all the more so by 
the symmetry exhibited in a certain referential system, with certain units. 

(l) I can write M 1 Vi + M 2 V2 = MV. This is equivalent to joining the two 
balls together by thought and choosing a common unit of impulse. I can, for 
example, represent the quantity of impulse M 1 Vi as a rectangle Ri and M 2 V2 

as another rectangle R 2 • 

The total impulse is the algebraic sum of the areas of Ri and R2 , which 
correponds to R 3 . 

(2) Utilizing Galileo's principle, I propel myself by thought into a reference 
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point moving at the velocity v; I obtain of course the diagram of an immobile 
ball! 

-----. 
RI ... 

~ + R2 

triptych unit 
of impulse 

Figure 10 

~ 

~ 
Figure 11 

• Figure 12 

By bringing into play the hypothesis of perfect elasticity, symmetry is assured. 
Figure 12 condenses all possible partitions, and I am 'naturally' compelled to 
see 12 indifferently as 13a or 13b. 

or 

a b 

Figure 13 

The law of elastic shocks therefore now appears 'natural'. It was useful to 
detail the stages of a thought experiment in which a grossly asymmetrical and 
heterogeneous situation was rebalanced. It achieves a creative homogeneity, 
where the principle of sufficient reason jumps out at you. This is perhaps the 
trigger that prepares any allusive arrangement: to have this principle be decided 
in all its purity; to oblige the mobilization of a gesture that does not decide 
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one way or the other by trivially relying on facts of inequality or formal 
syllogisms. 

We now understand why the symmetrizing operator manages to split the 
diagrams of intentionality S -+ 0 and 0 -+ S (the subject goes towards the object 
or the object goes 'to meet' the subject) and to dissolve mechanical transitivities, 
along with all the cliches that they carry with them. This 'towards' is ordinarily 
self-evident and follows received ideas and images, but it becomes very problem
atic when nearing the plateau of an equilibrium. One would almost be tempted 
to utilize the chemical notation S +=± 0 to emphasize fully the ambiguity of these 
conversions of the intuition, of these thought experiments where S 'puts itself 
in the place of' 0, S 'finds itself in' 0 and concurrently 0 'haunts'S, 0 'disturbs'S. 

The mirror experiment very effectively demonstrates everything that is at 
stake in the splitting in two of the arrows: I can look at my image in a mirror 
(1 see I or 1-+1*), which is only an 'object'. Much more disturbing is the 
moment where I see myself in the mirror, where it 'jumps out at me' that it is 
myself who is looking at me (1 see I or I +=± 1*). The gulf between these two Is 
cannot be bridged and yet it is at this instant that they are linked by the 
highest form of unity?2 I propel myself from the other side, 1 invest the virtual 
image which stares at me in a 'really' troubling manner. One will not be 
surprised by the dramatic character of this propulsion of the I, which is always 
associated with great discoveries: Archimedes puts himself in the place of the 
floating body when he cries 'Eureka!', Einstein takes himself for a photon or 
imagines himself in a lift. These points mark the access to a superior homo
geneity and are always accompanied by symmetrizing operators: it is necessary 
to conjure up a degree where the principle of sufficient reason crudely asserts 
itself. These operators or allusive arrangements give seven-league boots to the 
intuition, which in a single go can grasp hold of immense deductive chains to 
submit them to the law of a concept. 

These points keep nature as well the understanding from being trapped by 
the unity inherited after the fact, manipulable but bloodless (the statistical 
mean), or by the compact unity which swallows everything up in advance. At 
these points, 1 can finally forget the ratiocinations that begin from a set unity 
and I can forget the facilities of referencing. They are truly points of maximal 
solicitation of the intuition, but a great firmness is necessary to position and 
maintain oneself there and to enjoy the new horizon that they offer. For these 
are also points of maximal discomfort, where the cards are redealt, where the 
peaceful stratifications built up by old knowledge become jumbled and unravel. 

When the capture of one of these points is imminent, before it has entirely been 
adapted to, whole sections of knowledge appear and swarm with virtualities, 
impatiently awaiting the gesture that is going to liberate the next form of articula
tion by sealing a new pact between operation and intuition. The symmetrizing 
operators summon a principle of sufficient reason and demand the choice of a 
disequilibrium, from which a new form will arise. Without these points, knowledge 
would be simply display, physics would accumulate spectra of variation, without 
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experiencing any incitement to orient itself and to take up new intellectual habits. 
At these rare points of geometrical thought where S takes up again with 0, whole 
encyclopaedia can be reactivated and made to reverberate. 

C The indifference centre as articulation 

This brings us to a closer examination of the question of the articulation. 
Articulation does not claim to reconcile two contrasts A and - A; it gets 

round their confrontation. It invents a new mode of fluidity by unfolding a 
range of degrees, of which -1 and 1 are the extreme branches (they are no 
longer opposed but diverge by 180 degrees). What was previously locked in a 
vicious confrontation is now conceived of as the two panels of a diptych. The 
articulation prefigures the form and mobilizes the space. Neither 'material' nor 
'formal', it is manual; it feels and softens (Schelling spoke of the 'tenderness of 
articulation').33 It permits separation without detachment, tightening without 
breaking. It exalts the conflict of terms without subordination; polarizations 
are substituted for oppositions. Shocks and impulses seduce only the thoughts 
fascinated by actuality and completed individuals; to articulate is always to 
allow oneself a new envelopment, to discover a material that is more ductile 
than that of the sides. An articulation does not link together two contents or 
two separate segments which preexisted it; it grasps the very emergence of 
these sides from an indifference point. 

In its fork, the articulation carries the product and productivity. It always 
participates in the liberation of a dimension. In sketching in the air a whole 
spectrum of virtualities, it demonstrates that it is always a gesture that multiplies 
knowledge. It does not classify, it distinguishes degrees and awakens rhythms. 
The articulation sketches itself out in the streaming of becoming; without it, 
constancy deteriorates into substance (stetig, see chapter IV). The articulation 
possesses a mobile patience, which is able to remain outside eternities that are 
without end and protheses that end too soon. It is indeed the articulation that 
makes it possible to situate oneself beyond all opposition, and therefore to over
come all opposition. For it is a matter neither of saving the old dualisms 
(subject/object, form/content, etc) nor ofletting oneself be submerged in the confu
sion of some 'primordial soup'. A suitable articulation no doubt allows a positive 
integration of all the forces imprisoned by contrasts, but it is always accompanied 
by the birth of a singularity. This is precisely what distinguishes it from a vulgar 
'sticking back together' or the dubious aggregate. If the articulation liberates a 
new mode of the homogeneous, it is always by introducing an ambiguity. 

5 EXAMPLES OF PRODUCTION OF AMBIGUITY BY 
A POINT-ARTICULATION 

A The splitting in two of positive real numbers 

This example clearly illustrates the ambiguity associated with magnitude turn
ing back on itself. The positive real numbers being given, I can obtain the 
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negatives by mirror symmetry and then add the zero element. The latter then 
detaches itself cleanly like an excrescence and what is constructed possesses 
only the mediocre cohesion of the aggregate. But I can also conceive the 
positive numbers as one of the sheets proceeding from a folding of a straight 
line; the point 0 then appears as a pivot point, and therefore as an articulation. 

+ 
0'--_----.-__ _ 

Figure 14 

Here again, the ambiguity, the intuition of a 'second degree', does not claim 
to 'confirm' a calculation - the simple consideration of the products of the 
definite operations on the positive numbers will never enable me to 'split them 
in two' - but it hints in dotted-line form at a new way of seeing. There are 
indeed two ways of spreading or of folding back the 'sides', in other words of 
exposing the real numbers. 

It is clear that 0 is not a simple pole. No change in point of view, at each 
finite or infinite distance (by perspective projection), gives access to the positi
vity's splitting. 0 is the ramification point where two functional grasps 
(y = ~ Vx) become knotted. A new dimension appears therefore with the 
statement of the problem: 

(?)2 = x 

The latter was by no means given in the straight line constructed axiomati
cally. The positive real numbers must be grasped as split into themselves; they 
acquire thereby a thickness. 

B The problem of the measurement of angles 

The problem of the measurement of angles furnishes an example of the powers 
of these centres. I believe I can easily grasp the gap that separates the 'sides' 
of an acute angle; it seems to be mastered by the simple concept of distance. 

If I now wish to have a clear idea of the hand movement that created it -
which amounts to giving oneself a continuous parametrage - the existence of 
two ways of turning indicates in fact that the angle between two straight lines 
is not available in the same way as the distance between two points on a line. 

An angle evades instantaneous grasps; it only displays itself progressively 
after a choice has been made. An infinity point involves no dilemma for the 
geometer; it can easily be reduced to a finite distance by a suitable transforma
tion; a 'position' 'gives itself clearly' whereas the angle very quickly shows its 
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D2 

a 

o 

Figure 15 

true colours as process, as continuous choice of a determination. This choice 
leads to real perplexity when it comes to 'flat angles'. 

+1t 

-1t 

Figure 16 

The numbers nand - n cannot be used as are numerical magnitudes or 
distances. These are exponents: they are involved in their own measurement. One 
could say that 'the exponent is that by which the being-in-the-world takes its 
own measurement'; I must revive the motion that gave it birth, by stumbling 
on the indetermination which, when a threshold is being crossed, involves the 
attainment of a superior degree of intuition. To use Kant's terms, the subject 
'must take it upon itself' to follow with his eyes the exposure of the angle to 
choose between nand - n; this test is, of course, more delicate than the trivial 
option of the acute angle (instinctively preferable because convex). 

We see here what it is that separates two cutouts of the number: that which 
achieves it as an indefinite approximation and as a summing of a series and 
that which detects it as a new thought experiment and baffles ordinary spatial 
intuition. 

C 'Base' and 'roller', diagrams of gear wheels 

We have already been able to see (see III,4,B) how the creative power of 
homogeneity could be illustrated. We distinguished two stages: 
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a stage of quantitative homogenization achieved juxtaposing triptychs 
of (P, V, to them together in a single diagram 

impulse of the system'); 
(b) the system is immobilized by changing reference point: no direction is 

privileged any more, which legitimizes the intervention of the principle of 
sufficient reason. 

We will now give an example where these two stages are condensed into a 
single one, in which homogenization and immobilization are contemporaneous. 

Consider two curves C1 and C2 (see fig. 17), the first of which (the 'roller') 
rolls without sliding on the second (the 'base'): 

\ 
I' 

Figure 17 

Let It be the point of contact of the two curves at the instant t; considered 
as a 'mobile point', this point is neither a point of C1 nor a point of C2 . Let 
11 and 12 be the points invariably linked to C1 and C2 with which it coincides 
at the instant t. A few instants later, It has moved to a point l' on C1 and on 
C2 whereas 11 and 12 become distinguishable, their respective positions being 
such that the length L1 of the arc 1'11 equals that of 1'12 (one could say that 
the point of contact I develops in its motion two extensions Ll and L2 which 
seem to spring forth from it). For the instant, everything opposes the 'base' C2 

to the 'roller' C1 which confiscates the mobility, as the simple case of a hoop 
C which rolls along a straight line Ll shows (see fig. 18). 

To counter the cliche of the mobile wheel, we could attempt to reverse the 
roles by forcing ourselves to see the hoop fixed and enveloped by the mobile 
straight line Ll. But that would once again be to consider It as belonging to one 
of the curves, to 'solidify' it by privileging the certainties of a 'base' at the 
expense of a 'roller'. 

Any dissymmetry between an essentially 'fixed' curve and a curve that 
monopolizes mobility compromises a clear intuitive grasp of It as instantaneous 
pivotal point which must distribute velocities equitably. We must not privilege 
either the hoop or the straight line for It is neither sucked into the matter of 
C nor into that of Ll. It is a point of contact which articulates the spaces 
impelled by C and Ll by grasping them as contemporaneous mobile bodies and 
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26 This diagram is given in J.-F Marque!'s excellent book on Schelling. Liherte er ExisTence (Paris: 
Gallimard, 1974), p. 115. 

F.W.J. Schelling: 'What we claiming is not that nature by chance coincides the laws of 
our mind .. but that it itself expresses, necessarily and originally, the laws of our mind and that not 
only does it express, but realizes them and that it is and can be called Nature only inasmuch as it 
does both. Nature must be visible Mind, and Mind invisible Nature. It is, here, in the absolute 
identity of the Mind in us and of Nature outside us that the solution to the problem of a nature 
outside us must be found.' 
28 This is an allusion to the scientific devices of the type of Wheaslone's bridge and others which 
detect variations in balance without giving out numbers directly. 
29 F.WJ. Schelling, Bruno, or On the Natural and the Divine Principle of Things (1802), ed. Michael 
G. Vater (Albany: State University of New York Press, 1984), 142. 
30 Schelling (ibid., p. 188 and following) offers a remarkable analysis of 'bad' intuition, which is but 
the confused appearance of intuition, and distinguishes it from real intuition, which is 'absolute 
identity of thought and being inside intuition'. 
31 On equilibria, see H. Zeltner, 'Gleichgewicht als Seinsprinzip', Jahrgang, 1961, 14(9). 
32 Schelling, Bruno, pp. 142-43. We are at the equilibrium point of the birth of direction symbolized 
by the arrow, which justifies the notation. 
33 Schelling, The Ages of the World (New York, 1967). 



IV 

GRASSMANN'S CAPTURE OF THE EXTENSION 
Geometry and Dialectic 

1 INTRODUCTION 

We offer a commentary on the first edition (1844) of Grassmann's Theory of 
the Extension.! Bear in mind that its introduction won little admiration from 
the mathematicians of Grassmann's time: it contrasted sharply with the growing 
hegemony of the axiomatic style and his publisher advised Grassmann to leave 
it out of the second edition. In his study of the development of mathematics 
in the nineteenth century, F. Klein recognizes him as a geometer of genius, but 
does not mix his words in speaking of some of his students as a sect of cranks.2 
Grassmann's mathematical discoveries were only really understood towards 
1880 (and spread by Peano and Burali-Forti), and it took until 1985 for certain 
contemporary mathematicians (Rota and his students) to do justice to the 
'implied' product (symmetrical with the 'external' product) and to find its 
possible uses in combinatorics. 

It is clear that Grassmann had a philosophical background and adopted the 
idea of the German idealists that science can by no means be reduced to the 
adoption of operationally fertile rules and to the production of simply deduced 
truths. A mathematical text should also put the reader in a position to have 
an 'overview' [Ubersicht]. This overview is not a general perspective that skims 
over the details, rather it feeds on the specificity of the singular to reach the 
plane where the intuitive and the discursive are born synchronously. This type 
of demand identifies Grassmann with the philosophies of nature: Schelling and 
Hegel rejected the finished separation of object and subject and wanted to 
conceive an unobjective knowledge of the being-in-the-world which however 
would not be nothing. It is Grassmann's particular achievement to have under
stood that the reader must, within the mode of the expression of grasping the 
extension, be capable of recognizing degrees homologous to the stages crossed 
by his understanding. 

Space thus appears as a visible understanding and the understanding as an 
invisible space.3 The point is to clarify the link between the process ofindividua
tion of the knowing subject and the process of articulation of the forms of the 
grasping of space. It will come as no surprise, then, to see a dialectic of the 
lateral and the transitive unfold in Grassmann's oriented multiplication (the 
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famous anticommutative product). Following on from Oresme, Grassmann 
uses the full power of the diagram - height, amplitude .. chapter II) 
and shows that the one dimension calls another. He can thus free 
himself from the constraints of the spatial (where dimensions are paralysed and 
take account only of the interval-residues between things). This is why he 
manages to grasp a gesture that generates what he calls the 'extension forma
tions of order n', without the help of any geometric 'realism'. 

This dialectical 'generation' [ErzeugungJ undoubtedly constitutes Grass
mann's most interesting contribution to geometric philosophy. He shows that 
orientation is an overhanging device which does not sink into the indefinite 
and which can reactivate itself three times by breaking and regrasping the 
allusive arrangement that it posited: the capture of the extension opens up by 
first of all conferring a mobility on the point in order to generate a dimension: 
it continues with the invention of the external product, which permits an 
ascending journey through the dimensions; it finishes by rebalancing this rise 
with a symmetrical process relating to an 'implied' product. 

2 HOW DO YOU BRING EXTENDED SPACE BACK TO LIFE? 

Merleau-Ponty writes: 'An ontology that avoids mentioning nature shuts itself 
away in the incorporeal and, for this very reason, offers a fantastical image of 
mankind, of the mind, of history.'4 He could have addressed the same warning 
to all philosophy (and perhaps to all science!) which claims to know only this 
extended space, always given opposite us, this receptacle containing, willy-nilly, 
particularities individuated by Descartes and Newton's monstrous origin-point. 

What is left alive in this flow which is forever flowing out of itself, what 
remains of this perseverance in exhaustion and indefiniteness? The 'particulari
ties', subjugated then abandoned by the absolute from which they are forever 
detached, can only enter a ferocious contest for places. 'Spaced', extended space 
is only a final product, a transparent aggregate of absolutely external, rigorously 
current, clearly linked parts. No envelopment or articulation is accorded to 
these empty shells. They collide with one another impatiently: extended space 
is indeed 'this absolute being outside itself which is also purely and simply 
uninterrupted, a perpetually other being which is identical to itself,.5 For these 
bloodless beings, inconsistent with their concept, permanent excrescences, 
always orphans of the gesture which posits them, know only the cruelty of the 
laws of impact and rarity. All positions sour into petitions, and it is Schelling's 
great merit to have seen that the homogeneous exteriority, supposedly ensuring 
the peaceful coexistence of things, succumbs to dispersion and exacerbates 
contrarieties. Extended space, as the asserted form of things taken as separate, 
merely serves to sustain a treacherous war between dead natures. A war 
moreover without stake: all places are basically the same! 

Extended space is incapable of keeping a promise: the possibles that it hands 
out shamelessly are only possibilities taken as possibilities, without hope of 
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being redeemed by impending actualization, for these are only actualized 
bilities - taken as Extended space itself because 
it is over, finite. 

However, Plato saw that the receptacle is a part of the intelligible, but in a 
very obscure way. Space is that within which something is being hatched and 
this is not necessarily chaotic. If he wishes to cry with the poet: 'Space was 
splendid!' the philosopher must remain at the outposts of the obscure, accept 
full-on the verticality of Being, the springing forth of dimensions; he must let 
himself be haunted by space: the capture of the extension would not be satisfied 
with 'a knowledge which, like that of ordinary geometry, is completely abstract 
and deprived of life,.6 This ordinary geometry contents itself with merely 
measuring the distances between extended figures, whereas what is necessary 
is to apprehend the positivity of the going out of itself, of this permanent act of 
autoproduction, without idolizing it and without forgetting that the true posi
tive is that, according to Hegel, which remembers being posited. This positive 
is no longer the headstrong insistence of a petition of existence, and true 
geometry must grasp the instant where space finally quivers with the virtualities 
that inhabit it and invites us to experience dimension as the invention of an 
articulation. It leads us by the hand so to speak to relearn the motion that at 
once separates and links and to be able to capture in a simple fragment the 
direction and continuity of a gesture. This geometry thus demonstrates its 
ability to reactivate a productivity that is never extinguished in its product and 
reveals that the same mind is at work in the productions of nature and the 
creations of liberty.7 

This is what makes Grassmann's theory of the extension remarkable. It 
represents a genuine pedagogy of the forms of the grasping of space, and for 
the apprentice geometer who 'can think freely, the assimilation of knowledge 
then becomes a true reproduction provided he is initiated into the subject in 
a "scientific" [wissenschaftliche] manner'.8 Like philosophy, geometry offers a 
'scientific' character if it leads the reader to the necessity of admitting each 
singular truth (deduction) and above all if it places him in a situation where 
he can have an 'overview'; what Grassmann calls a 'putting in order'.9 This is 
what distinguishes Grassmann's (and certain of his contemporaries') philosophi
cal science from ours, which is more centred on verification and prediction. 
Grassmann demands an explicit articulation between operation and intuition. 
This demand is by no means to be confused with a subsidiary 'supplement of 
soul', but it is clearly trumpeted as that which allows science to lay claim to 
being systematic, and to equality with philosophy: 

Mathematical method proceeds from the simplest to the most composite 
concepts and thereby obtains, by the liaison of the particular, new and 
more general concepts. 

Whereas in philosophy the global overview [die Uebersicht aber das 
Ganze] predominates ... , in mathematics it is the progression from particu
lar to particular that predominates, and each completed development 
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forms in the whole only a link in the following progression. This difference 
in method is present in the for in philosophy the unity of the 
idea is at the root, particularity is deduced; by contrast, in mathematics 
particularity is at the root, whereas the idea is at the end, it is the 
anticipated goal ... 

Often, there are demonstrations where it is not possible to know at the 
beginning whether there was not a preceding theorem, to which they lead, 
demonstrations by which - suddenly and unexpectedly - the demonstrable 
truth is finally arrived at, each step having for a certain time been followed 
blindly and by chance. Such a demonstration is perhaps entirely satisfac
tory from the point of view of rigour, but it is not scientific [wis
senschaftlich]; the second requirement is missing: the overview.lO 

This 'overview' is not the dilettante's distant contemplation; it takes part in 
the action: it is an intellectual intuition,!1 in the sense intended in the philosophy 
of nature. It transports us to that privileged zone where intuition and discursiv
ity become knotted into a living unity. It is neither a priori nor a posteriori; it 
is contemporaneous with what it grasps. It takes each being at its own level, 
without decomposing it into elements or placing it in a vaster stock of reality. 

This scientific process can by no means be reduced to the adoption of a 
package of rules - no matter how operationally fertile. Thanks to it, the reader 
must be capable of recognizing, in the mode of exposition of the forms, degrees 
homologous to the stages of his own progress. The capture of the extension 
does not concern only the knowledge of the subject, it feeds itself on the individua
tion of the knowledge of the subject. One does not construct space by assembling 
forms like the pieces of a Meccano set (one would then take the articulations 
for granted). Moreover, it is not a matter of constructing space, but of letting 
oneself be bewitched by a rhythm: that which knots and and weaves homo
geneities gorged with tensions. Much more than Hamilton's 'Order in 
Progression',12 Grassmann's capture of the extension is an individuation in 
progression: that of the reader, who can now sense 'directly the following truth'; 
he becomes accustomed to sketching out singular motions of space in progress: 
to know, it is first necessary to be penetrated by the rhythm of learning. It is 
in this sense that the capture of the extension progressively makes the mind 
its own: 

Presentiment [Ahnung] appears foreign to the domain of pure science, 
above all to the domain of mathematics. However, without it, it is impos
sible to find any new idea ... It is - if conceived in the right way - the 
look that seizes in one go any development that leads to the new truth, 
but comprising instants that have not yet become exposed. It is for this 
reason that the presentiment can at the beginning only be obscure [dunkles 
Vorgefiihl] . 

That is why scientific presentation is essentially a progression of two 
series of developments, one of which leads in consequence from one truth 
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to the next and forms the content proper, while the other controls the 
process and determines the form ... 

It has long been the case in mathematics, and Euclid himself provided 
the model, that of the two series of developments it is normal to value 
only the one that forms the content proper, while the trouble of finding 
the other between the lines is left to the reader. Only, although arrangement 
and presentation of this series of developments are complete, it is nonethe
less impossible to make the overview visible at each stage of the latter to 
whoever should first of all know science, and to put it in a state where it 
can progress freely and of itself. To do this, it is rather necessary for the 
reader to be put in the state in which the discoverer of truth ought to be 
in the most favourable caseP 

Like intellectual intuition, the scientific method demanded by Grassmann 
introduces a knowledge that does not leave the subject/object dualism intact, 
but, on the contrary, ventures to create the object itself, to assert the fundamen
tal identity of product and productivity. The more precise the mode of articula
tion that distinguishes between them, the better this identity is conceived. We 
will not be surprised that the notions of dimension and orientation play such 
a crucial role in the capture of the extension. They always surreptitiously 
threaten the neutrality of the observer faced with his object. They cannot be 
conceived in the same way that one can make certain of a thing. They suggest 
the existence of an unobjective knowledge of the being-in-the-world, which is 
not, however, nothing. 

