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1 Introduction

Some mathematical theories are ubiquitous. For instance, basic middle
school algebra is a tool that never loses its value for exploring problems,
regardless of ones mathematical maturity. A good high school math student
knows what a polynomial is, and probably even knows a general method
for finding roots of a quadratic equation, ax2 + bx + c = 0. While solving
such an equation is an elementary task for an undergraduate math student,
we may be tempted to ask other questions, such as, “Why does the general
quadratic solution work?” or better, “When does such a general solution
exist for a polynomial of higher order?”

In fact, the exploration of these questions leads us to tools and connec-
tions that have a ubiquity in their own right within the context of some
modern mathematical theories[3]. This paper is an examination of the con-
nections between the old and the new, both in terms of the the age of the
subjects and in terms of the order in which the author was exposed to them.
Specifically, we will explore the connection between the solutions of poly-
nomials and the abstract algebraic structures that underlie their existence.
This connection is part of what is known as Galois Theory.

2 Algebraic Background

In order to begin a formal discussion of Galois Theory, some definitions and
basic theorems must be given.

2.1 Group Theory

Definition 2.1 (Group). A set G along with an operator ∗ is called a group
when the following properties hold:

• a, b ∈ G implies that a ∗ b ∈ G (G is closed under *);

• Given a, b, c ∈ G, then a ∗ (b ∗ c) = (a ∗ b) ∗ c (associativity);

• There exists e ∈ G such that for all a ∈ G, ae = ea = a, and e is
called the identity in G;

• For every a ∈ G, there exists an element b ∈ G such that a∗b = b∗a =
e. We call b the inverse of a, and write it as a−1.

If a∗ b = b∗a for all a, b ∈ G we call G an abelian group. Often, we drop
the operation ∗ when it is understood that we have only one operation on
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a set. Thus, a ∗ b would be written ab. If G has a finite number of elements
we call G a finite group. A group is one of the basic structures in abstract
algebra, and many of the objects we will define have groups as underlying
structures.

Example 2.1 ((Z, +)). Since, groups are such fundamental structures, it’s
not surprising that that some very familiar objects are also groups. For
instance, the integers, Z, form a group under our good old addition operation
+.

Proof. Clearly, the integers are closed under addition. Next, let a, b, and
c be elements of Z. Again, associativity is a well known property of the
integers so, a + (b + c) = (a + b) + c. Moreover, let e = 0. Then for all a in
Z,

a + e = a + 0 = a = 0 + a = e + a,

so that 0 acts as the additive identity in Z. Finally, let a be an arbitrary
element in Z, and let b = −a. Then,

a + b = a + −a

= 0

= −a + a = b + a;

thus, inverses exist for all a in Z. Hence, by Definition 2.1, Z is a group
under addition.

The above example is boring at best, because so many of the group
properties are intrinsic to the integers. However, the purpose of the group
abstraction is to try and recognize this familiar structure in perhaps unsus-
pected places. The following example illustrates this point, but first we need
a definition.

Definition 2.2. A permutation σ is a 1-1 mapping (function) from a set S
onto itself.

Example 2.2. The set G of all permutations of a set S forms a group under
function composition, denoted ◦.

Proof. We prove each of the group properties in turn, making use of our
knowledge of 1-1 and onto functions. Let’s start with closure:

Let σ and τ be two permutations of a set S. We, must show that σ ◦ τ is
also a permutation of S. Let s1 be arbitrary in S. then (σ◦τ)(s1) = σ(τ(s1)).
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By the fact that τ : S → S is a function τ(s1) = s2 for some unique s2 in
S. Thus, σ(τ(s1)) = σ(s2) and by a similar argument σ(s2) = s3 for some
unique s3 ∈ S. Therefore, (σ ◦ τ)(s) = s3 hence (σ ◦ τ) is a function from S
to S. It remains to show that (σ ◦ τ) is a bijection.

Assume (σ ◦ τ) is not one-to-one. Then there exists an element s in S
such that (σ ◦ τ)(s1) = s = (σ ◦ τ)(s2) for some s1 6= s2 in S. Since, τ is 1-1,
τ(s1) = s3 6= τ(s2) = s4. Likewise, σ(s3) = s5 6= σ(s4) = s6, since otherwise
σ could not be 1-1, but then we have:

(σ ◦ τ)(s1) = σ(τ(s1))

= σ(s3)

= s5

6= s6

= σ(s4)

= σ(τ(s2))

= (σ ◦ τ)(s2),

a contradiction! Thus, (σ ◦ τ) is 1-1.
Assume (σ ◦ τ) is not onto. Then there exists some s0 in S such that

for all s in S, (σ ◦ τ)(s) 6= s0. Note that since σ is onto σ(s1) = s0 for
some s0 in S. Likewise, since τ is onto, τ(s2) = s1 for some s2 in S. Thus,
(σ ◦ τ)(s2) = σ(τ(s2)) = s0, another contradiction!. Therefore, if σ and τ
are permutations then so is (σ ◦ τ) and if G is the set all such permutations
then G is closed under function composition.