Dimension is neither a property nor an attribute of the finished object. It 
affects at once the object and its mode of production. I can, of course, know 
the measurements of this or that thing by iterating a certain gesture (always 
the same one), moving along an (already chosen) arbitrary standard-unit. This 
convenient unit is applied onto the object, but it does not involve me in its 
process of knowledge or production. A conception of the dimension would not 
be satisfied by so trivial a quantitative point of view: the dimension is not only 
'number', it is a degree, a rung that had to be climbed. It is part of a thought 
event where space is measured by the scientist as a further unfolding of a phase, 
as freeing a relief, as allowing the polarization of a magnitude. Through dimen
sion, the interval, which was merely the residual space contained between two 
things, becomes charged with tensions and reveals itself as the positive condition 
for the birth of a structure. The dimension sanctions access to an unexpected 
degree of Being: it takes the measurement of a process of becoming. 

Nor does the orientation spare the dead extension; by articulating a 'side by 
side' with a 'top' and a 'bottom', it reveals that the juxtaposition has been 
made in a certain order. In demonstrating a preference, it arouses a permanent 
power of splitting at the core of what has been posited; it can reactivate itself 
without being weakened; it can therefore be an integral part of a dialectical 
generation. 
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Dialectic is here to be understood as 'the intelligence that 
very reason of this separation, introduces an order into a 
form on them'; 14 dialectic does not abolish difference, it illuminates and deepens 
it. Generation must be linked with the capacity to demonstrate the elasticity of 
something. In order to show up the material of space, I must grasp it as an 
incitement to amplification (erweitern). Space no longer exhausts itself pouring 
out the same being-other, it regains control of itself by velocity and orientation, 
and the latter do not vanish in a pure expansion. Space can thus be grasped 
straight off as existence, in the sense of 'process beyond oneself, automanifesta
tion and accession to oneself in this automanifestation'.15 In the same way that 
Schelling saw in our understanding an invisible nature in urgent need of 
reawakening, Grassmann succeeds in provoking our invisible space and in 
extracting from it increasingly sharp noetic propulsions that allow visible space 
to reappropriate itself. Dialectical generation is never satisfied with the positions 
that it has just conquered and will always offer the keys for regrasping the 
space it accompanies: 

(a) The very position of the fixed point alludes to the mobile point; it is the 
generation of a dimension. 

(b) The intuition of this positive production of dimension (what we will now 
call 'positive dilatations') must be offset by its symmetrical image ('nega
tive dilatations'), but the grasp of these dilatations by a single intuition 
involves a rotation in a plane. We can see in this the very principle of 
generation. That which cuts out a form here, that which loops about the 
additive system associated with the emergence of a dimension, stirs up 
a gesture that escapes formal closure. It is precisely the strength of the 
generation to succeed in making good use of this insufficiency and to 
allude surreptitiously to a notion that formalization had neglected (orien
tation) and that however makes it possible to define the 'external pro
duct'. We will see how this form facilitates the leap from one dimension 
to another; the allusion has therefore given way to the form, whose 
dimensions proceed indefinitely. 

(c) It is here that Grassmann's dialectical genius comes in: this intuition 
pursued 'indefinitely' can be offset by cutting out a 'descending' form: 
the 'regressive' or 'implied' product (eingewandtes Produkt).16 

3 ARTICULATE AND GENERATE: 
FORMAL SCIENCES AND REAL SCIENCES 

Grassmann's introduction proposes to 'deduce' (ableiten) the concept of pure 
mathematics, then that of Ausdehnungslehre. 

It is not a question, however, of deducing statements from a body of axioms, 
but of putting into operation a discipline of discernment that separates degrees 
of articulation in space and in the mind and that can be applied to dialectics: 
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that of the discrete and the continuous and that of the intensive and the 
extensive. Grassmann distinguishes (in the manner since Aristotle) 
between the 'real' sciences and the 'formal' sciences, All give themselves at once 
as the result of a confrontation with the being represented and produced by 
thought, but, for the first, the being represented exists by itself whereas, for the 
second, it is posited by thought: 

Thought exists only in relation to a being that faces it [gegenubertritt] 
and that is represented by it. For the real sciences, this being is independent 
and exists by itself beyond thought. But, for the formal sciences, it is 
posited by thought which itself now faces, in its turn as a being, a second 
act of thought. If, now, the truth such as it is rests on the concordance of 
thought with being, for the formal sciences it rests in particular on a 
concordance of the second act of thought with the being set down by the 
first act, that is to say, on the concordance of the two acts of thought. 
Thus, in the formal sciences, demonstration does not leave the sphere of 
thought and remains purely in the combination of various acts of thought. 
To do this, the formal sciences must not set out from axioms as the real 
sciences do; but the definitions are what form their basisY 

The problematic character of the confrontation induced by the 'real' sciences 
is obvious. For the 'formal' sciences, the test is harsher still; this time, reflexive 
thought rends itself: it has to negotiate with 'its' formalism, which now rears 
up in front of it menacingly. Indeed, even if the proof is produced by a standard 
series of thought acts, the 'scientific' character, in the sense intended by 
Grassmann, demands an accompanying intention, a 'setting in order' of the 
geometer, which orients him in his research. That is why, according to 
Grassmann, the formal sciences, almost before they have had time to be posited, 
explode in a dialectic devoted 'to the search for unity' and a mathematics 
committed to the study of the particular (to the individual in its role as part): 

The formal sciences examine either the general laws of thought, or the 
particular posited by thought; the first is dialectic (logic), the second pure 
mathematics ... 

As a consequence, pure mathematics is the science of particular being 
as having become through thought. We call the particular being, taken in 
this sense, a form of thought [Denkform] or quite simply a form. Thus, 
pure mathematics is the theory of forms [Formenlehre]Y 

From this, one might believe that Grassmann remains a prisoner of the 
dualisms vehemently denounced in the philosophy of nature. The truth is that 
he succeeds precisely in reforming geometry by discovering a type of oriented 
liaison which dismisses Raumlehre in favour of Ausdehnungslehre. 

The geometer faces two dangers simultaneously; like all mathematicians, he 
has to tackle the blind proliferation of the particular, but he must also tackle 
the stubbornness of this 'real' space, zealous provider of spatial cliches: 
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From the concepts established above, it is obvious that ordinary geometry 
[Raumlehre], like mechanics, refers to a real for ordinary geometry, 
this is space; and it is clear that the concept of space can in no way be 
generated by thought, it is always faced by a given being, Anyone who 
would maintain the opposite should immediately subject themselves to 
the task of deducing the three dimensions of space from the pure laws of 
thought; a task whose result immediately shows itself to be impossible,19 

It is the greatest proof of Grassmann's talent that he was able to recognize 
this specificity of geometry, If the latter aspires to a place in the theory of 
forms (on an equal footing with arithmetic), it must forge a new type of 
intuition, We will see that the whole introduction and its style of presentation 
imply an unprecedented effort to grasp in flight the 'understanding of the 
understanding', In the tradition of German idealism, which had set itself the 
task of the patient exposition of the Absolute, Grassmann mobilizes coiled forces 
in the very core of space, For the brutal face-to-face with the spatial, which 
draws the philosopher-geometer into a sterile confrontation with its figures, 
Grassmann substitutes the distinction of several degrees of joints and integrates 
these distinctions into the continuity of a process, of an intensive involution in 
which every turn envelops a superior degree of blossoming of the forms, 

The invention of an articulation grazes the geometric origin of thought with 
greater subtlety: 

The most intimate tie of the forces only takes form with the help of a 
progressive opening out of the latter, each degree of separation of the 
forces being marked by the appearance of a new being,20 

4 GRASSMANN'S QUADRILATERAL 

It is easy to predict that the dialectic of the continuous and discrete as genera
tion and process of distinction of phases (which presupposes no successivity) 
will playa crucial role in this 'deduction' of the Ausdehnungslehre, Continuous 
and discrete stand opposite one another like contraries, and it is necessary to 
take up this hostility fully to illuminate the process that generates and distingu
ishes them: 

Everything that has come into being by thought [jedes durch das Denken 
gewordene] can have come into being in two ways: either by a simple 
generative act, or by a double act of position and liaison, What has come 
into being by the first method is the continuous form [die stetige Form] 
or magnitude in the narrow sense; what has come into being by the second 
method is the discrete form or form-liaison [Verkniipfungsform].21 

The trivial permanence of the diversity of the becoming stetig therefore 
readily surrenders us the continuous form and its cut-outs: magnitude in the 
narrow sense, This stetig churns out the process of becoming with the monotony 
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of constant diversity. To this snag-free unrolling, we should oppose the ruptures, 
the disconnections and all that can manifest the zealous quickness of the 
discrete and of the acts that posit and link.22 Grassmann then mobilizes a 
dialectic that dissolves this factitious opposition of discrete and continuous 
and regrasps it as the moments of a processivity: 

The contrast between the Discrete and the Continuous is (like all true 
contrasts) fluid [jliessender] , since the Discrete can also be seen as 
Continuous and, equally, the Continuous as Discrete. The Discrete is seen 
as continuous if what is linked is grasped as something that has become, 
the act of liaison being understood as a moment of becoming. And the 
Continuous is regarded as discrete if singular moments of the Becoming 
are understood as pure acts of liaison and if what is linked in this way is 
seen as something given for the liaison.23 

We should underline here how different the continuity stetig is from that of 
jliissig gewordene. The stetig is but the simple acknowledgment of an always
there which ceaselessly exhausts itself in being another: this mediocre continuity, 
that of extended space, offers itself without resistance to indefinite divisibility. 
It would certainly be incapable of overcoming contrasts. The latter are only 
defeated by the generosity of the jliissig gewordene which captures all the riches 
of the Becoming. Only the abstract splitting of the flux of the becoming into a 
before and an after legitimated the opposition continuous/discrete. That which 
is posited and linked - the discrete - can be understood as continuous (as 
become) and that which 'flows continually' can be separated out by the under
standing by restoring the disjunction between the liaison and the position. In 
this last case, what Grassmann calls the 'singular moments of the becoming' is 
paralysed into pure acts of liaison being executed on given terms. 

Grassmann next denounces the abstract character of the distinction between 
position and liaison.24 The point is not to oppose operators to terms, but rather 
to think of the liaison and position of the second term as contemporaneous: 
the latter does not preexist the liaison. Leibniz had already seen that the 
differential element dx of a variable x cannot be juxtaposed with x as an 
excrescence would be, but articulates an extension that is already available and 
an intensity that is on the point of spreading out25 (see fig. 1). 

x dx 

Figure 1 

The fluidity of the process of becoming will make it possible to overcome 
the opposition of diversity and equality, as it has just done for the stetig and 
the diskret: 

Each particular becomes so through the concept of the diverse by which 
it is coordinated with another particular, and through the concept of the 
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equal by which it is subordinated with other particulars to common 
26 What has become the we can call algebraic and 

what has become the diverse form. The contrast between the equal and 
the diverse is also fluid. The equal is linked to the diverse because two 
equal terms are separated in some manner and, without this separation, 
the equal would be but one, therefore equal to nothing.27 

Like the contrast continuous/discrete, the equal and the diverse are the result 
of a polarization; it is thus that algebraic forms 'become through the equal' 
and combinatory forms 'become through the diverse' can be distinguished. It 
is a matter of finding the articulation that makes it possible to pass continuously 
from the equal to the diverse. A concrete equality never leaves the smooth 
surface of Parmenides' One intact; a perfect equality would be irretrievably 
swallowed up in the identity A = A, and the dialectical balances of chapter III 
showed us that equalities always proceed from a process of equalization and 
disappearance of inequalities, from an overhanging device. 

Grassmann defines equality as 'that which can be mutually substituted in 
each judgment'. Equality is therefore related to an equilibrium: the term A1 can 
replace the term A2 without damage, as one standard weight can be substituted 
for another on the beam of a balance. But this equilibrium must never make 
us lose sight of the protocol of compensation that made it possible: the recogni
tion of an equality always implies victory over a dissymmetry. 

This is what is shown in the formula A1 = A z, which distinguishes a right
hand side and a left-hand side. This equality can be understood as :41 is A2', 

:41 founds A2' or even :41 is derived from A2'. The forms of the equal and the 
diverse emerge like the opening of a compass where A1 reveals A2 progressively. 
Like perfect equality, radical diversity is only an abstraction; if A1 is given as 
different from Az, this accepted separation must have mobilized an activity 
that articulated them in some manner: that which tried them on a balance 
of Being. 

To complete his 'deduction' of the theory of the extension, Grassmann 
intersects the two axes that he has just disengaged. We saw that each of these 
axes functions like a separation-liaison compass: an 'embrace'. Their perpendic
ular presentation, like the diagonals of a square, captures the bursting of the 
mathematical form into four distinct branches (see fig. 2). 

From the intersection of these two contrasts, the first of which relates to 
the manner of generating [Art der Erzeugung] and the second to the 
elements of generation [Elemente der Erzeugung], come the four types of 
forms and the branches of the Theory of forms corresponding to them. 
That is to say, the Discrete form separates itself first in Number and 
Combination (that which is linked together). The Number is the discrete 
algebraic form, that is to say it is the gathering of that which is given as 
equal; the combination is the discrete combinatory form, that is to say the 
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number 

continuous discrete 

~~ 
theory of the extensIOn distinct combination 

Figure 2 

gathering of that which is given as diverse. The sciences of the discrete are 
thus the theory of numbers and the theory of combinations. 

In the same way, the continuous form or magnitude separates itself into 
an algebraic-continuous form or intensive magnitude and into a combina
tory-continuous form or extensive magnitude. The intensive magnitude is 
thus what has become by the generation of the equal; the extensive magni
tude or extension is what has become by the generation of the diverse. 
The former constitutes, as a variable magnitude, the foundation of the 
theory of functions, of differential and integral calculus; the latter consti
tutes the foundation of the Ausdehnungslehre.28 

The discrete side of the forms produced 'one by one' by position and liaison, 
number and combination, is thus balanced by the 'continuous' side, that of the 
forms that have become progressively: the 'dissolved numbers'29 (functions) 
and the 'dissolved combinations'?O 

5 THE INTENSIVE/EXTENSIVE DIALECTIC 

We must now give special attention to the intensive/extensive dialectic which 
Grassmann used to good effect in his construction of the external product. We 
have already met (see chapter II) the traditional opposition between intensive 
and extensive, and have shown how the control of such an opposition by 
diagrams (those of Oresme and Leibniz) had been associated with the physico
mathematical grasp of the emergence of the dimensions. Remember that the 
intensive degrees gather the plural into a single determination: they claim to 
exhaust no multiplicity, but measure a more or less great level of completion 
in an order of perfection. On the contrary, the extensive quantification enters 
aggregates into the accounts by collating units. It evaluates the multiple by 
decomposition: dispersion is essential to it. 
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Grassmann is not unaware that this tension between the gathering and 
dispersion penetrates all four forms of mathematics: 

An intensive magnitude is so to speak a dissolved whereas the 
extensive magnitude is the dissolved combination, The dispersal of ele
ments is essential to the extensive magnitude, as is the fixing of this 
magnitude as a separate being-in-the-world; the generative element [das 
erzeugende Element] presents itself here as something that changes [als 
ein sich iinderndes] , that is to say as something that passes through a 
variety of states, and the set of these different states constitutes exactly the 
domain of the extensive magnitude. However, for the intensive magnitude, 
it is its generation that provides a continuous series of states that remain 
equal among themselves and whose quantity is precisely the intensive 
magnitudeY 

The example of the force and the segment, given by Grassmann, clearly 
illustrates the contrast between the diagrams connected with the intensive and 
those connected with the extensive: 

The best example of extensive magnitude is that of a segment [Strecke] 
whose elements are essentially dispersed, and it is precisely as such that 
they constitute the line as an extension. For an example of intensive 
magnitude we can take a point endowed with a certain force, because here 
the elements do not separate, but only represent themselves in the growth 
[Steigerung]; they therefore form a certain stage of the growth.32 

The two diagrams below (see fig. 3) oppose the intensive and the extensive: 
the force applied at one point, without any dispersion, exteriorizes a pure 
verticality33 and contrasts with the extensive segment, which is essentially 
dispersed. 

extensive 

intensive [XXXXXXXXXXXXX] 

Figure 3 

But, as soon as the question of generation is posed, these intuitive cliches 
dissolve. Force can also be grasped as being in the process of diffusing itself 
and the dispersed points of the segment can be gathered together again in 
a length: 

All real magnitude can be seen in two ways, as intensive or extensive, that 
is the line is also seen as an intensive magnitude if the way in which its 
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elements are dispersed is disregarded and only the quantity of elements is 
noted likewise, the point endowed with a force can be conceived of 
as an extensive magnitude by imagining the force in the form of a line.34 

We know that the opposition of the intensive and extensive can be overcome 
by inventing a compression-exposition device which distinguishes, compresses 
and unfolds the degrees, grasps their assembly and dispersion contempora
neously. This makes it possible to clarify some of Grassmann's definitions. For 
example, that of the number: The number is the gathering together of that 
which is posited as equal.' 

n=l+l+ ... +l (1) 

The 'trivial' formula (1) distinguishes and links together the 'ordinal-inten
sive' and 'cardinal-extensive' sides of the number. The sign' =' makes a hinge 
between the two sides of the formula (1) and shows that n (the ordinal pole) 
envelops the juxtaposition of the units. We again find Oresme's triptychs: here, 
equality articulates a number as a step (as a degree, as a Zahl) and as that 
which counts (as a cardinal, as an Anzahl). One can even see in this a means 
of understanding addition as an amplitude, a way of enveloping an ordination 
and an addition (one and one and one, etc). 

Figure 4 

Figure 4 makes the articulation of the dissemination and intensification 
obvious. This type of diagram makes an allusion to the emergence of a dimen
sion: a plane is needed to combine the vertical and horizontal. To grasp a 
dimension is to invent a diagram where the pure dispersion of what Hegel 
called aussereinandersein (the 'being outside one another')35 and the exuberance 
of the intensive balance one another out: the unfolding of the latter nourishes 
the mobilization and straightening of the former, and vice versa. 

A continuous version of formula (1) exists: Stokes' formula, which balances 
ordinal magnitude and cardinal magnitude: 

L= lL 1 dx (2) 



114 GRASSMANN'S CAPTURE OF THE EXTENSION 

It would be no exaggeration to say that, without this formula, modern 
physics would It must also be linked with a device of continuous 
exposition of a 'base-roller' device - which articulates 
two extensions and overcomes the opposition of the force and empha
sized by Grassmann. The latter observed quite rightly that the intensive magni
tude 'does not come undone' in itself. It merely spreads out in the mode of 
increase. The intensive is no longer prisoner of its indivision; promoted to a 
capacity for spreading out, it can at last 'come undone' as a length. As a result, 
the length of the segment can no longer be reduced to a dead distance; it 
assesses the completion of a journey: the trajectory is that which makes use of 
space. The extensive quantity, taken 'alone', contents itself as it were with 
visiting already given places, with the indifferent adoption of diverse 'states', 
whereas now it captures the element in its springing forth. 

Grassmann's definition of the combination, 'The gathering together of that 
which is posited [pose] as diverse', is also linked with a compensation device, 
illustrated by the formula (3): 

E={ab ... ,an } (3) 

The symbol E does grasp in the unity of an act what the right-hand side 
shows as the aggregate of different elements. There again, the sign '=' makes 
it possible to display a plurality in multitude. Equality appears as the form of 
the 'doing' and 'undoing'. The articulation '=' sanctions a game of summation
decomposition in which the set 'E' and the elements {ai, ... , an} are but the 
abstract moments. 

6 THE ADDITIVE GENERATION OF VECTORIAL SYSTEMS 

We know that the combination assumes diversity. The Ausdehnungslehre as 
theory of the 'dissolved combination' will have to inscribe this diversity in a 
continuous becoming, grasp it as it emerges: we must not bow before the 
headstrong solidity of a segment [A i A2 ], but should denounce it as the mere 
paralysed unit of a motion, the stump of dimension that has been abandoned 
by a mobile point unfolding a length. 

It is in fact the concept of the mobile point which is at the heart of this 
process of dissolution of the crude contrast between the static point and the 
places already formed and presented together in the compact form of the 
segment: 

The continuous process of becoming, separated into its motions, appears 
as a continuous formation [stetiges Entstehen] ... We arrive at the concept 
of continuous change. We call that which undergoes this change the 
generative element and, whatever state the generative element takes on in 
its change, it is an element of the continuous form. Consequently, the 
extension form is the totality of all the elements into which the generative 
element transforms itself in changing continuously?6 
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The static point is only an element. It is only one of the different states 
visited the mobile point, what Grassmann called the element. 
This element turns the ~VI",H",nA 

In ordinary geometry [RaumlehreJ, the point figures as element, the change 
of place or motion presents itself as continuous change and the different 
positions of the point in space represent its different states?7 

It is necessary to think of the segment as a continuous family (in modern 
affine notation: At = Ai + tA2 ) (with 0:::;; t:::;; 1), which, as Grassmann empha
sizes, relates the extension form to the discrete combination and legitimates 
the designation 'dissolved combination': 

This concept of element is common to our science and to the theory of 
combinations ... The different elements can be understood at the same 
time as different states of the same generative element, and this abstract 
difference between the states is what corresponds to the difference of the 
places. We call the change of the latter the transition [UebergangJ of the 
generative element from one state to another; and this abstract [abstraktJ38 
change of the generative element thus corresponds to the change of place 
or to the motion of the point in ordinary geometry.39 

The mobile point positions itself at the heart of the lattice defined in figure 2, 
whose two 'perpendicular' dialectics it implies: that of the Diverse and Equal 
and that of the Discrete and Continuous. It thus makes it possible to overcome 
the point/line opposition: 

To obtain the magnitude of the extension, I begin with the generation of 
the line. Here, a generative point takes different positions in a continuous 
sequence [in stetiger Folge], and the totality of the points into which the 
generative point transforms itself in this change constitutes the line. Hence, 
the points of a line present themselves as essentially different and are thus 
designated as such by different letters. But just as the equal is always 
inherent in the diverse (although in a subordinate form), the different 
points also present themselves here as different positions of a single genera
tive point.40 

The generation by a mobile point is therefore a formation (Einbildung)4i in 
the proper sense, irreducible to the transfer from one place to another already 
preexisting place. This formation does not erase the gesture of the cutout and, 
in the tradition of the philosophies of nature, it rejects the divorce of the 
product and productivity.42 This generation must never become lost in the 
incontinence of the additions which exhaust themselves summing the spatial 
diversity. It possesses the cohesion of the triptych (L, V, T) that we examined 
earlier (see chapter II). Such a triptych grasps a unit of motion and guarantees 
a ruled production of diversity as the perseverance of a single mobile subject: 
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it is the same point A that moves. It is no longer a place-origin which is at the 
but the velocities: 

The Diverse must to a law for the generated to be fixed. 
For the simple form, the latter must be the same for all instants of the 
process of becoming. The simple extension form is thus the form that is 
derived from a change in the generative element always according to the 
same law; we call the set of all the elements that can be generated by the 
same law a system or domain.43 

The arbitrariness of the fixed point, of the marker, gives way to the autonomy 
of a fragment of the gesture - a triptych - and this is why Grassmann distingu
ishes carefully between simple change (Aenderung), which is just the transition 
from one determined state to another, and fundamental change (Grundanderung), 
which directs the passage of a point P to a point P + dP which can be as close 
to it as one wants. This fundamental change corresponds to what we would 
today call an infinitesimal translation (a 'seed of displacement'). The unfolding 
of this seed permits finite changes and produces simple extension forms (see 
fig. 5). 

V ---t.~ 

[ ] 
A B 

Figure 5 

The segments A and B are the different states (A is the final state and B the 
initial state) obtained by the 'continuous pursuit of the same fundamental 
change' V (stetige Fortsetzung derselben Grundanderung). By permuting the 
roles of A and B, we obtain the opposite fundamental change - V By 'pursuing' 
the modes of change V and - V and by joining them up, we obtain the 
complete line: 

Finally, we call the totality of the elements that are generated by the 
pursuit of a single fundamental change and by its opposite a system (or 
domain) of first step [ein System (oder Gebiet) erster Stufe]. The segments 
that belong to the same system of first step are therefore generated by the 
pursuit of either the same change, or of the opposite fundamental change.44 

The line therefore presents itself as a totality articulated and closed on itself, 
as a 'system or domain' which succeeds in overcoming the opposition of two 
symmetrical dilatations, which would otherwise 'pursue' one another for 
themselves. 