Next, we look for an associative property of permutations. Let σ, τ, and
α be arbitrary permutations on S, and s be in S. Then,

σ ◦ (τ ◦ α)(s) = σ((τ ◦ α)(s))

= σ(τ(α(s)))

= (σ ◦ τ)(α(s))

= (σ ◦ τ) ◦ α(s).

Thus, function composition is associative.
Next, let i be the permutation that takes s to itself for all s in S. Then

(σ ◦ i)(s) = σ(i(s)) = σ(s) making i a right identity for functional composi-
tion. Also, since σ(s) is a unique element in S, (i ◦ σ)(s) = i(σ(s)) = σ(s),
making i a left identity as well, and the two together make i the identity
element for permutations.

It is a basic theorem of set theory that any bijection σ : S → S has an
inverse function σ−1 : S → S which takes every element s−1 in the image of
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S under σ back to the element s it came from in S and vice versa. Thus,
for every permutation such an inverse exists, is itself a permutation, and

(σ ◦ σ−1)(s) = σ(σ−1(s))

= σ(s−1)

= s

= i(s)

= σ−1(σ(σ−1(s−1)))

= (σ−1 ◦ σ)(σ−1(s−1))

= (σ−1 ◦ σ)(s).

Thus, for every element σ in the set G of all permutations of a set S
there exists an inverse element σ−1 such that σ ◦ σ−1 = i = σ−1 ◦ σ.

All properties from Definition 2.1 have been proven. Therefore, the set G
of all permutations of a set S is indeed a group under function composition.

Definition 2.3 (Group Order). Let G be a finite group containing n ele-
ments. Then we say the order of the group G is |G| = n.

Example 2.3 (S3). Consider, the set G of all permutations of 3 elements.
Recall, that there are 3! = 6 possible such permutations, thus |G| = 6.

Definition 2.4 (Subgroup). Let H be a nonempty subset of a group G that
satisfies Definition 2.1, then H is called a subgroup of G, and we write
H ⊆ G.

Example 2.4. Let S3 be the group of permutations S, a set of three ele-
ments. Without loss of generality let S = {1, 2, 3}. Now take σ to be the
permutation that switches 1 and 2, but leaves 3 fixed. A quick check confirms
that σ2 = i. That is, σ2(s) = s for all s ∈ S. Thus, σ is its own inverse, so
the set H = {σ, i} forms a group; a subgroup of S3.

Some of the most fundamental tools of group theory are those that look
at a group by breaking it down into its subgroups, and identifying the im-
portant features of subgroup, group, and their relationship to one another.
In particular, the concept of the normal subgroup is important.
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Definition 2.5 (Normal Subgroup). A subgroup, H, of a group, G, is called
a normal subgroup of G if

gHg−1 = H

for all g in G. Here gHg−1 is the set {ghg−1∀h ∈ H | g ∈ G}.

Normal subgroups will play an important role to the fundamental theo-
rem of Galois theory which is to be presented later, and the fact that they
are so useful in group theory turns out to be beneficial to our study of
polynomials. In fact the concept of the normal subgroup was actually first
introduced by Galois in exactly that context[1].

2.2 From Rings to Fields

Groups are truly beautiful, but for most of our mathematical lives we have
played with objects that have more than one binary operation. Thus, it is
only natural to formalize these object as well.

Definition 2.6 (Ring). A set R along with two operators ∗ and + form a
ring if R forms an abelian group under + and R is associative, and closed
under ∗. Furthermore, if r, s, t ∈ R then:

r(s + t) = rs + rt

and

(s + t)r = sr + tr.

Notice that we drop writing the ∗ operation for convenience as in our
group definition, and we can write the additive identity as 0 regardless of
the ring we are working with.

Definition 2.7 (Integral Domain). A ring R is called an integral domain
if ab = ba for all a and b in R, and in addition if ab = 0 in R implies that
a = 0 or b = 0. Although, convention varies, we will also require that an
integral domain has and identity element, 1, such that 1a = a1 = a for all
a in R.

Definition 2.8 (Field). A Ring R is said to be a field if it is an integral
domain and if for every element a 6= 0, there exists an element a−1 such
that a−1a = aa−1 = 1.
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The set Z forms both a ring and and integral domain under our custom-
ary addition and multiplication operations. Likewise, the familiar sets Q,
R, and C all form fields.

In this paper, we will be most concerned with fields, but some prelim-
inary results are needed before we can treat certain important objects as
such.

2.3 Fields of Fractions

It is possible sometimes to form a field with the elements from a ring. A
familiar example of this is the way that the integers are embedded inside of
the rationals. The integers, are however not just a ring, but also an integral
domain and it turns out that with any integral domain we can construct a
field in a similar way.

Let R be an integral domain, and define S to be the set {(a, b) | a, b ∈
R and b 6= 0}. Next, let ∼ be a relation on S defined by,

(r, s) ∼ (t, u) ⇐⇒ ru = st.