Once again, we come back to compensation devices (in the tradition of Kant 
and Argand). By cutting out the algebraic addition, the 'system' envelops the 
mirror symmetries and dilatations (positive homothetics). 
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Figure 6 

We thus obtain, for each fundamental change, a one-dimensional extension 
form (Ausdehnungsform): 

The concept of simple extension is determined by the idea of the same law 
for all the moments of the change. Consequently, the simple extension 
now has the following quality [BeschaffenheitJ: if from an element a of 
the same simple extension results another element b through an act of 
change [Akt der Aenderung], then from b results a third element c from 
this simple extension through the same act of change. 

In ordinary geometry [Raumlehre] , the law of equality of direction 
contains any particular change; in ordinary geometry, it is therefore the 
segment that corresponds to the simple extension, the infinite straight line 
corresponds to the total system.45 

Two 'fundamental changes' being assumed as given, their addition (vectorial 
addition) can be defined in terms of a parallelogram. 

a 

Figure 7 

This addition, according to certain hypotheses,46 satisfies the classic rules of 
arithmetic and, by combining the opposition of the modes of change (the 
symmetries) with addition, we obtain linear systems. A cluster of fundamental 
changes being presented, there exists a unique linear system that most closely 
envelops it (zunachst umfassende System). One can generate systems of step 
1, 2, 3, like the plane or space, and even systems of arbitrary step: 

If one applies two different laws of change, then the totality of the elements 
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that can be generated form a system of second step. The laws of change, 
by which the elements of this can be produced from one another, 
are dependent on the first two if a third law is then 
added, a system of third step is attained, and so on. 

Ordinary geometry [RaumlehreJ may again serve as an example. Here, 
all the elements of a plane are generated from a single element in two 
directions, the generative element progressing at will in the two directions 
one after the other, with the totality of the points (elements) so generated 
forming a plane. The plane is thus the system of second step: an infinite 
number of directions that depend on the first two are contained in it. If a 
third independent direction is added, then the whole of infinite space is 
generated (as a third-step system) by means of these three directions; and, 
here, one cannot go beyond three independent directions (laws of change), 
whereas in pure Ausdehnungslehre the number of directions can grow 
infini tel y. 4 7 

Grassmann does emphasize that this indefinite expansion of dimensions is 
only possible if one can draw at will on an unlimited set of independent 
directions. This vectorial independence of n fundamental changes U 1, ... , Un is 
manifested by the non-belonging of one of them to the linear system unfolded 
by the others: 

I assume first of all two different fundamental changes and if I protract at 
will [beliebig JortschreitenJ an element of the first fundamental change (or 
its opposite) and then protract at will the element thus changed, following 
the second manner of change, I will then be able to generate an infinity 
of new elements, and I call the totality of elements thus generated a system 
of second step. If, now, I take a third fundamental change ... and if I 
protract at will any element of the system of second step following this 
third change (or its opposite), then the totality of the elements so generated 
will form a system of third step; and as this means of generation, in 
concept, has no limit [SchrankeJ, I will thus be able to achieve systems of 
any step whatsoever.48 

One can thus define systems of step 1,2, ... , k, etc. A system of step k (today 
we would say of dimension k) is defined as possessing k independent means of 
change el, ... , eb so that every element V of the system can be written as a 
sum of elements Vi, ... , V/" respectively related to the systems of step 1 generated 
by eb ... , ek' We know that the philosophers of nature saw a system as an 
'organism', a hinge that subordinates other hinges to itself in order to put an 
end to the proliferation of the forms by articulating them. 

Thus, the addition balances the indefinite juxtaposition: 

- the line 'constitutes a system' by giving in a single stroke all the segments 
produced from a single change; 

- to know a system of step k, it is necessary to give oneself k independent 
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modes of generation to and unfold all the segments of the system. 
These segments are not, in the case of the dimension 1, subordi-
nated among themselves in a but are articulated the addition. 

There therefore exists a homogeneity that is common to the systems of 
different step: that which proceeds from additive generation. It is precisely this 
homogeneity that makes it possible to discern degrees and to speak of step of 
systems, distinguishing degrees ofindependence49 from their mode of generation. 
Each system of step k can be conceived of as a plateau of equilibrium for the 
exposition of forms: 

- for each system I: of step k, there is an operative stability: if V1 and V2 

belong to such a system, - V1 , - V2 and V1 + V2 belong to it equally; 
- the step k can be defined indifferently as the minimal number of elements 

necessary to the generation of L or as the maximal number of independent 
fundamental generations of the system L. The step k can even be made 
to appear (see fig. 8) as the meeting point of an ascending chain of indepen
dent systems and a descending chain of generative systems, and therefore 
as the point of articulation between two subordinated and immanent 
'substructures'. 

This meeting point is therefore an indifference centre where the two free 
systems proceeding from L and the systems which generate L are in equilibrium. 
To take up Grassmann's expression, the step k is the number that is common 
to the systems that 'most closely envelop' (zuniichst umfassend) the system L 
This equilibrium therefore 'naturally' distinguishes the step k among the degrees 
of liberty or envelopment, but, as simply distinct degrees, the latter remain 
formally isolated from one another and assembled together in a single indefinity. 
A cluster of segments being offered, there exists a single system which most 
closely envelops it and possesses a determined step, which is none other than 
this cluster's degree of independence. But this measurement confines itself to 
labelling the degrees and remains close to a kind of 'thermometry', incapable 
of spreading them out or registering them indefinitely without 'base' or 'roller' 
(see III,4,C). 

In order to make the coalition of degrees clear, it would be necessary to 
define an operation that allows the various steps to be crossed; it would be 
necessary to cut out a more penetrating articulation, throwing the additive 
systems out of balance. From the point of view of the 'pure' operation (that 
which acts on the terms that are absolutely external to it), these systems are 
without fissures: it is not 'formally' necessary to have present in one's mind the 
Kant-Argand balance (see chapter III) to compensate for the positive dilat
ations. It is sufficient to conceive of zero as the symbol produced by a neutraliza
tion A + ( - A) = 0 and not as the centre of a virtual pivot. But we know that 
for Grassmann the 'deductive' does not guarantee the 'scientific' [wis
senschaftlich] character (systematization). This systematization could not be 
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Figure 8 

confined to merely ensuring that a protocol of liaison between already estab
lished forms was respected; it must dare to question the gestures that cut out 
these forms and sketch new articulations: in short, give a premonition of the 
geometer's work (p. 104). Addition undoubtedly makes it possible to define 
degrees of independence, but by sacrificing zero as an allusive pole, it conquers 
no intuition capable of arousing a dimension from another. It 'generates' only 
by nourishing itself on fundamental changes delivered free of charge 'simulta
neously and successively': e1 , then e2 (if e1 is independent of e2), then e3 (if e3 
is not already in the system {e1 , e2}), etc. It cannot live without the help of the 
formal adjunctions of the etcs and suspension points. 

Grassmann says quite rightly that addition is 'founded' on the general 
concept of 'that which is conceived together'. It is always related to the exhaus
tion of totalities that are supposed to offer no resistance to being broken into 
pieces, as the following example shows: 

For that, let us look at two magnitudes (forms that result from a single 
means of generation and that we call magnitudes generated in the same 
direction); thus one sees clearly how they can be juxtaposed to form a 
whole; that is, one thinks of their respective contents together, that is of 
the parts that the two magnitudes enfold; and this whole is then in turn 
conceived as a being generated in the same direction as these two magni
tudes. It is easy now to show that this liaison is an addition. First of all, 
I can gather together and permute as I want, because the parts that were 
conceived of together remain the same, and their succession can change 
nothing. 50 

Consider figure 9. I can say of the two circles that they are 'simply side by 
side'; the thought act that links them together remains completely disconnected 
from the act that posits them. I can draw one, then the other, independently: 
the indexation is totally arbitrary and is simply there to recall that they are 
two to be 'thought together' and that they rest and slide on an indifferent 
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Figure 9 

'foundation'. Here, the juxtaposition ignores all predisposition, It can be consid
ered as the very diagram of addition with its totally reversible synthesis, its 
commutativity sanctioning a finished separation and the radical effacement of 
the hand that drew it. There is therefore nothing to be hoped for from the 
addition, which is exhausted, if one can speak so, by definition. To renew its 
association with the virtual, zero must no longer be seen as a 'neutral element' 
that is simply posited, but as a point-vortex, as an instability point, capable of 
unbalancing the formations 'generated in the same direction' and recognized 
as the centre of the device that allowed the emergence of negative numbers 
(see chapter III). 

Consider figure 10, which shows how the point zero opens out into two 
branches, into two symmetrical mobile points. 

-v 
... '\ ( 

o 
Figure 10 
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Zero is the point where the first degree of generation is torn apart (that 
through 'mobile points'), and it is this which, once again, is going to orchestrate 
a disequilibrium in order to grasp in a single intuition two points going along 
a straight line in opposite directions. To master this opposition, we have to 
decide to see two motions in one, by mobilizing a contour which envelops the 
folding of the one on the other, and therefore to let oneself be dragged into a 
second dimension: splitting itself, the mobile point invites another dimension 
(see chapter III). 

The additive generation makes it possible to distinguish degrees of indepen
dence without being capable of joining them: it is only a 'liaison of first step'. 
The jumps between dimension demand a generation and a liaison of second 
step: multiplication.51 
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7 GRASSMANN'S PRODUCTS 

We must now make a detailed examination of the construction of (yP['rYl,QTr' 

products: the 'progressive' product and the 'regressive' product. 
The significance of these products extends well beyond the history of mathe

matics. They represent a valuable example in understanding the new type of 
geometrical intuition derived from the philosophies of nature of the beginning 
of the century. We will lay particular emphasis on the following points: 

- Grassmann's products are genuine multiplications which break clearly 
with the additive form, which is always more or less linked to the iteration 
of a single unit. They do not juxtapose magnitudes, but make it possible 
to spring from one step to another. 
They succeed in constructing a continuous chain from the point to oriented 
volumes52 linked to the different systems. 

- These products articulate degrees of independence; they therefore articulate 
the systems with one another. These systems are equilibrium plateaus for 
the linear combinations, but can be unbalanced as soon as the notion of 
generation by mobile point is reactivated: by deforming in thought a 
volume oriented on its opposite, I already position myself in a system of 
superior step. It becomes obvious that one dimension alludes to another. 

- Grassmann's product is non-commutative; algebra is finally liberated from 
successivity, and geometry from its obsession with distances. 

This product fulfils all the criteria of Leibniz, who wanted an algebra that 
would be able to calculate the relations of spatial positions directly, without 
recourse to Cartesian coordinates. It was necessary to invent new operations 
that made it possible to articulate the classic symbols of geometry (point, plane, 
etc), and therefore to forge a genuine geometrico-algebraic language - a 'charac
teristic' that would grasp extended space dynamically.53 

A Multiplication against addition: a stake in natural philosophy 

We know that Grassmann associated addition only with the trivial intuitions 
of the juxtaposition of parts. Before Grassmann, some philosophers of nature 
had already realized that addition opposes multiplication in the same way that 
the mechanism's transitivities and extensive divisions oppose the real dynamism 
of the natural forces. For Baader, for example: 

The world is not a collection of parts, a conglomerate of atoms, but an 
organic mass governed by a single principle. Totum parte prius: that is to 
say, the idea of totality is the foundation for the idea of part. If, instead 
of taking the totality or unity as my starting point, I take the individual 
(otherwise called that which is conditioned), I will never manage to get 
back to this totality. Thus we will never achieve the synthesis of an 
individual as a synthesis if we start from a multiplicity arranged succes
sively. The synthesis must be produced all at once, like an explosion. Thus 
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there can be no constitution (of an individual) as synthesis of a 
subordinated to a and that n1ay be in a successive manner; 
it must appear in a single act to a revolution or explosion). 
In other terms, there is no mechanical construction of the body as object 
occupying space ... ; and a principle other than the simple mechanism of 
nature is needed, not only for the constitution of organic bodies, but also 
for all bodies in genera1.54 

Baader contrasts the external grasps of the mechanism, simple additions and 
subtractions of parts, with the internal grasps, which are much more penetrating 
and disturb the understanding by proceeding via multiplication, raising by 
powers and extraction of roots: 

One should not be surprised if the physicist, with his mechanical explana
tions, his dead arithmetic and his solely mechanical way of juxtaposing, 
adding and subtracting, cannot manage to compete with nature or the 
naturalist who constructs dynamically with his dynamic arithmetic: his 
multiplication and his extraction. 

Also, Baader adds in a footnote: 

It is a mistake of our mathematical manuals to begin with addition and 
subtraction, which are dead and devoid of concept, and not with living 
operations: raising by powers or extraction of roots. 

Addition, Baader later adds, 'merges living forces and their capacity of 
production with dead materials and their weight, whereas forces which unite 
or combine do not only add on to one another like pieces of dead matter, but 
multiply and increase their powers and, on the other hand, when they separate, 
not only deduct themselves from one another, but are reduced in the manner 
of the extraction of roots.' 

Ten years before the publication of the Ausdehnungslehre, Baader brought 
up the real meaning of addition again. Most mathematicians wrongly consider, 
he said, multiplication as a 'repeated addition' and division as a 'repeated 
subtraction'. Multiplication is a 'reciprocal penetration of factors'; it produces 
an 'interiorization', an 'intensification'. Conversely, division produces an 'exteri
orization'. An overt 'reciprocal penetration of factors' is what Grassmann is 
going to demand of his product for it to be a genuine multiplication, an 
operation productive of plurality. Addition contents itself with being able to 
'think together' a multitude of preexisting entities by juxtaposing them, in the 
way that one might pile counters on a table. It resolves scattering only 'formally', 
and the 'sums' that it produces are always in danger of teetering over into 
dissemination: addition produces only the degraded form of the multiple, that 
which is derived from the decomposition of an already established unit. 

Unlike addition, which presupposes no 'reciprocal penetration of factors' -
the position of the factors is totally indifferent to their liaison - arithmetical 
multiplication distinguishes a multiplicand and a multiplier: N = P1 Pz is not 
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arrived at by PI and P2 , but assuming one side of the equation 
as unit: one says that N is the of Numerical 

of course, 'commutative', as we will see, synthesis 
side of the which is the operator, It as Grassmann a 'liaison 
of second step' (see note 1). It is compatible with the possible decompositions 
(distributivity in relation to addition). It finally makes it possible to conceive 
a multiplicity that, far from undermining the unity, goes forward into diversity 
the better to show its unfolding. 

B Product and orientation 

Grassmann's father, 'by analogy with the arithmetical product', had already 
defined a geometrical product: 

The rectangle itself is the true geometrical product if multiplication is 
taken in its purest, most general sense ... Multiplication is only a construc
tion of higher degree. In geometry, the point is the productive element, 
and the line emerges from it by a construction ... The rectangle emerges 
if we treat the straight line in the same way that we treat the point. 

The situation is identical in arithmetic. In this case, the unit is the 
original productive element. The unit is simply seen as given ... If, now, 
the number is taken as the new base for calculation (by taking it as the 
new unit) ... multiplication does appear as the production of a number of 
a higher order, a number whose unit is already a number. A rectangle is 
the geometrical product of its base and height, and this product behaves 
like the arithmetical product ... 

In geometry, the point is the element, the synthesis is the motion of a 
point in some direction, and the result produced by this synthesis, the 
trajectory of the point, is the line. If, now, the line thus obtained from this 
first synthesis plays the role of the point and is treated in the same way 
(that is to say is moved in another direction), it is a surface that is now 
produced ... 

It is indeed a question of a genuine geometrical product of two linear 
factors ... If the surface takes the role of the point, we obtain a solid 
conceived as the product of three factors. We can go no further in geometry, 
for our space has only three dimensions. No limitation of this kind appears 
in arithmetic.55 

Gunther Grassmann, the father, had thus managed to escape the trap of the 
geometrical addition of the parallelogram of forces: the rectangle, like the other 
figures of the plane and space, is not a thing that fioats in space and 'supports' 
the intuition, but must be conceived as a mobile unit. Such units are constituted 
as in the diagram of the number (see fig. 4), which succeeds in grasping it at 
once as cardinal and ordinal. Hermann Grassmann, the son, goes further by 
seeing that it is precisely this 'reciprocal penetration of factors' that radically 
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opposes multiplication to addition and that this 'interknitting' can be obtained 
by producing an oriented mobile unit, a 'circuit'. 

The area of the rectangle treats base and height on the same footing; its 
calculation is of course commutative: S = BH = HB and, by reading BH or 
HB, I can acknowledge which acts on which. By deciding to exhibit the order 
of the syntheses, Grassmann frees himself from the weight of geometrical realism 
by understanding that this 'realism' is the most abstract of all: it forgets the 
gestures that permitted the construction of the figures. 

Grassmann, like Argand, grasped how pregnant the association of the nega-
tive and the lateral was for geometry: 

It is the consideration of negatives in geometry that shows me the way. I 
was in the habit of seeing the distances AB and BA as opposed magnitudes. 
From this observation, one can deduce that if A, B, C are points on a 
straight line, then, in all cases, AB + BC = AC, that remaining true if AB 
and BC are pointed in the same direction or in opposite directions (in the 
case where C is between A and B). In this case, AB and BC should not 
be seen as simple lengths, but their directions (which are opposed in the 
last case) must also be taken into account ... By meditating on the concept 
of geometrical product, following in my father's footsteps, I came to the 
conclusion that not only rectangles, but also parallelograms could be seen 
as the products of two adjacent sides, provided that the sides were not 
seen simply as lengths, but as oriented magnitudes. 56 

As the 'habit of seeing AB and BA as opposed magnitudes' makes it possible 
to write AC = AB + BC without reference to spatial intuition, we are going to 
see that the notion of an oriented parallelogram makes it possible to demon
strate the distributivity relation (see formula (4)). Grassmann adds: 

So, when I multiply the sum of two vectors by a third situated in the same 
plane, the product obtained coincides (and must always coincide) with 
that obtained by multiplying separately each of the two vectors by the 
third and then adding (being mindful of the signs) the two products. 

Let: 

A(B+ C)=AB+AC (4) 

Formula (4) seems crucial, which is why Grassmann wants to illustrate it 
geometrically, before offering a rigorous definition of the product: 

We obtain a higher-step spatial formation from the segment if we make 
the whole segment, that is to say each point of it, draw a new segment of 
a different nature, in such a way that all the points construct a single 
segment. The surface takes the form of a parallelogram [Spatheck]. 

We will say that two surfaces belonging to the same plane are drawn in 
an equivalent manner if, during the displacement of the direction of the 
moved segment in the direction defined by the motion, it is necessary in 
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both cases to turn in the same direction (for example, towards the left in 
both will be said to be in the opposite case. 

We thus which is as as it 
is general: if; in the a segment moves any number 

segments, then the total surface described (respecting the convention of 
signs just indicated) is equal to the space obtained by removing the segment 
from the sum of these segments. 

Or: if, in the plane, a segment is moved between two fixed parallel lines, 
in such a way as to find itself at the beginning of one and at the end of the 
other, then the total surface so generated is always the same, whatever the 
path (straight or broken) taken, with the sole condition that the assumed 
law of signs is maintained. 

This theorem follows immediately from the known theorem: parallelo
grams starting from the same base and rising to the same parallel have the 
same surface.57 

A B 

Figure 11 

Figure 11 illustrates how, by a compensatory phenomenon analogous to that 
which makes it possible to demonstrate that AB + BC = AC, even in the case 
where B is outside the segment AC, the surface area described in the plane by 
a broken line is equal to that described by the straight line that has the same 
initial and final points as it. The distributivity formula (4) thus remains valid 
and the 'miracle' of the algebraic addition of the pieces of oriented trajectories 
is extended to the second-step mobile units. The multiplication of segments is 
indeed a multiplication in the sense of the general theory of forms and satisfies 
a Chasles two-dimensional theorem (see below): 

According to the concepts developed in the general theory of forms, from 
the theorems of this paragraph and the preceding one it follows that the 
liaison of the two segments a and b, of which the result is the surface that 
is generated when the first segment is displaced from the second, is a 
multiplicative liaison: because, as is immediately apparent, this relation to 
addition that makes it a multiplication is valid for the liaison.58 

If the general liaison sign n is chosen to designate this type of liaison and 
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if the moved is first, we have: 

an (b + c) = a n h + n c 

We see how important the introduction of oriented surfaces is: since the pans 
of Argand's balance took the opposite view to accumulation and iteration, they 
open a dimension and keep the geometer from becoming overwhelmed by the 
datum of the already extended surfaces. The comparison of the areas and the 
law of distributivity which is deduced from it therefore exactly reproduce the 
relation between algebraic magnitudes which had inspired Grassmann: 
AB+BC=AC. 

It is important to analyse the power of mobilization linked with oriented 
magnitudes. It is well known that when three points A, B, C are aligned, the 
relation between distances AB + BC = AC is not always true. The manner in 
which the three points are distributed is imposed on me: I grasp no relationship 
between the different positions. There is no liaison between the statement 
/t, B, C' and one of the images of the three points facing me: no line or 
relationship is either prescribed or suggested by the statement. All I have there 
is simply three points distributed on a straight line and I confine myself to 
exhausting their collection and to adding up the distances: they are appreciated 
by a third party who is indifferent to the positional relationships, for whom 
nothing is at play between A, Band C - this is the point of view of the surveyor 
who carefully juxtaposes already frozen bits of extension. 

Quite other is the view that considers the points A, B, C as places visited by 
a mobile point M; they then appear like the stopping points of the same 
motion. By stating A, then B, then C, or in defining the notation of the circuit 
ABC, I accompany the mobile point in thought and /tBC' conquers an intuition: 
that of a point M that 'goes' from A to B, then from B to C. A, B, Care 
explicitly linked together and the statement's successivity is exactly that of the 
visits: AB does not refer to a distance measured by an external third party, but 
to a journey made from A to B. This journey could be that of the geometer's 
eyes metamorphosed into a mobile point and yet capable of keeping the totality 
of the journey before his mind. The relation AB + BC = AC asserts nothing 
more than the continuity of a look and the possibility, finally offered literally, 
of grasping mobile points. 

.. ) 
X X X 
A C B 

Figure 12 

A mobile point generates diversity; A, B, C are not simple states distributed 
on the straight line: their diversity is an integral part of a single process of 
becoming. As the introduction demanded, the distinction of these points is a 
distinction become a 'dissolved combination'. 
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It is evident that it is quite easy to cancel the journey AB in thought by 
the notations AB and BA and to see that the transit of BA opposes 

the transit of A towards B. in time seems to imitate precisely 
spatial coexistence. This is the intuition of the trajectory: a 'moving' in strict 
subordination to a clock. This is why the notation AB so successfully suggests 
a journey: the spatial and the literal are perfectly merged in it. 

Cancelling the intuition of a parallelogram is considerably more delicate: it 
is not very clear how to endow it with mobility. Grassmann borrows Mobius' 
idea of the oriented parallelogram. The notations ABC and ACB refer respec
tively to the positional relationships and circuits drawn in figures 13a and 13b: 

c 
B 

A c 
B 

a b 

Figure 13 

These are the ones evoked by Grassmann in his definition of the product. 
This notation assumes a noetic propulsion that is much subtler than that of 
the transit where 'J saw myself going from A towards B'. In the case of figure 13, 
'J lie down on AB (feet at A and head at B) and I see AC to my right'. A single 
notation :.fBe' is capable of staging all these actions (lying down, seeing) and 
of associating a circuit in the plane with them. 

The oriented volume ABCD is defined in the same way; an observer 'lying 
on AB (feet at A) sees C on his right and D towards the top'. 

D 

L: L B 

D 
top t 

LA:?:j) 
B bottom 

Figure 14 

We have escaped the trap of the transitivity of trajectories. The latter relied 
too soon on the identification of the literal and the spatial. They solicited only 
the contemplation of an A looking towards B. Here, it is the whole body that 
appropriates a space. By insisting on the order of the letters, the notation ABC 
or ABCD captures my manner of contemplation by specifying a mode of 
articulation of the mobilities. An oriented volume or, better, an oriented ampli
tude does not sanction an established extension, an 'overcrowding' of space, 
but rather a circuit or a virtual envelopment. The stated order and the circuit 



GRASSMANN'S CAPTURE OF THE EXTENSiON 129 

are inseparable: (A, B, C, D) is a simple aggregate of letters, whereas 'ABCD' 
sanctions a seizure of space that is much more concrete than the magnitude. 

The oriented envelope also makes it possible to distinguish and to cut out 
'sides'. In the construction of the second-step extension, this is what makes it 
possible to choose 'from what side' the motion that conquers AB is made to 
sweep over a parallelogram. In the case of figure 15, the motion must be made 
from the side that will give a circuit ABC in the same direction as the enveloping 
motion represented by .fj. Given a canonical circuit and an oriented base, one 
can consider the segment AC - the 'height' -, which directs the motion, as that 
which articulates and envelops the oriented base: Grassmann's generation and 
multiplication take up Oresme's mobile unit again by injecting it with the 
dynamic of the orientation . 

c 

A 8 

Figure 15 

. ~ 
~ 

C External product Oiussere Multiplikation) and the 
intensive/extensive dialectic 

Grassmann then gives a clearer definition of the form of the geometrical product 
by stressing the distinction between that which is moved and that which moves: 

Further development now demands the generation of new types of exten
sion. The manner of this generation is an immediate result, by analogy, of 
the manner in which the first-step extension was generated from the 
element, by now subjecting in the same way all the elements of a segment 
to another generation; to be more specific, the simplicity of the magnitude 
that is going to be generated demands equality in the manner of generating 
all the elements, that is to say all the elements of this segment a describe 
a single segment b. The segment a is presented here as that which generates, 
the other segment b as the measurement of the generation, and the result 
of the generation is, if a and b are means of different generation, a part of 
the second-step system, determined by a and b, which must then be 
understood as a second-step extension [Ausdehnung zweiter Stufe] ... 

For the moment, that is to say until we have determined more particu
larly the nature of this liaison, we designate the resulting product of a and 
b by a n b, and for the moment by a n b, where a and b are the segments, 
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we mean the extension which is generated jf each element of a generates 
the segment b.59 

Grassmann's mobile unit therefore combines the orientation and the 
intensive/extensive dialectic analysed earlier (see p. 112 and following). We can 
offer a diagrammatic interpretation of this product Let us link up the diagrams 
of the dispersed segment and of the applied force (see above, fig. 3), thus 
showing the extension formation Ii n 12 produced in this order (from 12 by Ii) 
as in figure 16. 

Figure 16 

I animate each point of 12 (whose points are essentially dispersed) through 
the pure displacement directed according to I l' The first - intensive - term is 
presented as that which conducts the generation and the second term as the 
base of the generation. 

The extension formation 12 n Ii permutes the roles of Ii and 12: 12 becomes 
intensive and Ii extensive. 

)< 
)< 
)< 
)< 
)< 
x 

Figure 17 

We see that this distinction in the order of statement, Ii then 12 or 12 then 
110 precisely reproduces the two decisions possible for streaking the rectangle 
vertically or horizontally: the two modes of 'fibration' of the spread-out rectan
gle are therefore exactly grasped by the notations Ii n 12 or 12 n I l' These 
notations reinforce the distinction between the agent that generates (the 'multi
plier') and the patient that nourishes the generation (the 'multiplicand'), by 
demanding that the order of formation of the products be carefully specified: 
an b is obtained by displacement of the points of the first segment (the 'base'), 
by the action of the second (the 'height'). This product is not available as a 
thing given extension there, in space: it is not a Raumlehre figure. The order of 
the symbols leads the hand and prescribes an actual construction of the 'figure'. 
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A 'geometrical word' 0 n b (respectively b n a) is coined, revealing a dynamics 
of the rectangle. The points of segment b (respectively whose extension is 
already established, are set in motion by the unfolding of the segment-intensity 
a (respectively b). The segments participate in a relationship that intersects 
them, whereas juxtaposition contents itself with merely 'thinking together' two 
elements that remain strangers to one another: '0 + b' is not really a 'word'. 
Here, the hand is implicated in the product; it coordinates a successivity and 
a side-by-side; it brings about the new dimension by embodying an orientation; 
thanks to the geometrical product, the plane takes possession of a mobility 
that seemed reserved for vectors. 

Grassmann acknowledges his perplexity before this strange multiplication: 

At first I was very disconcerted by this strange result: the other laws of 
ordinary multiplication were all respected by this new multiplication (in 
particular the relationship of multiplication to addition) ... But any permu
tation of the order of the factors entailed a change of sign ... 60 

He stresses this crucial association of the crossing from left to right (and vice 
versa) with the change of sign: 

The surface of the parallelogram is thus presented again as the external 
product of two segments, and the volume of the parallelepiped is presented 
in the same way as the external product of three segments. These two first 
segments then make up the sides of the parallelogram and the three others 
the ridges of a parallelepiped. To be more specific, we took the segment 
whose motion formed the parallelogram as the first factor and the segment 
which measured the motion as the second, with the result of what we call 
two equal parallelograms if, seen from the first factor, the second is on the 
same side, and the result of what we call two inverse parallelograms if 
they are on the opposite side. 

From this Grassmann derives the rule: 

anb=-bna (6) 

'for', he says, 'if b, seen from 0, is on the left, then 0, seen from b, must be on 
the right, and vice versa.' 

This is the particular form of a general law of signs which Grassmann 
proposes to deduce geometrically: 

It is clear from the concept of the negative that if the base and the height 
of a parallelogram keep the same directions, the surface preserves its sign, 
even if its sides increase or decrease. If, moreover, the extremity of the 
height displaces itself onto a line parallel to the base, while the latter 
remains the same, then the surface stays unchanged; it therefore preserves 
its sign. We begin from these two hypotheses to give the geometrical 
justification of the general law of signs . 

... All parallelograms whose heights seen from the base remain on the 



132 GRASSMANN'S CAPTURE OF THE EXTENSION 

same side must keep their sign. In altogether analogous fashion, if we 
distinguish here the first, second and third ridge, we will be able to establish 
for parallelepipeds [Spath] the law: the volumes of two parallelepipeds 
preserve or change their signs, according to whether one must turn to the 
same side or to a different side to pass from the direction of the second 
ridge to that of the third ridge, if an observer is imagined lying on the 
first ridge (feet at the origin and head at the extremity).6i 

The rule (6) can be proved by other means. Following the preceding construc
tions, we have to associate with a n a a parallelogram of zero area since a is 
at once what is moved and what moves. It is thus easy62 to see that the relation 
a n a = 0, joined to the property of distributivity (5), also gives: an b = - b n a. 

These properties imply that the segment a is colinear with or belongs to the 
system generated by the segment a if, and only if, an c = 0. The external 
product sanctions only the actual acquisition of extension that makes 'the 
factors move apart', as Grassmann himself says: 

I previously63 called this product ... an external product, alluding by this 
name to the fact that this kind of product only has a non-nil value if the 
factors move apart and if the product then constitutes a further extension. 
This product is, on the other hand, equal to zero if the factors belong to 
the same extension form.64 

The process can now be extended to the construction of the parallelepiped 
of step n, the latter being understood as the progressive product of n points. 
This is Grassmann's crucial idea: to have found the liaison that makes it 
possible to leap from one dimension to another.65 

The 'external' or 'progressive'66 product can be defined for any system of 
step n with which an oriented volume has been associated. This oriented 
volume,67 called the principal measure by Grassmann, makes a positive or 
negative number correspond to the datum of n segments ai, ... , an taken in this 
order and denoted [a b . .. , an]. This principal measure is, one might say, a 
sequence of n letters made mobile; it fixes one of the two ways of enveloping 
virtually a parallelepiped beginning with n segments. This product combines 
mobile syntheses analogous to that of figure 17, as Grassmann quickly 
emphasizes: 

We now extend this definition to any number of terms and for the moment 
we intend by abc ... (where a, b, c ... are any number n of segments) the 
extension that is formed when each element of a generates the segment b, 
each of the elements so obtained then generating the segment c, etc.68 

The construction of this product, which Grassmann then describes in detail, 
would go beyond the frame of our analysis. We will confine ourselves to 
recalling the essential features. 

Let Ln be a system of step n assumed to be endowed with a principal measure 
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(oriented volume or oriented amplitude) denoted [al, ... , an]. It is then possible 
to define a product ('progressive' or 'exterior') such that: 

- if al, ... , ak are segments, al n ... n ak is an extension form of step k; 
- the progressive product makes it possible to cross from extension forms 

of step k to step k + 1; 
- the progressive product satisfies: al n ... n ai ... aj n ak = - al '" 

n aj .•. ai n ... n ak - in particular if one of the segments belongs to the 
system generated by the others, al n ... n ak = 0; 

- the oriented volume of Cab ... , an] is a (positive or negative) number equal 
to al n ... nan; 

- the progressive product satisfies the 'natural' properties of associativity 
and distributivity for a multiplication; 

an (b n c) = (a n b) n c 

an(b +c) = anb + anc 

(b + c) n a = b n a + c n a 

- this product is not commutative: an b = (-1 )kk' b n a, if a (respectively b) 
is a form of step k (respectively k'). 

This multiplication therefore makes it possible to propel oneself from one 
step to another: this justifies the designation of external or progressive product. 
Thus, in a system of step 3: 

- a is a segment; 
- an b is a parallelogram; 
- an b n c is a parallelepiped. 

It is interesting to examine in detail the 'movement' from one step to another 
permitted by multiplication. We will be able to observe how the oriented 
envelope makes it possible to direct the chain of syntheses and the mobilizations 
related to them. The movement from step n - 1 to step n should not be 
understood as the formal adjunction of a vector to a given system: the adjunc
tion simply makes it possible to 'think together' a segment wand a system of 
n -1 vectors Ln-l = {Wl, ... ,wn-d, whereas the volume, the oriented ampli
tude [Wl, ... , wn ] is not content simply with putting Ln-l together with W but 
first envelops them, to decompose itself afterwards as: [W1' •.• , wn ] = 
[W1 n ... n wn- 1] n Wn = W1 n ... n Wn- Let's assume the product W1 n ... n Wn-b 
which induces an oriented volume [W1' ... , W n-1] for the system L n- 1 (of 
dimension n - 1). If an oriented envelope [Wb .. " wn ] of order n is given, it 
defines two 'sides' in the system L n , 'separated' by L n -1 (see fig. 18 for n = 3): 

The side from which the system Ln -1 is 'seen' in the positive direction is 
opposed to that from which the system is seen in the negative direction. This 
'seeing from outside' is now given by the oriented envelope of order n. There 
exist two classes of segments: 
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orientation 
by [WI' W2, W,] bottom side 

Figure 18 

- those which are going to move Ln-I to construct a 'positive' parallelepiped; 
- those which are going to move Ln-I to construct a 'negative' 

parallelepiped, 

We see that the oriented envelopment precedes the actual construction of 
the extension forms of order n 'beginning from' that of order n - L 

The notation [WI> , .. , wnJ of the oriented volume is a sudden possession: it 
permits the compression of a whole scenario. With the oriented volume under
stood as product, the geometer propels an invisible body which has complete 
freedom to contemplate from the outside the circuits contained in the horizontal 
planes defined by this body. The formula of the product WI n ... n Wn = 

[WI' ... , wnJ permits a decomposition of this sudden possession and articulates 
it with the already established extension forms. 

In order to define numerical multiplication, it was sufficient to consider a 
number as a unit and to take is as a new base for calculation. With Grassmann's 
product, we grasp an oriented unit and we complete it on a particular side in 
order to reach the already given oriented envelope. It is therefore by provoking 
an ambiguous state of affairs which is then dissipated by an orientation that a 
dimension can be conquered. Oriented volumes 'allow us to see two volumes in 
one'. The extension is aroused by splitting, and that is why, as we shall now 
see, a dimension posited as mobile alludes to another. 

D The allusion to the next dimension 

By linking multiplication and orientation, Grassmann strikes a double blow: 

- oriented volumes make it possible to link extensive magnitudes (distances, 
areas, etc) which by themselves are essentially positive, in such a way that 
in the liaison 'the consequences suppress each other reciprocally in the 
same subject' (see Kant, Attempt to Introduce Negative Quantities ... , first 
section, p. 86, and our commentary, III,2); 

- external multiplication makes it possible to jump from one step to another. 

This is therefore a device for articulating degrees of independence. Thus the 
compensation of spatial intuition of arbitrary degree is finally allowed, which, 
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quite obviously, arithmetical multiplication could not do. The radical over
throw brought about by Grassmann's product involves three key 

(a) injecting mobility into a step that already has extension turns it into an 
allusion to the next step; 

(b) this allusion is captured by a form decided in a situation of maximal 
ambiguity proceeding from a balance of Being and exemplifies the reacti
vation of the notion of generation; the external product inaugurates the 
era of the non-commutative and gives, finally, algebra a perspective by 
freeing it from the irreversibility of formulae. 

How does a dimension allude to the conquest of a supplementary dimension? 
We know how Grassmann, in combining the dilatations and reflections of the 
modes of change, obtains a system of step k 'beginning from' fundamental 
modes of generation. But dilatation and opposition never allow the possibility 
of jumping from one dimension to another: I shall thus never be able to 'deduce 
formally' the plane beginning from a straight line! 

A line can be travelled in one direction or in the other at a velocity v, but, 
if I want to grasp the two motions in a single intuition, I must 'stand back': I 
cannot content myself with exchanging M and M' by reflection, I must construct 
a unit that grasps the two mobiles at the same time. 'Crossing' from M to M' 
by reflection leaves me defenceless when faced with transit; this evasion cannot 
allow me to picture myself in the act of contemplating M and M' at once. I 
must therefore deform the mobile point M into the mobile point M', and not 
shift from M to M'. This deformation necessarily invites another dimension; I 
can, for example, fold M back on M' (see fig. 19). 

M' 
..-- o 

M 
---. 

------------- -------------
-v +v 

Figure 19 

We are in a position of exposition and zero appears as a pivot. Here we 
experience again the magic of articulation, which makes it obvious that such
and-such an opposition is mastered in a wider continuum; here, when I link 
the two mobile points on a straight line, I am already positioned in a plane. 

In an identical manner, if I consider two circuits of opposite direction in a 
plane (see fig. 20) and if! require to grasp them in a single intuition, I immedi
ately position myself in 'space'. This seesawing involves all steps: a system of 
step k being established, there exist two types of oriented volume69 linked with 
this step (these are external products of k segments) and, by deforming the one 
into the other by thought to grasp them in a single intuition which is not an 
arbitrary juxtaposition but an articulation, I position myself in the next 
dimension. 

It is necessary to emphasize that: 
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Figure 20 

- the difference between a positive volume and a negative volume results 
only from a decision relative to the position; 

- the ambiguity is maximal between two opposed volumes and is by no 
means established in the extension by crude extensive inequalities; 

- the choice is not made between this and that volume, but between families 
of deformations of volumes or circuits. 

These deformations imply the invention of a superior homogenization. The 
theory of the extension set out to master the birth of the continuously diverse. 
This diversity must not be taken as that of blocs dispersed in the extension, 
but constitutes a system: a consistent deformation must produce it. This ambigu
ity therefore demands the most resolute of noetic propulsions and the one that 
is most orthogonal to transitivities and extols most highly the gesture that cuts 
out and unfolds the form. The dialectic of the mobile point succeeded in 
overcoming the opposition between the static point and the diversity of places. 
Dialectical generation demonstrates its power of reactivation by inventing a 
superior mobile unit: in the same way that Argand's balance compensated for 
iterative intuitions with its negative arm and alluded to the straight line of the 
imaginaries, the parallelogram or the tetrahedron split themselves into two 
possible deformations. 

Two circuits must be sketched in dotted lines and are not added on to the 
figure like excrescences or prolongations. They arouse extension through split
ting. Two triangles given as equal solicit only a superposition executed in the 
plane: they invite no supplementary dimension. The latter becomes necessary 
if I decide to see two triangles as equal as figures, but opposed as circuits (as 
a way of enveloping the domain). By deforming these circuits into one another 
virtually, I position myself in another dimension which allows me to contem
plate them actively and to opt for one of them without being rendered powerless 
by the irreducible fact of the right hand and the left hand. 

Endowed with their oriented volumes, the systems of different steps can 
therefore unfold themselves into a double series (see fig. 21). 

The different brackets are linked to a single system of step n, split into two 

-- .. -En - E+2 EI 0 E_I E_2 E_ n 
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Figure 21 
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classes of oriented volumes. This diagram recalls that of Eschenmayer (see 
III,4). Each step defines an equilibrium plateau and marks a pause where only 
the first degree of generation is at work: that which unfolds a system beginning 
from a cluster of segments by combining additions and oppositions. Then 
comes the second degree of generation: the equilibrium of degree k (a system 
of step k) can be broken if one draws a device implying a more ample continuum: 
one must be positioned in the following dimension to deform two opposed 
volumes into one another. We see therefore the dynamic principle that underlies 
the capture of the extension: the generation that does indeed accompany a 
balance of Being. 

External multiplication is therefore the form that cuts out this 'second degree' 
of generation precisely: it remains indifferent to the forms that have already 
been acquired by addition and the products of dependent or opposed factors 
are equal to zero. 

The progressive product certainly makes it possible to 'cross' from k to k + 1, 
but this 'crossing' must above all not be understood as that of a continuous 
expansion or a dilatation. The dimension does not run out peacefully from a 
point-source (the 'origin') to an extension form of step n (an oriented volume 
of order n): to position oneself in a system of step k + 1, with an oriented base 
already established, an ambiguity has to be cleared up between two families of 
deformations. The ambiguity associated with the orientation forces the most 
irreversible of decisions and guarantees that the leaps of intuition, which lead 
from step to step, do not degenerate into progressive, self-evident filling, plain 
'augmentation'. The dimension must be earned and is acquired by stages, but 
each stage is a test and the decision that it involves cannot ignore the oriented 
envelope that captures space before any filling takes place. 

We get an idea of the 'vertical' power of Grassmann's oriented multiplication. 
The additive 'horizontal' form can only capture the intuition of the 'thinking 
together'; the multiplicative oriented form grasps the virtual invitation of a 
dimension, the ambiguity induced by the mobilities that travel across those 
that have already been posited. It guarantees that the dimensions are not 
reduced to a simple sequence of steps, an abstract ordinal series of degrees of 
independence, labelling the systems like marks on a thermometer with no 
internal connection between them. 

We know that each dimension can in principle be distinguished by a principle 
of selection, but they are then detachable like isolable samples. Such degrees 
invite a rectification device capable of spreading them out whilst adding them 
up (see chapter III). Grassmann's product plays this role by unfolding the 
degrees of independence, as is shown by the formula 'if w = a n b, a and b being 
of step k and k', then w is of step k + k' and "most closely envelops" the joining 
together of the forms a and b'. 

The oriented multiplication articulates the degrees with one another and 
figure 22 suggests that the envelope plays the role of a horizon opposite to the 
point-source origin. In fact, we know that the horizon cannot be reached by 
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Figure 22 

iterating additions, that it never results from a 'thinking together' that is already 
given (it is rather the condition of such a gathering). It does, however, prescribe 
stratifications, horizontal bands that are homogeneous with each other. Here, 
it is the invisible hand - the oriented envelope - that guides the same gesture 
(the 'crossing' from the oriented base of order k to the envelope of order k + 1) 
and makes possible the conquest of linear systems of arbitrary dimension. 

E The regressive or involving product [eingewandtes Produkt] 

With the progressive product, the geometer makes himself master of all possible 
dimensions: he explains space (the product A n B grasps and 'most closely 
envelops' the extension derived from the reunion of the extension forms A and 
B). Grassmann's penetration allowed him to sense that this naive prioritizing 
of the expansion, based on the degrees of independence, had to be balanced 
out by a symmetrical process: a multiplication that would show the spatial 
contraction and reply to the question: what form would envelop only that 
which is common to two systems A and B? 

Grassmann therefore defines a regressive product that envelops the intersec
tion in the way that the progressive product enveloped the union. We have 
just seen that the oriented envelope E worked like a horizon starting from a 
point-origin. Grassmann brilliantly sensed the necessity of balancing this situa
tion: 0 must now be seen as a horizon starting from E, and that through a 
symmetry that no longer switches over the figures of space but involves the 
very dynamic of thought. 

Grassmann possesses a very sure dialectical sense: any notion, any intuition, 
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any motion of the mind must be mastered and balanced by a symmetrical 
device. In the tradition of the philosophy of nature and the balance of Being, 
it is the geometer's duty to control the proliferation of forms by distinguishing 
the metamorphosis of the generation and demonstrating it in the form. After the 
dialectic of the mobile point and that of the deformations of opposed volumes 
which made the rise through the dimensions possible, a new stage asserts the 
regressive product that allows the descent from a system of step n as far as the 
point. The same concern for symmetry is behind the inclination to articulate 
the degrees of dependence in the way that the degrees of independence were 
articulated. 

Grassmann explains: 

The concept associated with an external product was that each piece of a 
factor, dependent on the other factor, could be ignored without changing 
the value of the product (which implied that the product of two dependent 
magnitudes is zero). Real magnitudes, that is to say those that can be 
represented as products containing only single factors, were then said to 
be 'independent of one another', if each factor of the latter was completely 
outside the system determined by the remaining factors ... Since this 
determination that makes a product into an external product is now not 
part of the concept of the product as such, it must then be possible to 
keep the general concept of the product and yet abandon this determina
tion or replace it with another; to find this new determination, we must 
(since, according to it, the product of two dependent magnitudes must 
also be able to have a non-zero value) examine the different degrees of 
dependence. 7o 

The external product 'erased' the dependence of the factors; the regressive 
product, conversely, seeks to measure it alone. It is not a question here of 
giving a detailed construction of this product, but of suggesting a sufficiently 
precise notion of it that shows how it balances out the progressivity of the 
external product in the intuition (see fig. 23). 

A is a magnitude of step k, B a magnitude of step k', and, if A = C n A', B = 

C n B', it is natural to think that the step k" of C (which is the largest factor 
common to A and B) measures the degree of dependence. Except for this sign, 
C will in this particular case be the regressive product of A and B in each 
system endowed with its oriented envelope. One can thus give a more general 
definition of a regressive product related to two extension forms of steps k and 
k' (such that k + k';::o: n) A and B: this product is an extension form k + k' - n 
which envelops the systems common to A and B and denoted A· B.n 

Let's give some examples. 

(a) in a plane endowed with an oriented circuit (ABC) (see fig. 24a) 

AB' AC = [ABC]A, 
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the intersection of the two segments AB and AC is indeed the point 
to which the number [ABC] is attached here. 

(b) In an ordinary space endowed with an oriented volume (see fig. 
the intersection of a plane defined by a triangle P1 P2 P3 and by a straight 
line ~ defined by a segment AIAz is a point Q obtained as:72 

Q = A 1 A 2 ' P1 PZ P3 = [AIPIP2P3]Az - Al [AZP1 PZ P3] 

(c) If Rl (respectively Rz) is the plane determined by the triangle ABC 
(respectively PQR), we will have equally (see fig. 24c): 

ABC, PQR = [APQR]BC + [BPQR]CA + [CPQR]AB 

The intersection of the planes carrying the triangles ABC and PQR is the 
straight line ~ carrying the combination of segments of the right-hand side of 
the equation. This last example makes it possible to grasp the central idea of 
the construction. 

R 

Figure 24c 

Two extension forms are chosen; here, two triangles ABC and PQR. One of 
the two is preserved and the other is broken into pieces in such a way as to 
obtain an oriented volume (here, a tetrahedron), and therefore a number (posi
tive or negative) that is multiplied with the remaining piece of oriented magni
tude. Thus, by preserving the triangle PQR and breaking ABC into three pieces 
(the segments AB, BC, CA), leaving a point each time on the side (respectively 
C, A and B), I obtain the numbers [APQR], [BPQR], [CPQR] to be multiplied 
by the segments BC, CA and AB. 

We must not forget that ABC is not a simple piece of extension but a circuit 
(one states first A, then B, then C) and that there are three ways of subtracting 
a point from the circuit ABC. 