The relation ∼ forms an equivalence relation.

Proof. We need only to prove that the relation ∼ is: reflexive, symmetric,
and transitive.

1. ab = ba since, R is commutative thus (a, b) ∼ (a, b), making ∼ reflex-
ive.

2. Let (a, b) ∼ (c, d). Then ad = bc. Again by the commutative property
cb = da, which give us (c, d) ∼ (a, b). Thus, ∼ is symmetric.

3. Let (a, b) ∼ (c, d) and (c, d) ∼ (e, f). These relations imply ad = bc
and cf = de. It follows that

bcf = bde by left multiplication of b

= adf by substitution of ad for bc,
(1)

so adf = bde, but d 6= 0 and R is an integral domain, so af = be which
gives us (a, b) ∼ (e, f). Therefore, ∼ is transitive.

With those three properties proven we can say the ∼ is an equivalence
relation.
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Theorem 2.1. Let K be the set of all equivalence classes [a, b] of the ele-
ments (a, b) ∈ S. Then K forms a field under multiplication and addition
operations defined as follows:

[a, b][c, d] = [ac, bd]

and
[a, b] + [c, d] = [ad + bc, bd].

Proof. To begin with we wish to prove that K forms an abelian group under
+, but first it is important to make sure that + is well defined in the first
place. Thus, we must show that if [a, b] = [a′, b′] and [c, d] = [c′, d′] then
[a, b] + [c, d] = [a′, b′] + [c′, d′]. By definition this is equivalent to saying:

(ad + bc)b′d′ = bd(a′d′ + b′c′).

Since, [a, b] = [a′, b′], and [c, d] = [c′, d′], we have that ab′ = ba′ and
cd′ = dc′. Thus

(ad + bc)b′d′ = adb′d′ + bcb′d′

= a′dbd′ + bc′b′d By commuting and substituting.

= bd(a′d′ + b′c′).

Therefore, + is well defined for K. Next we look at each of the group
properties in turn.

1. If [a, b] and [c, d] are in K then [ad + bc, bd] is as well, since b 6= 0 and
d 6= 0, and due to closure on the integral domain from which a, b, c,
and d come. Thus, K is closed under + as is desired.

2. We wish to show that + is an associative operation for K. Let [a, b],
[c, d], and [e, f ], be elements of K. Then,

([a, b] + [c, d]) + [e, f ] = [ad + bc, bd] + [e, f ] by definition of +,

= [(ad + bc)f + bde, bdf ] by definition of +,

= [(adf + bcf + bde, bdf ] by distributive law on R,

= [adf + b(cf + de), bdf ] by distributive law on R,

= [a, b] + [(cf + de), df ] by definition of +, and

= [a, b] + ([c, d] + [e, f ]) by definition of +.

Therefore, we have the associative property for +.
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3. Next, let 0 be defined as [0, b] for all b 6= 0. Then [0, b] + [c, d] =
[0b + bc, bd] = [bc, bd], but notice that bcd = bdc, thus [bc, bd] = [c, d].
Similarly, 0 can be applied on the right and because of commutativity
of our integral domain, [c, d] + 0 = [c, d]. Therefore, 0 is the additive
identity for K.

4. Clearly, [−a, b] is in K for every [a, b] in K and with a little algebra
we see,

[a, b] + [−a, b] = [ab + b(−a), bb] by definition of +

= [ab − ba, bb] by properties of R

= [ab − ab, bb] by properties of R

= [0, bb]

= 0.

Likewise,
[−a, b] + [a, b] = [−ab + ba, bb]

= [−ab + ab, bb]

= [0, bb]

= 0.

Thus, additive inverses exist for every element in K.

With our four group axioms proven we have that K forms a group under +
and by the commutativity of integral domains we have that [a, b] + [c, d] =
[ad + bc, bd] = [cb + da, db] = [c, d] + [a, b]. Therefore, K is an abelian group
under +.

A similar treatment of our multiplication operator would show that it
has all the required properties needed for K to form a field, but for the
sake of time, we will only prove the distributive property that links our two
operations together.

Let [a, b], [c, d], and [e, f ] be in K. Then,

[a, b]([c, d] + [e, f ])

= [a, b][cf + de, df ] by definition of +,

= [a(cf + de), bdf ] by definition of product,

= [acf + ade, bdf ] by properties of R,

= [acbf + bdae, bdbf ] since (acf + ade)bdbf = (acbf + bdae)bdf

= [ac, bd] + [ae, bf ] by definition of +,

= [a, b][c, d] + [a, b][e, f ] by definition of product.
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Thus, the distributive property holds, at least on the left. Applying a
similar technique for the right product, shows us that it holds in general.
Thus, K is a field.