If ABC were only a simple piece, by removing a point, we would be able to 
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identify the residual piece without ambiguity. Here, I obtain a circuit by 
mutilating another circuit. By taking away A, I obtain two possible segments. 
The ambiguity is dispelled if I demand that the chosen circuit permit the 
reconstitution of the initial circuit by composing it in the classical manner (on 
the left) with the circuit (here a point) which has been removed. 

Examples: Let the circuit be DEF. Having suppressed D, we must choose 
EF, for D compounded with EF (on the left) gives DEF. If we now suppress E, 
we must connect up the circuit FD, since EFD = - EDF = DEF (rule of signs). 

Figure 26a 

Take the circuit A1AzA3A4' It we remove A1Az, A3A4 is 'left', since 
Al AZA3A4 is immediately reconstituted by juxtaposition on the left, without 
the need to step over any letters (see fig. 26b). 

Figure 26b 

This is no longer the case if I cut out the circuit A1A3' since to reconstitute 
A1AzA3A4, from A1A3 and AzA4, I must switch over Az and A3. The oriented 
residue will therefore be: A4AZ = - AzA4. 

Figure 26c 

We can verify that: A1A3A4AZ = -A1A3AZA4 = A1AzA3A4' 
We now understand better the rule that fixes the correct oriented residue: it 

is necessary to understand the missing places as resulting from the transgression 
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of a relation of position, from the mutilation of a whole. The oriented residue 
specifies the minimal series of gestures that would make it possible to reconsti
tute this whole. Once more it is a question of showing the articulation of the 
position and the enunciation. simply writing E = }, I merely 
index the components of an aggregate without regard to the position. I have 
however had to enunciate successively A J , then A z , then A 3 , etc, as far as An, 
but this successivity was totally arbitrary and attempted to grasp no relation 
of position. 

The separation between extended aggregate and circuit is therefore all the 
clearer. The oriented residues emphasize the contrast that opposes circuits and 
extended aggregates: if one circuit is extracted from another, the residue circuit 
must carry the scar of this mutilation, whereas in an aggregate (an extended 
totality) a part A and its complement (what remains when A has been incised) 
are put on the same footing and in a relation of indifferent juxtaposition. 
Grassmann's products capture mobilities: these are circuits where places and 
their enunciations intertwine. 

The oriented residues appear therefore as oriented complements. Given a 
system of step n and an oriented volume, the oriented complement A * of a 
circuit A will be defined unequivocally. The oriented volume (the manner of 
enveloping) again plays a crucial role here: its insistent presence is similar to 
what indirectly conditions certain gestures, like a horizon (see chapter II); it 
destroys in advance any effort attempting to reduce the mobilization of the 
extension to a modest step-by-step. This 'modesty' of the step-by-step is merely 
the camouflage of a philosophy enslaved to transitivities, clinging to its finitude 
and incapable of conceiving a horizon. 

The oriented complement possesses a remarkable quality: the operation * 
switches the liaisons nand . and induces a correspondence that exactly 
balances the diagrams in figure 23. We have in effect (A n B)* = A * . B* and 
(A' B)* = A * n B* for two extension forms A and B,73 which transforms the 
ascent of the degrees of independence into a descent of the degrees of depen
dence, and vice versa (see fig. 27). 
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1· 
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~ 
~ 

* 
1--. ...-

1 
0 0 

Figure 27 
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By arranging the liaisons nand . like two symmetrical wings of a single 
motion of thought, the operation * emerges as the keystone of a magnificent 
edifice. 

8 THE STAKES OF THE NON-COMMUTATIVE 

We know that Grassmann had recognized that certain notations can be fertile 
thought experiments: as AB can be 'seen' as the opposite of BA, two opposed 
circuits attend the reading of a n b or b n a. Grassmann therefore set geometry 
free from the servitude of spatial intuition and algebra from the blind transitivity 
of formulae at the same time. The Ausdehnungslehre is thus at once 'analytic' 
and 'synthetic'; the dead icons that the points, straight lines, etc had become, 
are replaced by units of active contemplation, which are present in the very 
motion of grasping the extension. 

There is no longer any possibility of having recourse, like Descartes and his 
successors, to a witness marker that provides the coordinates necessary to 
create an algebraic text - the equations Q(x, y) = 0 of the geometrical places -
in its position of commentator and guarantor of the 'context' of the spatial 
intuitions from which it remains detached. This text naturally retains very few 
traces of the construction of the curves that it 'represents'; the reading of its 
formulae, which condense relations between magnitudes and powers of magni
tudes, says nothing directly of the lines drawn and journeys effected, at least 
in thought, by the geometer. Grassmann's language overturns all that: the 
'words' fabricated like products of letter-points articulated by the multiplica
tions nand . may be produced in the very rhythm of the statement of a 
problem. What one could call Grassmann's dynamic ideography shows itself 
particularly apt to study the curves associated with constructions said to be 
'lineal' (effected by intersections of straight lines and liaisons of points by 
segments). 

Also, a theorem of the type, 'If the sides of a triangle turn around three fixed 
points a, b, c while two vertices move along two fixed straight lines, the third 
vertex describes a conical section',74 can be instantaneously demonstrated by 
setting some 'word' to zero. 

It is the non-commutative that permits this miracle by knitting together an 
enunciation and a positional relation. The non-commutative does not claim to 
grasp parts of space by labelling them with letters or figures (this is a plane, 
this designates a straight line, etc), but arouses the spatial by making up 
algebraic miniatures of motion. Of course, the importance of the order of the 
terms in a formula has long been recognized; care would have been taken not 
to confuse f(x) = sin (log x) with g(x) = log (sin x). In this example, the distinc
tion simply results from respecting a rule of calculation; the difference between 
f and g is acknowledged and submitted to by the mathematician. This difference 
asserts itself irreversibly with the two flows of the enunciation. No intuition 
accompanies the distinction of these two flows: by respecting the order of the 
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writing, the geometer is simply instructed of the difference of the results just as 
the telegraphist deciphers a message word for word. In this example, the analyst 
bows before the successivity as the ordinary geometer (he of the Raumlehre) 
lets himself be subjugated by the magnitudes of the paralysed coextensions 
of things. 

Naturally, one can take pleasure in endlessly complicating the example of 
the functions f and g. Such compositions accumulate different values by desper
ately mimicking the irreversible character of vulgar temporality, just as the 
ordinary geometer only knows how to note the fact of the dispersion. The non
commutative suspends this temporality and assumes this dispersion by playing 
on the order of the letters to produce this or that circuit virtually. By linking 
the free-style dance of the letters to a continuum where circuits can deform 
one another, the geometer gains kinetic formulae; he escapes the slavery of the 
transitive and spatial of all figures and motions ('such a thing turns in such a 
direction') which might attempt to impose themselves opposite him like a fact 
of nature. 

Grassmann showed us how the simple opposition of ABC and BAC could 
generate sides; his split and mobile spaths know how to make the most of the 
ambiguity of the non-commutative: to grasp at last what irremediably escaped 
addition, what cannot lightly be 'thought together' or 'the one after the other', 
what gives itself irreducibly as a process, as a node in space-time. 

This is what is at stake in electrophilosophy, which we tackle in the chapter 
that follows: to split or develop a space by articulating the successive and the 
lateral, to see that the translation can be the visible trace of an invisible rotation 
and dissolve the Newtonian cliches. 

NOTES 

1 Hermann GUnther Grassmann, born at Stettin (Pomerania) in 1809 and died in the same town in 
1877, received a very careful education from his parents. His father, GUnther Grassmann, was a 
teacher of mathematics and physics at the Stettin Gymnasium; very much taken up with educational 
matters, he wrote several elementary books on mathematics and physics, certain of which would 
directly inspire the works of the geometer (see Raumlehre, ebene Raumlehre, Grossenlehre). After 
attending Friedrich Schleiermacher's theological classes (see A.C. Lewis, 'Grassmann's 1844 
Ausdehnungslehre and Schleiermacher s Dialektik') and studying the classical humanities and modern 
literature, Grassmann decided to give himself a solid education in mathematics and physics, 
researching them outside academic circles. This idiosyncratic relationship with knowledge gives the 
measure of the man, who takes his place in the tradition of the great amateurs of the nineteenth 
century: independent, encyclopaedic and self-taught. His works are concerned with the theory of 
electricity (see 'Neue Theorie der Elektrodynamik'), physiology, as well as linguistics and the history 
of languages, studies of Sanskrit and, naturally, mathematics. 

It might be useful to offer a summary bibliography of, and on, the work ofH.G. Grassmann: 
(a) H.G. Grassmann, Die lineale Ausdehnunghslehre, ein neuer Zweig der Mathematik, dargestellt 

und durch Anwendungen auf die iibrigen Zweige der Mathematik, wie auch auf die Statik, Mechanik, 
die Lehre vom Magnetismus und die Krystallonomie arliiutert (Leipzig: Verlag von Otto Wigant, 
1844), reprinted 1878 (= Gesammelte mathematische unde physikalische Werke, I-I, pp. 1-319). 

(b) H.G. Grassmann, 'Neue Theorie der Elektrodynamik', Annalen der Physik und Chemie, 
Poggendorff,64, 1845, pp. 1-18. 



146 GRASSMANN'S CAPTURE OF THE EXTENSION 

(c) H.G. Grassmann, Die geometrische Analyse geknlipfr an die von Leibniz erfundene geometrische 
Charakleristik, Leipzig, 1847 (= Gesammelte mathematische unde physikalische Wake, 1-1, 
pp.32098). 

(d) H.G. Grassmann, 'Sur les diffhents genres de multiplication', Journalfiir die reine und angew
andte Mathematik, Crelle, 1855,44, pp. 123-4l. 

(el H.G. Grassmann. Die Ausdehnungslehre. VollsUil1dig und in strenger Form bearbeitet, Berlin, 
1862 (= Gesammelte mathematische und physikalische Werke, 1-2, pp. 1-379). 

(f) H.G. Grassmann, Gesammelte mathematische und physikalische Werke (Leipzig, 1894-1911), 
3 vols. 

(g) J.G. Grassmann, Raumlehre, ebene Raumlehre, Grossenlehre (Berlin, 1824). 
(h) A.C. Lewis, 'Grassmann's 1844 Ausdehnungslehre and Schleiermacher's Dialektik', Annals of 

Science, 1977,34, pp. 103-62. 
(i) On Grassmann and the Leibnizian tradition, see H.G. Grassmann, Die geometrische Analyse 

geknlipft an die von Leibniz erfundene geometrische Charakteristik, and M. Otte, The Ideas of 
Hermann Grassmann in the Context of the Mathematical and Philosophical Tradition since 
Leibniz', Historia Mathematica, 1989, 16, pp. 1-35. On the introduction, see A.C. Lewis, 
'Grassmann's 1844 Ausdehnungslehre and Schleiermacher's Dialektik', and D. Flament, 'La Die 
Lineale Ausdehnungslehre (1844) de H.G. Grassmann', Lecture Notes in Physics, 1992,402. 

(j) For different accounts of Grassmann's theory, see G. Peano, Calcolo geometirco secondo 
I' /iusdehnungsfehre' di H. Grassmann (Turin, 1888); C. Burali-Forti, Introduction a la geometrie 
difJerentielle suivant la methode de H. Grassmann (Paris: Gauthier-Villars, 1897). See also the remark
able article by Rota et al., 'On the Exterior Calculus of Invariant Theory', Journal of Algebra, 1985, 
96, pp. 120-60. 
2 F. Klein, Vorlesungen liber die Entwicklung der Mathematik im 19 lahrhundert (Springer, 1979), 
180-81. 
3 See III, p. 100, n. 27. 
4 M. Merleau Ponty, Resumes de cours (Paris: Gallimard, 1990),91. 
5 Hegel, Science de fa logique. DEtre, I, 2, 1, A, 1, p. 171. 
6 Schelling, Recherches philosophiques sur fa nature de la fiberte humaine, Essais, p. 226. 
7 On the question of product and productivity, see 'Introduction ilIa premiere esquisse d'un systeme 
de la philo sophie de la nature' (ibid., p. 374): There must exist in nature something that is absolutely 
unobjective. Now, this absolute unobjective is nature's original productivity. According to contem
porary opinion, it is eclipsed behind the product; according to the philosophical way of seeing, on 
the contrary, it is the product that is eclipsed behind the productivity' (our italics). 
8 H.G. Grassmann, Die fineale Ausdehnungslehre, introduction, § 14, p. 31. 
9 Ibid., p. 32. 
10 Ibid., § 13--14, p. 30. 
11 Unlike a sensible intuition which appears to receive its object, an intellectual intuition partakes 
of a form of knowledge which simultaneously produces its own object and within which what 
produces and what is produced are identicaL 
12 W.R. Hamilton, Lectures on Quaternions (Dublin, 1853), Preface, p. 2. 
13 H.G. Grassmann, Die lineale Ausdehnungslehre, introduction, p. 31. 
14 Schelling, Recherches philosophiques sur la nature de fa liberte humaine, p. 301. 
15 M. Heidegger, Schelling (Paris: Gallimard, 1973), 90. 
16 Certain commentators have found Grassmann's concept of generation obscure: 'Grassmann is 
without doubt the most philosophical; he is also incontestably the most obscure' (G.G. Granger, 
Essai d'une philosophie du style (Paris: Armand Colin, 1968),89). It is however this 'obscurity' that 
allows him to invent a revolutionary algebra without the axiomatic 'clarity' of vectorial spaces. 
17 H.G. Grassmann, Die Lineale Ausdehnungslehre, p. 22. 
18 Ibid., p. 23. 
19 Ibid. 
20 Schelling, Recherches philosophiques sur la nature de la fiberte humaine, p. 250. 
21 H.G. Grassmann, Die Linea Ie Ausdehnungslehre, p. 24. 



22 Ibid., p. 25. 
23 Ibid. 
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25 Remember that this is articulated with causa! connections in Leibniz (see above, 1,2). 

147 

26 We come again upon the situation described in chapter II, p.71, n. 26, with G. Guillaume's 
diagram. We must not forget that Grassmann was a linguist. 
27 H.G. Grassmann, Die linea Ie Ausdehnungslehre, § 5, p. 25. The One is given without articulation 
and ignores equality. 
28 Ibid., p. 27. 
29 Fliissig gewordene Zahl, that is to say a number produced by continuity. 
30 Fliissig gewordene Kombination. 
31 Grassmann, Die lineale Ausdehnungslehre, p. 27. 
32 Ibid. 
33 On the question of intensive magnitudes, see also Hegel, Science de la logique. L'Etre, I, 2, B, p. 202. 
34 Grassmann, Die lineale Ausdehnungslehre, p. 28. 
35 Hegel, Science de la logique. L'Etre, I, 2, B, p. 202, n. 69. 
36 Grassmann, Die lineale Ausdehnungslehre, p. 28. 
37 Ibid. 
38 'Abstract', since not corresponding to a real alteration. 
39 Grassmann, Die lineale Ausdehnungslehre, I, 1, A, § 13. We find Grassmann's interest in nota
tions again. He explains in a footnote: The difference [between combination theory and 
Ausdehnungslehre] now consists in the mode of production of the forms from the element ... in 
combination theory, [one proceeds] simply by linking, that is to say discretely, and, here, [one 
proceeds] by continuous generation.' 
40 Ibid. 
41 On the model and the image, see l-F. Marquet, Liberte et Existence, pp. 238-77. 
42 See p. 146, n. 7. 
43 Grassmann, Die lineale Ausdehnungslehre, introduction, C, § 10, p. 28. 
44 Ibid., I, 1, § 14. 
45 Ibid., introduction, C, § 11, p. 29. 
46 Grassmann has to add what we would now call a hypothesis of equivalence in order to demon
strate commutativity, which is no other than a condition of closure of the parallelogram shown in 
the figure below (ibid., § 17, p. 25). If a + b # b + a, this parallelogram would be: 

a 

a a 

f}" = a + b 

•• 
• W=b+a 

Grassmann recognizes that the two displacements b + a (directed according to a then b) and a + b 
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(directed according to h then a) do not necessarily give the same point (p' = h + a would be different 
from p" = a + h if the space had a curvature), 
4' Ibid" introduction, C, § 11, 

48 Ibid" J, chapter ~ 16, 
49 This 'independence" like the velocity, is a quality in the sense of chapter III, 
50 Grassmann, Die lineale Ausdehnungslehre, 1, chapter 1, § 16, 

51 Ibid" 1, chapter 1, § 9: 'This is why we look upon addition as first-step liaison and therefore 
multiplication as second-step liaison' (see also H,G, Grassmann, 'Sur les differents genres de 
multiplication) 
52 Defined by AF Mobius, Der baryzentrische Kalkiil (Leipzig, 1827), 
53 See KG, Grassmann, Die geometrische Analyse gekniipft an die von Leibniz erfundene geometrische 

Charakteristik, and M, Otte, 'The Ideas of Hermann Grassmann in the Context of the Mathematical 
and Philosophical Tradition since Leibniz', 
54 Franz von Baader (1765-1841) first studied medicine and the natural sciences, then went to stay 
in England, In 1826, he was named professor of philosophy and speculative theology, The quota
tions here are taken from Beitrage zur Elementarphysiologie (1797) and Uber das phthagoraische 

Quadrat in del' Natur (1798), 

55lG Grassmann, Raumlehre, II, p, 194; reference given by M,J, Crowe, History of Vectorial 

Analysis (University of Notre Dame Press, 1967),59, 
56 KG, Grassmann, Gesammelte mathematische und physikalische Werke, I, pp, 7-10, 
57 Ibid, 

58 Die lineale Ausdehnungslehre, I, 2, § 29, 
59 Ibid" § 3 L 
60 Ibid" § 37, 
61 Ibid. 

62 Indeed, if (a + b) n (a + b) = ° with a n a and b n b nil, it can be immediately seen that an b = 

bna=O, 

63 Die lineale Ausdehnungslehre, I, 2, § 34: 'Wir nennen diese Art der Muitiplikation eine aussere,,: 

64 Ibid" I, 2, § 36, 
65 Mobius had indeed discovered oriented volumes, but he had not seen that they could be obtained 
by multication of segments, Moreover, Grassmann does not miss the opportunity to emphasize his 
own originality, 
66 As Dominique Flament has pointed out (1830-1930,' A Century of Geometry (Springer Verlag), 
pp, 208-9), there is a notable difference in terminology between the 1844 and 1862 editions of Die 

lineale Ausdenungslehrc The 1862 edition resorts to more Latinate terms (progressivus Produkt; 

regressivus Produkt; parallelogramm) than that of 1844 (aussere Multiplikatiol1, eingewandtes 

Produkt, Spateck), 

67 We are referring to Rota et at:s modern exposition, 'On the Exterior Calculus of Invariant 
Theory', 
68 KG, Grassmann, Die lineale Ausdehnungslehre, I, 2, § 31, 
69 Opposed volumes are only different by orientation, 
70 KG, Grassmann, Die lineale Ausdehnungslehre, II, III, § 125, 
71 See G, Peano, Calcolo geometrico second I' 'Ausdehnungslehre' di H Grassmann, and Rota et aI" 

'On the Exterior Calculus of Invariant Theory', For the general construction and the condition 
k + k' ;:> n, Rota uses the notation n for the regressive product We have kept to the notation with 
the bold point, similar to that of Grassmann, who uses a simple point, which can lead to confusion, 
72 See Co Burali-Forti, Introduction a la geometrie differentielle suivant the methode de H Grassmann, 

especially the beginning, for the algebraic sums of points, already defined by Mobius, It must not be 
forgotten that in the formulae illustrated by figures 24b and 24c, [A , P, P2 P3 ], [A2 P, P2 P3 ], 

[APQR], etc, are numbers, 

73 See Rota et ai" 'On the Exterior Calculus of Invariant Theory', p, 145, 
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One can thus write, combining the liaisons nand, the equation of the conic that runs through 
five given points A, E, C, D, E: 

(E)(PA' BC) n (PD' CE) n (BD' AE) = 0 

(1' is the running point of the conic). Much more generally, Grassmann showed that any algebraic 
curve r of 11 degree (in the sense of Cartesian analytical geometry) is obtained by a series of'lineal' 
constructions immediately, translated by a 'word', similar to the left-hand side of (E), the running 
point P of r figuring in it 11 times. 



V 

ELECTROGEOMETRIC SPACE 

On several occasions, and in particular in his work on the deduction of dynamic 
systems,l Schelling suggests a common genesis for spatial dimensions and 
magnetic and electrical phenomena. He draws up the chart: 

Magnetism 
Electricity 

Length (stretching) 
Width (spreading) 

Schelling observes that length and magnetism appear in the intuition as a 
paralysed direction (a bar), whereas width and electricity exemplify a polariza
tion where the separation is already finished (intuition of two sides or of two 
separable types of charge in nature). To overcome this opposition between the 
two polarizations and to conceive them in a single intuition, Schelling is driven 
to bring in a third dimension which makes it possible, through penetration, to 
articulate the 'stretching' with the 'spreading', and heralds the arrival of the 
electro geometric space of nineteenth-century physics. 

The following analyses complete those conducted in the preceding chapter. 
Once more, a dialectical balance will make it possible to grasp an electro
dynamic round-the-Two and to understand how Faraday and Maxwell dismiss 
diagrams more or less explicitly related to attraction-repulsion and the hege
mony of the longitudinal, in favour of other intuitions and other allusive devices 
(like the solenoid and the axis-loop system) which, as Schelling's Deduktion 
demands, engage space completely and signify the victory of the latera1.2 The 
indifference centre is no longer posited as the geometrical middle of two 
'material points', but emigrates to the heart of the interlaces and embraces 
of circuits. 

1 LENGTH AND MAGNETISM 

The length presents itself to the intuition as the 'biggest' of the dimensions, 
that along which my look can travel, quite happy to have found a 'hold'. The 
width offers itself unresistingly as the parametrage, as a mode of measurement 
totally external to the object: it is the dimension according to which this object 
appears most bulky and therefore it is the one that any tendency towards 

150 
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displacement will seize; it is enough to think of the perplexity that square or 
'cubic' objects excite. 

The has no power of envelopment and attempts to embrace the object 
by laying units end to end. In this sense, it goes hand in hand with addition 
and is very often associated with the interval of time required for the completion 
of a journey. Indeed, the length is often measured from a given origin 0, from 
which an interval has stretched itself out (see fig. 1). 

~ 

• o p 

Figure 1 

The length has very little to tell us about the gesture that unfolds it; it 
dismisses and flees the point 0 from which it arises and Schelling could well 
have given it as a privileged figure of finitude, for the disequilibrium between 
the 'form' (the interval OP) and the 'root' (0) from which OP seems to 'come 
out' is pushed to its limit.3 How are the roles between the origin and the 
interval to be rebalanced? The cliche of 0 stuck in the plane like a nail, on 
which a length can be hung, must be smashed: once again, it is necessary to 
invent another articulation. I can therefore decide to see two extremities spread
ing out 'at the same time' and thus create the diagram of the opening out with 
its indifference centre: the length 'is in process of being born'; it is no longer 
the simple outpouring of a transitivity in nature and in the mind. To be 
measured concretely, this opening out assumes the mobilization of an articula
tion with two 'sides': compasses or pincers. Hence I have thereby as it were 
propelled a hand by thought and one might be tempted to say that the pincers 
or compasses give a point of view to the hand, by associating an angle in which 
the interval is 'seen' with the grasp. The angle refers to a degree of embracing 
and allows the lateral to resume its rights. It invites a second dimension, 
another world where the geometer may virtually propel himself: the hand 
inhabits the angle and the angle incites the hand to open out into two sides 
(see fig. 2). 

We get the full measure of what distinguishes the ruler from the compasses 

Figure 2 
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and the angle. The ruler implies an end-to-end placement of standard measuring 
units, a manipulation of a piece of direction. The ruler is a transfer that has 
been frozen _. a bar. It can be only the replica of the dimension that it claims 
to measure. It suffices simply to propel oneself the length of the object in 
thought, equipped with a reference sample (assumed to be perfectly rigid and 
manipulable) and a measurement is obtained by juxtaposition, which multi
plies errors. 