3 Morphisms

In abstracting mathematical objects to their fundamental structure, we are
looking to distill them in a way that allows us to recognize there similarities.
Groups, rings, integral domains, and fields are all ways of categorizing and
identifying objects. However, we often want to be more specific about the
connections between them. Yes, the integers under addition and, S3, the set
of all permutations of 3 elements are both groups, but they are also certainly
different in many ways. The integers contain no elements that are their own
inverses, other than 0. One is finite the other is infinite! Thus, we look to
categorize our objects in a stronger manner.

Definition 3.1 (Homomorphism). Given two fields, K and L, a
homomorphism φ : K → L is a function such that, k1, k2 ∈ K implies

φ(k1 + k2) = φ(k1) + φ(k2)

and
φ(k1k2) = φ(k1)φ(k2).

• If φ is 1-1, we call it a monomorphism.

• If φ is 1-1 and onto, we call it an isomorphism.

• If φ is an isomorphism from a field onto itself, we call it an automorphism.

Our “morphisms” here are defined for a field. This is because we later
make use of the definition of a field monomorphism. However, we can simply
replace the term field, with ring, or integral domain and our definitions holds
for those objects. The key idea is that they allow us to see when two objects
of similar type have a similar (if not identical) algebraic structure. Also note,
“morphisms” are defined for groups as well, but clearly only with respect to
one operation. The notion of the group isomporphism plays a key role in
point 5) of Galois’ fundamental theorem.
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4 Polynomials

Since early in our mathematics educations we’ve been exposed to polyno-
mials, however here we need to learn to think of polynomials as slightly
different objects than we are used to. To start with a formal definition of
polynomial should be given.

Definition 4.1. A polynomial r over a ring R in the indeterminant t is an
expression of the following form:

r = r0 + r1t + ... + rntn =
n∑

i=0

rit
i,

where r0, ..., rn ∈ R, 0 ≤ n ∈ Z, and t is a variable.

Assuming that rn 6= 0, we say that the above polynomial is of degree
∂r = n. Two polynomials are said to be equal if all their coefficients are
equal. To give us more tools, with which to examine polynomials we next de-
fine multiplication and addition operations for polynomials in the following
way:

if r and s are two polynomials, then we let:

r + s =
∑

(ri + si)t
i

and

rs =
∑

qjt
j , where qj =

∑

h+i=j

rhsi.

Here, we are being slightly abusive, but not to the point of ambiguity.
With these operations defined we can now define the set R[t] as the set of
all polynomials t over a Ring R, and introduce the following theorem.

Theorem 4.1. The set R[t] forms a commutative ring under addition and
multiplication of polynomials.

It’s a straight forward, but slightly laborious task to prove this fact, but
if the reader can accept it as truth, the following theorem comes much easier.

Theorem 4.2. If R is an integral domain then, R[t] forms an integral do-
main.

Proof. Let f = f0 + f1t + ... + fntn and g = g0 + g1t + ... + gmtm, both in
R[t], where fn 6= 0 6= gm. The coefficient of tn+m in the product fg is fngm,
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which is not 0. For fn and gn lie in R, an integral domain. Furthermore, we
have 1 in R, and 1(f) = 1f0 + 1f1t + ... + 1fntn = f0 + f1t + ... + fntn = f ,
so 1 is our multiplicative identity in R[t] as well. Hence, R[t] is and integral
domain.

Corollary 4.1. If R is an integral domain then from the set R[t] we can
create a field of fractions.

Proof. By Theorems 4.2 and 2.1 R[t] is an integral domain and any such
integral domain can be used to form a field.

Definition 4.2. The field of fractions, R(t), formed from the set R[t] of all
polynomials over an integral domain is called the set of
rational expressions in t over R.

Although we have not proven it here. It turns out that the theorems
above hold also for polynomials, in more that one indeterminate. For in-
stance, R[t1, t2] (the set of all polynomials over R in the indeterminants t1
and t2) is a ring if R is a ring, and is an integral domain if R is an integral
domain. Furthermore, if R is an integral domain we can define a field of frac-
tions R(t1, t2) which is the set of rational expressions in the indeterminants
t1 and t2 over R.

In addition, we can create a new field by evaluating a set of rational
expressions with some known element.

Example 4.1. Let Q(t) be the set of rational expression in the indetermi-
nant t over the field Q. The rationals are a field so hence also an integral
domain, which allows us to make the claim that Q(t) is also a field.

Furthermore, we can define a field Q(i) as the set Q(t), with elements of
t evaluated at i. This field is “smaller” than Q(t) and “larger” than Q∪{i}.
The topic of what size we are measuring will be dealt with in the next section.

5 Field Extensions

Alot of our work up till now, has been in allowing us to take sets of poly-
nomials and treat them as fields. The motivation behind this will be made
apparent by the next few definitions, and made brilliant by the fundamental
theorem itself.

Definition 5.1. A field extension L : K is a monomorphism i : K → L,
where K and L are fields.
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i

K

L

Figure 1: This figure depicts a typical field extension. Note that i is often
an embedding of K into L.

Example 5.1 (Q(t) : Q). . Let i : Q → Q(t) be the function, defined by
i(r) = r, for each r ∈ Q. Clearly i is one-to-one. Letting r, s be in Q, we
have

i(r) + i(s) = r + s = i(r + s)

and
i(r)i(s) = rs = i(rs).

So, i is a monomorphism. Thus, Q(t) is a field extension of Q.

5.1 The Degree of an Extension

In our example of Q(i) above we discuss the concept of the size of a field. In
reality we are interested in measuring the “size” of a field extension, which
gives us an idea of the two fields relative size, but to do so we require the
following theorem.

Theorem 5.1. If L : K is a field extension, the operations

λu (λ ∈ K, u ∈ L)

u + v (u, v ∈ L),

define on L the structure of a vector space over K.

To convince oneself of this, we need only to recognize that every vector
space axiom is either a field axiom or a weaker version of a field axiom.
With this linear algebraic tool built. We can now define a measure for an
extension’s “size.”
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Definition 5.2 (Degree of an Extension). The degree [L : K] of a field
extension L : K is the dimension of L considered as a vector space over K.
L : K is a finite extension if [L : K] is finite.

Recall that the dimension of a vector space can be found by identifying
a basis for the space. Thus, it is not too hard to apply this definition.

Example 5.2 (C : R). Since there exist no α1, α2 ∈ R not all 0, such that
α1 ∗1+α2 ∗ i = 0, {1, i} are linearly independent in C over R. Furthermore,
α1 + α2i represents an arbitrary element in C, by definition. Thus, {1, i}
spans C, and hence is a basis for C over R. Therefore, [C : R] = 2.

The above example is nice because [C : R] is finite. It’s not hard how-
ever to construct an extension whose vector space representation is infinite
dimensional. In fact, We’ve seen an example of a field that will do it.

Example 5.3. Q(t) forms an infinite dimensional vector space of the field
Q. To see why, just note that the elements 1, t, t2, ... are all linearly inde-
pendent in Q. Thus, the size of a basis must indeed be infinite. In this case
we write [Q(t) : Q] = ∞.

5.2 Algebraic Vs. Transcendental Extensions

The idea of an element being algebraic or transcendental over some field
is often presented in courses on analysis. Even long before that this au-
thor recalls knowing the almost mystical fact that numbers π and e were
“transcendental numbers”. However, in the context of field extensions the
concept of algebraic vs. transcendental has clearer meaning and purpose.
Before presenting this context we need some “simple” definitions.

Definition 5.3 (Simple Extension). A field extension L : K is simple if
there exists α ∈ L such that K(α) = L.

Example 5.4 (C : R). Consider the extension R(i) : R.
Let a and b be arbitrary elements in R. Then, By definition a+bi = a+bi1

is in R(i). So, C ⊆ R(i).
Now, Let r = a0 + a2i

1 + ...+ anin be in R(i). Since ik is either in R, or
equal to ±i for k > 1, r = a0 + (a + bi) + a1i = (a0 + a) + (a1 + b)i, where b
and a are real. Thus, R(i) ⊆ C, making R(i) = C.

Now another definition.
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Definition 5.4 (Algebraic and Transcendental Extensions). Let K(α) :
K be a simple extension. If there exists a non zero polynomial p over K
such that p(α) = 0 then α is an algebraic element over K and the extension
is a simple algebraic extension. Otherwise α is transcendental over K and
K(α) : K is a simple transcendental extension.

Clearly, now the extensions eluded to above, Q(e) : Q and, Q(π) : Q are
transcendental. Some examples of algebraic extensions are Q(i) : Q (since

i2 + 1 = 0), Q(
√

2) : Q (since
√

2
2 − 2 = 0), and many others.

Based, on these definitions, we now introduce a theorem which becomes
useful in constructing certain Galois Groups.

Theorem 5.2. Let K(α) : K and K(β) : K be simple algebraic extensions,
so that α and β have the same minimum polynomial m over K. Then the
two extensions are isomorphic, and the isomorphism of the large fields can
be taken to map α to β.

5.3 Splitting Fields

Recall that Galois was concerned with polynomials, and at this point it may
seem that we are lost in a world of fields and field extensions. However, it is
the case that we may identify a particular polynomial with a field, and thus
apply the methods we have for analyzing fields and field extensions to that
polynomial. To see how, consider the following definition.

Definition 5.5 (Splitting Field). A field Σ is a splitting field for the poly-
nomial f over the field K if K ⊆ Σ, and

1. f can be expressed as a product of linear factors

f(t) = k(t − α1)...(t − αn),

where k, α1, ..., αn ∈ Σ. (f splits over Σ)

2. If K ⊆ Σ′ ⊆ Σ and f splits over Σ′, then Σ′ = Σ.

• This is equivalent to saying Σ = K(α1, ..., αn) where α1, ..., αn

are the zeros of f in Σ.

The splitting field by itself would not be such a useful object if we did
not have the following important theorem.