The length is content to be embodied in channels and segments which are 
endowed with two distinct extremities, but as it were are welded to the spread
out element embodied by the bar. We are thus in a better position to say 
precisely why the table at the beginning of this chapter places length and 
magnetism together. In his Deduktion, Schelling can write without hesitation: 

Length can absolutely only exist in nature in the form of magnetism, where 
magnetism is generally what governs length in the construction of matter.4 

Like the interval, the magnet is a simple piece of dimension, a bar with two 
poles embedded in it: a North pole and a South pole. This terminology shows 
the conventional character of this polarization, which is simply pinned to 
matter like an orientation label. 

N s 

Figure 3 

This polarization is entirely subject to two distant markers that 'resemble' 
it, the 'true' North pole and the 'true' South pole. The orientation is not 
therefore decided by an autonomous process, but is simply imported from 
geographical totems and as it were deposited in the boreal and austral charges. 
Naturally, this location fails as soon as the bar is taken to one of the poles: a 
magnet makes it possible to preserve a relic of polarization but not to produce 
it. These 'charges' are not isolable; if I break a magnetized bar, I merely obtain 
two other bars: magnetic polarization resists division by two. The bars can 
therefore be split as one pleases (see fig. 4). 

Figure 4 

The point 0, where these charges would supposedly neutralize one another, 
is just a simple (abstract) geometrical middle, which can be reproduced at will, 
by simulating spatial division, 'indefinitely'. 0 articulates nothing, which is why 
it can be 'nailed' in the extension at will, while remaining a prisoner of the 
magnetic matter. This extensive division of 0 invites no dimension: 0 is the 
fulcrum of nothing and neither carries away nor propagates anything. Not 
being isolable, the boreal and austral charges induce no current nor any 
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superior mobile unit that might have made 0 appear as the point where the 
north-south polarization opens out. 

2 THE AUTONOMY OF THE INDIFFERENCE CENTRE: 
WIDTH AND ELECTRICITY 

Associated with the width is the intuition of two autonomous sides, which are 
obtained by drawing the compass- or scissor-arms apart. These arms open and 
pivot around an articulation and therefore an indifference centre that propa
gates mobility, unlike that of a bar, which is sunk into the matter. With width, 
spatial polarization achieves autonomy. In the same way, electricity, with its 
charges that are separable by experiment, produces diagrams that are very 
different from those of magnetism. 

With electricity and its isolable charges, it is at last possible to embody the 
negative. These charges function like 'algebraic' masses, capable of neutralizing 
one another and above all of permitting an electrical splitting of zero. The 
equation 0 = Q+ + Q- (where Q+ and Q- are not zero) shows that the electrical 
zero opens out into an equilibrium (being able to induce a current, see below, 
fig. 7) and can by no means be reduced to an absence of matter. We should 
emphasize that such an equation would not permit any solutions involving 
Newtonian masses, which accumulate an entirely static positivity. 

There is more: this electrical opening of the zero is graspable by a technical 
device that is capable of prolonging it. The battery invented by Volta is based 
on two observations: 

- it is possible to divide zero into two opposite polarities by plunging two 
already oxidized metal plates (brass and zinc) into water; 

- by arranging such a system in series, it is possible to increase the effects 
(see fig. 5).5 

The diagram in figure 5 is crucial, since it condenses almost all the issues of 

+ 

- --

Figure 5 
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ambiguity and of the technical grasp of the around-the-Two. Any significant 
opening of a zero induces its own spatiality, an 'around'. Just as the reequilibri
ation of the iteration or accumulation of masses involved a whole plane, the 
brutal emergence of two opposed polarities, of two 'opposites', can be compen
sated for by a current that exceeds them by going round them. Electrical 
positivity is not that of accumulation, but that of current that loops the around 
opened by separation. The era of the circuits has begun and it will come as no 
surprise if this device crystallizes a new type of intuition linked with the 
domination of oppositions by loops and bends. 

Voltaic circuits seriously damage the prestige of the mechanism which is 
derived from simple transfer and extensive division, to the benefit of lateral 
transitivities involving a multi-dimensional causality, liberated from the image 
of the mobile which 'goes' from A to B (see fig. 6). 

A B 

Figure 6 

The metaphor of the positive and negative 'fluids' had attempted to counter 
the 'self-evidence' of the solid and manipulable units of mechanics; it had long 
been known that an 'infinitely subtle' fluid could spring in a flash between two 
points. But the positive and negative polarities, although 'fluid', remained 
embedded in matter like precious jewels that only deigned to show themselves 
by lightning in a Leyden jar. The polarities Q + and Q - were abolished in a 
flash of lightning. 

We understand that the victory of the 'fluids' over the mechanism was thus 
a half-victory. The latter has much mOJe to fear from Volta's battery, which 
domesticates the around that always envelops the birth of a Two. The disequi
librium produced by the cell and its forced polarizations is not easily reestab
lished if one has been successful in constructing a loop that, by indirectly 
connecting up the opposition produced by the cell, seizes another dimension: 
the loop creates an 'electrical width' for the battery. For the loop, the separation 
is not annihilated in the rupture or neutralization. A new around has been 
grasped diagrammatically in nature and thought and we do indeed rediscover 
the creative ambiguity of the indifference centre: disrupt a unity to reach the 
next plateau of Being. But the indifference centre is no longer a point, it has 
turned itself into a loop and provokes a revolution in the spatial intuition. 

Electrodynamics, the theory of charges in motion, is born of the electrical 
explosion of the zero, which has no mechanical equivalent: a zero mass has no 
impulse6 and only the accumulation of masses can increase the effects. Two 
charges of zero sum produce physical effects; when they move in opposite 
directions, they induce an electrical current (see fig. 7). 
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Figure 7 

the total charge is 
zero but the current 
is not zero 

3 ELECTRICAL HELICES 
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The electrical explosion of the zero and its looping are going to carry physicists 
towards what should be called an electrogeometry, as soon as they verify that 
the electrical loop irradiates effects around itself, just as Argand's balance 
carried everything onto a plane around its arms. Henceforth it is the elements 
of current, closed circuits, infinite lines or interlacings of wires which hold the 
attention. That is why Ampere continually substitutes a 'conductor folded into 
a helix' for the magnetized bar; the diagram of the solenoid is born: 

.,. an assembly to which I have given the name electrodynamic solenoid, 
from the Greek word s6lenoeides, whose meaning expresses precisely that 
which is shaped like a channel, that is to say the surface of the form on 
which all the circuits are to be found. 7 

The solenoid unwinds a loop around a channel; it articulates electrically a 
length and an angle or, as we will see in what follows, a translation and 
a rotation. This articulation is going to make it possible to resolve the key 
question of electrophilosophy, the unity of electrical and magnetic forces (see 
fig. 8). 

Figure 8 

Schelling had observed in his Deduktion that magnetism and electricity were 
opposed in a kind of dualism parallel to that of length and width. A bar 
appears as an undivided totality to the sensible intuition, as the magnetic 
charges that produce no separable forces, whereas the forces derived from 
positive or negative charges are separate but are not set down as identical for 
the intuition. The metaphysical problem was therefore: 'How can two forces 
be dynamically separate and set down as identical for the intuition at the 
same timeT S 
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Figure 9 

It is necessary to articulate the length (the frozen polarization) and the width 
(the torn-apart polarization). This can be achieved if one defines a fixed interval 
in order to produce height. The helix makes it possible to capture a new 
dimension: 

The particular mediating link by which the two forces can be set down at 
the same time as non-identical and yet as combined for the intuition is 
not the line or the surface, but the space itself, that is to say the extensive 
magnitude in three dimensions [nach drei Dimensionen ausgedehnte 
Grofte].9 

The electrical helix and the solenoid do not just make it possible to smash 
the spatial cliches of fluids concentrated around poles or points; they demon
strate that a current must appropriate a new spatial dimension. An electrical 
loop, even a plane, involves and orients the space completely. 

illrsted's famous experiment10 demonstrates the electrical grasp of an around
the-Two yet more disquieting than the balance or the lever (see fig. 9). We 
understand the unease of illrsted and his contemporaries faced with the irrup
tion of a fierce laterality: Ampere recalls there was an initial attempt to tame 
the latter via the cliche of the vortexY 

The illustrious scientist [illrsted] who first saw a magnet's poles moved 
by the action of a conducting wire into dimensions perpendicular to those 
of this wire concluded from it that electrical matter turned around it and 
pushed these poles in the direction of its motion, exactly as Descartes had 
the matter of his vortices turn in the direction of the planetary 
revolutions. 12 

This 'fluid' was therefore supposed to deflect the needle with its impact. But 
Ampere refuses this lame compromise between mechanics, which always boils 
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down to a transference of impulse, and the new electrodynamic forces; he takes 
a decisive gamble: to grasp the laterality of the circuits and their capacity to 
subjugate a third dimension by proposing an axial interpretation of magnetic 
polarizations. 

We should first remember how a circuit drawn in a plane induces sides in 
this plane (see also chapter IV). An observer-witness being permanently placed 
(Ampere's 'bonhomme'), the positive side (respectively negative) is the set of 
the points where the circuit appears to him as being travelled anti-clockwise 
(respectively clockwise) (see fig. 10). 

side -

Figure 10 

One can, likewise, uniquely define an arrow perpendicular to the circuit (a 
'conventional normal') such that Ampere's 'bonhomme', shot through from 
head to foot by the current, sees the arrow go in on his right to come out 
again on his left (see fig. 11). A conventional normal also makes it possible to 
choose between a 'front' face and a 'back' face or, which amounts to the same 
thing, between a 'negative' face (South face) into which the arrow goes and a 
'positive' face (North face) from which it emerges (see fig. 12a). This leads to 
the equivalent rule of the corkscrew: an ordinary corkscrew, turned in the 
direction of the circuit, plunges into the South face to come out again through 
the North face (see fig. 12b). 

fron~ 
face 

D 

Figure 12a 

Figure 11 
Figure 12b 
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We have therefore just linked a mobility confined within a plane to a 
penetration aimed perpendicularly to this plane (see chapter IV). It is easy to 
see that, conversely, the datum of a body or a witness-helix (of a 'relic of 
orientation') makes it possible uniquely to link a rotation with a mark made 
on an axis or an oriented straight line. We find again here, for the angles, a 
situation that has already been analysed in chapter IV. Within these rules, it 
is the mobilities of an entire body (or those of an elementary robot like a 
corkscrew, capable of capturing and producing them) that are propelled: 
Ampere's bonhomme must turn himself from his right to his left in order to 
follow the circuit with his gaze, the corkscrew transforms a flick of the wrist 
into a penetration or, what amounts to the same thing, a progressive spreading 
out into a height. 

Here again we see the acquisition of a dimension, which accompanies the 
dispelling of an ambiguity by an orientation marker. It is easy to see that in 
the absence of this last the articulation of the circuits and axes would be 
equivocal: a circuit can be seen as 'positive' from one side and as 'negative' 
from the other (see fig. 13). 

y positive 

~ negative 

Figure 13 

But we have already seen (see chapter III) that in grazing the equivocal a 
new dimension can be born, even if a less trivial decision is solicited and a 
more ambitious articulation is involved. 

Ampere understands that it is necessary to bring about the birth of the 
difference between North and South poles by an axis and that a link exists 
between the undivided solidarity of these poles and the distinction between 
them which is arranged by a totally external convention. To dissolve these 
'boreal' and 'austral' polarities, he decides to see them as the North and South 
faces of electrical circuits. This axial grasp of magnetism causes the two poles 
to emerge contemporaneously and electro geometry takes over, exploring the 
beings or forces created by the dissymmetries of rotations. 

As long as the manner in which I conceive the action of the magnets is 
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not accepted and these two kinds of forces are attributed to molecules of 
austral and boreal fluids, it is impossible to reduce them to a single 
principle; but as soon as my way of seeing the construction of the magnets 
is adopted, it is seen by the foregoing calculations that these two types of 
actions and the values of the forces that come from them are immediately 
deduced from my formula and that, to find these values, it is enough to 
substitute for the two-molecule assembly, one austral fluid molecule, the 
other of boreal fluid, a solenoid whose extremities, which are the two 
determinate points to which the forces in question belong, are placed at 
exactly the same points where the molecules of the two fluids are supposed 
to be. 
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Figure 14 

From now on, two systems of very small solenoids will act on one 
another, according to my formula, like two magnets composed of as many 
magnetic elements as one would suppose there to be solenoids in these 
two systems; one of these same systems will also act on the element of 
electric current, as a magnet does, and consequently all the calculations, 
all the explanations that are based as much on a consideration of the 
attractive and repulsive forces of these molecules in inverse proportion to 
the squares of distances as on those of revolutionary forces between one 
of these molecules and an element of electrical current, concerning which 
1 have just recalled the law that is accepted by the physicists who do not 
adopt my theory, are necessarily the same, whether like me one explains 
the phenomena produced by the magnets in these two cases by electrical 
currents or whether one prefers the hypothesis of the two fluidsY 

We see how far the old convention differs from that of Ampere's solenoids: 
the first is based on the persistence and the incrustation of certain entities (the 
North pole, the South pole), the second on the continuity of the propulsion of 
orientation (I can choose a contrary convention to interpret NS, but 1 have to 
stick to it). The axial convention and its pieces of evidence (Ampere's bon
homme, corkscrew, etc) liberate the full lateral intuition, henceforth free of the 
scars of magnetism and electrostatic images. This is why the axial polarization 
mobilizes different allusions from interaction at a distance. The latter required 
only the passive contemplation of a third party, who was kept apart from the 
play of the forces. Here, the 'third party' is much more active: he turns himself 
into a corkscrew, composed of a head with a right and a left arm, he propels 
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an orientation and stands surety for the invariability of the sample of 
orientation. 

The laterality experiment dissolves the old substrates; the North and South 
poles are but the scars of the old imagery: the solenoid and electrical loop 
liberate the forces sunk into the bars (the pieces of length). As Schelling had 
sensed, the grasping of electrical and magnetic forces in a single intuition does 
not consist in identifying boreal or austral 'natures' with positive or negative 
natures, but in understanding that everything revolves around a new involve
ment of space, around a way of making choices of orientation reverberate. We 
rediscover the role of the indifference centre: to increase the toing and froing 
between nature and thought by propagating ambiguity in order to provoke a 
decision that involves a larger field. Here, the victory of the lateral over the 
longitudinal opens out a vast field into which the electrical and 'galvanic,14 
metaphors on which electro geometers will feed to forge their theories can rush. 

4 THE AXIAL AS SUBVERSION OF THE TRANSITIVE 

We will now examine the stakes of the axial in greater detail and show how 
electrogeometry is part of the strategy of deliberate ambiguity made use of by 
Argand to extract two lateral units from one negative unit. We should remember 
that it was Hamilton who was the first to demonstrate the connection between 
polar vectors and virtual (aims of objects) or actual (displacements from one 
place to another) grasps.1S In the introduction to the Lectures on Quaternions, 
he explains (to introduce what we would today call affine space): 

In this way, the symbol B-A has come with us to denote the straight line 
from A to B, the point A being (at first) considered as a known thing, or 
a datum in some geometrical investigation, and the point B being (by 
contrast) regarded as a sought thing, or a quaesitum; while B-A is at first 
supposed to be a representation of the ordinal relation in space of 
the sought point B to the given point A; [ or] of the geometrical 
DIFFERENCE of those two points, that is to say, the difference of their 
two POSITIONS in space.16 

Hamilton then gives an example borrowed from astronomy, where A is the 
Earth and B the Sun observed from the Earth: 

Thus, in the astronomical example of earth and sun, the line B-A has 
been sent to extend from the place of observation A (the earth), to the 
place of the observed body B (the sun); and to serve to connect, at least 
in thought, the latter position with the former. 

Again you may have seen that with me the primary geometrical opera
tion denoted by the mark +, and called by the name addition, or more 
fully, symbolical Addition, consists in a certain correspondent ordinal 
synthesis of the position of a mathematical point in space. Instead of 
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comparing such a position, B, with another position A, we now regard 
ourselves as deriving the one position from the other. The point B had 
been before a punctum analyzandum; it is now a punctum constructum. It 
was lately the subject of analysis; it is now the result of a synthesis. It was 
a mark to be aimed at; it is now the end of a flight, or of a journey. It 
was a thing to be investigated (analytically) by our studying or examining 
its position; it is now a thing which has been produced by our operating 
(synthetically) on another point A, with the aid of a certain instrument, 
namely, the straight line B-A, regarded now as a vector, or carrying path, 
as is expressed by the employment of the sign of vection, +, through the 
general and identical formuls: 

(B-A)+A = B 

That other point A, instead of being now a punctum analyzans, comes to 
be considered and spoken of as a punctum vehendum; ... while the point 
B, which had been an analyzand, has come to be called a vectum, according 
to the general formula: 

Vector + Vehund = Vectum 

where Plus is (as above mentioned) the Sign ofVection, or the characteristic 
of ordinal synthesis. From serving, in the astronomical example, as a post 
of observation, the earth, A, comes to be thought of as the commence
ment of a transition, B-A, while thus beginning at the earth is conceived 
to terminate at the sun; and conversely, the sun, B, is thought of as 
occupying a situation in space, which is not now proposed to be studied 
by observation, but is rather conceived as one which has been reached, or 
arrived at, by a journey, transition, or transport of some moveable point 
or body from the earth, along the geocentric vector of the sun.17 

This long quotation from Hamilton clearly demonstrates the close link 
between polar vectors and transits. A polar vector always connects, zealously 
abolishes a gap between two polarities that have already been given as opposed; 
it always refers to the abolition of a 'confrontation': transport of charges, 
flowing out of liquids that strive to fill a difference in potential, a gap between 
pre-marked degrees. In the same way as force (see 1,2), it presents itself without 
adornment as a sincere figure of the transitive, as a 'passage', as a forced 
immersion (still to be accomplished or already accomplished) in the successive, 
as a dotted or real trajectory. The polar vector zealously accounts for, by 
making it banal, that which is conveyed from a transmitter to a receiver, that 
which is communicated between markers, and, like all communication, it con
nects only to neutralize oppositions, to intercalate itself between the degrees of 
potentials or to join up two 'levels'. 

Polar vectors and translations reduce the grasp of space to a displacement, 
to a running out along a direction, with no allusion to a width; they are content 
with merely transmitting to the geometer instructions concerning mobility 
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which come from already conquered dimensions. With the axial, a genuine 
geometric humour finally bursts in with the budding of another dimension: 
height with the thickness with the corkscrew. The axial vector does not 
claim to trace a transport, does not refer to any 'opposites' that it is constantly 
neutralizing. It exists only as an articulation of a rotation and translation 
which compels the geometer to orient himself within the whole space. It asserts 
as positive the non-canonical character of this articulation which results from 
the dispelling of an ambiguity and not from a logical deduction or the invitation 
to embrace a trajectory. The axial is innocent of any unwinding: it succeeds in 
contriving a density for the spatial. 

A transport, a vectian act, penetrates nothing: the gesture that directs it is 
immediately swallowed up in the length, whereas the axial unscrews another 
dimension by appropriating a trick practised in a perpendicular plane. The 
axial transfixes a face without displacing it, at the same time as causing sides 
to emerge: there is something cruel and perplexing about the screwings and 
the unscrewings. The polar vector links degrees of potential, whereas the axial 
torments the spatial to extract degrees of penetration. Given a corkscrew, the 
axial unscrews the longitudinal to carry it off into the helicoidal. It therefore 
leads a successful, calculated subversion of the transitive by being able to see 
two rotations sketched in dotted lines in an axial vector and to opt for one of 
them by a process of orientation, just as Argand's balance could extract two 
lateral units and choose one of them to guide a rotation. 

Extracting degrees of penetration by taking the 'square root' of a transport, 
of a vectian act: we are going to see that Faraday, Hamilton and Maxwell 
could all three have recognized themselves in this programme. All three experi
mented with devices for coalescing degrees (see H,l) that no longer only unfold 
them along a trajectory by making the forces work, but that win them for a 
conquest of the density, substituting corkscrews for the trolleys and rulers of 
mass of mechanics (see fig. 15). 

5 THE ELECTROGEOMETRIC EXPERIMENT AS SQUARE ROOT 

Henceforth the axial, or more precisely the axis-loop interlace, takes the place 
of the indifference centre and sustains the whole electrogeometric edifice just 
as the centre of gravity sustained Newtonian philosophy. We know how the 
overhanging centres can overturn entire continents of knowledge by subordinat
ing rebellious heterogeneities to symmetrizing devices: it is thus that Newton, 
discovering the compensation of centrifugal forces by centripetal forces, abo
lishes the frontier that isolated the world 'on high' (the celestial world) from 
the world 'below' (the sublunary world). As for the new physics, it demanded 
the dismissal of the apparent truths of interaction at a distance and required 
the experience of an equilibrium between translations and rotations. With the 
axis-loop interlace we are going to rediscover all the traits that characterized 
an lWusive device in the diagram of the balance (see chapter III): a great 
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Figure 15 

capacity to condense and expand the intuition, the combined creative compres
sions of the orientation and the square root and, finally, an operative pugnacity 
which maintain its place in the most up-to-date research. 

Faraday, Hamilton and Maxwell in their own way all experimented with the 
interlace and discovered in it a very particular cohesion and autonomy, from 
which the analyses that follow have taken three fundamental features: 

( 1) We are not dealing here with a real joint as in the mechanical 'base
roller' gear wheels (see III,5,C), which articulates two extensions through imme
diate contact. The axis and the loop interlace like the links of a chain, but 
knotting together relations of position, with no material links. The gearing and 
its immediate centre burst into lines of force which do not simulate real 
outflowings, but sketch the actions that emanate virtually from 'real' circuits 
(see fig. 16). 

(2) The lines of force weave a 'field', a system ofreverberation and resonance 
between the space and the geometer or physicist; one might speak of a prepara
tion of space for experimentation, analogous to that of the moved awakened 
to mobility (see 1,1). The mechanical vision made nothing reverberate: it was 
happy just to decant impulse, whereas electro geometry, by successfully meeting 
the ordeal of ambiguity, can gain for itself a reserve space for the unfolding of 
virtualities - a neutral territory that authorizes and gives rise to unprecedented 
experiments: what happens if one turns this circuit a little, if one mixes this 
one and that one up? 

This neutral territory is not an indefinite or residual 'space'; its cohesion is 
inherited from a certain reciprocity of the polarizations associated with the 
transports of charges (currents). To the transitivity and the reality of these 
currents - represented by 'true' vectors - responds the axial character of the 
magnetic field that they induce. 
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Figure 16 

(3) The interlacing of the circuits and the lines of field (see fig. 16) demon
strates spatially the closure by looping of the real and the virtual, of the polar 
and the axial. The latter forges an entirely singular link between the order of 
the causalities and that of the figures, between the 'physical' and the 'geometric', 
and guarantees the axis-loop system an entirely remarkable cohesion. 

A Faraday: the pedagogy of the lines offorce18 

This conjunction of elasticity and reciprocal influence does not escape Faraday. 
It has to be obtained through experiment, since the fascinating world promised 
by CErsted's discovery could not be tamed like the simple physical 'translation' 
of a mathematical theory that is already available. Faraday takes an inspired 
position: the diagrams of interlaced axis and loop possess a peculiar autonomy 
and an allusive power that must be respected and not treated like an exercise 
in which a mathematical 'form' is applied to physical 'phenomena' (see fig. 17). 

Faraday's experiments are not enslaved to 'predictions', but instead strive to 
establish a new overhanging point in physics by defining a ritual of gestures 
which is always carefully accompanied by diagrams. Their aim is to produce 
a protocol for approach that is sufficiently bold and sufficiently articulated to 
release all the possible reverberations of the interlace. To experiment is therefore 
as it were to conspire with electrical and magnetic forces in order to free oneself 
and nature from the yoke of the transitive and the distance. Faraday wants to 
stage the rotational and the lateral in order to saturate himself with self-evident 
facts, which is why, from 1821-22 (a year after CErsted's experiment), he 
publishes several articles with revealing titles: 'On Some New Electromagnetical 
Motions and on the Theory of Magnetism' (Quarterly Journal of Science, 12, 
1821, pp. 74-96), 'Electromagnetic Rotation Apparatus' (ibid., 12, 1822, p. 186), 
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'Note on New Electromagnetical Motions' (ibid., pp.416-21). Here, con
structing an electromagnetic motor is not the same as verifying a principle or 
illustrating a theory; rather, the goal is to demonstrate the autonomy of the 
axis-loop system by showing its capacity to capture and above all to reproduce 
certain gestures at will. Indeed, Faraday sees very clearly that the cohesion 
emanating from the interlace goes beyond any formulation in terms of'deduc
tion': the motor can extract rotation from the axis-loop, without concern for 
being 'deduced' and while remaining outside any subordinate relation to a pre
established doctrine. 