Theorem 5.3. If K is any field and f is any polynomial over K then there
exists a splitting field for f over K.
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Thus, given any polynomial we can find a splitting field for that poly-
nomial and apply what we know about fields in general. Furthermore, not
only does a splitting field exist for every polynomial, but it is unique (up to
isomorphism).

Example 5.5. Let f(t) = (t2 + 1)(t2 − 5) over Q. Inside, C f splits into:

f(t) = (t +
√

5)(t −
√

5)(t + i)(t − i)

so there exists a splitting field for f inside C, namely

Q(i,−i,
√

5,−
√

5) = Q(i,
√

5).

5.4 Normality and Separability

There are two more topics related to field extensions that must be introduced
before we can present the fundamental theorem of Galois theory.

Definition 5.6 (Normal Extension). An extension L : K is normal if every
irreducible polynomial f over K which has at least one zero in L splits in L.

Theorem 5.4. An extension L : K is normal and finite if and only if L is
a splitting field for some polynomial over K.

The best way to understand what this means is through the phrase, “one
out all out.” If one of the roots of the polynomial f over K lies in L, then
all roots must. Here, it is more useful to look at non-examples of normal
extensions so that we may see, what it means for this condition to not hold.

Example 5.6. Consider, the extension Q(α) : Q where α is the real cube
root of 3. Clearly, the polynomial t3 − 2 has α as a root, which is in Q(α),
but notice that ei2π/3α must also be a root, which is clearly not in Q(α).
Thus, Q(α) : Q is not a normal extension.

To realize the significance of normal extensions and there connection to
the material presented so far it helps to see the following theorem.

Theorem 5.5. An extension L : K is normal and finite if and only if L is
a splitting field for some polynomial over K.

Thus, we can construct a normal, and finite field extension, just by
building a splitting field for our polynomial.
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There is another important requirement for the fundamental theorem of
Galois theory called separability which we will discuss here briefly. Separa-
bility is not important in the context of this paper, because we are present-
ing polynomials over a particular type of field. In fact this was the context
within which Galois performed his work as well, but for the sake of com-
pleteness we give the following definition and then a theorem that relieves
us of our duty to care about it too much.

Definition 5.7. An irreducible polynomial f over a field K is separable over K
if it has no multiple zeros in a splitting field.

Theorem 5.6. If K is a field of characteristic 0 then every irreducible
polynomial over K is separable over K.

Briefly, a field of characteristic 0 is one in which through repeated addi-
tion of our multiplicative identity, 1, we can never reach 0. Thus,

1 + 1 + 1 + ... 6= 0

no matter how many times we add 1. The fields, Q, R, and all of those that
we present in this paper are clearly of this type. Hence, separability comes
for free, as it did for Galois who was concerned with polynomials over C.

6 K-Automorphisms

Much of our work up to this point has been related to fields, polynomials, and
related structures. However, recall that the great breakthrough that Galois
made was to recognize (for the first time) that there was a group structure
associated with a polynomial. Here we will show how this structure arises.

Definition 6.1. Let K be a subfield of the field L. An automorphism α of
L is a K-automorphism of L if

α(k) = k for all k ∈ K.

In words, a K-automorphism is a permutation of the elements of L, that
leaves K fixed and preserves the overall algebraic structure of L. To look
at such automorphisms is to look at a sort of symmetry of L, much in the
way that looking at invariants for certain geometrical transforms of a figure
helps define the symmetries of the figure.

To further appreciate the profundity of this fact consider the following
theorem.
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Theorem 6.1. If L : K is a field extension then the set of all K-automorphisms
of L forms a group under composition of maps.

Proof. Clearly, the K-automorphisms of a field are permutations of the field.
However, the set of K-automorphisms does not represent all such permu-
tations, but if they do form a group, then it must be a subgroup of the
set of permutations of K. Thus, we need only prove that the set G of
all K-automorphisms is closed under function composition and contains an
identity and inverses.

First, let α, and β be K-automorphisms in G.

α ◦ β(ℓ1ℓ2) = α ◦ (β(ℓ1)β(ℓ2)

= α(β(ℓ1)β(ℓ2))

= α(β(ℓ1))α(β(ℓ2)) = (α ◦ β)(ℓ1)(α ◦ β)(ℓ2),

so α ◦ β is an automorphism. Furthermore, if α(ℓ) = ℓ and β(ℓ) = ℓ for all
ℓ in K, then clearly α(β(ℓ)) = ℓ, so G is closed under composition.

The identity map is a trivial automorphism and it fixes everything in-
cluding K, thus it is in G. Also, if α is an automorphism then α−1, must
also be, since otherwise we would contradict the fact that L is a field to
begin with. Furthermore, if k ∈ K, then k = α−1α(k) = α−1(k), by the fact
that α fixes k. Thus, α−1 is a K-automorphism, and we have that G, the set
of all K-automorphisms of L forms a group under composition of maps.