Before Faraday, the rotational and pivotal were either captives of the physi
cist's body, or accessible by contemplating the motion of distant stars. With 
Faraday, thanks to an 'operational metaphor' that does not entirely belong 
either to nature or to thought, the rotational 'escapes the hands' of the physicist 
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and reproduces itself at it pleases, demonstrating the full autonomy of the 
electromagnetic world. 

Faraday also wanted to mark still more clearly the gulf that separated 
electromagnetism from the mechanics of interactions at a distance, which are 
indifferent to the relations of reciprocal perpendicularity and orientation. It 
was therefore a matter of some urgency to make the relations of position visible 
and pugnacious. 

It had long been known how to illustrate the actions of a magnet on iron 
filings by lines of force (lineae virtutis).19 Faraday turns physics on its head by 
deciding no longer to see them as subsidiary figures, but as incitements to 
provoke space, as diagrams, as dotted-line experiments alluding to 'real' experi
ments that manifest latent actions. Lines afforce are neither 'real' nor 'artificial'; 
they do not mathematize forces; they do not pin geometrical onto physical, 
rather they substitute an ideal, but elastic and tough, network, which allows 
virtuality to reclaim its rights. 

Lines of force paint a quite different landscape from the arrows implanted 
in mechanical matters by an impatient understanding as a sign of exuberance 
(see 1,2). Maxwell saw them animating space like a jungle: 

[N] othing is clearer than your descriptions of all sources of force keeping 
up a state of energy in all that surrounds them, which state by its increase 
or diminution measures the work done by any change in the system. You 
seem to see the lines of force curving round obstacles and driving plump 
at conductors, and swerving towards certain directions in crystals, and 
carrying with them everywhere the same amount of attractive power, 
spread wider or denser as the lines widen or contract ... 

The lines of Force from the Sun spread out from him, and when they 
come near a planet curve out from it, so that every planet diverts a number 
depending on its mass from their course, and substitutes a system of its 
own so as to become something like a comet, iflines afforce were visible.20 

Figure 18 

Faraday was the first to see electro geometric space throb: it is not a vacuum 
that is between things, and lines of force are not content merely with simulating 
attractions or repulsions. The screen that they weave is teeming with pressures 
and strictions and allows the eye to see the shudders from lateral tensions. The 
lines of force that emanate from a solenoid or a loop do not present themselves 
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as a caricature of geometry, but rather as that which demonstrates the auton
omy and cohesion of a reciprocal interlacing. 

Consider the of a circle that floats in the usual Cartesian space; it is 
simply marked by a point-origin and remains totally indifferent to its surround
ings (see fig. 19). 

Figure 19 

But an electrical circuit weaves about itself a network of dotted-line circles 
which balance out the crudity of the simple transit of charges (the figure in 
bold in diagram 16) and arouse other actions in the vicinity. It is thus that the 
laws of induction become 'natural': any intervention into a set of loops will 
arouse currents that aim to neutralize it. The lines of force (the 'dotted-line 
forces') form a kind of secret complicity between the physical and the geometri
cal; they invent their own naturality.21 

Consider figure 20. 
Bringing a magnet towards the North face in the vicinitiy of a circuit C 

provokes the appearance of an induced current and makes it possible to 
distinguish a 'North face' and a 'South face', suitable to counter the movement 
of the magnet. The lines of force are neither 'real' wires nor illustrations of 
knowledge already deposited in an encyclopaedia; they lead the exploration of 
a field which is neither exactly in Nature nor exactly in Understanding. 

I induced 

Figure 20 

Faraday's lines of force succeed in appropriating what we are proposing to 
call diagrammatic experiments and in giving a status to this language of'speak
ing with the hands', of the 'physical sense' whose driving power was sensed by 
the greatest electro geometers and which can grasp the instant when the meta
phor solidifies, when the operation contends with it for sovereignty. This 
language feeds on gestures much more than on already available mathematical 
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forms and possesses a particular allusive power, which can traverse the deduc
tive chains of mathematical physics and illuminate whole sections of geometry. 
The field has an intrinsic experimental mission that protects it from the preten
sions of the understanding (in this sense it is irreducible to a transcendental 
grasp) and from the appetites of causalities. There is, in the literal sense, no 
'application' of the lines of fields, but rather an astonishing pedagogy by 
allusions which straight away introduce an elastic space and play with its 
capacity to resonate. 

However, Faraday's contemporaries were suspicious of these 'mysterious' 
lines of force22 and preferred the 'simple and clear' idea of action at a distance, 
which however drew the intuition towards the bottom, towards dead distance. 
But the new electromagnetic world with its lateralities jostles the old habits, 
the peaceable gravitational cliches. Now it is necessary to embrace lines of 
force and to tie or untie skeins of wires or circuits. The 'simple and clear' idea 
of action at a distance involved only a distant and passive observer. It is now 
the hand and arms that encroach into the geometer's look and that seem 
captives of the axis-loop system; paradox of tactile intuitions: they are the 
most 'concrete' but they are also the ones that are accepted with the greatest 
reservations.23 

Maxwell recognized very early on the revolutions brought about by these 
machines for producing numbers by section, which propelled the experimenter's 
sensibility to the heart of the field. He considered that it was first of all necessary 
to initiate oneself in the rituals of this new physical intuition before appropriat
ing a mathematical knowledge and did not hide his great admiration: 

From the straight line of Euclid to the lines of force of Faraday this has 
been the character of the ideas by which science has been advanced, and 
by the free use of dynamical as well as geometrical ideas we may hope for 
a further advance ... The geometry of position is an example of a mathemat
ical science established without the aid of a single calculation. Now 
Faraday's lines of force occupy the same position in electro-magnetic 
science that pencils of lines do in the geometry of position. They furnish 
a method of building up an exact mental image of the thing we are 
reasoning about. The way in which Faraday made use of his idea of lines 
of force in co-ordinating the phenomena of magneto-electric induction 
shows him to have been in reality a mathematician of a very high order 
- one from whom the mathematicians of the future may derive valuable 
and fertile methods.24 

In order to relegate distance to the background definitively and to concern 
himself exclusively with degrees of transverse compression, Faraday insists on 
considering tubes oUines of force that are applied to a unit of surface that is 
transverse to the field (see fig. 21). 

We should remember that the magnetic lines of force diffuse their action 
while sustaining a constant flux and therefore exert it according to degrees of 
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weak field 

Figure 21 

compression or abatement. This fundamental property illuminates the choice 
of tubes: the number of intersections of these lines with transverse surfaces is 
constant. Therefore, to quantify the intensity of the field in space, it is sufficient 
to count the lines intercepted per unit of space, just as the speed of a moving 
body can be measured by the number of markers it passes per unit of time. 
Space becomes, one might say, the prey of the tubes of force, even if they can 
only be seen by the 'mind's eye', and Faraday makes the lateral attack of the 
magnetic flux almost palpable, just as Oresme had been able to unfold degrees 
of velocity by moving a mobile subject and representing greater or lesser 
velocity by a more or less wide rectangle. But it is necessary to emphasize an 
essential difference, Faraday's great contribution, which was to make it sensitive 
to degrees of transverse compression. 

We see what separates Faraday from the mathematical physics of the French 
tradition. For example, a mathematical theory of doublets (Poisson'sf5 does 
exist that 'takes account' of the effects of an electrical loop, but it remains 
subject to the old habits of thought of attraction-repulsion. The doublets of 
magnetic charges (boreal and austral) give the same formulae, but they leave 
intact the power of these 'fluids' which are supposed to soothe the imagination, 
of which Schelling said that it is 'always desirous of substrate and has some 
difficulty in thinking of simple forces without something in which they inhere, 
which is no doubt very comfortable, but always corrupts the speculative 
perspective.' 26 

The 'fluids' immediately offer the security of the substrate to veil the obscure 
point of the magnetic and electrical polarizations: the substrate hurries to 
deliver up a background on which evocations, degraded but seductive forms of 
allusions, file past. Contrary to the balance that carried Argand towards the 
neutral axis of the imaginaries, the 'fluid' seals but neither mobilizes nor 
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articulates anything; it soothes the imagination, but by no means prepares for 
the revolution of the lateral that overturned electrophilosophy. 

Lines of force can space without calling on fluids for help: the concept 
of flux wholly envelops the axis-loop articulation and, as soon as the space 
begins to throb, the 'extras' that 'filled it up' vanish. We know that a conven
tional 'formalism' is not enough to rid the operation of these obscure points; 
'imaginary' numbers become 'complex' only when geometers 'see' i and - i as 
a geometric mean conquering a whole plane. This plane cannot be reduced to 
the 'two-dimensional extension' of our textbooks; it is a working area that 
lavishes ideas on anyone who decides to position himself there. 

The mechanics of interaction at a distance hurries to wipe out the immense 
vacuum left between the points, and it is known how much this hiatus between 
pure geometry and causality irritated some of Newton's contemporaries (see 
1,2). In return, the electrical repulsions and attractions do not 'physically' 
abolish the 'geometrical' interval; they leave the possibility of a play of equilib
rium between the positional relations: the repulsions (respectively the attrac
tions) overflow the segments if they are produced by two transverse currents 
of opposite direction (respectively of the same direction) (see fig. 22) . 

.-...-------------.......... = 

Figure 22 

Electrical loops can, from the point of view of what they suggest (from the 
'diagrammatic point of view'), be considered as square roots: they are not 
content merely with neutralizing the confrontation of attractions or repulsions 
but can extract from it two axial positions involving a suspension of the 
transitive and instituting what might be called a moratorium in the game of 
causalities. In the same way, a square root does not aim to fill up the space 
that 'remains' between two preexisting terms but rather seeks to unscrew other 
dimensions; it is thus that Hamilton managed to extract three directions from 
one negative unit. 

B Hamilton: space as square root 

In the earliest mathematical physics, it is the motions of translation (the rulers 
of 'mass' of the principle of inertia) that articulate mechanics and pure geometry. 
These motions were considered 'elementary and natural', for they decompose 
readily like pieces of extension (spatial and temporal), taken out 'from the 
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outside' without regard for the position and, unlike the angle and rotations 
UI,4,B), not involving the grasp of a progressive spreading out nor the 

ordeal of ambiguity. Thus d'Alembert writes in the introduction to his Trait!: 
de 

All that we see clearly in the motion of a body is that it travels a certain 
space and that it takes a certain time to do so. It is therefore from this 
idea alone that all the principles of mechanics must be derived.27 

Many of Faraday's scientific contemporaries were beginning, like him, to 
find this partiality for translations over rotations excessive. In the note 'Sur la 
dualite dans les sciences mathematiques' of his Aperfu historique sur I'origine 
et Ie developpement des methodes en geometrie, Chasles wishes that geometers 
would turn their attention more to rotatory motions since these represented 
the most neglected pole of a duality that dominated the system of the world 
and mechanics: 

We will draw our second example of duality from the system of the world 
and the laws of mechanics. All bodies are endowed with two motions, the 
one being translation, the other rotation about an axis. This double motion 
is found again in the elementary motion of a solid body, that is to say in 
any and all infinitely small motions of this body. 

This coexistence of two motions is an unremarkable fact today when 
mathematical theories explain it and would uncover it if the knowledge 
that we have did not result from the observations of astronomers. But if 
rotatory motion is in the eyes of the observer a property of the celestial 
bodies, as markedly as the motion of translation, and also inherent in 
everything that is subject to the actions of the forces of the Universe, then 
geometers have not treated these two kinds of motion with the same 
impartiality. They have considered the motion of translation the natural 
and elementary motion of the body . 

... But can one not suppose, now, that the two inseparable motions of 
the bodies of the Universe must give rise to mathematical theories, in 
which these two motions would play the identical same role? And then, 
the principle that could unite these two theories, that could enable us to 
pass from the one to the other, like the theorem on which we have based 
the geometrical duality of the extension at rest, and that which has served 
to link between them the two modes of mechanical description of the 
bodies, this principle, we say, could throw great light on the principles of 
natural philosophy. 

Can one foresee even where the consequences of such a principle of 
duality would lead? Having linked two by two all the phenomena of nature 
and the mathematical laws which govern them, would this principle not 
go back even to the causes of these phenomena? And can one then say 
that there would be no other law corresponding to the law of gravity, no 
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other law that would play the same role as Newton's and like it serve to 
explain celestial phenomena?28 

It was therefore a matter of some urgency that one of the poles of the system 
of the world should be considered with 'greater impartiality' and that the 
articulation linking them should be shown. It is in terms of this strategy of 
symmetrization between translations and rotations that we wish to assess 
Hamilton's invention of quaternions. If, as Hamilton maintained, algebra is an 
'Order in Progression', it was not enough simply to compare the other points 
to a reference point (the 'origin'), nor even to produce them by translations 
(as the geometrical formulae B = A + (B - A) and the linguistic formula 
vectum + vector = vehend do, see above, p. 161); it was also necessary to explore 
the roundabouts of A by pivoting on oneself. In the introduction to his Lectures, 
Hamilton identifies with what he defines as Argand's method (see chapter III), 
but succeeds in involving the whole of space in the balancing device; he 
considers the three perpendicular units i, j, k of a trihedron as geometrical 
means. The trihedron {i, j, k} thus appears as what directs a criss-crossing of 
space (Descartes' triple coordinates), but also and above all a place of indiffer
ence between the negative and positive units.29 

Like Argand, Hamilton lays great stress on considering proportionality as 
original, prior to the definition of any multiplication. He starts by giving himself 
similarities between direction ratios, 'biratios', of the kind: The direction r is 
to s what the direction t is to u', which, using his notation, is written 'r: s:: t: u'. 

'[N] ot assuming the knowledge of any laws respecting their multiplication, 
I sought to determine what ought to be considered as the FOURTH 
PROPORTIONAL, u, to the three rectangular directions j, i, k';30 U = -1 is 
thus the fourth proportional related to i, j, k, let i: j:: k : u, and, above all, these 
three units appear as the solutions to a problem of balance: to find the unit of 
direction x such that 1 is to x what x is to - 1. Let 1: x :: x: - 1. 

A multiplication x can then be defined with the help of the preceding 
biratios. Thus, i x j = k is another way of writing (1 : k:: i : j). We also obtain 
the following formulae: 

ixj=k=-jxi 

jxk=i=-jxk 

kXi=j=-kxi 

i 2 = -1 (complex number)} 

j2 =-1 

k2 = -1 

(1) 

These formulae clearly oppose the spatial units i, j, k to the 'extra spatial' 
units 1 and - 1, and Hamilton explicitly links the latter with the 'axis of 
progressive and unidimensional unfurling' of time and opposes them to the 
vectorial units i, j, k, which should be seen as negative unit square rootS?l 

This method of Hamilton's is readily integrated into the strategy heralded 
by Argand for subverting the transitive: the 'natural' motion that 'goes' from 
-1 to + 1 is that of the flow of time from the before to the after and can be 
suspended by lateral units32 (see fig. 23). 
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Figure 23 

Space is not simply joined to time like a second flap of the extension, but 
appears as an articulated tripod of square roots. Hamilton's biratios bring 
about a tipping into a veritable geometrical epokhe which liberates dimensions 
thus retrieved from the irreversible order of the world. This suspension of the 
transitive order turns zero, which was just a simple 'origin', into an instant 
squeezed between a before and an after, a stopping place where translations 
and rotations are articulated: the vectors i, j, k are no longer simply 'basic 
vectors' but also the axes of virtual rotations which switch them round (see 
fig. 24). 

k 

Figure 24 

It is no longer that mysterious point where the coordinates prescribed by 
Descartes were swallowed up and merged together, but that where i, j, k spring 
up like axial or polar vectors and where three 'corkscrews' are articulated at 
the same time. Hamilton therefore gave a kind of locomotive autonomy to 
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Descartes' trihedron and thus confers on it a dynamic and a completion in 
keeping with the universal duality heralded by Chasles. Hamilton's triple 
instability point liberates gestures that, until this time, had remained captives 
of the body. 

There is a multiplicative and rotatory analogue of the formula of the vection 
act (vector + vehend = vectum), which is the version act (carried out by a versor) 
and which gives rise to the formula: 

versor x vertend = versum 

Hamilton gives the example of the training of a telescope. This example 
illustrates clearly the multiplication of vectors and their double role: vectors 
directing a virtual aim and rotation axes that switch them (on this point, see 
appendix II). 

Hamilton's articulated triplet (i, j, k) has an obvious experimental mission: it 
achieves what was perhaps Avicenna's secret dream: to propel a body by 
thought to explore the universe. Hamilton carefully distinguished scalars, pro
duced by the multiplication of two parallel directions and whose square is 
always positive, and vectors, the genuine spatial units (the quadrantal versors), 
associated with processes of orientation and whose square is always negative 
(see Appendix I). Quaternions therefore make it possible to distinguish and to 
condense into a single symbol q = (2, V) two space experiments: the scalar 
experiment of dilatations and the vectorial experiment related to perpendicular 
torsions (see fig. 25 and Appendix I). 

A B 

R(v) (w) 

Figure 25 

dilatation 
(multiplication 

by a scalar) 

w 

v 

'Perpendicular torsion', multiplication by v 
v has length 1 and w is perpendicular to v 

R(v)w=v x w 

Hamilton suspected the immense significance of his discovery and con
secrated the last twenty years of his life to it.33 Maxwell recognized immediately 
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that quaternions introduce into the geometry and physics of the future a 
revolution as important as that of Descartes' coordinates: 

Now Quaternions ... is a mathematical method, but it is a method of 
thinking, and not, at least for the present generation, a method of saving 
thought ... It calls upon us at every step to form a mental image of the 
geometrical features represented by the symbols, so that in studying geome
try by this method we have our minds engaged with geometrical ideas.34 

Or again: 

But for many purposes of physical reasoning, as distinguished from calcula
tion, it is desirable to avoid explicitly introducing the Cartesian coordi
nates, and to fix the mind at once on a point of space instead of its three 
coordinates, and on the magnitude and direction of a force instead of its 
three components. This mode of contemplating geometrical and physical 
quantities is more primitive and more natural than the other, although 
the ideas connected with it did not receive their full development till 
Hamilton made the next great step in dealing with space, by the invention 
of his Calculus of Quaternions ... I am convinced, however, that the 
introduction of the ideas ... will be of great use to us in the study of all 
parts of our subject, and especially in electrodynamics, where we have to 
deal with a number of physical quantities, the relations of which to each 
other can be expressed far more simply by a few expressions of Hamilton's, 
than by the ordinary equations.35 

And: 

A most important distinction was drawn by Hamilton when he divided 
the quantities with which he had to do into Scalar quantities ... and 
Vectors ... 

The invention of the calculus of Quaternions is a step towards the 
knowledge of quantities related to space which can only be compared for 
its importance, with the invention of triple co-ordinates by Descartes.36 

Maxwell is aware that quaternions promise homogenization experiments 
that are much richer and much more suited to electrical forces than Descartes' 
dimensions. Indeed, Hamilton's triple corkscrew orchestrates space experiments 
that superpose themselves exactly on those conducted by Faraday's lines of 
force; rotations sketched out in dotted lines by the magnetic field and the 
lateral attractions of currents match infinitesimal torsions and spatial square 
roots. To combine Faraday and Hamilton is to complete a grandiose pro
gramme and to understand the field as this precious 'point' where geometry 
and physics balance one another out. Electrogeometric space is realized by the 
articulation of the translation-rotation duality with that of the electrical field 
and magnetic field. The translations superpose themselves exactly on the 
motions of the charges rushing down the slope of potentials and rotations that 
make these planes of light polarization pivot. 
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Another distinction among physical vectors is founded on a different 
principle, and divides them into those which are defined with reference to 
translation and those which are defined with reference to rotation. The 
remarkable analogies between these two classes of vectors is well pointed 
out by Poinsot in his treatise on the motion of a rigid body ... 

According to Ampere and all his followers, however, electric currents 
are regarded as a species of translation, and magnetic force as depending 
on rotation. I am constrained to agree with this view, because the electric 
current is associated with electrolysis, and other undoubted instances of 
translation, while magnetism is associated with the rotation of the plane 
of polarization of light, which, as Thomson has shewn, involves actual 
motion of rotation.37 

In order to forge its concepts, electrogeometry as it were provokes the field 
by different kinds of spatial intervention. This experimental geometry does not 
so much appear through immediate position-taking as through differential 
grasps, infinitesimal translations for the gradient, little loops encircling a circuit 
for the rotational, infinitesimal volumes that envelop a source in order to define 
the divergence (see fig. 26 and Appendix III). 

gradient rotational divergence 

Figure 26 

By combining infinitesimal calculus and the multiplication of the 'spatial 
units', i, j, k, Hamilton succeeds, with his famous operator V (see Appendix III), 
in capturing in a single symbol the articulation of Chasles's and Ampere's 
dualities. He also demonstrates the conversion of the axial-magnetic point of 
view into the polar-electrical point of view. 

The closure of the axis-loop system is completed by Maxwell's equations in 
the vacuum (the 'ether'), which conjure two field waves tangled up like two 
helices of space-time. 

C The screw as bold metaphor 

Hamilton's operator V therefore plays the crucial role of an ideal corkscrew 
that orchestrates, in geometry as in electricity, a subversion of transitivities and 
makes it possible to bring into operation the analogy 'rotation is to translation 
what magnetism is to electricity'. 
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Maxwell's equations interlacing electrical and magnetic fields like two helices 
in space-time are the culmination of a meditation on the screw as a 'special 
mechanism' capable of articulating length and width: 

Now it seems natural to suppose that all the direct effects of any cause 
which is itself of a longitudinal character, must be themselves longitudinal, 
and that the direct effects of a rotatory cause must be themselves rotatory. 
A motion of translation along an axis cannot produce a rotation about 
that axis unless it meets with some special mechanism, like that of a screw, 
which connects a motion in a given direction along the axis with a rotation 
in a given direction round it; and a motion of rotation, though it may 
produce tension along the axis, cannot of itself produce a current in one 
direction along the axis rather than the other.38 

The screw that endows the length with perforation power through a flick of 
the wrist is part of a whole set of diagrams and metaphors intended by Maxwell 
to promote a new physico-geometric self-evidence. We should speak of a 
technology of the metaphor that possesses an autonomous logic and precedes 
formalization. 

We know how much Maxwell admired the suggestiveness of lines of force 
and wanted to have a better understanding of their 'real' character: 

[This] naturally tends to make us think of the lines of force as something 
real, and as indicating something more than the mere resultant of two 
forces, whose seat of action is at a distance, and which do not exist there 
at all until a magnet is placed in that part of the field. We are dissatisfied 
with the explanation founded on the hypothesis of attractive and repellent 
forces directed towards the magnetic poles ... we cannot help thinking 
that in every place where we find these lines of force, some physical state 
or action must exist in sufficient energy to produce the actual phenomena?9 

Maxwell understands the screw as a radicalization of Faraday's lines of force. 
For him it is above all a question of grasping their capacity for contaminating 
a whole space, a capacity that we know made them 'obscure' to contemporaries, 
but which was the condition of their victory over the forces of interaction at a 
distance. The latter are 'clear' because they are only frozen icons: Peirce 
recognized that they refer only to themselves without mobilizing the space 
around them.40 Like lines of force, Maxwell's screw is 'obscure': it shows that 
the gesture that smashes the icons is contemporaneous with that which brings 
out the dimensions. 