Definition 6.2. The group of all K-automorphisms of a field extension
L : K is called the Galois Group of L : K; written Gal(L : K).

7 The Beautiful Theory of Galois

Galois was primarily concerned with exploring the question of when exactly a
polynomial has a solution that can be expressed in radicals1, a question that
had been tackled by generations of mathematicians before him. His unique
contribution was to recognize that there was an abstract algebraic structure
hidden in the roots of a polynomial, that could be used to determine perfectly
the answer to this question. Specifically, the permutations of roots of a
polynomial form a group under composition and that the structure of this
group determines precisely whether the polynomial has a solution in radicals
or not.

1By “in radicals” we mean: expressed in terms of regular addition, subtraction, multi-

plication, division, and root extraction of the coefficients of the polynomial
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In a more modern context it was found that the theory becomes even
more illuminating when polynomials are viewed from the context of a field
extension. In fact, to do so makes Galois theory a tool that can be applied to
many more problems than those concerning the polynomials, however here
we stick to polynomials while still making use of the field extension.

7.1 The Galois Correspondence

Now we have what we need to quantify Galois’ discoveries in terms of field
extensions and Galois groups, but first some definitions.

Let L : K be a field extension with Galois group G. Let F be the set of
intermediate fields M , and G the set of all subgroups H of G. Also, let ∗

and † be maps

∗ : F → G

† : G → F

with the following properties: If M ∈ F then M∗ is the group of all
M -automorphisms of L. If H ∈ G then H† is the fixed field of H.

Theorem 7.1 (Fundamental Theorem of Galois Theory). If L : K is a
finite separable normal field extension of degree n, with Galois group G; and
if F , G , ∗, † are defined as above, then:

1. The Galois group G has order of n.

2. The maps ∗ and † are mutual inverses and set up an order-reversing
1-1 correspondence between F and G .

3. If M is an intermediate field then

[L : M ] = |M∗|

[M : K] = |G|/|M∗|.

4. An intermediate field M is a normal extension of K if and only if M∗

is a normal subgroup of G.
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5. If an intermediate field M is a normal extension of K then the Galois
group of M : K is isomorphic to the quotient group G/M∗.

8 An Example

Example 8.1. Consider the polynomial f(t) = t4 − 4t2 − 5 in Q[t]. This
polynomial easily factors into f(t) = (t2 − 1)(t2 − 5), with roots α = i, β =
−i, δ =

√
5 and, γ = −

√
5. Thus, a splitting field for f is Q(i,

√
5). Let’s

work out the details of each part of the Galois Correspondence for this ex-
ample, in order.

1. The Galois group G has order of n = [Q(i,
√

5) : Q]

First, we can calculate n by looking at the dimension of the vector
space Q(i,

√
5) over Q. The set {1, i,

√
5, i

√
5}, forms a basis for the

space since all elements must clearly be of the form

r + si + t
√

5 + ui
√

5 (r, s, t, u ∈ Q)

, where 1, i,
√

5, and i
√

5, are linearly independent in Q.

Therefore, n = 4. Now, consider the Q-automorphisms of Q(i,
√

5).
Note that Q(α) : Q and Q(β) : Q are simple algebraic extensions,
where (α2−1) = (β2−1) = 0, so that α and β have the same minimum
polynomial over Q. By Theorem 5.2 the function σ which takes α to
β is an isomorphism from Q(α) to Q(β) and σ is a Q-automorphism
as well, since it fixes Q. Note that since α is taken to β there must be
some element that is taken to α. Let’s call it s. Then,

σ(s) = α

σ(s)2 = α2

σ(s2) = −1.

But, if σ is to be a Q-automorphism we have only one choice for s,
namely β. Thus, σ swaps α and β. Likewise, both δ and γ have mini-
mum polynomial (t2 − 5), so that there is a similar Q-automorphism
defined by τ , which swaps γ and δ. Thus, τ and σ are in the Galois
group of Q(i,

√
5) : Q, so must be elements generated by them:
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automorphism effect on i effect on
√

5

σ −i
√

5

τ i −
√

5

τσ −i −
√

5

1 = τ2 = σ2 = (τσ)2 i
√

5

Thus, the Galois group of Q(i,
√

5) : Q is the group {σ, τ, στ, 1} with
order 4 = n as expected.

2. The maps ∗ and † are mutual inverses and set up an order-reversing
1 − 1 correspondence between F and G .

Let G be the set of all subgroups H of the Galois group Gal(Q(i,
√

5) :
Q) = G. We can find G by looking at the cycles generated by ele-
ments of this Galois group. From the table above we see the following
subgroup structure form:

Order 4: G G ∼= Z2 × Z2

Order 3: {1, σ} S ∼= C2

{1, τ} T ∼= C2

{1, τσ} U ∼= C2

Order 1: {1} I ∼= C1

Note that Cn is the cyclic group of order n. That is, the group gener-
ated by a single element a such that an = 1.