It is interesting to see it at work in a particular case: that of a 'model' of 
ether as a system of molecular vortices, which illustrates what Maxwell would 
later call a 'bold metaphor'. Four years before the formal presentation of the 
celebrated equations of the Treatise on Electricity and Magnetism, the article 
'On Physical Lines of Forces'41 sets out to 

investigat [e] the mechanical results of certain states of tension and motion 
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in a medium, and comparee] these with the observed phenomena of 
magnetism and electricity ... I propose now to examine magnetic 
omena from a mechanical of view, and to determine what tensions 
in, or motions of, a medium are capable of producing the mechanical 
phenomena observed. If, by the same hypothesis, we can connect the 
phenomena of magnetic attraction with electromagnetic phenomena and 
with those of induced currents, we shall have found a theory which, if not 
true, can only be proved to be erroneous by experiments which will greatly 
enlarge our knowledge of this part of physics.42 

Maxwell suggests thinking of these motions, these 'tensions' in the medium, 
as 'mechanical illustrations to assist the imagination'.43 How is the screw as 
an allusive stratagem going to 'assist' the imagination? How do the old mechan
ical images prepare themselves to retaliate within the axis-loop system discov
ered by Faraday and Ampere? Let's assume with Maxwell that the universe is 
filled with a magnetic ether made up of molecular vortices, such that the 
direction of the axis of these vortices is tangential to the lines of force and their 
angular speed proportional to the intensity of the field (see fig. 27). 

Figure 27 

With his system of gear wheels, Maxwell already manages to discover many 
of the laws and phenomena of static magnetism. Note also that the material 
nature of these gears matters much less than their elastic contacts and the 
diverse modes of cooperation of intensity that they imply. 

An important stage, that of the dynamic, remains: 

'How are these vortices set in rotation?' and 'Why are they arranged 
according to the known laws of lines of force about magnets and cur
rents?' ... We have, in fact, now come to inquire into the physical connexion 
of these vortices with electric currents, while we are still in doubt as to 
the nature of electricity.44 

It is here that we have to remember that these 'gears' are by no means 
supposed to be 'real', but of the same type as those analysed in III,5,C. A gear 
wheel, taken on its own, illustrates the analogy 'the intensity is to the field what 
the angular speed is to a rotation', it is associated with the usual triptych 
(A, I, p) (see II,l, formula (1)). 

It is now necessary to tackle the delicate problem of the articulation of the 
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vortices. Remember that the 'gears' of chapter III split the mobility symmetri
cally and that from the point of contact there emerge two twin triptychs which 
are incapable of coalescing in a translation. We know that it is this symmetry 
between the 'base' and the 'roller' that gives all its force to the diagram and 
prevents it from being degraded into a functional relation. 

We see the difficulty: a given translation introduces a dissymmetry from the 
outside that cannot result from the combination of two opposed rotations 
(see fig. 28). 

impossible 

Figure 28 

translation effected by 
auxiliary wheel 

Of course, this is exemplified 'in nature' by frictions, which is why Maxwell 
writes the following: 

I have found great difficulty in conceiving of the existence of vortices in a 
medium, side by side, revolving in the same direction about parallel axes. 
The contiguous portions of consecutive vortices must be moving in oppo
site directions; and it is difficult to understand how the motion of one part 
of the medium can coexist with, and even produce, an opposite motion of 
a part in contact with it. 

The only conception which has at all aided me in conceiving of this 
kind of motion is that of the vortices being separated by a layer of particles, 
revolving each on its own axis in the opposite direction to that of the 
vortices, so that the contiguous surfaces of the particles and of the vortices 
have the same motion. 

In a mechanism, when two wheels are intended to revolve in the same 
direction, a wheel is placed between them so as to be in gear with both, 
and this wheel is called an 'idle wheel.' The hypothesis about the vortices 
which I have to suggest is that a layer of particles, acting as idle wheels, 
is interposed between each vortex and the next, so that each vortex has a 
tendency to make the neighbouring vortices revolve in the same direction 
with itself.45 

Maxwell thus obtains a system of bulky wheels (the 'vortices') joined together 
by small balls (the 'particles'). It is here that Maxwell crosses an important 
threshold: he identifies the motion of these particles with an electric current: 

It appears therefore that, according to our hypothesis, an electric current 
is represented by the transference of the moveable particles interposed 
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between the neighbouring vortices. We may conceive that these particles 
are very small compared with the size of a vortex, and that the mass 
of all the particles together is inappreciable compared with that of the 
vortices ... The particles must be conceived to roll without sliding between 
the vortices which they separate, and not to touch each other, so that, as 
long as they remain within the same complete molecule, there is no loss 
of energy by resistance.46 

A few pages further on, Maxwell again describes the liaison between the 
'large wheels' and the 'balls': 

The particles forming the layer are in rolling contact with both the vortices 
which they separate, but do not rub against each other. They are perfectly 
free to roll between the vortices and so to change their place ... These 
particles, in our theory, play the part of electricity. Their motion of transla
tion constitutes an electric current.47 

This is going to make it possible to describe more precisely how Maxwell 
forges a scientific praxis of analogy and the introduction of similarity. Black, 
Richards and other modern theoreticians of metaphor have shown that meta
phor does not sanction a preexisting resemblance, but acts by creating sim
ilarity.48 Some authors have even spoken of the 'annexation' of authority by 
metaphor and of the 'invasion' of domains of extensions.49 Here, the gears, the 
ball bearings and the liaisons function as metaphors, in the sense that a theory 
that is already old to familiar intuitions invests and illuminates a new domain 
- electromagnetism by gaining a fresh youthfulness there. It is still the 
articulation point of a balance of Being - the axis-loop system - that orches
trates the 'annexation' by diagrams of gears. The latter come from a pure 
kinematics; we have seen how carefully Maxwell separates out frictions and 
dismisses as subsidiary the question of the nature of the 'medium'. This brings 
us much closer to the diagrammatic asceticism already practised by de Broglie 
to demonstrate the duality of the horizon of material point velocities and the 
horizon of phase velocities (see II,3). This purification as such is essential to 
concentrate all attention on the articulation and on its capacity to find two 
motions in one mobile point, just as the metaphor captures two ideas in one 
without ever mixing them up. 

Maxwell compels the articulation to playa double role: 

- it is first of all supposed to be 'mechanical', to legitimate the introduction 
of the ball bearing and therefore to make the system of vortices 'probable'; 

- it is then raised to the level of a model of connection, concerning which 
Maxwell emphasizes that it may not exist in nature. 

Thus, nobody should be taken in by this mechanical staging. We discover 
the force of the metaphor, which no more confuses these vortices with real 
gears than it classifies a dangerous man said to be 'wild' as a simple animal. 
Here, metaphor is a Trojan horse that takes on the guise of former mechanical 
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habits in order to occupy the new electrical territory. But it was necessary to 
prepare for the annexation by a diagrammatic asceticism, in particular here 
the calculation based on relations of quantities that separate the actualization 
into magnitudes. Thus appears what is really convincing: the rebalancing in 
thought of the system of big wheels by the system of small balls is also capable 
of restoring the axis-loop system if one of its components is mutilated. The 
analogy is 'self-evident' when the idea of the couple asserts itself and the 
'celibacy' of the vortices becomes unbearable, calling for the completion of the 
mechanism. A seesawing motion installs the analogy, which is worded thus: 
'The magnetic action is to the motion of the large wheels what electrical current 
is to the displacements of the small balls.' 

The dissymmetry introduced by the large wheels is thus compensated for 
and any disturbance affecting the first system has repercussions for the second; 
conversely, we rediscover in the ether as the balance this involutional characteris
tic which gives all its cohesion to the axis-loop system, which enables it to 
prescribe a consistent ritual of thought experiments and of diagrams spilling 
over, which authorizes the metaphor in physics as a calculated categorical error 
of an exceptional fecundity. Screw, ether, vortices: these belong to a technology 
for setting up similarity, which aims to promote what Maxwell himself called 
bold metaphors, suited to guiding the progress of the researcher between a 
physics already completely mathematized and physical hypothesis: 

The results of this simplification may take the form of a purely mathemati
cal formula or of a physical hypothesis. In the first case we entirely lose 
sight of the phenomena to be explained; and though we may trace out the 
consequences of given laws, we can never obtain more extended views of 
the connexions of the subject. If, on the other hand, we adopt a physical 
hypothesis, we see the phenomena only through a medium, and are liable 
to that blindness to facts and rashness in assumption which a partial 
explanation encourages. We must therefore discover some method of inves
tigation which allows the mind at every step to lay hold of a clear physical 
conception, without being committed to any theory founded on the physi
cal science from which that conception is borrowed, so that it is neither 
drawn aside from the subject in pursuit of analytical subtleties, nor carried 
beyond the truth by a favourite hypothesis. 

In order to obtain physical ideas without adopting a physical theory 
we must make ourselves familiar with the existence of physical analogies. 
By a physical analogy I mean that partial similarity between the laws of 
one science and those of another which makes each of them illustrate 
the other. 50 

Fourteen years later, Maxwell is more explicit about this technique ofillustra
tion when he distinguishes two types of metaphor: 

The figure of speech or of thought by which we transfer the language and 
ideas of a familiar science to one with which we are less acquainted may 
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be called Scientific Metaphor. 
Thus the words Velocity, Momentum, Force, &c. have acquired certain 

precise meanings in Elementary Dynamics. They are also employed in the 
Dynamics of a Connected System in a sense which, though perfectly 
analogous to the elementary sense, is wider and more general. 

... The characteristic of a truly scientific system of metaphors is that 
each term in its metaphorical use retains all the formal relations to the 
other terms of the system which it had in its original use". 

There are certain electrical phenomena, again, which are connected 
together by relations of the same form as those which connect dynamical 
phenomena. To apply to these the phrases of dynamics with proper distinc
tions and provisional reservations is an example bf a metaphor of a bolder 
kind; but it is a legitimate metaphor if it conveys a true idea of the electrical 
relations to those who have been already trained in dynamics.51 

Strict metaphors are therefore more 'obvious' than 'bold' metaphors. Strict 
metaphors depend on formal analogies: it is the same formula that makes it 
possible to speak of generalized displacements and of generalized forces, and 
it is the same triptych (A, I, p) that is at work in the formulae that give a length 
L = J v dt or a work W = J F dl (see II,l). The 'strict' metaphor therefore takes 
few risks: it superposes two preexisting collections of formulae and ratifies a 
proof that is already available in a diagram. The 'bold' metaphor forces the 
analogy and steps over degrees of proof; its world is that of gestures, allusions 
and diagrams. It transports thought experiments, allusions from the old theory 
into the new: the latter gains a whole set of habits, the former a new rigour. 
But this transportation is not arbitrary: there is a discipline in scientific meta
phor. It is as it were activated by an experience of spilling over and completion 
of certain diagrams: the metaphorical 'annexation' is legitimated by the recogni
tion of a duality that displayed itself more or less clandestinely in the dotted 
lines of the diagrams of the old theory. 

Bold metaphor must therefore be related to an effort of homogenization and 
stripping down of articulation in order to be scientific. If a symm~try is ready 
to reverberate, it comes running. It can intervene modestly as a 'partial' sim
ilarity, but always crystallized around key points: the fulcrum of a balance, an 
auxiliary wheel, axes that command a whole network of familiar images or 
formulae. These points ensure the maintenance of the relationship of interpene
tration which nourishes metaphor; they prevent its dislocation into two mutu
ally indifferent entities that continually cling to substrates. 

Ether is an articulation point that unscrews spatial dimensions and the 
electromagnetic field at the same time. Maxwell had been right in demanding 
'some special mechanism, like that of a screw', but it was the fault of nineteenth
century physics that it was solidified into a substance. This screw balances 
magnetic units of force and electrical units of force and Einstein, dissolving the 
ether, would see in it the hinge-horizon of a new kinematics. 
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Science has known few such aggressive metaphors; the electrical screw enrols 
itself in a line of descent of increasingly virulent diagrams, the progress of 
which we have followed a few stages: 

- that of the point, simple scar of a designation subject to the good wishes 
of a reference trihedron to receive its determinations; 
that of the point-cavity, which can make an extraction tangible; 

- that of the point-horizon, which compresses and unfolds degrees of depth; 
- that of the points of contact and pivot-points, capable of symmetrizing 

the dissimilar and of arousing a dimension. 

Everything therefore seems to be played out in the interlace. Perhaps it is 
necessary to push the reciprocal embrace experiment which had triumphed 
over the cliches of interaction at a distance still further and to find instability 
points that are yet more disconcerting than the helix? It is certainly true that 
the spiral causes a density to rise up by giving length back to the width and 
by articulating an elevation and a separation. It reawakens the relief lulled to 
sleep in the width, by parametring the opening of an angle: we can follow the 
penetration of the corkscrew with our eyes or observe that the watch, laid on 
a transparent plane, turns in one direction or the other, according to whether 
it is seen from above or below. 

But, in all these situations, we will still remain spectators of the birth of the 
third dimension, which remains 'spatial'. The coils of the knot leave us still 
more perplexed; these are genuine geometrical events that labour very hard to 
awaken all of the body's mobility, laterality or verticality. Why is the knot so 
disquieting? 

6 TOWARDS THE KNOT AS SECULARIZATION 
OF THE INVISIBLE 

The knot determines an environment. There is a kind of allusive gravity, a 
fierce resistance to any external homogenization. There is neither length, nor 
density, nor width: here, all dimensions are 'equal', but this equality is the 
direct opposite of the Cartesian dimensions that congealed the coordinates into 
a point. It is impossible to localize, to circumscribe or to penetrate a 'real' 
territory ruled over by the interlace. There is no outside or inside: the knot ties 
itself and is at o1)e with what it links. There is no capsule which, if it were 
pierced, would unveil its secret; the knot poses the perplexing enigma of 
interaction with itself: it links itself with itself. A knot is not a trajectory: we 
do not master it by putting ourselves 'in the place' of a mobile point that 
would describe the curve. The knot pushes the tension between the mobile, the 
lateral and the density to the extreme: that is why it is impossible to grasp it 
by attending to only one of its components. On the other hand, cursive ness, 
top and bottom, right and left seem to enter a fierce contest to seduce our 
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intuition, even if it entails resuscitating the conventions and postures over
thrown by the interlace. 52 

The interlace must be accepted for what it is: a three-headed hydra that has 
to be tamed with a single blow. The interlace does not occupy a 'place' in our 
space, it reminds us that space is the become equality of the dimensions. The 
latter leaves scars: an interlace possesses a tough ambiguity which prohibits all 
flattening without intersection (see fig. 29). 

Figure 29 

Coils and knots forge a discipline of the intuition that makes it possible to 
escape the cumbersome silliness where any given volume or solid becomes 
mired. The knot leads to a fearful experience of the implosion of the spatial 
and the explosion of the transitive. It is also perhaps a way of getting round 
the erosion of metaphors which are always under threat from convention: the 
interlace makes it possible precisely to grasp that turbulent moment where the 
metaphor increases its sway by finding two ideas in one. 

This was already a matter of fascination for nineteenth-century electro
geometers, who quite rightly suspected that diagrams of knots were not simple 
illustrations. Some had even conceived quite complicated models to describe 
these 'vortices' knotted in the ether, but all these models were discarded. We 
now have a better understanding of the profound reason behind this: the secret 
of the knot goes well beyond the space in which it is supposed to bathe: it goes 
so far as to smash the classical relationship between letter and image. 

Mechanical models of ether ingenuously invented these 'real' vortices, which 
were incapable of dealing with the noetic propulsions captured by the knot: 
these models had not broken with the rigidities of spatial intuition and mechan
ical transitivities. 

By way of compensation, modern geometry and the discovery of the unsus
pected relations between knot theory and statistics aim to capture the whole 
allusive power of the knot, to position themselves at the very heart of the 
intersection. An intersection is not a point, but explodes as a geometrical event: 
something has happened which suggests a spacing out (see fig. 30). 

It is perhaps this kind of experiment that Irish monks were seeking as early 
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as the seventh century when they ventured into their labyrinths. It has been 
shown that the animated letters and illuminations of the manuscripts were not 
added on to the text as a 'decoration' or a 'supplement', but were intended to 
solicit the patience of the reader, who is always in a to receive the 
information contained in a text.S3 We know that there is a kind of geometrical 
modesty about the interlace which insists on an effort to grasp the relief that 
it unfolds. By no means there to 'fill in', the coils of the illuminations are 
intended to remind us that the speculative cannot be reduced to the literal and 
is not exhausted by aligning signifying units. Contemporary research is not far 
removed from this. It is rediscovering dimension as that which revolts against 
all verbal process and only allows itself to be grasped by new notations. The 
latter are not 'ornaments', but rather enjoy the privilege of controlling the 
allusions and the presentiment of forms. 

NOTES 
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NOTE ON QUATERNIONS 

A quaternion is an ordered quadruplet q = (xo, Xl' X2, X3)' 

An addition can easily be defined: 

(1) 

as can a multiplication by a scalar (a real number) corresponding to changes 
of level (,dilatations'): 

A{XO, Xb X2, x3) = (AXo, AXb AX2, Ax3) 

These operations make it possible to write quaternions in the form: 

q = (xo 1, Xl i, X2j, X3 k) 

where 

1=(1,0,0,0) 

i=(O,l,O,O) 

j= (0, 0,1,0) 

k = (0, 0, 0, 1) 

(2) 

The quaternions of the form (xo, 0, 0, 0) = Xo 1 are said to be 'real' ('temporal' 
according to Hamilton) and can be positive or negative; we will speak of the 
real straight line associated with I. 

The quaternions of the form (0, Xl' X2, X3) are said to be 'pure' (or 'spatial': 
these are the ones that represent space according to Hamilton). In particular, 
the elements i, j, k are said to be 'spatial units'. 

The foregoing remarks lead us to decompose a quaternion by the formula: 

(3) 

where Xo is the 'scalar' part and V the 'vectorial' part. 
We can define a multiplication x of quaternions, which would be distributive 

in relation to the preceding addition and compatible with dilatations: 

A, q x q' + ()c, q) X q' = q x ()c, q') 
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The formula of x being complicated, we will not give it here, but we should 
observe that: 

this multiplication is not generally commutative; 
(b) non-zero quaternions (different from (0,0,0,0)) admit an inverse for x; 
(c) it coincides with the multiplication of real numbers for the elements of 

the real straight line; 
(d) 1 x q = q x 1 for all quaternions; 
(e) ixj=-jxi=k;jxk=-kxj=i; kxi=-ixk=j; i2 =P=k2 = 

-1; more generally: if q = (0, Xl' X2, X3) is 'pure' or 'spatial', 
q2 = q X q = (- [x? + X22 + X32], 0, 0, 0). The square of spatial quaterni
ons is negative. Moreover, the property of 'negative square' characterizes 
spatial quaternions; 

(f) if q and q' are spatial quaternions, 
q x q' = q' x q if and only if q and q' are 'parallel' (q = Aq' with A real); 
q x q' = -q' x q if and only if q and q' are 'perpendicular'; 

(g) the 'spatial units' i, j, k constitute a trirectangular trihedron and swap 
place through rotations associated with multiplication (a particular case 
of the 'perpendicular torsion' of figure 25, p. 174). 



APPENDIX II 

NOTE ON HAMILTON'S ASTRONOMICAL EXAMPLE 

Hamilton illustrates the multiplication table of the units i, j, k thus: let there 
be the usual four cardinal points (see fig. A). 
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With them Hamilton associates two directions of aim (from the south 
towards the north, let this be rx, and from the west towards the east, let this be 
y) which he complements with a direction /3 (from the ground towards the 
zenith); rx, /3, y thus specifying three directions for the telescope (see fig. B). 

These directions of aim can be understood as related to vectors (in the sense 
of the quotation on p. 161). 

Hamilton then chooses to represent the spatial units i, j, k and to associate 
them with cardinal points, as figure C shows. 

Adopting suitable lengths, the directions rx, /3, yare linked to i, j, k by the 
relations: rx= -i,j= -y, /3=k. 

By suitable rotations of the telescope, the directions of aim can be changed 
for one another. These rotations are oriented by the axes i, j, k and are brought 
about as follows: 

(a) A first rotation R(j) turns the telescope around j (see figs D and E), 
seen in a clockwise direction from W 
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Figure E 

This gives the geometrical illustration of the multiplication by j of 
perpendicular vectors. 

The telescope, which was pointing towards the north, now points 
towards the zenith Z, and we have: 

fJ = R (j)( IX) = R (j)( - i) = j x (- i) = i x j = k 

(b) Then, by carrying out a pivot R(i) (see fig. Eb) around i (the motion 
being effected in a clockwise direction if it is seen from the south), the 
telescope points towards the east (extremity of y). We have therefore: 

-j = y = R(i)(fJ) = i x k or k x i = -i x k = j 

This is the position of Hamilton's figure Ec. 
(c) It is possible to then point the telescope towards the south, by bringing 

about a rotation R(k) of axis k (see fig. F). 
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W 

Figure F 

We have: R(k) = -IX. Let it also be that: k x -j = +i or i = j x k. 
This sequence of three pivots - R(j), then R(i), then R(k) - has therefore 

brought the telescope in a direction (from the north towards the south) that is 
opposite to its initial direction of aim (from the south towards the north). It 
illustrates the relation: kij = -1. 
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Hamilton takes care to distinguish the directions aim designated by the 
Greek letters (:x, fl, y) and the unit-axes designated by the Latin letters (i, j, k). 
The latter induce rotations. Thus the use of the terms versum for a direction 
of aim and versor for a spatial unit becomes clear: 'availing myself you 
of the distinction between the roman and the italic alphabets, to mark, at least 
temporarily, the distinction between the two different conceptions of a line, as 
a turned and as a turning thing; a versum and a versor; a subject of operation 
and an operator' (Lectures on Quaternions, II, pp. 61-62). 

The versors articulate the versums between them, which justifies the reference 
(p. 172) to an 'articulated trihedron'. It will be observed that Hamilton's trihe
dron, constructed with cardinal points, is the opposite of the 'direct' trihedron 
of modern geometers (see figs Ga and Gb). 

k 

j 

'modern' 'direct' trihedron 

Figure Ga 

k 

j 

Hamilton's trihedron 
indirect for us 

Figure Gb 

There are in fact two ways of embodying in space the order prescribed by 
the successive enunciation of i, then j, then k. They each induce different 
conventions in order to give form to the multiplication table. 

k 

j 

Hamilton's convention 

Figure Ha 

k 

ours 

Figure Hb 

j 
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HAMILTON'S OPERATOR V 

Hamilton's operator V is defined by: 

o 0 0 
V=i- +j-+k-ox oy oz 

It combines the derivations and multiplications by i,j, k. 
On the numerical functions f(x, y, z), V acts as follows: 

V (f) = i of + j of + k of 
ox oy OZ 

On the vectorial functions V(x, y, z) = xT + yJ + Zk, where X, Y, Z are the 
variable coordinates (depending on x, y and z) ofV,V acts as follows: 

VV = ( - div V,roty) 

where VVis a quaternion (see decomposition (3) of Appendix I), and divVthe 
numerical function: 

oX oY oZ 
-+-+ox oy oz 

(it is the scalar part of the variable quaternion VV), and where rot V is the 
vectorial function: 

( OZ _ OY)i+(oX 
oy OZ OZ 

OZ)j + (OX _ OY) k 
ox oy ox 

The expression '- div V' is called 'convergence' by Maxwell; the expression 
'rotV' is called curl V by Maxwell. 

If Vis conceived as a field of forces acting on particles, the divergence of V 
at a point P measures the manner in which the field repels (or attracts) a 
particle in the vicinity of P. 

The rotational ofV(rotV), also called the 'curl', describes the local rotatory 
motions of particles in the vicinity of P. 

Maxwell explains that '[the operator curl] represents the direction and the 
size of the rotation of the subject matter moved by the vector' and he gives 
the following illustrations (see figs A and B). 
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\/ 
/~ 

Figure A Point P where the convergence -div V is very strong 

Figure B Point P where the vector vortex roiv is very dominant 

rDiv 

Figure C 

Note that if Vis an axial vector ('of the species of rotations'), rotV is a polar 
vector ('of the species of translations') and vice versa. This justifies Maxwell in 
his assertion: 'The Hamiltonian operator ... applied to any vector function, 
converts it from translation to rotation, or from rotation to translation, accord
ing to the kind of vector to which it is applied' ('On the Mathematical 
Classification of Physical Quantities', p. 265). 
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rDiv 

Figure D 

Examples: - ~ -If V = (x2 + y2)K, the trajectories are straight lines parallel to Oz; rot V is an 
axial vector, whose trajectories are circles embracing the aforementioned: - -; -; rot V = 2Yl - 2x] . 

..... .,.. ........,.... .. .. ..... 
If V = yl - X], rot V = 2k, the rectIlmear traJectones of rot V are embraced 

by the trajectory-circles of V. 
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