Now, consider the lattice diagrams in figures 2 and 3. By order revers-
ing bijection we mean that at the top of the field lattice Q(α, β) we
find the field which is fixed by the subgroup, {1}, at the bottom of the
group lattice, where our lattices are defined by the partial orderings
by subfield and subgroup of sets F and G respectively. Furthermore,
we see that the elements in the middle of our lattices have mappings
to one another under ∗ and †. For larger examples of the Galois Corre-
spondence, this order reversing property is even more apparent, since
elements in the nth layer from the top of our field lattice are fixed by
elements of from the nth layer from the bottom of our group lattice.

3. If M is an intermediate field then

[L : M ] = |M∗|

[M : K] = |G|/|M∗|.
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G = {σ, τ, στ, 1}

S = {1, σ} T = {1, τ} U = {1, τσ}

I = {1}

Figure 2: The lattice representation of Gal(Q(i,
√

5)) and subgroups.

Q(i,
√

5) = I†

Q(i) = T † Q(
√

5) = S† Q(i
√

5) = U †

Q = G†

Figure 3: The lattice representation of Q(i,
√

5) and subfields.

Our intermediate fields in this example are Q(i), Q(
√

5), and Q(i
√

5).
If we consider Q(i,

√
5) as a vector space over Q(

√
5). It’s not hard

to see that 1, i are linearly independent over Q(
√

5), since by the very
definition of 1 and i we know that the solution to α1(1)+α2(i) = 0, is
either both α1 and α2 are 0, or α2 = ±i. But ±i are not members of
Q(

√
5), so the prior must be true. Furthermore, as mentioned earlier,

every element of the Q(i,
√

5) can be represented by a sum:

r + si + t
√

5 + ui
√

5 (r, s, t, u ∈ Q)

and such a sum can be created by scalar multiplication of elements
from Q(

√
5) on 1 and i, where r, s, t

√
5, and u

√
5 are elements in the

sum above which come from Q(
√

5). Thus, {1, i} spans our vector
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space as required, so [Q(i,
√

5) : Q(
√

5)] = 2. Furthermore, it is obvi-
ous that the corresponding subgroup of G that fixes Q(

√
5) has order

|G| = 2.

Furthermore, letting M = Q(
√

5) shows that [M : K] = [Q(
√

5) : Q] =
2 as well, and the order of G divided by that of M∗ is |G|/|M∗| = 4/2 =
2, which illustrates the second part of this point in the theorem.

4. If an intermediate field M is a normal extension of K then the Galois
group of M : K is isomorphic to the quotient group G/M∗.

Again we make use of the example M = Q(
√

5). M is a splitting
field of the polynomial (t2 − 5) over the rationals, since both

√
5 and

−
√

5 are in M . Thus, M is normal. This implies that we should
find M∗ = S = {1, σ} to be a normal subgroup of G. S is abelian
since the identity commutes with any group element. Furthermore,
any commutative subgroup of a group G is a normal subgroup of G.
So, this point holds for our example as well.

5. If an intermediate field M is a normal extension of K then the Galois
group of M : K is isomorphic to the quotient group G/M∗.

This point of theorem may seem familiar (or obvious) to those who
have taken an introductory class in group theory. That’s because it is a
special case of the first homomorphism theorem which states that if H
is a normal subgroup of G then there exists a natural homomorphism
φ : G → G/H, defined by φ(g) = gH.

In the context of this example, let’s try to find the isomorphism. Let
M = Q(

√
5). Then,

M∗ = {σ, 1} = S

and,

G/M∗ = {[1], [τ ]}.

It is fairly clear then what φ should do to be an isomorphism. φ(1) =
[1], and φ(σ) = [τ ].
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9 Conclusion

Up until this point we have basically presented Galois Theory in raw form,
for the sake of its beauty. However, it is important to take note of the fact
that while the theory is truly amazing from an aesthetic viewpoint, it is also
a powerful tool. For instance, the important result for which the theory was
originally invented by Galois is that a polynomial is solvable in radicals if
and only if its Galois Group is solvable, where solvability for groups is a
property related to the ability to create a chain of normal subgroups. A
natural corallary to this theorem is that any polynomial of degree greater
than 4 is not solvable in radicals in general, a fact that was known in Galois’
time but was made precise by his work. In addition to this most original
of applications there are countless other areas and specific application for
which Galois Theory is useful. For instance to:

• actually construct the general solutions for polynomials;

• prove that the circle cannot be squared;

• prove ’The Fundamental Theorem of Algebra;’

• as a tool for computer algebra systems; and

• to create new “Galois Theories.”

The depth and breadth of this work is certainly something to be inspired
by. What makes it even more fantastic is the context within which it was
synthesized. Galois was the first to see the importance of many beautiful
algebraic constructs, but his contemporaries were unable to appreciate his
work, either because of its abstractness or because of Galois’ bad commu-
nication skills. He died in a duel, soon after formulating the fundamental
theorem and it was not until close to 50 years later that Louisville finally
presented to the world what has come to be known Galois Theory.
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